Your Guide to Success in Math 


Complete Step 0 as soon as you begin your math course. 


STEP 0: PLAN YOUR SEMESTER 


© Register for the online part of the course (if there is one) as soon as possible. 
© Fillin your Course and Contact information on this pull-out card. 


O Write important dates from your syllabus on the Semester Organizer on 
this pull-out card. 


Follow Steps 1-4 during your course. Your instructor will tell you which resources to 
use—and when—in the textbook or eText, MyMathGuide workbook, videos, and 
MyMathLab. Use these resources for extra help and practice. 


STEP 1: LEARN THE SKILLS AND CONCEPTS 
O Read the textbook or eText, listen to your instructor’s lecture, and/or watch the 
videos. You can work in MyMathGuide as you do this. As you are learning: 


O Take notes, write down your questions, and save all your work (including 
homework solutions, quizzes, and tests) to review throughout the course. 


© Work the Skill to Review exercises at the beginning of each section. 
O Stop and do the Margin and Guided Solution Exercises as directed. 


© Watch the videos. Answer the Interactive Your Turn questions in the 
videos and in MyMathGuide. 


STEP 2: CHECK YOUR UNDERSTANDING 


© Answer the Reading Checks in the Section Exercise sets or in MyMathLab. 
© Explore the concepts using the Active Learning Figures in MyMathLab. 


STEP 3: DO YOUR HOMEWORK 


© Plan to spend 2 hours studying and doing homework for every hour of class. 
© Complete your assigned homework from the textbook and/or in MyMathLab. 


© When doing homework from the textbook, use the answer section to 
check your work. 

O When doing homework in MyMathLab, use the Learning Aids, such as 
Help Me Solve This and View an Example, as needed, working toward 
being able to complete exercises without the aids. 


STEP 4: REVIEW AND TEST YOUR UNDERSTANDING 


© Work the exercises in the Mid-Chapter Review. 
© Make your own chapter study sheet by doing the Chapter Summary and Review. 


© Take the Chapter Test as a practice exam. To watch an instructor solve each 
problem, go to the Chapter Test Prep Videos in MyMathLab or on YouTube 
(search “BittingerInterm” and click on “Channels”). 


Use the Studying for Success tips in the text and the MyMathLab Study Skills modules (with videos, tips, : 
and activities) to help you develop effective time-management, note-taking, test-prep, and other skills. 
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At a Glance: Intermediate Algebra 


Linear Functions and Slope 
Ax + By = C: 2x — 3y = 6; 
2 
Ve Py 
2 
f(x) = mx + b: f(x) = Be 2B 


Sl z 
opem = — 
a 3 


y-intercept (0,b) = (0,—2) 
Slope of line through (—6,2) and (4,—9): 
a JA OS 2 =I ill 
m —J => —} = 
Xo a x) 4-— (-6) 10 10 
The slope of a horizontal line is 0. 


The slope of a vertical line is not defined. 


Parallel Lines and Perpendicular Lines 


Two lines are parallel if they have the same slope 
and different y-intercepts; 
y = 2x — 3andy = 2x + 4are parallel. 


Two nonvertical lines are perpendicular if the product 
of their slopes is —1: m, - mz, = —1; 


1 : 
y= al + 3and y = —2x — 7are perpendicular. 


Polynomials 

Multiplying: 

(y — 4)(3y + 5) = 3y? — 7y — 20 
(¢—S\iq= 5) =G — 25 

(2a — 3)? = 4a° — 12a + 9 
Factoring: 

2x? — 5x — 12 = (2x + 3)(x — 4) 
25x* — 4 = (5x — 2)(5x + 2) 
9x6 + 64 1 = (Gx)? 

x? + 64 = (x + 4)(x? — 4x + 16) 
x? — 1000 = (x — 10)(x? + 10x + 100) 


Subtracting Rational Expressions 


14 Gee 14 6 x-3 
Ke — 9 «3 V(x + 3-3) 9x3 x3 
_ eS Ge a) a ae 8) 


~ (x + 3)(x— 3) (x + 3)(x - 3) 
32 — 6x 
(x a Bee = 8) 


Set-Builder Notation and 
Interval Notation 

{x | xisareal number} = (—~,°) 
{x| x < 3} = (—@,3) 

{x |-3 = x < 3} = [-3,3) 
ele 2p = Be) 


Solving Inequalities 
Using the Addition Principle and the 
Multiplication Principle 
= <P 2S — 73 
=a S 80) 


eG 


The solution set is {x|x = 16}, or [16, 7). 
Containing Absolute Value 

|jez—= 2 S65 

8 SH AES 

= Se2S7 


The solution set is {x|—3 < x S 7}, or[—3, 7]. 


|z—2| S65 
Kea 2S 5 Or G2 5 
BES =—3 OF be > ff 


The solution set is {x|x < —3 or x > 7}, or 
(—, =3) U (7,0). 


Pythagorean Theorem 


e+h=c 


Radical Expressions 
Vi12x3y? + Vexy = V96x4y3 
= V16-6-+x!+ y?+ y = 4x°yVoy 
VEE NE OE NEE NES 
Not Fe. N81 9 
se te ee eee eon) 
4+V5 44+V5 4-V5 
oe oes Se ae 
— 1-5 ll 
V45 + V80 = V9-5+ V16°5 
= 3V5 + 4V5 =7V5 


Solving Equations 
Using the Principle of Zero Products 
ao Sx = 54 
x? + 3x—- 54=0 
(Ge ae Des — ©) = 
sear &) = () QF = 9= 
x=-9 or x= 
The solutions are —9 and 6. 


Using the Quadratic Formula 
—b + Vb? — 4ac 
2a 
x*-6x+2=0;a=1,b=-6,c=2 
AHS) ASSP Ses Bae Vp 
2 II 2 


a 
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2 


Quadratic Formula: x = 


x= 


The solutions are 3 + V7and3 — V7,or3 + V7. 


Containing Absolute Value 


|x = 2 =s 
a — a Ome es) 
x= -3 or x= 7 
The solutions are —3 and 7. 
Multiplying by the LCM 
5 1 
Sf Se7 
4x x 
5 1 
4x (2 2) = 4x-:2 
4x XG 
5+ 4 = 8x 
9 = 8x 
9 
2 =% 
8 
Heres) 
The solution is a 
Using the Principle of Square Roots 
x7 + 6x+9= 16 
(x + 3)? = 16 
x+3=4 or x+3=-4 
x=1 or x=-7 


The solutions are 1 and —7. 


Using the Principle of Powers 


0 


Vx-1=12 
a See 
x-1=144 

x = 145 


The solution is 145. 


Solving Systems of Equations Using 
the Elimination Method 
x-3y=-7 > 2x + 6y = 14 
Ber Sy = —8 = Arar Oy = =8 
aie 
vel 
Substitute 1 for y in either equation and solve for x: 
ax+5+1=-3 


2 = 3 
2 — El, 
The solution is (—4,1). 
Variation 
Direct: Inverse: Joint: 
y = kx; y = 6x k 2 y = kxz; y = 9xz 


eS 
Complex Numbers 
i= Wig # = =i 
(2 -— 3i) + (6+ 2i)) =8-i 


Via V=15 = 21- Visi = 2V/152 = -2V/15 


—34+4i -3+4i 1+6i -27-14i 27 


14, 


67 6) 1g) | ser a7 


Quadratic Functions 
f(x) = ax? + bx +e 
{@) =< —x—6 


= (x + 2)(x = 3) rt 
Function values: r t 
f(x) =x°-x-6\Ti 1 
f(0) = -6, f(1) = -6, ¥(p-64) 


f(—2) = 0, f(3) = 0, 
iW 4 Oy 4 
x-intercepts: (—2, 0)and (3,0) 


we (-£.(-2)) = (Ba! 


Axis ofsymmetry: x = 


ka 
2 
Domain: (—*,%) 


1 
Range: | —6—,© 
. | 4 ) 


Properties of Logarithms 


Product Rule: log,(M- N) = log,M + log,N 
Power Rule: log,M* = k- log,M 


M 
Quotient Rule: logay = log,M — log,N 
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The Bittinger Program 


Math hasn't changed, but students—and the way they learn it—have. 

Intermediate Algebra, Twelfth Edition, continues the Bittinger tradition of 
objective-based, guided learning, while integrating timely updates to the proven 
pedagogy. In this edition, there is a greater emphasis on guided learning and helping 
students get the most out of all of the course resources available with the Bittinger 
program, including new opportunities for mobile learning. 

The program has expanded to include these comprehensive new teaching and 
learning resources: MyMathGuide workbook, To-the-Point Objective Videos, and 
enhanced, media-rich MyMathLab courses. Feedback from instructors and students 
motivated these and several other significant improvements: a new design to support 
guided learning, new figures and photos to help students visualize both concepts and 
applications, and many new and updated real-data applications to bring the math 
to life. 

With so many resources available in so many formats, the trusted guidance of the 
Bittinger team on what to do and when will help today’s math students stay on task. 
Students are encouraged to use Your Guide to Success in Math, a four-step learning 
path and checklist available on the handy reference card in the front of this text and 
in MyMathLab. The guide will help students identify the resources in the textbook, 
supplements, and MyMathLab that support their learning style, as they develop and 
retain the skills and conceptual understanding they need to succeed in this and future 
courses. 

In this preface, a look at the key new and hallmark resources and features of 
the Intermediate Algebra program—including the textbook/eText, video program, 
MyMathGuide workbook, and MyMathLab—is organized around Your Guide to 
Success in Math. This will help instructors direct students to the tools and resources that 
will help them most in a traditional lecture, hybrid, lab-based, or online environment. 


NEW AND HALLMARK FEATURES IN RELATION TO 
Your Guide to Success in Math 


STEP 1 Learn the Skills and Concepts 


Students have several options for learning, reviewing, and practicing the math con- 
cepts and skills. 


Textbook/eText 


() Skill to Review. At the beginning of nearly every text section, Skill to Review offers a 
just-in-time review of a previously presented skill that relates to the new material in the 
section. Section and objective references are included for the student’s convenience, 
and two practice exercises are provided for review and reinforcement. 


() Margin Exercises. For each objective, problems labeled “Do Exercise . . .” give stu- 
dents frequent opportunities to solve exercises while they learn. 
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New! Guided Solutions. Nearly every section has Guided Solution margin exer- 
cises with fill-in blanks at key steps in the problem-solving process. 


Enhanced! MyMathLab. MyMathLab now includes Active Learning Figures for 
directed exploration of concepts; more problem types, including Reading Checks 
and Guided Solutions; and new, objective-based videos. (See pp. xiv-xviii for a 
detailed description of the features of MyMathLab.) 


() New! Skills Checks. In the Learning Path for Ready-to-Go MyMathLab, 
each chapter begins with a brief assessment of students’ mastery of the pre- 
requisite skills needed to learn the new material in the chapter. Based on the 
results of this pretest, a personalized homework set is designed to help each 
student prepare for the chapter. 


New! To-the-Point Objective Videos. This is a comprehensive new program of 
objective-based, interactive videos that are incorporated into the Learning Path 
in MyMathLab and can be used hand-in-hand with the MyMathGuide workbook. 


(J New! Interactive Your Turn Exercises. For each objective in the videos, 
students solve exercises and receive instant feedback on their work. 


New! MyMathGuide: Notes, Practice, and Video Path. This is an objective- 
based workbook (available printed and in MyMathLab) for guided, hands-on 
learning. It offers vocabulary, skill, and concept review—along with problem- 
solving practice—with space to show work and write notes. Incorporated in the 
Learning Path in MyMathLab, it can be used together with the To-the-Point 
Objective Video program, instructor lectures, and the textbook. 


STEP 2 Check Your Understanding 


Throughout the program, students have frequent opportunities to check their work 
and confirm that they understand each skill and concept before moving on to the 
next topic. 


New! Reading Checks. At the beginning of each set of section exercises in the text, 
students demonstrate their grasp of the skills and concepts. 

New! Active Learning Figures. In MyMathLab, Active Learning Figures guide stu- 
dents in exploring math concepts and reinforcing their understanding. 
Translating/Visualizing for Success. In the text and in MyMathLab, these ac- 
tivities offer students extra practice with the important first step of the process for 
solving applied problems. 


STEP 3 Do Your Homework 


Intermediate Algebra, Twelfth Edition, has a wealth of proven and updated exercises. 
Prebuilt assignments are available for instructors in MyMathLab, and they are pre- 
assigned and incorporated into the Learning Path in the Ready-to-Go course. 


O 


O 


Skill Maintenance. In each section, these exercises offer a thorough review of the 
math in the preceding text. 

Synthesis Exercises. To help build critical-thinking skills, these section exercises 
require students to use what they know and combine learning objectives from the 
current section with those from previous sections. 


STEP 4 Review and Test Your Understanding 


Students have a variety of resources to check their skills and understanding along 
the way and to help them prepare for tests. 


O 


Mid-Chapter Review. Midway through each chapter, students work a set of exer- 
cises (Concept Reinforcement, Guided Solutions, Mixed Review, and Understanding 
Through Discussion and Writing) to confirm that they have grasped the skills and 
concepts covered in the first half before moving on to new material. 


Summary and Review. This resource provides an in-text opportunity for active 
learning and review for each chapter. Vocabulary Reinforcement, Concept Rein- 
forcement, objective-based Study Guide (examples paired with similar exercises), 
Review Exercises (including Synthesis problems), and Understanding Through 
Discussion and Writing are included in these comprehensive chapter reviews. 


Chapter Test. Chapter Tests offer students the opportunity for comprehensive 
review and reinforcement prior to taking their instructor’s exam. Chapter Test- 
Prep Videos (in MyMathLab and on YouTube) show step-by-step solutions to the 
Chapter Tests. 

Cumulative Review. Following every chapter beginning with Chapter 2, a Cumu- 
lative Review revisits skills and concepts from all preceding chapters to help stu- 
dents retain previously learned material. 


Study Skills 


Developing solid time-management, note-taking, test-taking, and other study skills is 
key to student success in math courses (as well as professionally and personally). In- 
structors can direct students to related study skills resources as needed. 


O 


New! Student Study Reference. This pull-out card at the front of the text is per- 
forated, three-hole-punched, and binder-ready for convenient reference. It in- 
cludes Your Guide to Success in Math course checklist, Student Organizer, and 
At a Glance, a list of key information and examples for quick reference as students 
work exercises and review for tests. 


New! Studying for Success. Checklists of study skills—designed to ensure that 
students develop the skills they need to succeed in math, school, and life—are 
integrated throughout the text at the beginning of selected sections. 

New! Study Skills Modules. In MyMathLab, interactive modules address com- 
mon areas of weakness, including time-management, test-taking, and note- 
taking skills. Additional modules support career-readiness. 


Learning Math in Context 


O 


New! Applications. Throughout the text in examples and exercises, real-data 
applications encourage students to see and interpret the mathematics that appears 
every day in the world around them. Applications that use real data are drawn 
from business and economics, life and physical sciences, medicine, technology, 
and areas of general interest such as sports and daily life. New applications 
include “Rice Production” (pp. 95-96), “Physical Therapists” (p. 117), “Super Bowl 
Commercials” (p. 289), “Catering a Business Luncheon ” (p. 454), “Beach Volleyball” 
(p. 593), and “Alternative Fueling Stations” (p. 676). For a complete list of applica- 
tions, please refer to the Index of Applications (p. vii). 
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BREAK THROUGH 


To improving results 


MyMathLab 
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Ties the Complete Learning Program Together 


MyMathLab® Online Course (access code required) 

MyMathLab from Pearson is the world’s leading online resource in mathematics, integrating interactive homework, 
assessment, and media in a flexible, easy-to-use format. MyMathLab delivers proven results in helping individual students 
succeed. It provides engaging experiences that personalize, stimulate, and measure learning for each student. And it 
comes from an experienced partner with educational expertise and an eye on the future. 


MyMathLab for Developmental Mathematics 


Prepared to go wherever you want to take your students. 


Personalized Support for Students 


Homework with Built-in Support 


Exercises: The homework and practice exercises in 
MyMathLab are correlated to the exercises in the 
textbook, and they regenerate algorithmically to 
give students unlimited opportunities for practice 
and mastery. The software offers immediate, helpful 
feedback when students enter incorrect answers. 


“<<@000000000>> 
Ex. Seore: O of i pt HW Score: 0% (0 of 10 pts) 
m Find decznal notation. ? 


Multimedia Learning Aids: Exercises include 
guided solutions, sample problems, animations, 
videos, and eText access for extra help at point of use. 


Expert Tutoring: Although many students 
describe the whole of MyMathLab as “like having 
your own personal tutor,” students using 
MyMathLab do have access to live tutoring from 
qualified math instructors. 


Personalized Homework 


& GS homework 


Course Home Nacne Sechon 1.1 Homework 
| siomenort once uae 
To help students achieve mastery, MyMathLab Last Worked 24/2 11:486m 
. Quizzes & Tests ‘Thes heenework will mot affect Study Plan mastery. 
can generate personalized homework based Current Score 60% (5 points out of 25) 


Study Plan 


on individual performance on tests or quizzes. Gradebook 
Personalized homework allows students to focus > Chapter Contents 


Number of times you can complete each question: unlimited 


DB Changes WILL affect your score. Go to Resuts to oracti 


shansing vour score, 


> You received automatic credk (15 pts) for topics you mastered on Chapter 3 Pre-Test. 


on topics they have not yet mastered. Tools for Success © ‘You coty ened te work on evesons tit are fs baton 
: : Multimedia Library (Stew At Show Wat |News 19 09 ) 
on Tutor | Greene ss terete omens netomat 


Discussions 


> Course Tools Bz (0/3) Quesiens (0/3) Swrstion? (0/3) 
Susstion 20 (0/2) oS Question 13 (2/2) oS Question 12 (1/1) 
Instructor v 

eas . iv ‘Question 13 (1/3) J Question 14 (3/1) Quapstion 25 (0/2) 
Question 26 (0/2) Question 17 (0/1) Susstion 18 (0/2) 
VY Question 19 (3/2) Question 20 (0/1) S Question 21 (3/1) 
Question 22 (0/1) S Question 23 (2/1) & ¥ Question 24 (1/1) 

Question 25 (1/1) 
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The Adaptive Study Plan makes studying 
more efficient and effective for every student. 
Performance and activity are assessed continually 
in real time. The data and analytics are used 
to provide personalized content—reinforcing 
concepts that target each student’s strengths 
and weaknesses. 


any © & Ssection 2 


Litman tents Module 2 Section 2: Solving Equations: The Multiplication Prin 
Announcements 
> Module 1 


¥ Module 2 


i Maintenance assignments 
Section 1 
Section 2 
Section 3 


Mid-Module Review 


Section 4 


The comprehensive online gradebook automatically tracks 
students’ results on tests, quizzes, and homework and in the 
study plan. Instructors can use the gradebook to quickly 
intervene if students have trouble, or to provide positive 
feedback on a job well done. The data within MyMathLab 
are easily exported to a variety of spreadsheet programs, 
such as Microsoft Excel.® Instructors can determine 
which points of data to export and then analyze the 
results to determine success. 


New features, such as Search/Email by criteria, make the 
gradebook a powerful tool for instructors. With this feature, 
instructors can easily communicate with both at-risk and 
successful students. They can search by score on specific 
assignments, noncompletion of assignments within a given 
time frame, last login date, or overall score. 


Adaptive Study Plan 


° 


modtty © & Bstudy Plan mesity © 


Course Home 


Announcements Study Plan 


Homework You have earned 2 of S14 mastery points (MP) 


Practice these objectives and then take # Quiz Me to prove mastery and eam more points 


Quizzes & Tests 


What to work on next 


Gradebook 


12 Addition 


> Chapter ¢ cht Kahana (Precice ) [Que Oof imp ‘ 
Tools for Success 
»” More Objectives to practice and master View oll chapters 
Multimedia Library 
Pearson Tutor be — —— 
eastings 2 Add whole numbers (Practce } Quiz Me Oof ime 
Discussions 1 Rounding and Estimating; Order 
> Course Tools 4 Round to the nearest ten, hundred, or thousand [ Precsce } Qua Me 0 of 1 | 
Instructor 4 Appendix.E Sets 
Resources ——— 
. Name sets using the roster method. | Practice | Quiz Me 0 of 1 


Basic Geometric Figures 


Draw and name line segments, rays, and lines 


Instructors can modify the site navigation and insert their 
own directions on course-level landing pages; also, a custom 
MyMathLab course can be built that reorganizes and 
structures the course material by chapters, modules, units— 
whatever the need may be. 


Ready-to-Go courses include preassigned homework, quizzes, 
and tests to make it even easier to get started. The Bittinger 
Ready-to-Go courses include new Mid-Chapter Reviews and 
Reading Check Assignments, plus a four-step Learning Path 

on each section-level landing page to help instructors direct 
students where to go and what resources to use. 


Gradebook 


40 & GB Gradebook Manager 
Course Home 


Search/Email by Criteria Lesend dod © 


Momevork 


Quizzes & Tests 


Tools for Success 


Multimedie Ubrary 
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Special Bittinger Resources 
in MyMathLab for Students and Instructors 


In addition to robust course delivery, MyMathLab offers the full Bittinger eText, additional 
Bittinger Program features, and the entire set of instructor and student resources in one 
easy-to-access online location. 


New! Active Learning Figures 
In MyMathLab, Active Learning Figures guide students 
in exploring math concepts and reinforcing their under- 


Intercepts and Solutions Guided Discovery #1 


For p = —3 and q = 2, find the x. 
intercepts of the graph of 


standing. Instructors can use Active Learning Figures in yo +8)la er 
y=a*+2-6 
class or as media assignments in MyMathLab. Tha ietrcepts are GHEE, 0) nd GEER 0} 
| ‘Checicansinet 


EQUATION TYPE 
y = (x —p)(x — 4) 


SLIDERS 
a NS 
Powe an 0123486 
Pore rere erm ir 
[X} Show xintercepts 3 
iy} Show equation 
DR) Showsortions —3,2 


ee 7 SON 


New! Four-Step Learning Path 

Each of the section-level landing pages in the Ready-to-Go MyMathLab course includes a Learning 
Path that aligns with Your Guide to Success in Math to link students directly to the resources they 
should use when they need them. This also allows instructors to point students to the best resources 
to use at particular times. 


New! Integrated Bittinger Video Program 
and MyMathGuide workbook 
Bittinger Video Program* 


Ellie recently bought a used Ferrari F355. She 
must change the oil in the car every 5000 
miles at a cost of $1100 per oil change. What 
e 2 3 F is the cost of oil changes in dollars per mile? 
The Video Program is available in MyMathLab and includes Oc Sezxenries 


closed captioning and the following video types: b) $4.55 per mile 


New! To-the-Point Objective Videos. These objective-based, il as 


interactive videos are incorporated into the Learning Path in «J 0206 [> ] 


MyMathLab and can be used along with the MyMathGuide workbook. 


3 01:44008:44 [ce | 


Chapter Test Prep Videos. The Chapter Test Prep Videos let 
students watch instructors work through step-by-step solutions to 
all the Chapter Test exercises from the textbook. Chapter Test Prep 
Videos are also available on YouTube (search using author name 
and book title). 
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New! MyMathGuide: Notes, Practice, and Video 
Path workbook* 
(Printed Workbook ISBN: 978-0-321-92488-9) 


This objective-based workbook for guided, hands-on learn- 
ing offers vocabulary, skill, and concept review—along with 
problem-solving practice—with space to show work and 
write notes. Incorporated in the Learning Path in MyMathLab, 
MyMathGuide can be used together with the To-the-Point 
Objective Video program, instructor lectures, and the text- 
book. Instructors can assign To-the-Point Objective Videos in 


MyMathLab in conjunction with the MyMathGuide workbook. 


mod @ © WTime Management 

¥ Study Skills Review Materials 

View an instructional video about Time Management 
View notes and tips on Getting Organized 


Coping with Stress © View notes and tips on Using a Planner. 
and Anxiety © View notes and tips on Procrastination 


Time Management 


Concentrating when Activities 
you Read and Study 


© Print and complete the Time Management Self Assessment. You can hand in your completed 


assessment to your instructor. 
© Print and complete the activity on Getting Oraanized. 


Concept Maps and 


Flashcards 

© View the interactive activity on Using a Calendar 
Effective Note © Print and complete the scenario on Overcoming Procrastination, 
Taking 


Waka icent Post-Test 
Taking Exams 4 * Goto the Quizzes & Tests page. 
D _« From the Sample Tests section of the page, click Time Management Post-Test. 
> Math-Reading 
Connections 


_GUIDED LEARNING 


Section 2.1 Solving Equations: The Addition Principle 1 


Equations and Solutions 


ESSENTIALS 


An equation is a number sentence that says that the expressions on either side of the 
equals sign, =, represent the same number. 


Any replacement for the variable that makes an equation truc is called a solution of the 
equation. To solve an equation means to find all of its solutions. 


Examples 
© 2+5=7 The equation is true. 
© 9-3=3 The equation is false. 


© x-8=11 The equation is neither true nor false, because we do not know what 
number x represents. 


Determine whether the equation is true, 
false, or neither. 
4-6=2 


Determine whether the equation is true, 
false, or neither. 
5-9=-4 


The equation is false. 


EXAMPLE 2 

Determine whether the equation is true, 
false, or neither. 

13+7=5+15 


_| YOUR TURN 2 
Determine whether the equation is true, 
false, or neither. 


1244=7+7 


The equation is true. 


EXAMPLE 3 YOUR TURN 3 


Determine whether the equation is true, 


Me ‘ Determine whether the equation is true, 
false, or neither. 


false, or neither. 
x+5=14 744% 


The equation is neither true nor false, because 
we do not know what number x represents. 


Study Skills Modules 


In MyMathLab, interactive modules address common areas of 
weakness, including time-management, test-taking, and note- 


taking skills. Additional modules support career readiness. 
Instructors can assign module material with a post-quiz. 
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Additional Resources in MyMathLab 


For Students 


Student’s Solutions Manual* 
(ISBN: 978-0-321-92474-2) 
By Judy Penna 


Contains completely worked-out annotated solutions for all 
the odd-numbered exercises in the text. Also includes fully 
worked-out annotated solutions for all the exercises 

(odd- and even-numbered) in the Mid-Chapter Reviews, 
the Summary and Reviews, the Chapter Tests, and the 
Cumulative Reviews. 


For Instructors 


Annotated Instructor’s Edition** 
(ISBN: 978-0-321-92476-6) 


This version of the text includes answers to all exercises 
presented in the book, as well as helpful teaching tips. 


Instructor’s Resource Manual with Tests 
and Mini Lectures** 

(download only) 

By Laurie Hurley 


This manual includes resources designed to help both new 
and experienced instructors with course preparation and 
classroom management. This includes chapter-by-chapter 
teaching tips and support for media supplements. Contains 
two multiple-choice tests per chapter, six free-response tests 
per chapter, and eight final exams. 


Instructor’s Solutions Manual** 

(download only) 

By Judy Penna 

This manual contains detailed, worked-out solutions to all 
odd-numbered exercises and brief solutions to the even- 
numbered exercises in the exercise sets. 


PowerPoint® Lecture Slides** 
(download only) 


Present key concepts and definitions from the text. 


To learn more about how MyMathLab combines proven learning applications with powerful assessment, 


visit www.mymathlab.com or contact your Pearson representative. 


*Printed supplements are also available for separate purchase through MyMathLab, MyPearsonStore.com, or other retail 
outlets. They can also be value-packed with a textbook or MyMathLab code at a discount. 


**Also available in print or for download from the Instructor Resource Center (IRC) on www.pearsonhighered.com. 
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STUDYING FOR SUCCESS 


The Importance of Review 


{_} Continual review and practice sharpen skills and solidify concepts. 


{_] Review helps you connect new material to math that you have previously studied. 


{_] Review helps you pinpoint areas in which you need further work. 


OBJECTIVES 


B Use roster notation and 
set-builder notation to 
name sets, and distinguish 
among various kinds of real 
numbers. 


|b | Determine which of two 
real numbers is greater and 
indicate which, using < 
and >; given an inequality 
likea < b, write another 
inequality with the same 
meaning; and determine 
whether an inequality like 

—2 = 30r4 > Sis true. 


Graph inequalities on the 
number line. 


Find the absolute value of a 
real number. 
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OPERATIONS 


The Set of Real Numbers 


SET NOTATION AND 
THE SET OF REAL NUMBERS 


A set is a collection of objects. In mathematics, we usually consider sets of 
numbers, such as the set of real numbers. There is a real number for every 
point on the real-number line. A subset is a set contained within another 
set. We begin by examining some subsets of the set of real numbers. 

The set containing the numbers —5, 0, and 3 can be named {-—5, 0, 3}. 
It is described using the roster method, which lists all members of a set. 
We use the roster method to describe three frequently used subsets of 
real numbers. Note that three dots are used to indicate that the pattern 
continues without end. 


NATURAL NUMBERS, WHOLE NUMBERS, AND INTEGERS 


Natural numbers are those numbers used for counting: {1,2,3,... }. 


Whole numbers are the set of natural numbers with 0 included: 

£0, 12,3, ets 

Integers are the set of whole numbers and their opposites: 
{...,—4, —3, -2, -1,0,1,2,3,4,... }. 


Natural numbers are also called counting numbers. 
The integers can be illustrated on the real-number line as follows. 


Integers 


0, neither positive nor negative 


Positive integers 


Negative integers 
AN 


<+-+-+4-+-+-+4+ 4-44-4444 > 
=6=9 —=43:-2-1 @> 1 2 2.4 5° 6 


= 


Opposites 


The set of integers extends infinitely to the left and to the right of 0. The 
opposite of a number is found by reflecting it across the number 0. Thus 
the opposite of 3 is —3. The opposite of —4 is 4. The opposite of 0 is 0. We 
read a symbol like —3 as either “the opposite of 3” or “negative 3.” 


The natural numbers are called positive integers. The opposites of the 
natural numbers (those to the left of 0) are called negative integers. Zero is 
neither positive nor negative. 


Do Exercises 1-3 (in the margin at right). > 


Other subsets of real numbers are described using set-builder 
notation. With this notation, instead of listing all members of a set, we 
specify conditions under which a number is in a set. For example, the set of 
all odd natural numbers less than 9 can be described and read as follows: 


{x|x is an odd number less than 9}. 


===. 
The set of | xis an odd number 
allx — less than 9 
such 
that 


Using roster notation, we can write this set as {1, 3, 5, 7}. 


EXAMPLE 1 Name the set consisting of the first six even whole numbers 
using both roster notation and set-builder notation. 


Roster notation: {0, 2, 4, 6, 8, 10} 
Set-builder notation: {x|xis one of the first six even whole numbers } 


Do Exercise 4. D 


We can now describe the set of rational numbers. 


RATIONAL NUMBERS 


A rational number can be expressed as an integer divided bya 
nonzero integer. The set of rational numbers is 


2 | pis an integer, gis aninteger, andq # of. 


Rational numbers are numbers whose decimal representation either 
terminates or has a repeating block of digits. 


The following are examples of rational numbers: 


5 12 -17 9 39 0 
-7 7 1’ 6 


, 


Note that % = 39. Thus the set of rational numbers contains the integers. 
Using long division, we can write a fraction in decimal notation: 


5 6 = 

—= 0.625 and — = 0.545454... = 0.54. 

8 —— 11 —————_ 
Terminating Repeating 


The bar in 0.54 indicates the repeating block of digits in decimal notation. 


Do Exercises 5 and 6. D> 


Find the opposite of each number. 
1.9 


26. =6 


3. 0 


4. Name the set consisting of the 
first seven odd whole numbers 
using both roster notation and 
set-builder notation. 


Convert each fraction to decimal 
notation by long division 

and determine whether it is 
terminating or repeating. 


6 
3)14.0 
12 
20 
18 . 
— <— The remainder 
repeats. 
14 = ; 
Thus, = = 6. The decimal 
notation is 
terminating/ 
repeating 
Answers 


1-9 2.6 3.0 4. {1,3,5,7,9,11,13}; 
{x |xis one of the first seven odd whole numbers} 
5. 0.6875; terminating 6. 4.6; repeating 


Guided Solution: 
6. 4, 2, 4, repeating 
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The real-number line has a point for every rational number. 


However, there are many points on the line for which there is no rational 
number. These points correspond to what are called irrational numbers. 


—1,898898889... wes 
-V10 V2 a / 
<tt> 
=) = =3=2 = OD ta as a 


Numbers like 7, V2, — 10, V13, and —1.898898889... are examples 
of irrational numbers. The decimal notation for an irrational number 
neither terminates nor repeats. Recall that decimal notation for rational 
numbers either terminates or has a repeating block of digits. 


IRRATIONAL NUMBERS 


Irrational numbers are numbers whose decimal representation 
neither terminates nor has a repeating block of digits. They cannot 
be represented as the quotient of two integers. 


The irrational number V2 (read “the square 
root of 2”) is the length of the diagonal of a square 
with sides of length 1. It is also the number that, 1 
when multiplied by itself, gives 2. No rational number 
can be multiplied by itself to get 2, although some 
approximations come close: 


1.4 is an approximation of V2 because 

(1.4)? = (1.4)(1.4) = 1.96; 

1.41 is a better approximation because 

(1.41)? = (1.41)(1.41) = 1.9881; 

1.4142 is an even better approximation because 

(1.4142)* = (1.4142)(1.4142) = 1.99996164. 

We say that 1.4142 is a rational approximation of V2 because 
(1.4142)? = 1.99996164 =~ 2. 


The symbol ~ means “is approximately equal to.” We can find rational 
approximations for square roots and other irrational numbers using a 
calculator. 

The set of all rational numbers, combined with the set of all irrational 
numbers, gives us the set of real numbers. 


Real Numbers 
Irrational Numbers 


REAL NUMBERS 


The set of real numbers is 


{x |xis a rational number or xis an irrational number}. 


Every point on the number line represents some real number and every 
real number is represented by some point on the number line. 


R al ; Irrational numbers 7 , tis a = ra = \ V a: 
ummvers | Rational numbers “25 -1 1 @ 1 / 2 5 3 \ 4 
3 2 1.4 2 22 


The following figure shows the relationships among various sets of real 


numbers. 
Real numbers: 
-19,—V10,0, $,7,17.8 


Irrational numbers: 
= 10, 
V3, 


7, 


TAGILGIIIG..... 


Negative integers: 
=19;=8, =i 


Positive integers 
or natural numbers: 


1, 2,3, 29 


Do Exercise 7. > 


G3} ORDER FOR THE REAL NUMBERS 


Real numbers are named in order on the number line, with larger numbers 
named further to the right. For any two numbers on the line, the one to the 
left is less than the one to the right. 


= '6 


\ \ \ \ \ \ \ f \ \ \ \ \ \ f 
T T T T T T T T T T T 
—9 —8: —-7 —6.-5 —4 -3'-2 -1 0 1 2 3 4 5 © 7 8 9 


2 =—% 


We use the symbol < to mean “is less than.” The sentence —9 < 6 
means “—9 is less than 6.” The symbol > means “is greater than.” The 
sentence —2 > —7 means “—2 is greater than —7.” Sentences containing < 
or > are called inequalities. 


7. Given the numbers 
20, —10, —5.34, 18.999, 


11 2 
— V7, -vV2, V16, 0, -— 
45 3 


9.34334333433334...: 

a) Name the natural numbers. 

b) Name the whole numbers. 

c) Name the integers. 

d) Name the irrational 
numbers. 

e) Name the rational 
numbers. 


f) Name the real numbers. 


Answer 

7. (a) 20, V16; (b) 20, V16, 0; 

(c) 20, —10, V16, 0; (d) V7, —V2, 
9.34334333433334 . . . ; (e) 20, —10, —5.34, 18.999, 


1l 2 ll 
, V16, 0, ; (f) 20, —10, —5.34, 18.999, —, 
45 3 45 


2 
V7, -V2, V16, 0, “2 9.34334333433334... 
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Insert < or > for [_ | to write a true 


sentence. 
8. —5 —4 
1 1 
+ Pe SS 
4 2 
10. 87 67 
2 
11. —9.8 —4— 
3 


12. 6.78 [_] —6.77 


4 
13. == [ ] —0.86 
14. — [| — 


15,.=— |_| == 


16. 1.8 1.08 


Write a different inequality with 
the same meaning. 


17.x>6 


18. -4<7 


Determine whether each of the 
following is true or false. 


19. 6 = —9.4 


20. —18 = —18 


4 
21. —7.6 = —,. 


24 25 
B—_ S 

20 28 
Answers 


&< 9 > 10> I< 12> 


13.> 4< b> 16> %17.6<x 


18.7 > -—4 19. True 20. True 
21. False 22. True 
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EXAMPLES Use either < or > for to write a true sentence. 


2.4[]9 Since 4 is to the left of 9, 4is less than 9,so4 < 9. 
3. —8 3 Since —8 is to the left of 3, we have —8 < 3. 
4,7] -12 Since 7 is to the right of -12, then7 > —12. 

5. —21 =5 Since —21 is to the left of —5, we have —21 < —5. 
6. 4.79 |_| 4.97 Since 4.79 is to the left of 4.97, we have 4.79 < 4.97. 
(S27 -; Since -; = —1.5 and —2.7 is to the left of —1.5, we 


3 
have —2.7 < ae 


5 5 
8. ; — We convert to decimal notation (2 = 0.625 and 


7 5 7 
— = 0.6363.. ) and compare. Thus, — < —. 
11 8 11 


< Do Exercises 8-16. 


All positive real numbers are greater than zero and all negative real 
numbers are less than zero. 


If xis a positive real number, then x > 0. 
If xis a negative real number, then x < 0. 


Note that —8 < 5 and 5 > —8 are both true. Every true inequality 
yields another true inequality if we interchange the numbers or variables 
and reverse the direction of the inequality sign. 


a < balso has the meaning b > a. 


EXAMPLES Write a different inequality with the same meaning. 


9.a< —-5 The inequality —5 > ahas the same meaning. 
10. —3 > -8 The inequality -8 < —3 has the same meaning. 


< Do Exercises 17 and 18. 
Expressions like a = band b = aare also inequalities. We reada = b 
as “a is less than or equal to b.” We read a = bas “a is greater than or 


equal to b.” If ais nonnegative, then a = 0. 


EXAMPLES Determine whether each of the following is true or false. 


ll. —8 = 5.7 True since —8 < 5.7 is true. 


12. -8 = —8 True since —8 = —8is true. 
13. -—7 = 44 False since neither —7 > 43 nor —7 = 43 is true. 
14, -3 = -3 True since —3 = —0.666... and —} = —1.25and 


—0.666... > —1.25. 


< Do Exercises 19-22. 


ca GRAPHING INEQUALITIES ON THE 
NUMBER LINE 


A replacement that makes an inequality true is called a solution. The set of 
all solutions is called the solution set. A graph of an inequality is a draw- 
ing that represents its solution set. 


EXAMPLE 15 Graph the inequality x > —3 on the number line. 

The solutions consist of all real numbers greater than —3, so we shade 
all numbers greater than —3. Since —3 is not a solution, we use a parenthe- 
sis at —3. The graph represents the solution set {x|x > —3}. 


++} ++ SS SH 


-4-3-2-1 012 3 4 @ 


EXAMPLE 16 Graph the inequality x = 2 on the number line. 


We make a drawing that represents the solution set {x|x < 2}. The 
graph consists of 2 as well as the numbers less than 2. We shade all num- 
bers to the left of 2 and use a bracket at 2 to indicate that it is also a solution. 


-4-3-2-1 0 12 3 4 


Do Exercises 23-26. D> 


(i) ABSOLUTE VALUE 


We call the distance of a number from 0 on the number line the absolute 
value of the number. Since distance is always a nonnegative number, the ab- 
solute value of a number is always greater than or equal to 0. 


The distance from —6 to 0 is 6. The distance from 6 to 0 is 6. 


J The absolute value of 6 is 6. 


The absolute value of —6 is 6. \ 
i 


gp ek 


ABSOLUTE VALUE 


The absolute value of a number is its distance from 0 on the num- 
ber line. We use the symbol |x| to represent the absolute value of a 
number x. 


EXAMPLES Find the absolute value. 


17.. |=7| The distance of —7 from 0 is 7, so | —7| is 7. 
18. |12| The distance of 12 from 0 is 12, so | 12| is 12. ai 
19. |0| The distance of 0 from 0 is 0, so | 0| is 0. é 
20. : = : 5 (0 

5 5 -2 
21. |—3.86| = 3.86 27.2 28. : 29. ; 

Guided Solution: 
Do Exercises 27-30. D> 27. 2,2 
SECTION R.1 


Graph each inequality. 


23... x. > —1 


=) '=4 33.42: =L 


24.x=5 


$5 24, =3.=2) =f 


25.0< <x 


=5. -—4 =3. =2) =I 


5 
26. --~=x 
2 


-§ -4 -3 -2 -1 


Find the absolute value. 


BD 2”. |2| 


The distance of 2 from 


is , 80 |2| is 
bi 
28. |-— 
4 
30. |—2.3| 
Answers 


The Set of Real Numbers 


For Extra Hel es =——— 
Be Mach XL: =, 

MyM ath Lab PRACTICE WATCH READ REVIEW 
[vf Reading Check 
Choose from the column on the right the set of numbers that matches the description. 
RCl. Natural numbers a) {...,—3,-2,—-1,0,1,2,3,... } 
RC2. Whole numbers B) 10 Lede) 

c) {1,2,3,4,...} 

RC3. ___ Integers d) {x|xis arational number or xis an irrational number} 
RC4. Rational numbers e) {x|x cannot be represented as the quotient of two integers} 
RG5. Irrational numbers f) iY pis an integer, qis an integer, andq 4 of 
RC6. Real numbers 


a | Given the numbers —6, 0, 1, —3, —4, 4, 12, —%, 3.45, 53, V3, V25, —, 0.131331333133331 ...: 


1. Name the natural numbers. 2. Name the whole numbers. 


4. Name the integers. 5. Name the real numbers. 


Given the numbers — V5, —3.43, —11, 12, 0, 4, —74) 7, —3.565665666566665 . . . : 


7. Name the whole numbers. 8. Name the natural numbers. 


10. Name the rational numbers. 11. Name the irrational numbers. 


Use roster notation to name each set. 


13. The set of all letters in the word 14. The set of all letters in the word 
“math” “solve” 

16. The set of all odd whole numbers 17. The set of all even natural 
less than 13 numbers 
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3. 


12. 


15. 


18. 


Name the rational numbers. 


. Name the irrational numbers. 


. Name the integers. 


Name the real numbers. 


The set of all positive integers 
less than 13 


The set of all negative integers 
greater than —4 
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Use set-builder notation to name each set. 


19. {0,1,2,3, 4,5} 20. {4,5,6, 7,8, 9, 10} 
21. The set of all rational numbers 22. The set of all real numbers 
23. The set of all real numbers greater than —3 24. The set of all real numbers less than or equal to 21 


|b | Use either < or > for [_] to write a true sentence. 


25. 13 |] 0 26. 18 [_]0 27. -8 [| ]2 28. 7 [_] -7 
29. -8[_]8 30. 0 [_]—-11 31. —8 |] -3 32. —6 [| =3 
1 11 
33. —2[_] -12 34. —7 [_]-10 35. —9.9 |] -2.2 36. —135 C] Ep 
1 67 6 13 14 27 
37. 37— |_|] =1_— 38. —13.99 [_] —8.45 39. — |_|] — 40. —-— [|-— 
5 U 100 UO 13 UO 25 15 U 53 


Write a different inequality with the same meaning. 


2 
41. -8>x 42.x< 7 43. -12.7 Sy 44. ce >t 
Write true or false. 
1 
45.6 = -6 46. -7 = —-7 47.5 = -8.4 48. -ll= 5 


SECTION R.1_ The Set of Real Numbers 


fe Graph each inequality. 


49. x < -2 50. x < -l 

See ee ee 4-3 2-10 1 2 3 4 
51.x = -2 52,.x=-l1 

oe ae eo a 2gcp St Od a eS a 
53. x > -3.3 54. x <0 


55. x = 2 56. x = 0 
Soe be 6 oe eS ae a ee 
| Find the absolute value. 
57. |—6| 58. |—3| 59. |28| 60. | 16| 61. |—35| 
2 13 

62. |—127| 63. |-2| 64. | 65. | 42.8 | 66. |16.4| 

0 0 
67. |986| 68. |465| 69. | 70. |—— 

=f —15 
BRAS ce See cepenpdecsessepzcause tc erasta sap liese i cobocisonn tanned bamctegn seein adapt tbcseptaerappesnnan etsetteniartiveentagootuet, 


To the student and the instructor: The Synthesis exercises found at the end of every exercise set challenge students to 
combine concepts or skills studied in that section or in preceding parts of the text. 


Use either < or = for [_] to write a true sentence. 
71. |-3| ]5 72. |=5| (1) }=2] 73. |4| |—7| 74. |—8| [_] |8| 


75. List the following numbers in order from least to greatest. 
9 


a 2 1 99 1 
—, 1.1%; =. 0.3%) 0.11, —%,, 0.009, — 0.286; =, 1%, — — 
11 7 8 1000 8 100 
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Operations with Real Numbers 


We now review addition, subtraction, multiplication, and division of real 
numbers. 


ER ADDITION 


To gain an understanding of addition of real numbers, we first add using 
the number line. To find a + b using the number line, we start at 0, move 
to a, and then move according to b. 

e Ifbis positive, move to the right. 

e Ifbis negative, move to the left. 

e Ifbis0, stay ata. 


EXAMPLES 


1. 6 + (—8) = —2: We begin at 0 and move 6 units right since 6 is posi- 
tive. Then we move 8 units left since —8 is negative. The answer is —2. 


2. —3 + 7 = 4: We begin at 0 and move 3 units left since —3 is negative. 
Then we move 7 units right since 7 is positive. The answer is 4. 


3. —2 + (—5) = —7: Webeginat0 and move 2 units left since —2 is negative. 
Then we move 5 units further left since —5 is negative. The answer is —7. 


— 


L_ -2+(-5)=-7 
Do Margin Exercises 1-4. > 


You may have noticed some patterns in the preceding examples. These 
lead us to rules for adding without using the number line. 


OBJECTIVES 


Add real numbers. 


Find the opposite, or additive 
inverse, of a number. 


Subtract real numbers. 
Multiply real numbers. 


Divide real numbers. 


SKILL TO REVIEW 


Objective R.1d: Find the absolute 
value of a real number. 


Find the absolute value. 
1. |—28| 2. |83.56| 


Add using the number line. 
1-5 +9 


Answers 
Skill to Review: 
1.28 2. 83.56 


Margin Exercises: 
14 22 3-5 40 
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RULES FOR ADDITION OF REAL NUMBERS 


1. Positive numbers: Add the numbers. The result is positive. 
2. Negative numbers: Add absolute values. Make the answer negative. 
3. A positive number and a negative number: 

e Ifthe numbers have the same absolute value, the answer is 0. 


e Ifthe numbers have different absolute values, subtract the 
smaller absolute value from the larger. Then: 


a) Ifthe positive number has the greater absolute value, make 
the answer positive. 


b) Ifthe negative number has the greater absolute value, make 
the answer negative. 


4. One number is zero: The sum is the other number. 


Rule 4 is known as the identity property of 0. It says that for any real 
number a,a+0= a. 


EXAMPLES Add without using the number line. 


4. —13 + (-8) = —21 Two negatives. Add the absolute values: 
|—13| + |-8| = 13 + 8 = 21. Make the 
answer negative: —21. 


Add. 
Be te ad) 5. —2.1+ 8.5 = 6.4 One negative, one positive. Subtract the 
smaller absolute value from the larger: 
6. —8.9 + (—9.7) 8.5 — 2.1 = 6.4. The positive number, 8.5, 
has the larger absolute value, so the answer 
7, 84 (- =) is positive, 6.4. 
5 5 6. —48 + 31 = -17 One negative, one positive. Subtract the 
ake smaller absolute value from the larger: 
48 — 31 = 17. The negative number, —48, 
9. -7.4+0 has the larger absolute value, so the answer 
is negative, —17. 
10. 4 + (—7) 7. 2.6 + (—2.6) =0 One positive, one negative. The numbers 
have the same absolute value. The sum is 0. 
ll. —7.8 + 4.5 5 5 a 
8 —-—+0=-— One number is zero. The sum is —3. 
9 9 
3 5 
= (-2) 25 16 15 1 
9. += += 
3 8 24 24 24 
3 7 
13. -=+ — 
5 10 < Do Exercises 5-13. 
GE} Opposites, OR ADDITIVE INVERSES 
Suppose we add two numbers that are opposites, such as 4 and —4. The result 
is 0. When opposites are added, the result is always 0. Such numbers are also 
called additive inverses. Every real number has an opposite, or additive 
inverse. 
Answers OPPOSITES, OR ADDITIVE INVERSES 
29 
a Re SE eS eee Two numbers whose sum is 0 are called opposites, or additive 
iia aa Sao ee ae! inverses, of each other. 


12 =: cHAPTERR Review of Basic Algebra 


EXAMPLES Find the opposite, or additive inverse, of each number. 


10. 8.6 The opposite of 8.6 is —8.6 because 8.6 + (—8.6) = 0. 
11. 0 The opposite of 0 is 0 because 0 + 0 = 0. 
12. —2 The opposite of —3 is § because —3 + § = 0. 


Do Exercises 14-16. D> 


To name the opposite, or additive inverse, we use the symbol —, and 
read the symbolism —a as “the opposite of a” or “the additive inverse of a.” 


OPPOSITES, OR ADDITIVE INVERSES 


For any real number a, the opposite, or additive inverse, of a, which 
is —a, is such that 


a+ (-a) =(-a)+a=0. 


EXAMPLE 13 Evaluate —x and —(—x) (a) when x = 23 and (b) when 


x=, 
a) Ifx = 23, then —x = —23 = —23. The opposite of 23 is —23. 
Ifx = 23, then —(—x) = —(—23) = 23. The opposite of the 
opposite of 23 is 23. 
b) Ifx = —5, then —x = —(—5) = 5. 
Ifx = —5, then —(—x) = —(—(—5)) = —-(5) = —5. @ 


Note in Example 13(b) that an extra set of parentheses is used to show 
that we are substituting the negative number —5 for x. Symbolism like 
——x is not considered meaningful. 


Do Exercises 17-20. > 


Signs of Numbers 


A negative number is sometimes said to have a “negative sign.” A positive 
number is said to have a “positive sign.” When we replace a number with 
its opposite, or additive inverse, we can say that we have “changed its sign.” 


EXAMPLES Change the sign. (Find the opposite, or additive inverse.) 
4.-3 -(-3)=3 .-3 —-(-3)=3 
16. 0 =0.= 0 17. 14 —(14) = -14 


Do Exercise 21. > 


We can now give a more formal definition of absolute value. 


ABSOLUTE VALUE 


For any real number a, the absolute value of a, denoted lal, is given by 


lal a, ifa=0, Forexample, |8| = 8and |0| = 0. 
—a, ifa <0, Forexample, |—5| = —(—5) = 5. 


(The absolute value of a is a if ais nonnegative. The absolute value of 
ais the opposite of a if a is negative.) 


SECTION R.2 


Find the opposite, or additive 
inverse, of each number. 


14. —13 
2 
15. — 
3 


16. 0 


sence rece neenees Caution! eee e ee eeeneeees 


Asymbol such as —8 is usually 
read “negative 8.” It could be read 
“the opposite of 8,” because the 
opposite of 8 is —8. It could also 
be read “the additive inverse of 
8,” because the additive inverse 
of 8 is—8. When a variable is 
involved, as in a symbol like —x, 
it can be read “the opposite of x” 
or “the additive inverse of x” but 
not “negative x,” because we do 
not know whether the symbol 
represents a positive number, a 
negative number, or 0. It is never 
correct to read —8 as “minus 8.” 


I 
eo 


17. Evaluate —a when a 


18. Evaluate —a when a 


19. Evaluate —(—a) when 
a= —5.9. 


2 
20. Evaluate —(—a) whena = 2 


21. Change the sign. 
a) ll 
b) -17 


Answers 


14.13 15. >a 16.0 17. —9 


3 2 
18.— 19. -5.9 20. — 
5 3 


21. (a) —11; (b) 17; (c) 0; (d) —x; (e) x 


Operations with Real Numbers : 13 


Subtract. 


22. 8 — (—9) 
8-— (-9)=8 = 
23. -10-—6 
24.5-8 
25. —23.7 — 5.9 


26. —2 — (—5) 


5 (5) 
a = 

3 6 
28. a) 17 — 23 


c) -17 — (23) 


29. Look for a pattern and 


complete. 
4-5 = 20 —2°5= 
3°5=15 —-3°5= 
2°5 —4°5= 
1°-5= -5°5= 
0:5 -6°5= 
-1°5= 

Multiply. 

30. —4°6 


31. (3.5)(—8.1) 


4 
32. ——° 10 
5 


Answers 
22.17 23. -16 24. -3 25. —29.6 


3 
26.3 27. 5 28. (a) —6; (b) —40; (c) 6 


29. 10,5, 0, —5, —10, —15, —20, —25, —30 
30. —24 31. —28.35 32. —-8 


Guided Solution: 
22,517 
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(3 SUBTRACTION 


SUBTRACTION 


The difference a — bis the unique number c for which a = b + c. 
That is, a — b = cifcisthe number such thata = b + c. 


For example, 3 — 5 = —2 because 3 = 5 + (—2). That is, —2 is the 
number that when added to 5 gives 3. Although this illustrates the formal 
definition of subtraction, we generally use the following when we subtract. 


SUBTRACTING BY ADDING THE OPPOSITE 


For any real numbers a and b, 
a-—b=ar+(-—b). 


(We can subtract by adding the opposite (additive inverse) of the 
number being subtracted.) 


EXAMPLES — Subtract. 


18.3 —5=3+(-5) =-2 Changing the sign of 5 and adding 
19. 7 — (-3) =7+ (3) = 10 Changing the sign of —3 and adding 
20. —19.4 — 5.6 = —19.4 + (—5.6) = —25 
4 ( | 4 2 2, 6 14 

+ 


21. 


< Do Exercises 22-28. 


EE} MULTIPLICATION 


We know how to multiply positive numbers. What happens when we multi- 
ply a positive number and a negative number? 


<« Do Exercise 29. 


THE PRODUCT OF A POSITIVE NUMBER 
AND A NEGATIVE NUMBER 


To multiply a positive number and a negative number, multiply their 
absolute values. Then make the answer negative. 


EXAMPLES Multiply. 
22.-3-5=-15 23. 6° (—7) = —42 
24, (—1.2)(4.5) = —5.4 25.3-(-3)=?-(-3)=-2 @ 


Note in Example 24 that the parentheses indicate multiplication. 


< Do Exercises 30-32. 


What happens when we multiply two negative numbers? 


Do Exercise 33. D> 


THE PRODUCT OF TWO NEGATIVE NUMBERS 


To multiply two negative numbers, multiply their absolute values. 
The answer is positive. 


EXAMPLES 
26. —3- (-5) = 15 
28. (—8.8)(—3.5) = 30.8 29, (-3) -(-3) =2 


Multiply. 


Do Exercises 34-36. D 


( Division 


DIVISION 


a 


b 


The quotient a + b, or—, where b # 0, is that unique real number c 


for which a = b:c. 


Using this definition and the rules for multiplying, we can see how to 
handle signs when dividing. 


EXAMPLES Divide. 
10 
30. = —5, because —5 - (—2) = 10 
—32 
31. a = —8, because —8 - (4) = —32 
32. —25 + (—5) = 5, because 5 + (—5) = —25 
—10 1 —10 10 = 
33. —— = -—,or0.25 34, —— = —,o0r3.3 OQ 
—40 4 —3 3 


The sign rules for division and multiplication are the same. 


To multiply or divide two real numbers: 
1. Multiply or divide the absolute values. 
2. Ifthe signs are the same, then the answer is positive. 
3. Ifthe signs are different, then the answer is negative. 


J 


r 


Do Exercises 37-40. D> 


SECTION R.2 


33. Look for a pattern and complete. 


4(—5) = —20 1(-5) = 
3(-5) = -15 2(-5) = 
2(-5) = —3(-5) = 
1(-5) = —4(-5) = 
0(-5) = —5(-5) = 
Multiply. 
34, —8(—9) 


36. (—4.7)(—9.1) 


Divide. 
—28 

345 
—14 


38. 125 + (—5) 


75) 


39. 
25 


40. —4.2 + (—21) 


Answers 

33. —10, —5,0,5,10,15,20,25 34. 72 
35. 2 36. 42.77 37.2 38, —25 
39. -3 40. 0.2 
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Excluding Division by Zero 


We cannot divide a nonzero number n by zero. By the definition of divi- 
sion, n/0 would be some number that when multiplied by 0 gives n. But 
when any number is multiplied by 0, the result is 0. Thus the only possibil- 
ity for n would be 0. 

Consider 0/0. Using the definition of division, we might say that it is 
5 because 5 - 0 = 0. We might also say that it is —8 because —8 - 0 = 0.In 
fact, 0/0 could be any number at all. So, division by 0 does not make sense. 
Division by 0 is not defined and is not possible. 


EXAMPLES Divide, if possible. 
Divide, if possible. 


7 
8 0 35. — Not defined: Division by 0. 
41, — 42, — 0 
0 9 0 
36. —- = 0 The quotient is 0 because 0 + 7 = 0. 
17 pP-p 7 
43. 44. 
Xa 8-8 4 
37. = Not defined: x — x = 0 foranyx. 


Find the reciprocal of each 4 Do Exercises 41-44. 


number. 
3 4 eee . 
45. 5 ae, Division and Reciprocals 
Two numbers whose product is 1 are called reciprocals (or multiplicative 
47. 18 48. —4.3 inverses) of each other. 


49. Complete the following table. 


(Additive | (Multiplicative 
Inverse) Inverse) 


Every nonzero real number a has a reciprocal (or multiplicative 
inverse) 1 /a. The reciprocal of a positive number is positive. The 


2 2 3 reciprocal of a negative number is negative. 
3 3 2 
a EXAMPLES Find the reciprocal of each number. 
9 
4 . ae, 4 5 
3 38. — The reciprocal is —, because — - — = 1 
pape 5 4 5 A 
‘i 1 1 
39. 8 The reciprocal is —, because 8 + — = 1. 
0.5 8 8 
2 : 3 2 3 
7 40. —— The reciprocal is —-, because —-— + | ~~] = 1. 
3 Z 3 z 
—5 ; i 
41. 0.25 The reciprocal is 0.25” or 4, because 0.25 - 4 = 1. @ 
0 ; 


Remember that a number and its reciprocal (multiplicative inverse) 
have the same sign. Do not change the sign when taking the reciprocal of 


Answers a number. On the other hand, when finding an opposite (additive inverse), 
41. Notdefined 42.0 43. Not defined be sure to change the sign. 
44, Notdefined 45. ; 46. = 
1 1 10 <« Do Exercises 45-49. 
47. — 48. —-~,or——— 49. Opposites: 
18 43°43 
5,505; ~7; 5; 0; reciprocals: a5 oo or We know that we can subtract by adding an opposite, or additive 
11 ; inverse. Similarly, we can divide by multiplying by a reciprocal. 
2; 7 et does not exist 
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RECIPROCALS AND DIVISION 


For any real numbers a and b, b ¥ 0, Divide by multiplying by 


a 1 the reciprocal of the divisor. 
: ed 
b b oy a E 


(To divide, we can multiply by the reciprocal of the divisor.) 


We sometimes say that we “invert the divisor and multiply.” 


3 
EXAMPLES _ Divide by multiplying by the reciprocal of the divisor. 5 8 (5) 
1 a as 1V5 : bs 3 be daced 
al “Inverting” the divisor, —, and multiplying 
4 5 4 3 12 5 B 4 ( l ) 
53. — + | -— 
2 4 2 9 18 3 
43. ( ) =-° ( ) = , OF Mo 
3 o 3 + 12 2 _4 ( ) 
5 5 1 5 5 1 
44, ro = 
7 ca 2 ae < 
5 
Do Exercises 50-53. DB 
The following properties can be used to make sign changes. 
SIGN CHANGES IN FRACTION NOTATION 
For any numbers a and b, b ¥ 0, Answers 
6 36 3 
—a a a —a a 50. 51. 52. 53. —8 
= = and —=-. . - 7” 
b —b b —b b Guided Solution: 
L J 53. + ,10,40,—8 


For Extra Help MathXL* = a 


MyMath Lab” PRACTICE WATCH — REVIEW 


(vf Reading Check 
Complete each statement with either “negative” or “positive.” 
RC1. A negative number has a RC2. The opposite of a negative number is 
sign. : 
RC3. The reciprocal of a negative number is RC4. The absolute value of a negative number is 
RC5. When two negative numbers are multiplied, the RC6. The sum of 0 and a negative number is 
result is 
RC7. The sum of two negative numbers is RC8. The quotient of a negative number and a positive 
number is 
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ra ee 


1. —10 + (—18) 
5. —8 + (-8) 
9. -16 +6 


13. —8.4 + 9.6 


2. -13 + (-12) 


6. —6 + (6) 
10. —21 + 11 


14. —6.3 + 8.2 


3 
18. ->+ 
7 


3 
226° >> P 
4 


b | Evaluate —a for each of the following. 


25. a= —4 


26. a= —9 


Find the opposite (additive inverse). 


29. 10 


37. 23 — 23 


41, —6 — (-11) 
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30. — 


Wl Dy 


34. 8 — 13 


38. 23 — (—23) 


42, —7 — (—12) 


Review of Basic Algebra 


3. 7 + (—2) 
7. 7+ (-11) 
ll. —26 + 0 


15. —2.62 + (—6.24) 


11 ( =) 
19. ——+[{-— 
12 12 


2 3 
23, - += 

5 4 
27. a= 3.7 
31. 0 
35. —5 — 9 
39. —23 — 23 
43. 10 — (—5) 


4. 


8. 


12. 


16. 


20. 


24. 


28. 


32. 


36. 


40. 


44, 


7 + (-5) 


9 + (-12) 


0 + (—32) 


—2.73 + (—8.46) 


a=0 

= 2. 

—-6- 14 
—23 — (—23) 
28 — (—16) 
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45. 15.8 — 27.4 


21 7 
49, —— — (- 


53. — 


dd | Multiply. 


57. 3(—7) 
61. —8(—3) 
65. —6(—5.7) 


0 


73. (—4.2)(—6.3) 


13 ( 5) 
76. ——-(—-~ 
7 2 


46. 17.2 — 34.9 


2 4 
54, ——— — 
3. 5 
58. 5(—8) 
62. —5(—7) 
66. —7(—6.1) 


~ (2 


74. (—7.4)(—9.6) 


47. —18.01 — 11.24 48. —19.04 — 15.76 


a er 


1 4 
Doe = 
3 5 
59. -—2°4 
63. —7: 16 
4 
67, —=-— 
7 
71. —3(—4)(5) 
7 
3 
SECTION R.2 


60. -—5:9 
64. —-8: 19 
5 ll 
68. ——- — 
4 3 
72. —6(—8)(9) 


ee) ear 
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re | Divide, if possible. 


79. 


84. 


89. 


—8 —16 
— 80. — 81. 
4 2 
—5.4 
—48 + (-6) 85. —— 86. 
-18 
0 
— 90. — 91 
32 17 


Find the reciprocal of each number. 


3 9 
93. — 94, — 95. 
4 10 
98. —65 99. 0.2 100. 
Divide 
2 ( 2) 3 ( °) 
103: S33 SS 104, |S 
i 3 5 7 
107. 18.6 + (—3.1) 108. 39.9 + (—13.3) 
lll. —48 + 0.4 112. 520 + (—0.13) 
5 >) 5 ( =) 
115, -—+(-= 116, -— + (-= 
4 4 9 6 
a =) 5 ( =) 
119, -— + (-- 120. -— + (-= 
8 3 8 6 
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56 


0.8 


105. 


109. 


113. 


117. 


121. 


63 
82. — 


5 
87. — 
0 


24 = 2% 
2x — 2x 


92. 


96. — 


101. — 


(—75.5) + (-15.1) 


—6.6 + 3.3 


1 


106. 


110. 


114. 


118. 


122. 


83. —77 + (-11) 


97. 25 


1 
02. — 


(—12.1) + (-0.11) 


—44.1 + (—6.3) 
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123. — 124, —— 125. 


13) 20 —30 
—17.8 —9 —8 
126. —— 127. —— 128. ———_— 
32 17 — 17 -6+6 
129. Complete the following table. 130. Complete the following table. 


OPPOSITE RECIPROCAL OPPOSITE RECIPROCAL 
(Additive (Multiplicative (Additive (Multiplicative 
NUMBER Inverse) Inverse) Inverse) Inverse) 


Skill Maintenance 
This heading indicates that the exercises that follow are Skill Maintenance exercises, which review any skill 


previously studied in the text. You can expect such exercises in every exercise set. Answers to all skill maintenance 
exercises are found at the back of the book. If you miss an exercise, restudy the objective shown in red. 


23 (7 
Given the numbers V3, —12.47, —13, 26, 77, 0, — 32’ 11’ 4.57557555755557...: [R.la] 
131. Name the whole numbers. 132. Name the natural numbers. 133. Name the integers. 
134. Name the irrational numbers. 135. Name the rational numbers. 136. Name the real numbers. 


Use either < or > for to write atrue sentence. [R.1b] 


137. —7 L] 8 138. 5 3 139. —45.6 __|—23.8 140. 123{_|}—10 
INN cero catceesinpussetsace cesta nes toes rensotnaat tea est gata encanesia cea aseaaeeseecn eecenson estate Reno teon 
141. The reciprocal of an electric resistance is called 142. What number can be added to 11.7 to obtain 
conductance. When two resistors are connected 7}? 
in parallel, the conductance is the sum of the 
conductances, 
1 uf 
on @) 
143. What number can be multiplied by —0.02 to 
(®) obtain —625? 
WW 


Find the conductance of two resistors of 12 ohms 
and 6 ohms when connected in parallel. 


SECTION R.2. Operations with Real Numbers 
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OBJECTIVES 


a | Rewrite expressions with 
whole-number exponents, 
and evaluate exponential 
expressions. 


| Rewrite expressions with or 
without negative integers as 
exponents. 


G Simplify expressions using 
the rules for order of 
operations. 


SKILL TO REVIEW 
Objective R.2d: Multiply real 
numbers. 


Multiply. 
1. (~2)(~2)(—2) 
2. (—2)(—2)(~—2)(~2) 


Write exponential notation. 


1.8:8:8:8 2. mm 
7 7 7 
3. eee ee 
8 8 8 
Evaluate. 
1 2 
4, 3" 5. (3) 
4 
6. (—10)° (0.2) 
8. (5.8)? 9. —4* 
10. (—3)* 11. —(3)4 
Answers 
Skill to Review: 
1.-8 2.16 
Margin Exercises: 
4 2 () 1 
18! 2m 3. (= 4.81 5. — 
8 16 
6. 1,000,000 7. 0.008 8. 1131.6496 
9. -256 10.81 11. —81 
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Exponential Notation and 


Order of Operations 


EE} EXPONENTIAL NOTATION 


Exponential notation is a shorthand device. For 3 + 3 - 3 + 3, we write 34. In 
the exponential notation 3*, the number 3 is called the base and the num- 
ber 4 is called the exponent. 


EXPONENTIAL NOTATION 


Exponential notation a”, where n is an integer greater than 1, means 


a-a. 


n factors 


We read a” as “a to the nth power,’ or simply “a to the nth.” 
We can read a” as “a-squared” and a? as “a-cubed.” 


sjokerisaherd ante Aix vcore tiatayalate Maal aieinies Waras Bie reRa ee Caution! Tareas ard aiaten aehentis seninle Murase aieaiate andemanra wsines 


a” does not mean to multiply n times a. For example, 3* means 3 : 3, or 9, 
not3 - 2, or6. 


EXAMPLES Write exponential notation. 


L7-7°7=7 2. xxxxx = x° 3. 


< Do Margin Exercises 1-3. 


EXAMPLES _ Evaluate. 
4.979 =9-9=81 

1\3 1 
(=) a 

7\? 7 
(Z) =e" 64 
7. (0.1)* = (0.1)(0.1)(0.1)(0.1) = 0.0001 
8. (—5)? = (—5)(—5)(—5) = —125 
9. —(5°) = =—(5- 5-5) = =125 


10. —(10)* = —(10+ 10 10 - 10) = —10,000 
11. (—10)* = (—10)(—10)(—10)(—10) = 10,000 G 


oh 


sa 
oo 


Note that —(10)* # (—10)*, as shown in Examples 10 and 11. In 
—(10)4, the sign is outside the parentheses; in (—10)*, the sign is inside the 
parentheses. 


< Do Margin Exercises 4-11. 


When an exponent is an integer greater than 1, it tells how many times 
the base occurs as a factor. What happens when the exponent is 1 or 0? 
Look for a pattern below. Think of dividing by 10 on the right. 


On this side, 10* = 10: 10- 10: 10 = 10,000 On this side, 
the exponents | 93 = 19-10-10 = 1000 we divide by 
decrease by 1 a. _ 10 at each 
at each step. eS ae step. 

10' = ? 

10° = ? 


In order for the pattern to continue, 10! would have to be 10 and 10° would 
have to be 1. We will agree that exponents of 1 and 0 have that meaning. 


EXPONENTS OF 0 AND 1 


For any number a, we agree that a' means a. 


For any nonzero number 4, we agree that a° means 1. 


EXAMPLES Rewrite without an exponent. 


12,41=4 13. (—97)! = -97 a 
14. 6°=1 15. (37.4) = e Rewrite without exponents. 
12. 8! 
Let’s consider a justification for not defining 0°. By examining the pat- eae 
tern 3° = 1, 2° = 1, and 1° = 1, we might think that 0° should be 1. How- - (~31) 
ever, by examining the pattern 0° = 0, 0? = 0, and 0' = 0, we might think 14, 3° 
that 0° should be 0. To avoid this confusion, mathematicians agree not to 
define 0°. 15. (=7)" 
Do Exercises 12-16. > 16. y°, where y # 0 
GR} NEGATIVE INTEGERS AS EXPONENTS 
How shall we define negative integers as exponents? Look for a pattern 
below. Again, think of dividing by 10 on the right. 
On this side, 107 = 100 On this side, we 
the exponents 10! = 10 divide by 10 at 
decrease by 1 0. each step. 
10° = 1 
at each step. 
101 =? 
10? =? 
In order for the pattern to continue, 10 ' would have to be iG and 10 ? would 
have to be jo. This leads to the following agreement. 
NEGATIVE EXPONENTS 
For any real number a that is nonzero and any integer n, 
1 
ar= ae 
Answers 


12. 8 13. —31 14. 1 15. 1 


SECTION R.3 Exponential Notation and Order of Operations 


Rewrite using a positive exponent. 
Evaluate, if possible. 


17. m* ig, (=4)? 


= wo 
"x3 “\5 


Rewrite using a negative exponent. 


22 : 2: : 
oe 3. (—5) ri 

Answers 

17. = 18. - 19. x? 20. 125 

21. * 22.a° 23. (-5)* 


24 : CHAPTERR Review of Basic Algebra 


EXAMPLES Rewrite using a positive exponent. Evaluate, if possible. 


1 1 
16 yo=r 17. s=t 
1 1 1 1 
18. (—2)? = = = = 
(—2)°  (—2)(—2)(—2) 8 8 
eae ee 
. Sina aN 7 No 
2 (2)? og 1 
en | 1 25 25 
20 ( ) =Bo=7=1 = a 
5 (2) x 4 4 
The numbers a” and a " are reciprocals because 
1 a” 
cl ale a a 1. 


saya asplesese acehang 5) ora, doahande dad wi sck-osateragd aebiara. a aiguard Siatack ce Caution! a adhctard sraiiva didiha suaieare wsgraeiSro\ara. b Fiajara Fala Siaigre gated 


A negative exponent does not necessarily indicate that an answer is negative! 
For example, 3 * means 1/3”, or 1/9, not —9. 


< Do Exercises 17-21. 
EXAMPLES Rewrite using a negative exponent. 


1 
21.5=x? 22, ——— = (-7)7* 
x? x (-7)* ( ) 
< Do Exercises 22 and 23. 


(ORDER OF OPERATIONS 


What does 8 + 2 : 5* mean? If we add 8 and 2 and multiply by 5°, or 125, we 
get 1250. If we multiply 2 times 125 and add 8, we get 258. Both results can- 
not be correct. To avoid such difficulties, we make agreements about which 
operations should be done first. 


RULES FOR ORDER OF OPERATIONS 


1. Do all the calculations within grouping symbols, like paren- 
theses, before operations outside. 


2. Evaluate all exponential expressions. 
3. Do all multiplications and divisions in order from left to right. 
4. Do all additions and subtractions in order from left to right. 


Most computers and calculators are programmed using these rules. 


EXAMPLE 23 Simplify: —43 - 56 — 17. 
There are no parentheses or exponents so we begin with the multiplication. 


—43 - 56 — 17 = —2408 — 17 


= —2425 


EXAMPLE 24 Simplify: 8 + 2° 5°. 
8+2-55>=84 2-125 
= 8 + 250 
= 258 
EXAMPLE 25 
(8 — 10)? = (—2)? = 4; 
87 — 107 = 64 — 100 = —36 


Carrying out all multiplications and 
divisions in order from left to right 


Carrying out all additions and 
subtractions in order from left to right 


Evaluating the exponential expression 
Doing the multiplication 
Adding © 


Simplify and compare: (8 — 10)* and 8” — 107. 


We see that (8 — 10)? and 8* — 10” are not the same. e 


EXAMPLE 26 Simplify: 3 + 62 - 8 — 2(29 + 33: 4). 


34 + 62-8 — 2(29 + 33° 4) 
= 3* + 62-8 — 2(29 + 132) 


34 + 62° 8 — 2(161) 
= 81 + 62-8 — 2(161) 


= 81 + 496 — | 
= 81 + 496 — 322 

577 — 322 
= 255 


Carrying out operations 
inside parentheses first; 
doing the multiplication 


Adding inside parentheses 


Evaluating the exponential 
expression 


Doing the multiplications 
in order from left to right 


Doing all additions and 
subtractions in order from 
left to right 


Do Exercises 24-27. > 


When parentheses occur within parentheses, we can make them dif- 
ferent shapes, such as [ | (also called “brackets”) and { } (usually called 
“braces”). Parentheses, brackets, and braces all have the same meaning. 
When parentheses occur within parentheses, computations in the inner- 


most ones are to be done first. 


EXAMPLE 27 Simplify: 5 — {6 — [3 — (7 + 3)]}. 


5 — {6-[3-(7+3)]}=5-—{6—-[3-10]} Adding7 +3 
=5-— {6 —-[-7]} Subtracting 
3 = 10 
= 5 = 13 Subtracting 
6=[=7] 
= -8 @ 


Order of Operations 
Computations are usually entered 
on a graphing calculator in the 
same way in which we would write 
them. When an expression con- 
tains grouping symbols, we enter 
them using the Wp and yp 
keys. Since a fraction bar acts as a 
grouping symbol, we often must 
supply parentheses when entering 
fraction expressions. To calculate 


45 + 135 
———~, for example, we enter 
217 


itas (45 + 135) + (2 — 17). 
The result is —12. 


(45+135)/(2—17) 
=z 


EXERCISES: Calculate. 
- 48 +2°-3-4:°4 
~48+(2°3-—4)+4 
. {(25 + 30) + [(2- 16) + 
(4 : 2)]} + 15(45 te 9) 


177 — 311 
16-7 


Simplify. 


24. 43 — 52-80 
25. 3° + 3'- 3? 


26. 62-8 + 4° — (5? — 64+ 4) 


27. Simplify and compare: 
(=4) and f=, 


Answers 


24. —-4117 925. 27-26. 551 =. 27. 9333 


SECTION R.3 Exponential Notation and Order of Operations : 25 


Simplify. EXAMPLE 28 Simplify: 7 — [3(2 — 5) — 4(2 + 3)]. 


28. 6 — {5 — [2 — (8 + 20)]} 7 — [3(2 - 5) — 4(2 + 3)] = 7 — [3(-3) — 4(5)] —_— Doing the calcu- 
lations in the in- 
ssrie-2+6-2) @| oe 
= Her (C= [24 }} =7-[-9 - 20] 
aa hoes | ih = 7 — [-29] 
gue! : 36 


< Do Exercises 28 and 29. 


In addition to parentheses, brackets, and braces, a fraction bar and 
absolute-value signs can act as grouping symbols. 


12|7=9| +85 
EXAMPLE 29 Calculate: 


oe 
An equivalent expression with brackets as grouping symbols is 
Simplify. [2)7 =O): a= s|- [3 2], 
30. 8:7— |6—8| What this shows, in effect, is that we do the calculations in the numerator 
7+ 6 and in the denominator separately, and then divide the results: 
(8 — 3)? + (7 — 10)? 127 Sl + 8-5. 12)=—2|4+8+5 
31. ere 32 + 23 _ 9+8 Subtracting inside the 
absolute-value signs before 
_ 12(2) + 8:5 taking the absolute value 
Answers 17 
Margin Exercises: 24 + 40 64 
54 eee as 
28. —25 29.6 30. SAT. 31. 34 17 17 
Guided Solution: 7 
29. 3,5,1,6 « Do Exercises 30 and 31. 


For Extra Help ' MathXL? x ea 
MyMath Lab PRACTICE WATCH READ REVIEW 


[vf Reading Check 


Determine whether each statement is true or false. 


RCl. Ifanexpression contains a negative exponent, the RC2. Ifan expression contains parentheses within 
entire expression is negative. parentheses, we simplify in the innermost set 
first. z 
g 
RC3. Absolute-value bars can act as grouping RC4. If we are using the rules for order of operations, E 
symbols. subtractions are done before divisions. Bs 
< 
ie} 
RC5. We can read n’ as “n-cubed.” RC6. For any nonzero number n, n° = n. 5 
RC7. The reciprocal of 3 is 3!. RC8. Using the rules for order of operations, we evaluate 5 
exponential expressions before we add. = 
Q 
ie} 
1S) 
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a | Write exponential notation. 


1.4°4°4°4:4 
3.5°5°5°5°5°5 


5. mmm 


9. (123.7)(123.7) 
Evaluate. 
ll. 27 12. 9° 
1 4 
15. (2) 16. (0.1)° 
3 
2 4 
19. (—5.6)? 20. (2) 
5 1 
23. 34° 24, (2) 
2 
7 1 
27. (2) 28. (—87)° 


Db | Rewrite using a positive exponent. Evaluate, if possible. 


1\? 1\3 
29. | — 30. {| — 

4 5 
33. y° 34. x ° 


37. (-11)7) 38. (—4) ° 


10. 


13. 


17. 


21. 


25. 


SECTION R.3 


oe XOXO X 


- ttttt 


(3.8)(3.8)(3.8) (3.8) (3.8) 


(—2)° 14, (-7)? 
(-4)8 18. (—3)* 
5! 22. (V6)! 
(v6)° 26. (—4)° 


Exponential Notation and Order of Operations 


27 


Rewrite using a negative exponent. 


39. 


42. 


45. 


48. 


51. 


54. 


57. 


60. 


63. 


66. 


28 


1 


a 
1 
n° 
Simplify. 
12 — 4(5 — 1) 


10[7 — 4(8 — 5)] 


[64 + (—4)] + (2) 


30-10 — 18° 25 


23 + 24 — 20+ 30 


4 + 20-104 77 — 23 


4000 - (1 + 0.12)3 


(43-6 — 14-7)3 + (33 - 34)? 
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40. 


43. 


46. 


49. 


52. 


55. 


58. 


61. 


64. 


92 

a 
(—16)* 

6 — 4(8 — 5) 


(Say; Ser 


Th= f= 2 


(13-2-— 8-4)? 


5000 - (4 + 1.16)? 


« 18 -—2+3-—9 


41. 


44. 


47. 


50. 


53. 


56. 


59. 


62. 


65. 


68. 


9[8 — 7(5 — 2)] 


19(—22) + 60 


(912/79? = 12? 


5? + 36-72 — (18 + 25° 4) 


(9°-8+3-3) 


(20-4 + 13° 8)? — (39° 15)% 


18 — (2-3-9) 
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69. 


72. 


75. 


78. 


81. 


84. 


87. 


90. 


93. 


96. 


(18 — 2-3) -9 


[(—32) + (—2)] + (-2) 


4> (8 =10P +1 


53 + 20+ 40 + 8? — 29 


4°5—-—2:-6+4 


4°/8 


8(—7) + 6(—5) 


14 — 2(-6) +7 


7 +10 — (-10 + 2) 


28 — 10° 


70. 


73. 


76. 


79. 


82. 


85. 


88. 


91. 


94. 


97. 


(18 — 2)(3 - 9) 71. 
15 - (—24) + 50 74. 
16 (19 = 15) = 7 77. 
5000 - (1 + 0.16)? 80. 
8(7 — 3)/4 83. 
[2+ (5 — 3)]° 86. 
10(—5) + 1(-1) 89. 
9+ (-3) + 16+8 92. 
(3 — 8)° 95. 
20: 2 (=8) 98 


30° 20 — 15° 24 


6 + 25* 71 — (16 + 254) 


4000 - (3 + 1.14)? 


4-(6 + 8)/(4 + 3) 


53 — 7 


19 — 5(-3) + 3 


32 — 8 + 4 — (-2) 


52 — g2 


. 2X 10° — 5000 


SECTION R.3 Exponential Notation and Order of Operations : 29 


99. —7(3) + 18 100. 6[9 — (3 — 4)] 101. 9[(8 — 11) — 13] 
20-6 
102. 1000 + (—100) + 10 103. 256 + (—32) + (—4) 104. oy 
5? — |4- 8| 4|6—7|-—5-4 
105. 106. 
2 =) 6:7- 8|4-1| 
30(8 — 3) — 4(10 = 3) 53 — 37+ 12°5 
107. 108. 
10|2 — 6| — 2(5 + 2) 32 + (-16) + (-4) 
SOIDUR Ty VARIN UNINC ain sgtndsecsv0casysvltetoapnd/ealcndatsncnd’ indy eccaan ahindcn anon sols rented aattnaldatabonanbetieesteeres anevada 
Find the absolute value. [R.1d] 
9 
109. |-2| 110. |2.3| 111. |0{ 112. |—900| 
Compute. [R.2a, c, d] 
113. 23 — 56 114, —23 — 56 115. —23 — (—56) 116. —23 + (—56) 
2 15 
117. (—10)(2.3) 118. (—10)(—2.3) 119. 10(—2.3) 120. | —3 }| 75 
BMI N Gz cei pes et in Sa chr cates el ciara ee ena phen eadea 
Simplify. 
121. (2) = (=2) = (2) + (a2)? = (a2) 122, 2(6' <6" = 6" «6%) 
123. Place parentheses in this statement to make it true: 9-5 + 2—-8+3+1 = 22. 
The symbol (aw4 means to use your calculator to work a particular exercise. 
124, (MSU Find each of the following. 
12345679 -9 = ? 
12345679 - 18 = 2 
12345679 - 27 = ? 
Then look for a pattern and find 12345679 - 36 without the use of a calculator. 
125, fmsa Find (0.2)(?) *, 126. fasa Determine which is larger: (7) Y? or (V2)". 
127. Find (2 + 3) 'and27! + 3‘ and determine whether they are equivalent. 
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MANIPULATIONS 


Introduction to Algebraic Expressions 


The study of algebra involves the use of equations to solve problems. Equa- 
tions are constructed from algebraic expressions. The purpose of Part 2 of 
this chapter is to provide a review of the types of expressions encountered 
in algebra and ways in which we can manipulate them. 


Algebraic Expressions and Their Use 
In arithmetic, you worked with expressions such as 


: ¢ 2 2 
91+ 76, 26-17, 14°35, 7+ 8, 4, and 5° — 3°. 


In algebra, we use these as well as expressions like 
d 
x+76, 26-—q, 14°x, d+t, 7 and x? — y*, 


When a letter is used to represent various numbers, it is called a variable. 
Let t = the number of hours that a passenger jet has been flying. Then tis a 
variable, because t changes as the flight continues. If a letter represents one 
particular number, it is called a constant. Let d = the number of hours ina 
day. Then dis a constant. 

An algebraic expression consists of variables, numbers, and operation 
signs, such as +, —,*, +. When an equals sign, =, is placed between two 
expressions, an equation is formed. The table at right lists examples of 
expressions and equations. Note that none of the expressions has an equals 


sign (=). 
Do Margin Exercise 1. D 
Equations can be used to solve applied problems. To illustrate this, 


consider the following bar graph, which shows the median pay for several 
occupations. 


Median amount of pay 
per year (in thousands) 
i 
S 


Dental 
hygienist 


Radiation 
therapist 


Respiratory 
therapist 


Occupation 
SOURCE: U. S. Bureau of Labor Statistics 


SECTION R.4 


OBJECTIVES 


6 Translate a phrase to an 
algebraic expression. 


B Evaluate an algebraic 
expression by substitution. 


SKILL TO REVIEW 


Objective R.3c: Simplify expres- 
sions using the rules for order of 
operations. 

Simplify. 

1. 6 + 7(5 — 3)? 
21S 12S 3e2 


ALGEBRAIC 
EXPRESSIONS 


10 t= 10 

x— 5 x-5=10 
11x x-5=11x 
y? + 2y yt2a=l1lt+y 


1. Which of the following are 
equations? 
a) 3x + 7 
b) -3x —-7= 18 
c) —3(x — 5) +17 
dj7=t-4 


Answers 


Skill to Review: 
1634 21 


Margin Exercise: 
1. (b) and (d) 
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Suppose we want to determine how much mote a radiation therapist 
earns than a dental hygienist does. We can translate this problem to an 
equation: 


Dental hygienist How much Radiation therapist 
pay plus more is pay 


|< 


68,250 ae x 74,980. 
We can then solve for x: 
68,250 + x = 74,980 
68,250 + x — 68,250 = 74,980 — 68,250 Subtracting 68,250 


x = 6730. 


We see that a radiation therapist earns $6730 more per year than a dental 
hygienist does. 


a | TRANSLATING TO ALGEBRAIC EXPRESSIONS 


To translate problems to equations, we need to know that certain words 
correspond to certain symbols, as shown in the following table. 


Key Words 
ADDITION SUBTRACTION MULTIPLICATION DIVISION 

add subtract multiply divide 
sum difference product quotient 
plus minus times divided by 
total decreased by twice ratio 
increased by less than of per 
more than 


Expressions like rs represent products and can also be written as r: s, 
r X s,(r)(s), orr(s). The multipliers rand s are also called factors. A quotient 


m 
m ~ 5canalso be represented as m/5 or 5 


EXAMPLE 1 Translate to an algebraic expression: Eight less than some 
number. 

We can use any variable we wish, such as x, y, t, m,n, and so on. Here 
we let t represent the number. If we knew the number to be 23, then the 
translation of “eight less than 23” would be 23 — 8. If we knew the number 
to be 345, then the translation of “eight less than 345” would be 345 — 8. 
Since we are using a variable for the number, the translation is 


t — 8. Caution! 8 — t would be incorrect. @ 


EXAMPLE 2 Translate to an algebraic expression: Twenty-two more than 
some number. 


This time we let y represent the number. If we knew the number to be 
47, then the translation would be 47 + 22. Since we are using a variable, 
the translation is 


y + 22. 


Because addition is commutative, 22 + yis also acorrect translation. | 


EXAMPLE 3. Translate to an algebraic expression: Five less than forty- 
three percent of the quotient of two numbers. 


We let r and s represent the two numbers. 


43% = 0.43 


a eee 


Five lessthan forty-three percent of the quotient of two numbers 


EXAMPLE 4 Translate each of the following to an algebraic expression. 


Five more than some number n+ 5,or5+n 
1 t 
Half ofa number 5 t, Or 3 
Five more than three times some number 3p + 5,or5 + 3p 
The difference of two numbers xy 
Six less than the product of two numbers rs — 6 
; 7 
Seventy-six percent of some number 0.76z, or he Z 
Eight less than twice some number 2x — 8 


Do Exercises 2-7. > 


|b | EVALUATING ALGEBRAIC EXPRESSIONS 


When we replace a variable with a number, we say that we are substituting 
for the variable. Carrying out the resulting calculation is called evaluating 
the expression. The result is called the value of the expression. 


EXAMPLE 5 Evaluate x — ywhenx = 83andy = 49. 
We substitute 83 for x and 49 for y and carry out the subtraction: 


x— y = 83 — 49 = 34, 8 


EXAMPLE 6 Evaluate a/b when a = —63 and b = 7. 


We substitute —63 for a and 7 for b and carry out the division: 
a_ —63 


~ =o; G 
b i 


EXAMPLE 7_ Evaluate the expression 3xy + zwhen x = 2, y = —5, and 
21. 


We substitute and carry out the calculations according to the rules for 
order of operations: 


3xy + z = 3(2)(-5) + 7 = -30 + 7 = —23. 


Do Exercises 8-11. BD 


SECTION R.4 


Translate to an algebraic 
expression. 


2. Sixteen less than some number 


3. Forty-seven more than some 
number 


4. Sixteen minus some number 


5. One-fourth of some number 


)cs) 6. Six more than eight times 
some number 

Let x represent the number. 
Then “eight times some 
number” translates to 
Then “six more than eight times 
some number” translates to 
80 ar 


7. Eight less than ninety-nine 
percent of the quotient of two 
numbers 


8. Evaluate x — ywhenx = —97 
and y = 29. 


9. Evaluate a/b when a = 400 
andb = -8. 


)cs) 10. Evaluate 4x + 5ywhen x = —2 
and y = 10. 


4x + by = 4( ) +e B( ) 
= + 50 


11. Evaluate 7ab — cwhen 
a= —3,b = 4,andc = 62. 


Answers 
2.x-16 3. y+ 47,or47+y 


1 t 
4.16—-—x 5. [hor 6. 8x + 6,or6 + 8x 


7. 99% “ — 8, or (0.99): —8 
. Oo b , OF . b 


8. —-126 9. —-50 10. 42 11. —146 


Guided Solutions: 
6. 8x,6 10. —2, 10, —8, 42 
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12. Find the area of a triangle 
when his 24 ft and bis 8 ft. 


13. Evaluate (x — 3)? when 
w= A, 


14. Evaluate x? — 6x + 9 when 
x= 11. 


15. Evaluate 8 — x3 + 10 + 5y? 
when x = 4andy = 6. 


Answers 
12. 96f 13.64 14.64 15. 16 


R.4 


In the next example, we use the formula for the area A ofa triangle with 
a base of length b and a height of length h: 


A = 5bh. 


EXAMPLE 8 Area ofa Triangular Sail. The base ofa triangular sail is 
6.4m and the height is 8 m. Find the area of the sail. 


We substitute 6.4 for b and 8 for h and multiply: 
A=tbh=3°64-8 
25.6 m’. 


< Do Exercise 12. 


EXAMPLE 9 Evaluate 5 + 2(a — 1)? whena = 4. 
5+2(a—-—1)?=5+2(4—1)? Substituting 


= 5 + 2(3)* Working within parentheses first 
=5 + 2(9) Simplifying 3” 

=5+ 18 Multiplying 

= 23 Adding @ 


EXAMPLE 10 Evaluate9 — x? + 6 + 2y*whenx = 2andy = 5. 


9—x°+6+ 2y?=9-—2?+6-+ 2(5)? Substituting 
=9-8+6+ 2:25 Simplifying 2? and 5? 
= 9-8 + 3°25 Dividing 
=9—.8 + 7S Multiplying 
=1+75 Subtracting 
= 76 Adding 


< Do Exercises 13-15. 


For Extra Help MathXL? a oA 


My™ ath Lab” PRACTICE WATCH — REVIEW 


[Vf Reading Check 
Choose from the column on the right an appropriate translation for each phrase. Choices may be used more than once or 
not at all. 
RCl. 5 less than some number a) x+5 
+ 

RC2. A number decreased by 5 eer s 

c)x-—5 
RC3. A number increased by 5 d)5-x 
RC4. The product of anumber and 5 e) 5x 

f) 2(x + 5) 
RC5. The sum of anumber and 5 ~ 

g) ~ 
RC6. The ratio of anumber and 5 5 
RC7. 5 more than twice a number 
RC8. Twice the sum of a number and 5 
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BE Translate each phrase to an algebraic expression. 


1. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


8 more than b 


. 13.4less than c 


. 5increased by qg 


. bmore thana 


. x divided by y 


x plus w 


m subtracted from n 


The sum of p and q 


Three times qg 


—18 multiplied by m 


The product of 17% and your salary 


Megan drove at a speed of 75 mph for f hours on an 
interstate highway in Arizona. How far did Megan 
travel? 


Jennifer had $40 before spending x dollars on a pizza. 
How much remains? 


Db | Evaluate. 


27. 


29. 


31. 


33. 


35. 


23z, when z = —4 
a 
P when a = —24andb = —8 


m—n 


, when m = 36andn = 4 


5 
sy When 2 = 9andy = 2 


2c + 3b, when b = 4andc = 6 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


SECTION R.4 


. 11 more thant 


. 0.203 less than d 


. 18 increased by z 


- cmore than d 


c divided by h 

s added to t 

p subtracted from q 

The sum of aand b 

Twice z 

The product of —6 and t 
48% of the women attending 


Joe had d dollars before spending $19.95 on 
a movie. How much did Joe have after the 
purchase? 


Lance drove his pickup truck at a speed of 65 mph for 
thours. How far did he travel? 


57y, when y = —8 


y’ when x = 30andy = —6 


, when p = 20andq = 30 
p+q 


18m 


— When m = 7andn = 18 


4x — y,whenx = 3andy = —2 
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37. 


39. 


Simple Interest. 
Al. 


43. Area of a Dining Table. 


Skill Maintenance 


25 —r?+5+7r7,whenr = 3ands = 27 


m+ n(5 + n?), when m = 15andn = 3 


Find the simple interest on a principal of $7345 at 6% 
for 1 year. 


The area A ofa circle with 
radius ris given by A = mr*. The circumference C 
of the circle is given by C = 2zr. The radius of Ray 
and Mary’s round oak dining table is 27 in. Find the 
area and the circumference of the table. Use 3.14 
for 7. 


Evaluate. [R.3a| 
45. 3° 46. (—3)° 
3\7 r 
49. | — 50. (4.5) 
Graph on the number line. [R.1d] 
53. y< -l 
<1 1+7——+1+7—++>° +++ 44 
=§ =4=3)=2)=1 0 2) 2 8 -4 5 
Synthesis 


Translate to an equation. 


55. The distance d that a rapid transit train in the Denver 


airport travels in time t at a speed r is given by speed 
times time. Write an equation for d. 


Evaluate. 

x+y  3y 
57. 5 + 37 when x = 2andy = 4 
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38. 


40. 


44, 


47. 


51. 


54. 


56. 


58. 


n? — 2+ p+ n*,whenn = 2andp = 12 


a’ — 3(a — b), whena = 10andb = —8 


The simple interest J on a principal of P dollars at interest rate r for t years is given by I = Prt. 
42. 


Find the simple interest on a principal of $18,000 at 
4.6% for 2 years. (Hint: 4.6% = 0.046.) 


Area of a Parallelogram. The area A ofa parallel- 
ogram with base b and height h is given by A = bh. 
Find the area of a flower garden that is shaped like 
a parallelogram with a height of 1.9 m anda base 
of 3.6 m. 


(—10)* 48. (—5.3)° 
(4.5)! 52. (3x)! 
0O=x 
a 
=§  =4.-3:=2.-1 0 1 2 3 4 & 
Marlana invests P dollars at 2.7% simple interest. Write 


an equation for the number of dollars Nin the account 
1 year from now. 


2.56y 
——, when y = 3andx = 4 
3.2x 
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Equivalent Algebraic Expressions 


a | EQUIVALENT EXPRESSIONS 


It is often convenient to replace an expression with another expression that 
represents the same number. For example, instead of x + 2x, we might 
write 3x, knowing that the two expressions represent the same number for 
any allowable replacement of x. In that sense, the expressions x + 2x and 
3x are equivalent, as are 5/x and 5x/ x’, even though 0 is not an allowable 
replacement because division by 0 is not defined. 


EQUIVALENT EXPRESSIONS 


Two expressions that have the same value for all allowable 
replacements are called equivalent expressions. 


EXAMPLE 1 Complete the following table by evaluating each of the 
expressions x + 2x, 3x, and 8x — x for the given values. Then look for expres- 
sions that appear to be equivalent. 


x= -2 


We substitute and find the value of each expression. For example, for 
x= =2, 


x + 2x = —2 + 2(-2) =-2-4= -6, 
3x = 3(-2) = —6, and 
8x — x = 8(—2) — (-2) = 


X= =2 6 6 14 


16+2=—-14. 


x=5 15 15 fe) 


x=0 0 0 0 


Note that the values of x + 2x and 3x are the same for the given values of 
x. Indeed, they are the same for any allowable real-number replacement of 
x, though we cannot substitute them all to find out. The expressions x + 2x 
and 3x are equivalent. But the expressions x + 2x and 8x — x are not 
equivalent, and the expressions 3x and 8x — x are not equivalent. Although 
3x and 8x — x have the same value for x = 0, they are not equivalent since 
values are not the same for all x. 


Do Exercises 1 and 2 on the following page. > 


SECTION R.5 


OBJECTIVES 


B Determine whether two 
expressions are equivalent 
by completing a table of 

values. 


Find equivalent fraction 
expressions by multiplying 
by 1, and simplify fraction 

expressions. 


Use the commutative laws 
and the associative laws to 
find equivalent expressions. 


Use the distributive laws to 
find equivalent expressions 
by multiplying and factoring. 
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Complete each table by evaluating 
each expression for the given val- 
ues. Then look for expressions that 
may be equivalent. 


GE} EQUIVALENT FRACTION EXPRESSIONS 


Some properties of real numbers allow us to find equivalent expressions. 


1. 
x=-2 


THE IDENTITY PROPERTY OF 1 


For any real number a, 


3. Use multiplying by 1 to find an 
expression equivalent to > with 
a denominator of 7y. 


ae-l=1l:-a=a. 


(The number 1 is the multiplicative identity.) 


We will often refer to the use of the identity property of 1 as “multiply- 
ing by 1.” We can use multiplying by 1 to change from one fraction expres- 
sion to an equivalent one with a different denominator. 


= EXAMPLE 2 Use multiplying by 1 to find an expression equivalent to 2 
e=5 with a denominator of 10x. 
Because 10x = 5 + 2x, we multiply by 1, using 2x/(2x) asa name for 1: 
x = 48 
3. 3 _ 3 2x  3:2x 6x 
5 5 5 2x 5:2x 10x 


Note that the expressions 3/5 and 6x/(10x) are equivalent. They have 
the same value for any allowable replacement. Note too that 0 is not an 
allowable replacement in 6x/(10x), but for all nonzero real numbers, the 
expressions 3/5 and 6x/ (10x) have the same value. 


4. Use multiplying by 1 to find 
an expression equivalent to a 
with a denominator of 44x. 


cs 


<« Do Exercises 3 and 4. 


Since 44x = 11- , we use In algebra, we consider an expression like 3/5 to be a “simplified” form 
of 6x/(10x). To find such simplified expressions, we reverse the identity 
as aname for 1. property of 1 in order to “remove a factor of 1.” 
2 2 
SSS big ie 
iil iil EXAMPLE 3 Simplify: oe 
x 
2 
=—: = We do the reverse of what we did in Example 2: 
i 4x 44x 
7x _ @*%X We factor the numerator and the denominator and 
9x 9O°x then look for the largest common factor of both. 
7 Xx : : 
morte Factoring the expression 
Simplify. 
2 ate Beg 
o gx 
3y 
= Removing a factor of 1 using the identity property 
20m 9° of 1 in reverse 
12m 
: : 24y 
EXAMPLE 4 Simplify: ———. 
l6y 
Answers 
1. —10, —10, —18; 40, 40, 72; 0, 0, 0; 6x — x and 5x 24y 3° By 3 By 3 3 
are equivalent. 2. 1, 13; 64, 34; 60.84, 32.04; the = = : — “l= 
expressions are not equivalent. 16y 2° 8y 2 8y 2 2 
2y 8x 2 5 
3. 4, 5. = 6 . 
zy Ax 3 3 < Do Exercises 5 and 6. 


Guided Solution: 
4. 4x, 4x, 4x, 8x 
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THE COMMUTATIVE LAWS 
AND THE ASSOCIATIVE LAWS 


Let’s examine the expressions x + yand y + x, as wellas xy and yx. 


EXAMPLE 5 Evaluatex + yandy + xwhenx = 5andy = 8. 
We substitute 5 for x and 8 for y in both expressions: 


xr y = 5 +b s = 13; reH= S68 Ss = IS. @ 
y y 


EXAMPLE 6 Evaluate xy and yx when x = 4andy = 3. 


We substitute 4 for x and 3 for y in both expressions: 7. Evaluatex + yandy + x 
when x = —3andy = 5. 
2H 4°23 = 12; w= 34 = 12, 
8. Evaluate xy and yx when 
Do Exercises 7 and 8. > x = —2andy= 7. 


Note that the expressions x + y and y + x have the same values no 
matter what the variables represent. Thus they are equivalent. When we 
add two numbers, the order in which we add does not matter. Similarly, 
when we multiply two numbers, the order in which we multiply does not 
matter. Thus the expressions xy and yx are equivalent. We say that addition 
and multiplication are commutative. 


THE COMMUTATIVE LAWS 


Addition. For any numbers a and b, 


at+b=b+a. 
(We can change the order when adding without affecting the answer.) 


Multiplication. For any numbers a and b, 


ab = ba. 
(We can change the order when multiplying without affecting the 
answer.) 


Using a commutative law, we knowthatx + 4and4 + xare equivalent. 
Similarly, 5x and x - 5 are equivalent. Thus, in an algebraic expression, we 
can replace one with the other and the result will be equivalent to the origi- 
nal expression. 

Now let’s examine the expressions a + (b + c) and(a + b) + c. Note 
that these expressions use parentheses as grouping symbols, and they also 
involve three numbers. Calculations within grouping symbols are to be 
done first. 


EXAMPLE7 Evaluatea + (b + c)and(a + b) + cwhena = 4,b = 8, 


andc = 5. 
at+(bt+c)=4+(8+5) Substituting 
=4+13 Calculating within parentheses 
= 17; first: adding 8 and 5 
(a+ b)+c=(4+8)+5 Substituting 
= 12+ 5 Calculating within parentheses Maciegs 
— [9 first: adding 4 and 8 r 


7.2;2 8. —14;-14 
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9. Evaluate 
a+(b+c) and (a+b)+c 
when a = 10, b = 9,andc = 2. 


10. Evaluate 
a-(b-c) and (a:b)-c 
when a = 11,b = 5,andc = 8. 


11. Use the commutative laws to 
write an expression equivalent 
to each of y + 5, ab, and 
8 + mn. 


12. Use the commutative laws 
and the associative laws to 
write at least three expressions 
equivalent to (2+ x) + y. 


Answers 


9. 21;21 10. 440;440 11.5 + y; ba; 
mn + 8,ornm + 8,or8 +nm_ 12. 2+ (xy); 
(2+ y) + x (y+ 2) + x answers may vary 
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EXAMPLE 8 Evaluatea: (b+ c)and(a- b) + cwhena = 7,b = 4, and 
C= 2: 
a:(b+c)=7+(4:2) =7-8=56; 
(a-b)+c=(7+4)+2 = 28:2=56 


< Do Exercises 9 and 10. 
When only addition is involved, changing the grouping does not change 


the answer. Likewise, when only multiplication is involved, changing the 
grouping does not change the answer. 


THE ASSOCIATIVE LAWS 


Addition. For any numbers a, b, and c, 


at+(b+c)=(at+b)+t+c. 
(Numbers can be grouped in any manner for addition.) 
Multiplication. For any numbers a, b, and c, 
a:(b-c)=(a-+b)-<c. 


(Numbers can be grouped in any manner for multiplication.) 


Since grouping symbols can be placed any way we please when only 
additions or only multiplications are involved, we often omit them. For 
example, we write lwh instead of (lw)h or I(wh). 


EXAMPLE 9 _ Use the commutative laws and the associative laws to write 
at least three expressions equivalent to (x + 8) + y. 


a) (x + 8)+y=x+ (8+ y) Using the associative law first and then 
=x+(y+ 8) the commutative law 


b) (x + 8) +y=y+t(x+ 8) Using the commutative law and then the 
=y+t+(8+x) commutative law again 


c) (x+ 8) +y=(8+x)+y Using the commutative law first and 
=8+ (x+y) then the associative law 


< Do Exercises 11 and 12. 


dd THE DISTRIBUTIVE LAWS 


Let’s now examine two laws, each of which involves two operations. The 
first involves multiplication and addition. 


EXAMPLE 10 Evaluate 8(x + y) and 8x + 8ywhenx = 4andy = 5. 


8(x + y) = 8(4 + 5) 8x + BY = 844+ 8-5 
= 8(9) = 32 + 40 
= 72: < = = 72 @ 


The expressions 8(x + y) and 8x + 8y in Example 10 are equivalent. 
This fact is the result of a law called the distributive law of multiplica- 
tion over addition. The other distributive law involves multiplication and 
subtraction. 


THE DISTRIBUTIVE LAWS 


The Distributive Law of Multiplication Over Addition 
For any numbers a, b, and c, 


a(b+c)=ab+ac, or (b+ c)a=ba+ ca. 
(We can add and then multiply, or we can multiply and then add.) 


The Distributive Law of Multiplication Over Subtraction 


For any real numbers a, b, and c, 
13. Evaluate 10(x + y) and 
a(b—-—c)=ab- ac, or (b-—c)a= ba — ca. 10x + 10ywhen x = 7and 


(We can subtract and then multiply, or we can multiply and then aa 


subuact) 14. Evaluate 9(a + b), (a + b)9, 
and 9a + 9bwhena = 5and 
b= -2., 
We often refer to “the distributive law” when we mean either or both of 
these laws. 15. Evaluate 5(a — b) and 
5a — 5bwhena = 10 and 
Do Exercises 13-15. D> b = 8. 
Multiplying Expressions with Variables 
The distributive laws are the basis of multiplication in algebra as well as in Kaa 
arithmetic. In the following examples, note that we multiply each number ea 
or letter inside the parentheses by the factor outside. 16. 8(y — 10) 
EXAMPLES Multiply. 17, a(x + y — z) 
_ =—A+y-—4-90= = i 
IL. 4(x — 2) =4+x—-4°2=4x—8 B 1. 10( 4x — y+ 12) 
12. b(s — t + f) = bs — bt + bf a 


13. —3(y + 4) = -3:y + (-3):4= —3y - 12 
14. —2x(y — 1) = —2x-y — (—2x)-1 = —2xy + 2x 


10+ (4x)-10( + 1o( 42) 


= 40x — 60y + 
Do Exercises 16-18. D> 
Factoring Expressions with Variables 
The reverse of multiplying is called factoring. Factoring an expression 
involves factoring its terms. Terms of algebraic expressions are the parts 
separated by addition signs. 
EXAMPLE 15 List the terms of 3x — 4y — 22z. 
We first find an equivalent expression that uses addition signs: 
3x — 4y — 2z = 3x + (—4y) + (22). ing th 
' (ay) + ( ) ne an hat 19. List the terms of 
4 
Thus the terms are 3x, —4y, and —2z. coe ale aa 
Do Exercise 19. D> 
Answers 


13. 180;180 14. 27;27;27 15. 10;10 
16. 8y — 80-17. ax + ay — az 


18. 40x — 60y + 5z 19. —5x, —7y, 671, 


Guided Solution: 
18. 6y, 5z 
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Factor. 

20. 9x + Sy 
21. ac — ay 
22. 6x — 12 


23. 35x — 25y + 15w + 5 


24. bs + bt — bw 


Answers 
20. 9(x+y) 21. a(c—y) 22. 6(x — 2) 
23. 5(7x — Sy + 3w+1) 24 b(s+t—w) 


Factors are parts of products. 


FACTORS 


To factor an expression is to find an equivalent expression that is a 
product. If N = a: b, then aand bare factors of N. 


EXAMPLES Factor. 


16. 8x + 8y = 8(x + y) 8andx + yare factors. 
17. cx — cy = c(x — y) cand x — yare factors. | 


The distributive laws tell us that 8(x + y) and 8x + 8y are equivalent. 
We consider 8(x + y) to be factored. The factors are 8 and x + y. When- 
ever the terms of an expression have a factor in common, we can “remove” 
that factor, or “factor it out,” using the distributive laws. 

Generally, we try to factor out the largest factor common to all the 
terms. In the following example, we might factor out 3, but there is a larger 
factor common to the terms, 9. So we factor out the 9. 


EXAMPLE 18 Factor: 9x + 27y. 
9x + 27y =9+-x+ 9 (3y) = I(x + 3y) @ 


We often must supply a factor of 1 when factoring out a common factor, 
as in the next example, which is a formula involving simple interest. 


EXAMPLE 19 Factor: P + Prt. 


Pot Pres Pol ee rt Writing P as a product of Pand 1 
= P(1 + rt) Using the distributive law 


You can always check a factorization by multiplying. 


< Do Exercises 20-24. 


For Extra Help 5 == p> 
Mahxe [J == |% 
MyM ath Lab” PRACTICE WATCH READ REVIEW 


[vi Reading Check 
Choose the word beneath each blank that best completes the statement. 
RCl. The statement 3 + 7 = 7 + 3illustrates RC2. The statement 4-2 + 4-8 = 4(2 + 8) illustrates 
a(n) law. a(n) law. 
associative/commutative commutative/distributive 
RC3. The statement 5 - (6-7) = (5° 6) - 7 illustrates RC4. The multiplicative identity is the number 
a(n) law. . 
associative/distributive 0/1 
RC5. Inthe expression 7(5 + x),7and(5 + x) are RC6. Inthe expression 7(5 + x),5andx are 
factors/terms factors/terms 
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a | Complete each table by evaluating each expression for the given values. Then look for expressions that are 


equivalent. 
1. 2. 
5 ne ae ee 


|b | Use multiplying by 1 to find an equivalent expression with the given denominator. 


5 ul 8 6 z 3 7. a 8 8 u 50 
- =; 8x =F ay ene 
8 ao" ra ig? > 
Simplify. 
25x 36y 100a —625¢ 
eee 10. —— 11. — 12. 
15x 18y 25a 15t 


ks Use a commutative law to find an equivalent expression. 


13. w+ 3 4.y+5 15. rt 16. cd 
17. 4+ cd 18. pq + 14 19. yz+ x 20. s + qt 


Use an associative law to find an equivalent expression. 
21. m+ (n+ 2) 22.5°(p:q) 23. (7+ x)-y 24. (7+ p)+q 


Use the commutative laws and the associative laws to find three equivalent expressions. 


25. (a+b) +8 26. (4+ x) +y 27. 7+ (a+b) 28. (8-m)-n 
| d | Multiply. 
29. 4(a + 1) 30. 3(c + 1) 31. 8(x — y) 32. 7(b — c) 
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33. —5(2a + 3b) 34, —2(3c + 5d) 35. 2a(b — c + d) 36. 5x(y — z+ w) 


1 1 
37. 2ar(h + 1) 38. P(1 + rt) 39. gla + b) 40. qm + s) 


List the terms of each of the following. 


41. 4a — 5b+6 42. 5x — 9y + 12 43. 2x — 3y — 2z 44, 5a — 7b — 9c 

Factor. 

45. 24x + 24y 46. 9a + 9b 47. 7p — 7 48. 22x — 22 

49. 7x — 21 50. 6y — 36 51. xy + x 52. ab+a 

53. 2x — 2y + 2z 54. 3x + 3y — 32 55. 3x + 6y — 3 56. 4a + 8b — 4 

57. 4w — 12z + 8 58. 8m + 4n — 24 59. 20x — 36y — 12 60. 18a — 24b — 48 
1 1 1 1 

61. ab + ac — ad 62. xy — xz + xw 63. ru + ams 64. gah + uh 


SIUM VERNER CNN S gceicciisesohoo des este bisicessbdh ce caked densa davedcesbbatuda dinlcecta dyna Geieasiduntsadd eashidean haccoidentates Stine wats 


Translate to an algebraic expression. [R.4a] 


65. The square of the sum of two numbers 66. The sum of the squares of two numbers 
Rewrite using a positive exponent. [R.3b] Simplify. [R.3c] 
i 1 69. 4-2= 5? — 3? 70; 10 +25 = 3 +2? 
67. x 68. 5 
n 
RN pacar cta pte ee esas earcsete aces spent seen gree pears scneonta aca fie tgepu seein re seed tiomeaiaeaten 
Make substitutions to determine whether each pair of expressions is equivalent. 
8 

x 
71. x? + ys (x + y)* 72.(a—>by(a+ ba — bh? 75,4? + x x? Ts 3 x 

x 
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Simplifying Algebraic Expressions 


We often wish to find a simpler expression equivalent to a given one. 


EB COLLECTING LIKE TERMS 


If two terms have the same letter, or letters, we say that they are like terms, 
or similar terms. (If powers, or exponents, are involved, then like terms 
must have the same letters raised to the same powers.) 

If two terms have no letters at all but are just numbers, they are also 
similar terms. We can simplify by collecting, or combining, like terms, 
using the distributive laws. 


EXAMPLES Collect like terms. 


1. 3x + 5x = (3 + 5)x = 8x _— Factoring out the x using the distributive law 

2.x-3x=1-x-3:-x=(1-3)x=-2x x=1'x 

3. 2x + 3y — 5x — 2y 
= 2x + 3y + (—5x) + (—2y) Subtracting by adding an opposite 
= 2x + (—5x) + 3y + (—2y) Using a commutative law 
=(2= 5)x+-6 = 2)y Using a distributive law 
SS —Shor V Simplifying 

A. 3x+ 2x4+54+7=(34+2)x+ (547) =5x412 

(4.2 — 5.8)x + (—6.7 + 23)y 

= —1.6x + 16.3y 


i .i. 32 2 1 3 1 2 
i = rey eens 
Be oF gt ee ( 4 2a ( 4) 


5 12 5 4 
“(-5-Bh-(5-4) 
20 20 10~=10 


5. 4.2x — 6.7y — 5.8x + 23y 


Do Margin Exercises 1-6. > 


GF} MULTIPLYING BY —1 AND 
REMOVING PARENTHESES 


What happens when we multiply a number by — 1? 


EXAMPLES 


3 
=1" 9 = =9 8. 1-( ie 9. -1:0=0 


Do Margin Exercises 7-9. D 


OBJECTIVES 


B Simplify an expression by 
collecting like terms. 


|b) Simplify an expression by 
removing parentheses and 
collecting like terms. 


SKILL TO REVIEW 
Objective R.Sd: Use the distributive 
laws to find equivalent expressions 
by multiplying and factoring. 


Factor. 


1. 4x + ax 2. ct+t 


Collect like terms. 


1. 9x + 11x 2. 5x — 12x 


Se OX LX 4.x — 7x 


5. 22x — 2.5 + 1.4x + 6.4 


Multiply. 
7 —1° 24 8. -1:-0 


9. —1+ (—10) 


Answers 

Skill to Review: 

le x(4t+a) 2. ttc +1) 

Margin Exercises: 

1.20x 2. —-7x 3. 6x 4. —6x 


5. 23.4x + 3.9 6 + 23 
. 23.4x ; Pet yay 


7. —-24 8.0 9 10 
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Find an equivalent expression 
without parentheses. 


10. —(9x) 


ee (  — ) res 


x 


Find an equivalent expression 


without parentheses. 
12. -(7— y) 
13. —(x — y) 


14. —(9x + 6y + 11) 
15. —(23x — 7y — 2) 
16. —(—3x — 2y — 1) 


Answers 


10. -9x 11.24 12.y-7 13 y—-x 
14. -9x-—6y—-11 15. —23x + Ty + 2 
16. 3x + 2y+1 


Guided Solution: 
ll. —24, 24t 
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THE PROPERTY OF —1 


For any number a, 
al a= =@. 


(Negative 1 times a is the opposite of a. In other words, changing the 
sign is the same as multiplying by —1.) 


By replacing — with —1, we can find an equivalent expression for an 
opposite. 


EXAMPLES Find an equivalent expression without parentheses. 


10. —(3x) = —1(3x) Replacing — with —1 using the property of —1 
= (-1°-3)x Using an associative law 
= —3x Multiplying 

11. —(—9y) = —1(—9y) Replacing — with —1 


=[-1(-9)]ly Using an associative law 
= 9y Multiplying 


< Do Exercises 10 and 11. 


EXAMPLES Find an equivalent expression without parentheses. 
12. —(4+ x) = —-1(4+ x) Replacing — with —1 
al a (1) x Multiplying using the distributive law 


= —-4+ (-x) Replacing —1 - x with —x 
==—4 =X Adding an opposite is the same as 
subtracting. 


13. —(3x — 2y + 4) 


—1(3x — 2y + 4) 


—1:+ 3x — (-1)2y + (-1)4 Using the 
distributive law 


= —3x — (—2y) + (-4) Multiplying 
= —3x + [—(—2y)] + (-4) Adding an opposite 
= —3x + 2y—4 
14. —(a—- b) = -l(a- b) = —-1+a-—(-1)°b 
=-a+[-(-l)b] =-at+b=b-a es) 


Example 14 shows that the opposite of a — bisb — a. 


THE OPPOSITE OF A DIFFERENCE 


For any real numbers a and b, 
-(a-—b)=b-a. 
(The opposite of a — bisb — a.) 


< Do Exercises 12-16. 


We can find an equivalent expression for an opposite by multiplying 
every term by —1. We could also say that we change the sign of every term 
inside the parentheses. 

EXAMPLE 15 Find an equivalent expression without parentheses: 
—(-9t eT oes iW). 
We have 
—(-9t a 12 = jw) = 9t — 7z + jw. Changing the sign 
of every term 


Do Exercises 17-19. D> 


Some expressions contain parentheses preceded by subtraction signs. 
These parentheses can be removed by changing the sign of every term inside. 


EXAMPLES Remove parentheses and simplify. 


16. 6x — (4x + 2) = 6x + [-(4x+ 2)] Subtracting by adding the opposite 


= 6x — 4x — 2 Changing the sign of every 
term inside 


= 2% > 2 Collecting like terms 
17. 3y — 4 — (9y— 7) = 3y —4-9y+7 
= —6y + 3,or3 — by @ 


In Example 16, we see the reason for the word “simplify.” The expres- 
sion 2x — 2 is equivalent to 6x — (4x + 2) but itis shorter. 

If parentheses are preceded by an addition sign, no signs are changed 
when they are removed. 


EXAMPLE 18 Remove parentheses and simplify. 
3y + (3x — 8) — (5 — 12y) = 3y + 3x -8-—5 + l2y 
= 15y + 3x — 13 
Do Exercises 20-23. > 


We can also simplify when an expression is multiplied by a number 
other than 1. 


EXAMPLES Remove parentheses and simplify. 
19. (15x — 4) — (5x + 2y) +1 = $+ 15x —§°4- 5x- 2yt1 
= 5x — $— 5x — 2y + 1 
=—2y-4 
20.x — 3(x + y) =x+[-3(x + y)] Subtracting by adding the opposite 


x — 3x — 3y Removing parentheses by 
multiplying x + yby —3 


—2x — 3y Collecting like terms 


Pam e eee c anne nee een anne renee neeeeseneenessens Caution! Aden e eee e eee enon ene eee eee bneeeeneseseenene 


A common error is to forget to change this sign. Remember: When multiplying 
by a negative number, change the sign of every term inside the parentheses. 


Find an equivalent expression 
without parentheses. 


17. —(—2x — 5z + 24) 


18. —(3x — 2y) 


1 
19. (4: + 4lw — 5d 23) 


Remove parentheses and simplify. 
20. 6x — (3x + 8) 


21. 6y — 4 — (2y — 5) 


22. 6x — (9y — 4) — (8x + 10) 


23. 7x — (—9y — 4) + (8x — 10) 


Answers 
17, 2x + 5z— 24 18. —3x + 2y, or 2y — 3x 


1 
19. —7t— 4lw + Sd + 23 20. 3x — 8 


21. 4y+1 22. -2x - 9y - 6 
23. 15x + 9y — 6 


SECTION R.6 Simplifying Algebraic Expressions 47 


Remove parentheses and simplify. 21. 3y — 2(4y — 5) = 3y — By + 10 Removing parentheses by 
24. x — 2(y + x) multiplying 4y — 5 by —2 
= —5y + 10 Collecting like terms 
25. 3x — 5(2y — 4x) 
< Do Exercises 24-26. 


1 
26. (4a — 3b) - —(4a — 3) +5 oe 
4 When expressions with grouping symbols contain variables, we still work 
from the inside out when simplifying, using the rules for order of operations. 
EXAMPLE 22 Simplify: [2(x + 7) — 47] — (2 — x). 
[Se rae) SF ee) 
= [2x + 14-— 4?]—(2-— x) Multiplying to remove the 
innermost grouping symbols 
Simplify. using the distributive law 
27. (3x — 5) — [4(x — 1) + 2] = [2x + 14— 16] — (2— x) _ Evaluating the exponential expression 
= (42) = =x) Collecting like terms inside the 
TM =e ee (3? ) brackets 
‘ [3 el i =2-2-2+%x Multiplying by —1 to remove the 
—[8 == | = 4@ = x) parentheses 
= [22 |= te! = 3x-—4 Collecting like terms 
= 25> 
< Do Exercises 27 and 28. 
EXAMPLE 23 Simplify: 6y — {4/3(y — 2) — 4(y + 2)] — 3}. 
Simplify ey ~ {4[3(y ~ 2) ~ ay + 2)] ~ 3} 
29. 15x — =% aes 
yo {4 sy =e — ay = 8] — 3} Multiplying to remove the 
{2[2(x — 5) — 6(x + 3)] + 4} innermost grouping symbols 
using the distributive law 
30. 9a + _ llecting lik inside the brack 
{3a — 2[(a — 4) — (a + 2)]} = 6y — {4[-y — 14] — 3} Collecting like terms inside the brackets 
= 6y — {—4y — 56 — 3} Multiplying to remove the inner 
brackets using the distributive law 
Answers a. : 
= 6y — {—4y — 59} Collecting like terms in the braces 
24. -—x— 2y 25. 23x — loy 
Be ai ah +8 Bo) hg = 6y + 4y + 59 Removing braces 
28. 2x—51 29. 23x +52 30. 12a + 12 = loy + 59 Collecting like terms 
Guided Solution: 
28. 18, 15, 36, 51 < Do Exercises 29 and 30. 


For Extra Help 


MathXL! = 
MyM ath Lab” PRACTICE = READ 


Ral Reading Check . 
zg 

Determine whether each statement is true or false. g 
RCl. The terms 6x and —7x are like terms. RC2. The terms 9y and 9c are similar terms. E 
< 

RC3. Multiplying by —1 is the same as changing the RC4. The opposite of 5 — xisx — 5. F 
sign. fe 

RC5. The expression 6x + (—7x) is equivalent to the RC6. The expression —(5c + 6d — w) is equivalent to the z 
expression —x. expression —5c — 6d — w. 5 

SJ 
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a | Collect like terms. 


1. 7x + 5x 2. 6a + 9a 3. 8b — 1lb 4. 9c — 12c 
5. l4y+y 6. 13x + x 7 12Za-—a 8. 15x — x 
9. t= 9t 10. x — 6x ll. 5x — 3x + 8x 12. 3x — 11x + 2x 
13. 3x — 5y + 8x 14. 4a — 9b + 10a 15. 3c + 8d — 7c + 4d 16. 12a + 3b — 5a + 6b 
17. 4x — 7+ 18x + 25 18. 13p + 5—-—4p+7 19. 1.3x + 1.4y — 0.11x — 0.47y 
2 5 4 7 1 1 1 1 
20. 0.17a + 1.7b — 12a — 38b 21. —a + —b — 27 a b 22. x x+—y+—y— 34 
3 6 5 6 4 2 4 2 


ra Find an equivalent expression without parentheses. 


The perimeter of a rectangle is the distance around it. The l 
perimeter Pis given by P = 2(1 + w). 
Ww 
23. Find an equivalent expression for the perimeter 24. Perimeter ofa Football Field. The standard football 
formula P = 2(/ + w) by multiplying. field has / = 360 ftand w = 160 ft. Evaluate both 


expressions in Exercise 23 to find the perimeter. 
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25. —(—2c) 26. —(—5y) 


29. —(b — 3) 30. —(x — 8) 


33. —(x + y + z) 


35. —(8x — 6y + 13) 


37. —(—2c + 5d — 3e + 4f) 


39. ( 1.2x + 56.7y — 34z ) 


Simplify by removing parentheses and collecting like terms. 


41. a+ (2a+ 5) 


43. 4m — (3m — 1) 


45. 5d — 9 — (7 — 4d) 


47, —2(x + 3) — 5(x — 4) 
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27 


34 


36 


38. 


40. 


42. 


44. 


48. 


. —(b + 4) 


o=(F=y) 


.-(r+s +t) 


. —(9a — 7b + 24) 


x + (5x + 9) 


5a — (4a — 3) 


. 6x — 7 — (9 — 3x) 


oy + 7) 


6(y 


3) 


28. —(a + 9) 


32. —(r — s) 


Copyright © 2015 Pearson Education, Inc. 


49. 5x — 7(2x — 3) — 4 


51. 8x — (—3y + 7) + (9x — 11) 


1 1 
53. | (24x — 8) — >(—8x + 6) — 14 


Simplify. 
55. 7a — [9 — 3(5a — 2)] 


57. 5{-2 + 3[4 — 2(3 + 5)]} 


59. [10(x + 3) — 4] + [2(x — 1) + 6] 


61. [7(x + 5) — 19] — [4(x — 6) + 10] 


63. 3{[7(x — 2) + 4] — [2(2x — 5) + 6]} 


65. 4{[5(x — 3) + 27] — 3[2(x + 5) — 9?]} 


67. 2y + {8[3(2y — 5) — (8y + 9)] + 6} 


52. 


54. 


56. 


58. 


60. 


62. 


64. 


66. 


68. 


. By — 4(5y — 6) +9 


5t + (4t — 12) — 2(3t + 7) 


1 1 
10t — w) + 28t + 4) + 1 
(lot — w) + 5¢ ) 


14b — [7 — 3(9b — 4)] 


7b — {5[4(3b — 8) — (9b + 10)] + 14} 
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SiN Maite mare iiiiniiiciiiccccccccccccccccccccccceceseeseseesevecsevecesessvesvstsessvssvssvessvsevitvetvstssvssvstvitvevsveststveveeeee, 


Evaluate. [R.4b] 
69. 10 — x, whenx = —3 70. 3d + 2c, whenc = 5andd = 10 


71. a + n(n? — 1),whena = 100andn = —2 72. x? + 3(y — z), whenx = 6,y = 8, andz = 10 


Divide. [R.2e] 


3 9 
73. —256 + 16 74, —256 + (—16) 75. 256 + (—16) Cs 
Multiply. [R.5d] 
2 
77. 8(a — b) 78. —8(2a — 3b + 4) 79. 6x(a — b + 2c) BO. 5(24x — 12y + 15) 
Factor. [R.5d] 
81. 24a — 24 82. 24a — 16b 83. ab — ac+a 84. 15p + 45q — 10 


Ue Users clack coetin staan uncon cadametcecegla era ag ein antes diosa vo iar pols 
Insert one pair of parentheses to convert the false statement into a true statement. 

85. 3 — 8° + 9 = 34 86. 2-7+ 3?+5 = 104 

87. 5°22 +3- 4'= 40 88 2—-7°2?+9=-ll 

Simplify. 


89. [11(a — 3) + 12a] — {6[4(3b — 7) — (9b + 10)] + 11} 


90. —3[9(x — 4) + 5x] — 8{3[5(3y + 4)] — 12} 


91. z — {2z + [3z — (42 + 5x) — 6z] + 7z} — Bz 


92. {x + [f-— (f+ x)] + [x — fl} + 3x 


93.x— {x+1-[x+2-(x-3- {x+4-[x—5 + (x - 6)]})]} 
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Properties of Exponents and 


Scientific Notation 


We often need to find ways to determine equivalent exponential expressions. 
We do this with several rules or properties regarding exponents. 


EE} MULTIPLICATION AND DIVISION 


To see how to multiply, or simplify, in an expression such as a® - a”, we use 
the definition of exponential notation: 


a = aaa a*aaa, 
3 factors 2 factors 


The exponent in a” is the sum of those in a? « a’. In general, the exponents 
are added when we multiply if the base is the same in all factors. 


THE PRODUCT RULE 


For any number a and any integers m and n, 


a -a=a 


(When multiplying with exponential notation, add the exponents if 
the bases are the same.) 


EXAMPLES Multiply and simplify. 

LS =e 2. 8-43 = 4+(-3) = 2 = 16 

3.(=2) *(=2) =] 2)" Ay (oxox) SB eG «x ea 
= (—2)* = 16 = 4g - xnt2n 

5. (8x4y*)(—3x3y) = 8+ (-3) -xt-x 3+ y?-y! 

—24x4-3y-2+1 


a 


1 
Usinga " = — 
6 a 


n 


oAxy) 24x 
—24xy71 = ——— 
y 


t 


Note that we give answers using positive exponents. In some situations, 
this may not be appropriate, but we do so here. 


Do Margin Exercises 1-7. > 


Consider this division: 
B _ 8-8'8+8-8 8-8-8 
8° 8-8-8 8-8-8 


8-8 =8-8 = 8. 


We can obtain the result by subtracting exponents. 


OBJECTIVES 


B Use exponential notation in 
multiplication and division. 


Db Use exponential notation in 
raising a power to a power, 
and in raising a product or a 
quotient to a power. 


C | Convert between decimal 
notation and scientific 
notation, and use scientific 
notation with multiplication 
and division. 


SKILL TO REVIEW 


Objective R.3b: Rewrite 
expressions with or without 
negative integers as exponents. 


Rewrite using a positive expo- 
nent. Evaluate, if possible. 


1x 2, (=3) = 


Multiply and simplify. 
Oe ado 


2 y sy? 

3. (9x *)(2x”) 

4. (=3x (5a) 

5. (—7x°")(6x°") 

6, (xy )\(—aa yy?) 


qe (4x “y? (15a) 


Answers 
Skill to Review: 
1 1 
Les. Bee 
x 9 
Margin Exercises: 
4 5 3 75 
1. 8',or4096 2 y 3. 18x 4. mori 
x 
10y? 
5. —42x8" 6. — 7. 60y 
x2 
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THE QUOTIENT RULE 


For any nonzero number a and any integers m and n, 


q™ 


==> m~n 


aq” 


(When dividing with exponential notation, subtract the exponent of 
the denominator from the exponent of the numerator, if the bases are 
the same.) 


EXAMPLES Divide and simplify. 
5° 


6. 53 =a? = Se Subtracting exponents using the quotient rule 
57 
dea 5 OS) a5 = 5 Subtracting exponents 
5 (adding an opposite) 
92 
— 9-2-5 = g77 = 
8. 9 =9'= 7 
74 
Divide and simplify. 9. == = fea a SF 
4° Be ‘ 
8. = 9. —, 4,,7 4 47 
5 =2 16x 16 x 2x 
4 5 10. a a — a = 2x4-3y7-9 = —2xly? =-> 
—8x"y -8 x sy y 
10 i 11 a ih 
eee > axe? 
—2x 2x 
ack The answers —,— or —, would also be correct here. 
42y'x y “y 
12. 
=21y "x"? 
40x" 40 x 10 
11. =—-+ = 100 = The = 
33g be res 1" 1 20 a 
13. Ta 
er jy Tee as 
: = eri =—-x 
ego eee ae Agy 4 3° yy? 2 7 
22 Dee 2 
a a ee ae 
3) = és =>--xX y = —e “4 o— 
= oe a _ le) 2 2x 1 
2 
3 -7 e 
ee leary 2x* 
2 
See 
Bo 7 In exercises such as Examples 6-12 above, it may help to think as 
3a3 follows: After writing the base, write the top exponent. Then write a 
= subtraction sign. Then write the bottom exponent. For example, 
-3 
x x35 (-5) 
-5 
x ‘a 
a ees 
ATW Writing the base and Writing a Writing the bottom 
8. 4,or64 9. 5° 10. a LL. —5x?" the top exponent subtraction sign exponent 
12. oie 1 sla : 
x: 2b 
Guided Solution: <€ Do Exercises 8-13. 


13. a’, b~®; 2, 2, —6; 3, —2; b*; 2b? 


54 :  CHAPTERR Review of Basic Algebra 


Db RAISING POWERS TO POWERS AND 
PRODUCTS AND QUOTIENTS TO POWERS 


When an expression inside parentheses is raised to a power, the inside 
expression is the base. Thus, for (5*)*, we are raising 5° to the fourth power: 


(5°)* = (52)(52)(52)(5%) 
= (5+ 5)(5+5)(5 + 5)(5*5) 
= 6b 8 0 25 tbe be Using an associative law 
= 5°. 
Note that here we could have multiplied the exponents: 
(57)* = 52°4 = 58. 


THE POWER RULE 


For any real number a and any integers m and n, 
(a™)” = am 


(To raise a power to a power, multiply the exponents.) 


EXAMPLES Simplify. 


13. (x°)’ = x57 ~~ Multiplyexponents. 14, (y-?)-? = y9C) 
we = y3 
15. (%°)' =x?" ib. Gy =a 
1 
— 1-20 = — y-8t — 
= ¥ —— =x — 
x20 xo! 


Do Exercises 14-16. D> 


Let’s compare 2a* and (2a): 
2a23=2+-a-a-+a_ Thebaseisa. 
and 


(2a)? = (2a)(2a)(2a) The base is 2a. 


(2°2+2)(a:a+a) Using the commutative law and the 
associative law of multiplication 


23a3 = 8a. 


We see that 2a° and (2a)? are not equivalent. We also see that we can eval- 
uate the power (2a) by raising each factor to the power 3. This leads us to 
the following rule for raising a product to a power. 


RAISING A PRODUCT TO A POWER 


For any real numbers a and b and any integer n, 
(ab)” = a"b". 


(To raise a product to the nth power, raise each factor to the nth power.) 


Simplify. 
14, (3’)® 


15. (z*y° 


16. (7) 


Answers 


14.3" 15.2% 16. 
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Simplify. 
U7 (Bey 
18. (4x ?y’)? 
19, (=247)7)" 


20. (10x *y’z*)* 


Simplify. 
an. (S)° Cs 
: 4 
Y 
i a) <a 
== = 
Ve eel ay 
3x7y 3\2 
22 ( - 
y 
—3q>p3 1-3 
23. - 
2a *b 4 
Answers 
16 14 
17. 8x*y?_— 18. ~ 19. —32x7%y10 
1000y”! ox! 
20. a 21. x°y? 22. —— 
be 8a° 
“2757! 
Guided Solution: 
21. —3, —12,12 
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EXAMPLES Simplify. 


27x6 
i — a = =§ 6; ,-6. — 
17. (3x2y-2)3 = 39(x2)%(y-2)3 = 33x8y6 = 27x5y6 = : 
625x!2z8 
18. (Sx¥y P22)! = BU(a9)"(*)"(2)" = Ga5x!y Met = GS 


<« Do Exercises 17-20. 


There is a similar rule for raising a quotient to a power. 


RAISING A QUOTIENT TO A POWER 


For real numbers a and J, and any integer n, 


b #0; and (2) - (2) See a 
b a a 


= 


(To raise a quotient to the nth power, raise the numerator to the nth 
power and divide by the denominator to the nth power.) 


EXAMPLES Simplify. Write the answer using positive exponents. 


= (%)° 7 xe (9) x 4 
ly: yO) ys x10 15 


os (=) _ (2x°y"?)? _ fala a 6 as i 
3y* (3y*)° 3°(y*)° 
15,,—10 

= 32x" _ 32 » x15. y—10—20 

= 20. y 
243y 243 

— 32 | 15,30 — 32 ee a 
243 y 243 1 y® 243y%° 


arn _ ery 


2a 2b 4 ~~ (2a2b-*)? > Pig Ue ice Bie 
__9\-2,,10,,-6 
_ (—3)“a"b” _ (-3)?- 1 qio-4. p-6-8 
aan 2? 
1 2? 6 -14 
— (—3) . a a e b 
iL 4 a 1 4a® 
ea it f Bt en4 e 
9 1 1 +b 9b 


An alternative way to carry out Example 21 is to first write the expression 
with a positive exponent, as follows: 


See] _ 2a 2b i; _ (2a *b*)? 7 2a “iby 
2a 2b 4 = —3q >p3 _ (—3a~>b3)? = (—3)?(a->)?(b3)? 
4a *b 8 4 4 4 4a® 
= 2 SS (10) 8s = 6),-14 — 
9a °b® 9 . 9 @ b gp’ 


< Do Exercises 21-23. 


ka SCIENTIFIC NOTATION 


There are many kinds of symbolism, or notation, for numbers. You are 

already familiar with fraction notation, decimal notation, and percent nota- 

tion. Now we study another, scientific notation, which is especially useful 

when representing very large or very small numbers and when estimating. 
The following are examples of scientific notation: 


e The planet Saturn is about e The diameter of a helium atom e Great Britain spent about 
890,800,000 mi from the sun. is about 0.000000022 cm. $15 billion to stage the Summer 
890,800,000 mi = 8.908 X 10° mi 0.000000022 cm = 2.2 X 10 ®°cm 2012 Olympic Games. 

$15 billion = $15,000,000,000 


= $1.5 x 10'° 


Source: cnn.com 


Foy Bie ee Ay eel 
Qe ed i a ee ae 


SCIENTIFIC NOTATION 


Scientific notation for a number is an expression of the type 
M X 10”, 


where n is an integer, M is greater than or equal to 1 and less than 10 
(1 = M < 10), and Mis expressed in decimal notation. 10” is also 
considered to be scientific notation when M = 1. 


You should try to make conversions to scientific notation mentally as 
much as possible. Here is a handy mental device. 


A positive exponent in scientific notation indicates a large number 
(greater than or equal to 10) and a negative exponent indicates a 
small number (between 0 and 1). 


EXAMPLES Convert mentally to scientific notation. 


22. Light travels 9,460,000,000,000 km in one year. 


9,460,000,000,000 = 9.46 x 10!” 9.460,000,000,000. 
Ve TI laces 


Large number, so the exponent is positive. 
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Convert to scientific notation. 


24. Light travels 5,880,000,000,000 mi 
in one year. 


25. 0.000000000257 


Convert to decimal notation. 
26. 4.567 x 10 8 


27. The distance from the earth to 
the sunis 9.3 X 10’ mi. 


Multiply and write scientific 
notation for the answer. 


28. (9.1 X 10°'”)(8.2 Xx 10°) 


29. (1.12 x 10 8)(5 xX 10°”) 


Divide and write scientific notation 
for the answer. 


4.2 X 10° 1.1 X 104 
30. Ava cr AD. OF re eee eee, 

2.1 X 10 2.0 X 10 
Answers 


24. 5.88 X 10’mi 25. 2.57 x 101° 

26. 0.0000000000004567 27. 93,000,000 mi 
28. 7.462 x 108% 29. 5.6 x 10°15 

30. 2.0 x 10° 31. 5.5 X 10? 
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23. The mass of a grain of sand is 0.0648 g (grams). 


0.0648 = 6.48 X 10° 0.06.48 
2 places 


Small number, so the exponent is negative. i 


EXAMPLES Convert mentally to decimal notation. 


24. 4.893 < 10° = 489,300 4.89300. 
5 places 
Positive exponent, indicating a large number. 


25. 8.7 X 10 ® = 0.000000087 0.00000008.7 
“——_ 8places 


Negative exponent, indicating a small number. @ 


Each of the following is not scientific notation. 


13.95 X 10%, 0.468 X 108 


y TT 


This number is greater than 10. This number is less than 1. 
< Do Exercises 24-27. 


We can use the properties of exponents when we multiply and divide 
in scientific notation. 
EXAMPLE 26 Multiply and write scientific notation for the answer: 
(3.1 X 10°)(4.5 xX 107%). 
We apply the commutative laws and the associative laws to get 
(3.1 X 10°)(4.5 X 10-3) = (3.1 X 4.5)(10° x 10°) = 13.95 x 107. 


To find scientific notation for the result, we convert 13.95 to scientific nota- 
tion and then simplify: 


13.95 X 10? = (1.395 X 10') X 10” = 1.395 x 10%. 
< Do Exercises 28 and 29. 


EXAMPLE 27 Divide and write scientific notation for the answer: 
6.4 X 107 
8.0 X 10°" 
64X10’ 64 x 10°” 
8.0 x 10° 8.0 
0.8 x 10% 


Factoring, showing two 
10° divisions 


Dividing; this result is not in 
scientific notation. 


(8.0 X 10°") X 10% — Converting 0.8 to 


scientific notation 


8.0 x (10' x 101%) Using the associative law 


of multiplication 
8.0 x 10°14 


< Do Exercises 30 and 31. 


EXAMPLE 28 Distance from Earth to Mars. When the Curiosity Mars 
Rover reached Mars on August 6, 2012, it took 14 min for a signal to reach 
Earth from Mars. If the signal travels at light speed, or 1.86 X 10° mi/sec, 
how far was Earth from Mars on that date? 

Source: time.com 


os 


We first convert minutes to seconds: 
14min = 14 X 60sec = 840sec = 8.4 X 10*sec. 


Then we multiply rate and time to find distance: 


mi 
(1.86 x 10° =) - (8.4 X 10sec) = (1.86 X 8.4)(10° X 10*) mi 
= 15.624 X 10’ mi 


= 1.5624 X 10° mi. 
On that date, Earth was 1.5624 < 10° mi, or 156,240,000 mi, from Mars. @ 


The following table lists the meanings of prefixes commonly used with 
units of measure. 


exa- 1018 atto- 10 18 
peta- yo femto- lo} 
tera- 10!2 pico- 1012 
giga- 10° nano- 10° 
mega- 10° micro- 10° 
kilo- 10° milli- 102 
hecto- 102 centi- 102 


EXAMPLE 29 Relative Size. A molecule of hemoglobin is about 6.5 
nanometers in diameter. A human egg is about 130 micrometers in diameter. 
How many times larger is a human egg than a hemoglobin molecule? 
Source: University of Utah, Genetic Science Learning Center 


To determine how many times larger a human egg is than a hemoglo- 
bin molecule, we divide: 
130 X 10°°meters _ 1.3 X 104 
6.5 X10 °meters 6.5 x 10° 
1a. 10 


= X —y = 0.2 X 10° = 2 X 10%. 
6.5 10 


130 micrometers 


6.5 nanometers 


Ahumaneggis2 X 104, or 20,000, times larger than a hemoglobin molecule. 


Do Exercises 32 and 33. BD 


32. 


33. 


Mass of Jupiter. The mass 
of the planet Jupiter is about 
318 times the mass of Earth, 
which is about 5.98 X 10” kg. 
Write scientific notation for 
the mass of Jupiter. 


Light from the Sun to 

Pluto. The distance from 
the dwarf planet Pluto to the 
sun is about 3,647,000,000 mi. 
Light travels 1.86 X 10° miin 
1 sec. About how many 
seconds does it take light 
from the sun to reach Pluto? 
Write scientific notation for 
the answer. 


Source: The Hondy Science Answer 
Book 


Answers 


32. 1.90164 x 107’ kg 
33. About 1.96 X 10*sec 
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Scientific Notation To enter a number in scientific notation on a graphing calculator, we first type the decimal portion of 
the number. Then we press GUY CEE). (EE is the second operation associated with the @p key.) Finally, we type the exponent, which 
can be at most two digits. The graphing calculator can be used to perform computations using scientific notation. To find the product 
in Example 26 and express the result in scientific notation, we first set the calculator in Scientific mode using the Gp key. The decimal 
portion of the number appears before a small E and the exponent follows the E, so we read the result shown below as 1.395 X 10%. 


3.165*4.5—E-3 
1.39563 


EXERCISES: Multiply or divide and express the answer in scientific notation. 
1. (5.13 X 10°)(2.4 x 10°18) 2. (7 X 10°)(4 X 10°) 
4.8 X 10° 6 X 10° 
oy a 4... 
1.6 X 10 5 X 10 


For Extra Help MathXL* ie. —" a, 


R. 7 MyM athLab” PRACTICE WATCH ae REVIEW 


[(V{ Reading Check 


Match each expression with an equivalent expression from the column on the right. 


RCI. ___ 4” + a) 4-3 
b) 4 3 
5\3 
RC2. (4°) 9 et 
4 3.3 
Re. ees 
4 43 
‘ oS 
4 
RC4. (2) 53 
—— "a f) = 
3 4° 
ie 
nes. __ (*) 
5 
RC6. (4°5)° 


a | Multiply and simplify. 


1. 3°- 33 2. 8?- 8° 3. 6°-6 4, 9°- 98 
g 
ri 
z 

5. 87-84 6. 91-9 7 b?+b°? 8. a’-a? 3 
w 
g 

9. a°:a‘-a 10. 2? «3° = x8 11. (2x)? + (3x)? 12. (9y)* + (2y)3 & 
ra] 
5 
8 
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13. (14m?n?)(—2m*n?) 


17. (15K C7) 


Divide and simplify. 


21. 


25. 


29. 


33. 


37. 


89 


Db | Simplify. 


41 


45 


49. 


i (4°)? 


_ (e*)? 


(—3x°y*)? 


14. 


18. 


22. 


26. 


30. 


34. 


38. 


42. 


46. 


50 


(6x°y *)(—3x7y?) 


(9x *") ( —4x8") 


14a*b 
—sa®p~ 


(5°)° 


(7 *)* 


» (3ab*)4 


1S; (=24°)\(7x) 


19. 


23. 


27. 


31. 


35. 


39. 


43. 


47. 


51. 


SECTION R.7 


(2y°")(—4y°") 


w 14 


w 4 


27x" 


—9x?z 


—18x"7y? 


—12x*y® 


(8°) * 


(5a*b?)? 


(-—6a *b*c) 


16. 


20. 


24, 


28. 


32. 


36. 


40. 


44, 


48. 


(6x “y°)(—4x*y *) 


(-34-*4)(-5¢-%) 


3 


—5t 


—14a"p 
—18a 2p !° 


(9°) * 


(2x"y")” 


: (—8x*y°z?)* 
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53. 


57. 


61. 


65. 


69. 


73. 


77. 


79. 


83. 


62 


43 3 52 -3 
3t sae a 


( ee) 5 ( ey 
5a‘b? , 


[(-2x4y2)3] 62. [(—4a~*b*) >} 
102471 yet? 

10°"? 88. 0-3 

7 al al —28x?t5y4*¢ 
Oa cee 20... > 
—Oy2tS)2th I ye * 
(iat a 74. Qe 
Ate t Boxe eye 
eS 10. 
ager tyeet —5x% bybta 


Convert each number to scientific notation. 


47,000,000,000 80. 2,600,000,000,000 


Coupon Redemptions. Shoppers redeemed 
2,600,000,000 manufacturers’ grocery coupons ina 


recent year. Write scientific notation for the number 


of coupons redeemed. 
Source: CMS 
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55. 


59. 


63. 


67. 


71. 


75. 


81. 


84. 


2x3y?\3 
( 3y3 ) 


—4xty?\-4 
56. exy! 
-6ytz > 6 
2 ty 42° 


9-2-4 \8 
co, (22) 
3°°x “y 


3a *b \7 ony 
5a “b° a 3x8y" 
y 


9a*~? _ 12x47 1 
3q2**+2 68. 4x2~4 
(8°)” 72,.(7? 4 
(say 2 76. (ayer ye 
0.000000016 82. 0.000000263 


Cell-Phone Subscribers. In 1985, there were 

340 thousand cell-phone subscribers in the United 
States. By 2012, this number had increased to 

322 million. Write the number of cell-phone sub- 
scribers in 1985 and in 2012 in scientific notation. 


Sources: mobithinking.com; www.infoplease.com 
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85. Photoreceptor Rod. A photoreceptor rod is about 
100 millionths of a meter long. Write 100 millionths 
in scientific notation. 


Source: learn.genetics.utah.edu/content/begin/cells/scale 


Convert each number to decimal notation. 


87. 6.73 X 10° 88. 9.24 x 107 


90. The mass of an electron is 
911 10-** g, 


Source: Statista 


Multiply and write the answer in scientific notation. 
93,.. (2.3 * 10°)(42 x 10°") 


86. 


91. There were about 1.007 billion 
Facebook users worldwide in 
October 2012. 


94. 


95. (2.34 X 10°°)(5.7 X 10“) 96. 
Divide and write the answer in scientific notation. 
8.5 X 10° 5.1 x 10° 
. .——; 99. 
3.4 X 10 3.4 X 10 
Write the answers to Exercises 101-110 in scientific notation. 
101. Seconds in 2000 Years. About how many seconds are 102. 
there in 2000 years? Assume that there are 365 days in 
one year. 
SECTION R.7 


Insect-Eating Lizard. A gecko is an insect-eating 
lizard. Its feet will adhere to virtually any surface 
because they contain millions of miniscule hairs, or 
setae, that are 200 billionths of a meter wide. Write 
200 billionths in scientific notation. 


Source: The Proceedings of the National Academy of Sciences, 
Dr. Kellar Autumn and Wendy Hansen of Lewis and Clark College, 
Portland, Oregon 


89. The wavelength ofa certain red 
light is 6.6 X 10 °cm. 


92. About 3.24 million tracks of 
rock music were sold in 2012. 


Source: Nielsen 


(6.5 X 10°)(5.2 X 107°) 


(3.26 X 10°°)(8.2 X 10°) 


4.0 X 10 ° 
8.0 X 10° 


Hot Dog Consumption. Americans consume 818 hot 
dogs per second in the summer. How many hot dogs 
are consumed in July? (July has 31 days.) 


Source: National Hot Dog & Sausage Council; American Meat 
Institute 
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103. 


Word Knowledge. There are 300,000 words in the 
English language. The average person knows about 
10,000 of them. What part of the total number of words 


104. Astronomy. The brightest star in the night sky, Sirius, 


is about 4.704 X 10’ mi from Earth. One light-year is 
5.88 X 10’ mi. How many light-years is it from Earth 


does the average person know? to Sirius? 


Source: The Handy Science Answer Book 


105. Volume ofa Plastic Sheet. The volume ofa rectangu- 106. Orbit of Venus. The circumference C ofa circle is 
lar solid is given by the length / times the width w given by the formula C = 2a, where r is the radius 
times the height h: V = lwh. Asheet of plastic has a of the circle. Venus has a nearly circular orbit of the 
thickness of 150 micrometers. The sheet is 1.2 m by sun. The average distance from the sun to Venus is 
79 m. Find the volume of the sheet. about 6.71 < 10’ mi. How far does Venus travel in 

one orbit? 


107. Computer Calculations. The Titan supercomputer 
can perform 20,000 trillion calculations per second. 
How many calculations can be performed in one 
minute? in one hour? 


108. Amazon River Water Flow. The average discharge 
at the mouth of the Amazon River is 4,200,000 cubic 
feet per second. How much water is discharged from 
the Amazon River in one hour? in one year? 


Source: “Supercomputer Titan; 20,000 trillion calculations per 
second,” by Evelyn Laeschke. October 29, 2012, on ip-192.com 


109. Printing and Engraving. A ton of five-dollar bills 
is worth $4,540,000. How many pounds does a five- 
dollar bill weigh? 


110. Atoms in the Human Body. Atypical human body 
contains about 10° atoms per kilogram of body mass. 
Of these, one-fourth are oxygen atoms. How many 
oxygen atoms are there in a 70-kg human body? 


Source: Thomas Jefferson National Accelerator Facility, Office 
of Science Education, from Questions and Answers Archive, 


Brian Kross 

Skill Maintemance oii ccccccc cece cece eeeeeeteveevtvteteteeeseveveitetitetssvsitititetststetsttititevscsteeneeeee 
Simplify. [R.3c], [R.6b] 
lll. 9x — (—4y + 8) + (10x — 12) 112. —6t — (5t — 13) + 2(4 — 6f) 113. 47 + 30-10 — 7° + 16 
114. 54 — 38+ 24 — (16 — 4+ 18) 115. 20-5:4-8 116. 20 — (5:4 -— 8) 
UMC edt denice peddle eee dcp i accede Si ssw ep oon pp ee Dphesteprtoctning 
Simplify. 

2-2 4, 23 —2 r —3x 2 5)\-3 72 —2\ -3 4\ 2/1 

(2-*)" + (2°) L (2x"y™) b b 


Simplify. Assume that variables in exponents represent integers. 
r (ax4y")? i 
2 


120. (mont *”)( men) 121. 
( vel ) | (—ax2yb) 


122. (x?y* + x%y’)° 
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CHAPTER 


ay Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the right. associative 
Some of the choices may not be used. base 
1. The sentence x > —4 is an example of a(n) . [R.1b] commutative 
2. Inthe notation 7‘, the number 7 is called the . [R.3a] equation 
3. A(n) is a letter that can represent various exponent 
numbers. [R.4a] factors 
4. In the expression 6x, the multipliers 6 and x are . [R.4a] inequality 
5. The number 5.93 X 10” is written in notation. [R.7c| OPPOSHEs 
; reciprocals 
6. The product of isl. [R.2e] ae 
scientific 
7. The sum of isO. [R.2b] fine 
8. The law for addition states thata + b= b+ a. [R.5c| variable 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. For any numbersaandb,a-b=b-—a. [R.6b] 


2. Each member of the set of natural numbers is a member of the set 
of whole numbers. [R.1a] 


. The opposite of -awhena < Oisnegative. [R.2b] 
. Zero is both positive and negative. [R.1a] 
. The absolute value of any real number is positive. [R.1d] 


. The reciprocal of a negative number is negative. [R.2e] 


y © OF >» & 


. Ifcand dare real numbers andc + d = 0, thencand dare 
additive inverses. [R.2b] 


8. The number 4.6 < 10”, where vis an integer, is greater than 0 
andlessthan 1 whenn < 0. [R.7c] 


Review Exercises 


Part 1 


1. Which of the following numbers are rational? [R.1a] 4. Write a different inequality with the same meaning 
as19 > x. [R.1b] 


2 = 
2, V3, — 0.4545, —23.788 


2. Use set-builder notation to name the set of all real 


Determine whether each of the following is true 
numbers less than or equal to 46. [R.1a] 


or false. [R.1b] 


3. Use < or > for [_] to write a true sentence: 5. —13 25 6. 7.01 = 7.01 


-~3.9[]2.9. [R.1b] 


-_ 
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Graph each inequality on the number line. [R.1c] 
7x>—-4 8 xsl 


Find the absolute value. [R.1d] 
9. |—7.23| 10. |9 — 9| 


Add, subtract, multiply, or divide, if possible. 
[R.2a, c, d, e] 


11. 6 + (-8) 12, —3.8 + (—4.1) 
3 13 
13. —+ {| -— 14, —8 = (=3) 
4 7 
3 13 
15. -17.3 — 9.4 16. — — (-*8) 
2 4 
2/9 
17. (—3.8)(—2.7 18. —=( — 
(—3.8)(—2.7) = (=) 
19. —6(—7)(4) 20. -12 + 3 
—84 49 
21. —— 22, — 
—4 -7 
5 2) 5 ( =) 
23. — + | -— 24, —— + | -— 
6 7 2 16 
21 
25. ar 26. —108 + 4.5 


Evaluate —a for each of the following. [R.2b] 
27.a=>-7 28. a = 2.3 


29.a=0 


Write using exponential notation. [R.3a] 


30.a:+‘a:a:a:a 


a (-3) a) (-a) 


32. Rewrite using a positive exponent: a *. [R.3b] 


ll 
33. Rewrite using a negative exponent: —;. [R.3b] 
x 


Simplify. [R.3c] 
34, 2°? — 34+ (13-5 + 67) 


35. 64 + (—4) + (—5)(20) 

Part 2 

Translate to an algebraic expression. [R.4a] 
36. Five times some number 

37. Twenty-eight percent of some number 
38. Nine less than t 


39. Eight less than the quotient of two numbers 


Evaluate. [R.4b] 
40. 5x — 7,whenx = —2 


xy 
4l. a when x = 4and y = 20 


42. Area ofa Rug. The area A ofa rectangle is given 
by the length / times the width w: A = Jw. Find the 
area of a rectangular rug that measures 7 ft by 12 ft. 
[R.4b] 


ne ean 


Nee 
“een © 
Sate 


Complete each table by evaluating each expression 
for the given values. Then look for expressions that are 
equivalent. [R.5al] 


43. 
YP -5 («+5 (x-5)P? x45 
x=-l1 
x= 10 
x=0 
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4A, 
2x-14 2-7 AWx-7) wt 
x=-l1 
x= 10 
x=0 


45. Use multiplying by 1 to find an equivalent 


expression with the given denominator: [R.5b] 
7 
—: 9x; 
3 


84 
46. Simplify: as [R.5b] 


Use a commutative law to find an equivalent 
expression. [R.5c] 


47, ll+a 48. 8y 


Use an associative law to find an equivalent 
expression. [R.5c] 


49. (9 +a) +b 50. 8(xy) 


Multiply. [R.5d] 


51. —3(2x — y) 52. 4ab(2c + 1) 


Factor. [R.5d] 


53. 5x + 10y — 5z 54. ptr + pts 


Collect like terms. [R.6a] 
55. 2x + 6y — 5x — y 


56:76 = 6+ 96" 2 — 4¢ 


57. Find an equivalent expression without parentheses: 
[R.6b] 


—(—9c + 4d — 3). 


Simplify. [R.6b] 
58. 4(x — 3) — 3(x — 5) 


59. 12x — 3(2x — 5) 


60. 7x — [4 — 5(3x — 2)] 


61. 4m — 3[3(4m — 2) 


Multiply or divide, and simplify. [R.7a] 


62. (2x*y*)(—5x3y) 


Simplify. [R.7b] 
64. (—3a*bc*)* 


—2,,6 


ste | 
os, [2 
3x “y 
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Multiply or divide, and write scientific notation for the 
answer. [R.7c] 


2.2 X 10° 


66. 
3.2 X 10 


67. (3.2 X 10*)(4.1 x 10°) 


68. Alpha Centauri. Other than the sun, the star 
closest to Earth is Alpha Centauri. Its distance 
from Earth is about 2.4 < 10!’ mi. One light- 
year = the distance that light travels in one 
year = 5.88 X 10'* mi. How many light-years 
is it from Earth to Alpha Centauri? 

Source: The Handy Science Answer Book 


1 light-year = 5.88 X 10!? mi 


‘Earth ~ — . _ Alpha Centauri 


go * 
2.4 X 10}8 mi 


69. Finance. Amilis one thousandth of a dollar. The 
taxation rate in a certain school district is 5.0 mils 
for every dollar of assessed valuation. The assessed 
valuation for the district is 13.4 million dollars. How 
much tax revenue will be raised? [R.7c] 


x—4 
70. Evaluate whit = 5andy = —4. [R.4b] 
A. -8 B. -7 
11 
Cc. -— D. 7 
3 


71. Use the commutative laws and the associative laws 
to determine which expression is not equivalent to 
2x + y. [R.5c] 


A. 2y + x Bx-2+y 
C. y + 2x Dyt+tx-2 
Synthesis ccc 


72. Simplify: (x’ - x°”)°. [R.7b] 
73. Ifa = 2% and b = 2**°, finda ‘b.  [R.7a] 


74. Which of the following expressions are equivalent? 
[R.5d], [R.7b] 


a) 3x — 3y b) 3x —y 
c) x 2x d) x ?° 

e) x? fay 
g) x(yz) h) x(y + z) 
i) 3(x — y) j) yt xz 


Understanding Through Discussion and Writing 


To the student and the instructor: The Understanding 
Through Discussion and Writing exercises are meant to 
be answered with one or more sentences. They can be 
discussed and answered collaboratively by the entire 
class or by small groups. 


1. List five examples of rational numbers that are not 
integers and explain why they are not. [R.1a] 


2. Explain in your own words why ¢ is not defined. 
[R.2e] 


3. If the base and the height of a triangle are each 
doubled, does its area double? Explain. [R.4b] 


4. If the base and the height of a parallelogram are 
each doubled, does its area double? Explain. 
(See Exercise 44 in Exercise Set R.4.)  [R.4b] 


5. A $20 bill weighs about 2.2 X 10 ° Ib. A criminal 
claims to be carrying $5 million in $20 bills in his 
suitcase. Is this possible? Why or why not? [R.7c] 


6. asa When a calculator indicates that 


51? = 7,629394531 < 10'!, you know that an 
approximation is being made. How can you tell? 
(Hint: What should the ones digit be?) [R.7c] 
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CHAPTER 


For Extra Help 


For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youfffi) (search “BittingerInterm” and click on “Channels”). 


Part 1 


1. Which of the following numbers are irrational? 
V7, 


3. Use < or > for|_|to write a true sentence: 
= 4) 5 | 8.7 
Determine whether each of the following is true or false. 
ih =6 2 = 


2) = 
—43, 3 Dessay 


2. Use set-builder notation to name the set of real 
numbers greater than 20. 


4. Write a different inequality with the same meaning as 


7. Graph x > —2 on the number line. As 


Eh oes) tae all (i) 


Find the absolute value. 
8. |0| 


Add, subtract, multiply, or divide, if possible. 


10. 7 + (—9) 11, —5.3 + (-7.8) 
13. —6 — (—5) 14, -18.2 — 11.5 
4( 15 
16. (—4.1)(8.2 17. ——( -— 
(—4.1)(8.2) ‘( i) 
—10 
19. —75 + (-5) 20. —— 
-3 
22, —459.2 + 5.6 23. 


Evaluate —a for each of the following. 
24, a= —13 


26. Write exponential notation: q-q:q-° q. 
Simplify. 


28. 1 10: 4 


(BB) des = 


Part 2 


Translate to an algebraic expression. 
30. Nine more than 
32. Evaluate 3x — 3y when x = 2andy = —4. 


33. Area ofa Triangular Stamp. The area A of a triangle 
is given by A = $bh. Find the area of a triangular 
stamp whose base measures 3 cm and whose height 
measures 2.5 cm. 


a= Bs 
6. -—8 < -6 
—— 
Il 2 By 
La 
9. |-— 
8 
aa 
12, == +4 || == 
2 2 
19 ( 7) 
15. — — [| -= 
4 2 
18. —6(—4)(—11)2 
5 ( =) 
21. -—+(-— 
2 16 
25.a=0 


1 
27. Rewrite using a negative exponent: —. 
a 


WE = BoD) =e 


29. Poe 


31. Twelve less than the quotient of two numbers 


Test: Chapter R 69 


Complete a table by evaluating each expression for x = —1,x = 10, and x = 0. Then determine whether the expressions 
are equivalent. Answer yes or no. 


Siena Six ou 35.3% 1 5x 50x 
36. Use multiplying by 1 to find an equivalent expression 37. Simplify: 
with the given denominator. 54x 
3 ee 
~. 36x 36x 
4 
Use a commutative law to find an equivalent expression. Use an associative law to find an equivalent expression. 
38. pq 39. t+ 4 40. 3 + (t+ w) 41. (4a)b 
Multiply. 
42, —2(3a — 4b) 43. 371(s + 1) 
Factor. 
44. ab — ac + 2ad 45. 2ah + h 


Collect like terms. 
46. 6y — 8x + 4y + 3x Al, Aa = Tap Ii@ se Zl 


48. Find an equivalent expression without parentheses: —(—9x + 7y — 22). 


Simplify. 
49, —3(x + 2) — 4(x — 5) 50. 4x — [6 — 3(2x — 5)] 


Multiply or divide, and simplify. 


—12x°y“4 
51. = 52. (3a De \( 2a De ) 
8x‘y 
—60x* 
53. (5a*”")(—10a°" 54, 
(5a"")(—10a™) er 
Simplify. 
—5a 2b® —4 
55. (—3a °b?c)* 56. 04] 
( ) 10a°b* 
57. Convert to scientific notation: 0.0000437. 
Multiply or divide, and write scientific notation for the answer. 
12% oO 
58..(8.7 x 10° )}(43 x 10%) 59. 
6.4 < 10 


60. Mass of Pluto. The mass of Earth is 5.98 X 10**kg. The mass of the dwarf planet Pluto is about 0.002 times the mass of 
Earth. Find the mass of Pluto and express the answer in scientific notation. 


A. 29.9 X 10% kg B. 2.99 X 10?’ke C. 1.196 x 10”ke D. 11.96 X 10*kg 
SV NVCI NOSES 97ers ena ase Een ec este RS HOE ee ee action era ea 
61. Which of the following expressions are equivalent? 

i) see b) x"? c) x 2? d) 5x +5 ea) 

if) eS (Coe) g) 5x h) 5 + 5x i) 5(xy) j) (5x)y 
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CHAPTER 


Solving Linear 
_ Equations 
1.2. Formulas and Applications and Ineq ualities 


1.3. Applications and Problem Solving 
Mid-Chapter Review 


1.4 Sets, Inequalities, and 
Interval Notation 
Translating for Success 


1.5 Intersections, Unions, and 
Compound Inequalities 


1.6 Absolute-Value Equations 
and Inequalities 


Summary and Review 
Test 


STUDYING FOR SUCCESS 


Getting Off to a Good Start 


{_] Your syllabus for this course is extremely important. Read it carefully, noting required texts 


and materials. 


(| Ifthere is an online component for your course, register for it as soon as possible. 


{_) Atthe front of the text, you will find a Student Organizer card. This foldout card will help you 
keep track of important dates and useful contact information. 


OBJECTIVES 


Determine whether a given 
number is a solution of a 
given equation. 


Solve equations using the 
addition principle. 


Solve equations using the 
multiplication principle. 


Solve equations using the 
addition principle and the mul- 
tiplication principle together, 
removing parentheses where 
appropriate. 


SKILL TO REVIEW 


Objective R.2d: Multiply real 
numbers. 


Multiply. 


Consider the following equations. 


a)3+4=7 
b) 5—-—1=2 
c) 21+2= 24 
d) x-5=12 


e)9-x=x 
f)13+2=15 


1. Which equations are true? 
2. Which equations are false? 


3. Which equations are neither 
true nor false? 


Answers 


Answers to Skill to Review Exercises 1 and 2 and 
Margin Exercises 1-3 are on p. 73. 


Solving Equations 


EE EQUATIONS AND SOLUTIONS 


In order to solve many kinds of problems, we must be able to solve equations. 
Some examples of equations are 


15-10-27 3, Ka O29; OX = 2 9X, 


EQUATION 


An equation is a number sentence that says that the expressions on 
either side of the equals sign, =, represent the same number. 


Some equations are true. Some are false. Some are neither true nor false. 


EXAMPLES Determine whether the equation is true, false, or neither. 
11+ 10=11 Both expressions represent 11. The equation is 
true. 
2.7 -8=>9- 13 7 — 8represents —1 and9 — 13 represents —4. 
The equation is false. 
3.x-9=3 The equation is neither true nor false, because we 


do not know what number x represents. 
< Do Margin Exercises 1-3. 


Ifan equation contains a variable, then some replacements or values of 
the variable may make it true and some may make it false. 


SOLUTION OF AN EQUATION 


The replacements for the variable that make an equation true are 
called the solutions of the equation. The set of all solutions is called 
the solution set of the equation. When we find all the solutions, we 
say that we have solved the equation. 


To determine whether a number is a solution of an equation, we evalu- 
ate the algebraic expression on each side of the equals sign by substitution. 
If the values are the same, then the number is a solution of the equation. If 
they are not, then the number is not a solution. 
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EXAMPLE 4 _ Determine whether 5 is a solution of x + 6 = 11. 
x+6= 11 
a ae 
5+6 211 


11 TRUE 


Writing the equation 
Substituting 5 for x 


Since the left-hand side and the right-hand side are the same, 5 is a solution 
of the equation. @ 


EXAMPLE 5 ___— Determine whether 18 is a solution of 2x — 3 = 5. 


2% — 3 = 5 Writing the equation 
2°18-3?5 Substituting 18 for x 
36 — 3 
33 FALSE 


Since the left-hand side and the right-hand side are not the same, 18 is not 
a solution of the equation. 


Do Exercises 4-6. D> 


Equivalent Equations 
Consider the equation 
x= 5. 


The solution of this equation is easily “seen” to be 5. If we replace x with 5, 
we get 


5 = 5, whichis true. 


In Example 4, we saw that the solution of the equation x + 6 = 11 is 
also 5, but the fact that 5 is the solution is not so readily apparent. We now 
consider principles that allow us to start with one equation and end up 
with an equivalent equation, like x = 5, in which the variable is alone on 
one side, and for which the solution is read directly from the equation. 


EQUIVALENT EQUATIONS 


Equations with the same solutions are called equivalent equations. 


Do Exercises 7 and 8. > 


GE} THE ADDITION PRINCIPLE 


One of the principles we use in solving equations involves addition. The 
equation a = b says that a and b represent the same number. Suppose that 
a = bistrue and we then add anumber c to a. We will get the same result if 
we add cto b, because a and b are the same number. 


THE ADDITION PRINCIPLE 


For any real numbers a, b, and c, 


a=b isequivalentto a+c=b+t+c. 


Determine whether the given 
number is a solution of the 
given equation. 


4.8:x+5=13 
5. —4; 7x = 16 


6. 5; 2x + 3 = 13 


7. Determine whether 


3x +2=11 and x=3 
are equivalent. 


. Determine whether 


4—5x=-l11 and x= -3 


are equivalent. 


Answers 


Skill to Review: 
5 
Ped “Dice 
4 
Margin Exercises: 
1. (a), (f) 2. (b),(c) 3. (d), (e) 
4. Yes 5. No 6. Yes 
7. Yes 8. No 
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When we use the addition principle, we sometimes say that we “add 
the same number on both sides of an equation.” We can also “subtract the 
same number on both sides of an equation,” because we can express sub- 
traction as the addition of an opposite. That is, 


a-—c=b-c isequivalentto a+ (—c) = b+ (-c). 


EXAMPLE 6 Solve: x + 6 = 11. 


x+6= 11 

7 Using the addition principle: adding —6 on 

x+6+ (—6) = ll + (—6) both sides or subtracting 6 on both sides. 
x+6-6=11-6 Note that 6 and —6 are opposites. 


Xa Oo = 5 Simplifying 
x=5 Using the identify property of 0: x + 0 = x 


Check: x+6=11 


cuniais Mes 
5+6 ? ll Substituting 5 for x 
11 TRUE 
The solution is 11. Oo 


In Example 6, we wanted to get x alone so that we could readily see the 
solution, so we added the opposite of 6. This eliminated the 6 on the left, 
giving us the additive identity 0, which when added to x is x. We began with 
x + 6 = 11. Using the addition principle, we derived a simpler equation, 
x = 5. The equations x + 6 = ll andx = 5 are equivalent. 


EXAMPLE 7 Solve: y — 4.7 = 13.9. 


y— 4.7 = 13.9 


y— 4.7 + 4.7 = 13.9 + 4.7 Using the addition principle: adding 4.7 
on both sides. Note that —4.7 and 4.7 are 


opposites. 
y+0= 186 Simplifying 
y = 18.6 Using the identity property of0: y+0=y 
Check: y— 47 = 13.9 
18.6 — 4.7 2? 13.9 Substituting 18.6 for y 
13.9 TRUE 
The solution is 18.6. @ 


EXAMPLE 8 Solve: —? + x = —3. 


3 _ _5 
—gtx=-3 
a+ (—3) +x=34+ (-8) Using the addition principle: adding 3 
O+x=3-3 ion 
_3,7 5,8 Multiplying by 1 to obtain the least 
cme ae aie ie common denominator 
21 _ 40 
56 «56 
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Check: $+x=-3 
T 

—2+(-8)? -2 Substituting —33 for x 
3,7 19 
=77 + (a) 
21 19 
—55 + (—s8) 
40 
56 
5 

= TRUE 


The solution is —22. 


Do Exercises 9-12. D> 


(3 THE MULTIPLICATION PRINCIPLE 


A second principle for solving equations involves multipli- 
cation. Suppose that a = bis true and we multiply a bya 
nonzero number c. We get the same result if we multiply b 
by c, because a and b are the same number. 


THE MULTIPLICATION PRINCIPLE 


For any real numbers a, b, andc,c # 0, 


a=b isequivalentto a-c=b-c. 


EXAMPLE 9 Solve: $x = 22. 
4x = 22 
> ° 4x = - 22, Multiplying by ?, the reciprocal of 4 
Lex 2 Multiplying and simplifying 
x= “ Using the identity property of 1: 1+ x = x 
Check: 4x = 22, 
22 TRUE 

The solution is 2. @ 


In Example 9, in order to get x alone, we multiplied by the multiplica- 
tive inverse, or reciprocal, of $. When we multiplied, we got the multiplica- 
tive identity 1 times x, or 1 + x, which simplified to x. This enabled us to 
eliminate the # on the left. 

The multiplication principle also tells us that we can “divide by a non- 
zero number on both sides” because division is the same as multiplying by 
a reciprocal. That is, 


a b., . 1 1 
— = — isequivalentto a-—=b:-, whenc # 0. 
Cc Cc Cc Cc 


In a product like #x, the number in front of the variable is called the 
coefficient. When this number is in fraction notation, it is usually most 
convenient to multiply both sides by its reciprocal. If the coefficient is an 
integer or is in decimal notation, it is usually more convenient to divide by 
the coefficient. 


pcs) 10. x + 


Solve using the addition principle. 


9x+9=2 
ee) 
4 5 
1 1 3 
i+( i)= 5 | ) 
1 ail 
x+—- =-l-- 
4 5 4 
Soe ees 
x+ =--- . 
a 
12 5 
OX $$ eens, 
20 
aa 
20 


11. 13 = -25 + y 


12. y — 61.4 = 78.9 


Answers 
17 

9.7 10. -— 11. 38 12. 140.3 
20 

Guided Solution: 


1 
10. ——,-, 0,5, 20, 17 
44 
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Solve using the multiplication EXAMPLE 10 Solve: 4x — 9. 


principle. 
13. 8x = 10 4x = 
4x _ 9 Using the multiplication principle: multiplying on both 
14. — a = oy 4 4 sides by + or dividing on both sides by the coefficient, 4 
“7 
9 
Le a= ri Simplifying 
= 9 
1S tS Se cs 4 x= i Using the identity property of 1: 1+ x = x 
1 ee! 6 
a= - Check: 4x =9 
9 
6 4-7 29 
SS — 9 TRUE 


The solution is 4. 


< Do Exercises 13-15. 


EXAMPLE 11 Solve: 5.5 = —0.05y. 


5.5 = —0.05y 
5.5  —0.05y 
= Dividing by —0.05 on both sides 
—0.05 —0.05 
55g 
—0.05 y 
—-1ll0=y 
The check is left to the student. The solution is —110. @ 


Note that equations are reversible. Thatis,a = bis equivalenttob = a. 
Thus, —110 = y and y = —110 are equivalent, and the solution of both 


16. Solve: —12.6 = 4.2y. 


Solve 
x 
LY. -—= = 17 
8 
18. =x = =5 
Answers 
5 3 
13. 14. —-49 15. 16. —3 
4 14 


17. -136 18.5 


Guided Solution: 
15. 4, 28,3 


equations is —110. 


< Do Exercise 16. 


EXAMPLE 12. Solve: a = 10. 


x 
——~= 10 
4 
1 
——x=10 Seog 
4 4 4 
1 ar ‘ 
4: ( i)e = -4:-10 Multiplying by —4 on both sides 
1-x = —40 Simplifying 
x = —40 


The check is left to the student. The solution is —40. 


< Do Exercises 17 and 18. 
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i'd USING THE PRINCIPLES TOGETHER 


Let’s see how we can use the addition and multiplication principles together. 


EXAMPLE 13 Solve: 3x — 4 = 13. 


3x — 4 = 13 
3x -4+4=13+4 Using the addition principle: adding 4 
3x = 17 Simplifying 
3x 17 
ee Dividing by 3 
3 3 § by 
i Seed 
x= 3 Simplifying 
Check: 3x — 4 = 13 
17 
3-4-4? 13 
17-4 
13 TRUE 


417 
The solution is %, or 53. 


C2 


In algebra, “improper” fraction notation, 
such as *4, is quite “proper.” We will generally 
use such notation rather than 53. 


Do Exercise 19. > 


In a situation such as Example 13, it is easier to first use the addition 
principle. In a situation in which fractions or decimals are involved, it may 
be easier to use the multiplication principle first to clear them, but it is not 
mandatory. 


EXAMPLE 14 Clear the fractions and solve: 4.x + 5 = #. 


We multiply on both sides by the least common multiple of the denom- 
inators—in this case, 16: 


The LCM of the denominators is 16. 
Multiplying by 16 


px t2=% 
16(5x + 3) 


II 
i 
a 

— 
00| = 
“ 


Carrying out the multiplication. We 
use the distributive law on the left, 
being careful to multiply both terms 
by 16. 


3x + 8 = 22 Simplifying. The fractions are cleared. 
SX + 8 — 8 = 22-8 Subtracting 8 
3x = 14 
3x 14 Diddinwes 
_— = ividin 
3 3 § Dy 
14 
x= 
3 


The number ¥ checks and is the solution. 


Do Exercise 20. D> 


19. Solve: —4 + 9x = 8. 


cs) 20. Clear the fractions and solve: 


ye el 
3. 6 3 
ae 
37 673 
LCD = 
eee as i 
cea) 3 
2 5 
Go er 4 a =? 
= by = 2 
t4—-5y=-4+2 
—5y = 
5+ (-5y) = - 5° (-2) 
yee 
5) 
_2 
a: 
Answers 
1.2 20, 4-speH2 
3 5 
Guided Solution: 
20. 6,6,4, —4, —2 
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EXAMPLE 15 Clear the decimals and solve: 12.4 — 5.12x = 3.14x. 

We multiply on both sides by a power of ten—10, 100, 1000, and so on— 
to clear the equation of decimals. In this case, we use 107, or 100, because 
the greatest number of decimal places is 2. 


12.4 — 5.12x = 3.14x 
100(12.4 — 5.12x) 
100(12.4) — 100(5.12x) = 314x 


1240 — 512x = 314x 


100(3.14x) Multiplying by 100 


Carrying out the multiplication. We use 
the distributive law on the left. 


Simplifying 


1240 — 512x + 512x = 314x + 512x Adding 512x 


1240 = 826x 
1240  826x 
826 826, 
_ 1240 
= oe 


The solution is $79. 


21. Clear the decimals and solve: 
6.3x — 9.1 = 3x. < Do Exercise 21. 


Dividing by 826 


620 


or 
413 


When there are like terms on the same side of an equation, we collect 
them. If there are like terms on opposite sides of an equation, we use the 
addition principle to get them on the same side of the equation. 


EXAMPLE 16 Solve: 8x + 6 — 2x = —4x — 14. 


8x + 6 — 2x = —4x - 14 
6x + 6 = —4x - 14 


Collecting like terms on the left 


4x + 6x + 6 = 4x — 4x — 14 Adding 4x 


10x +6= —-14 


Collecting like terms 


10x+6—-6=—-14-6 Subtracting 6 
10x = —20 
10x —20 ee 
So Dividing by 10 
10 10 
x= -2 
Check: 8x + 6 — 2x = —4x — 14 
Solve. 8(—2) + 6 — 2(—2) ? -—4(-2) — 14 
5 9 —-16+6+4 8-— 14 
226 -X + x= 21 
2 2 -6 | -6 TRUE 
23. 1.4x — 0.9x + 0.7 = —2.2 The solution is —2. 
24. —4x + 24+ 5x = 3x -— 15 <€@ Do Exercises 22-24. 


Answers 
91 29 
21. 63x — 91 = 30x;—- 22.3 23, —— 
33 5 
17 
24, — 
2 
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Special Cases 
Some equations have no solution. 


EXAMPLE 17 Solve: —8x + 5 = 14 — 8x. 
We have 
—8x +5 = 14 -— 8x 
8x — 8¥ + 5 = Bx + 14 - Bx 
5 = 14. 


Adding 8x 


We get a false equation. 
No matter what number we use for x, we get a false sentence. Thus the equa- 
tion has no solution. rs 


There are some equations for which any real number is a solution. 


EXAMPLE 18 Solve: —8x+5=5 — 8x. 
We have 
—8x+5=5- 8x 
8x — 8X + 5 = 8x + 5 — 8x 
5=5. 


Adding 8x 
We get a true equation. 


Replacing x with any real number gives a true sentence. Thus any real num- 
ber is a solution. The equation has infinitely many solutions. 


Do Exercises 25 and 26. D> 


Equations Containing Parentheses 


Equations containing parentheses can often be solved by first multiplying 
to remove parentheses and then proceeding as before. 


EXAMPLE 19 Solve: 30 + 5(x + 3) = —3 + 5x + 48. 
We have 


30 + 5(x + 3) = -3 + 5x + 48 


30 + 5x + 15 = —3 + 5x + 48 Multiplying, using the distributive 


law, to remove parentheses 
45 + 5x = 45 + 5x 
45 F 5x = Bx = 45 = 5X be 
45 = 45. 


Collecting like terms on each side 


Subtracting 5x 
Simplifying. We get a true equation. 


All real numbers are solutions. 


Do Exercises 27-29. > 


Solve. 

25. 4 7x = 7x +9 

26. 3 9x = 9x + 3 

Solve. 

27. 7x — 17 = 4+ 7(x — 3) 
28. 3x + 4(x + 2) = 11+ 7x 
29. 3x + 8(x + 2) = 11 + 7x 
Answers 


25. Nosolution 26. Allreal numbers are 
solutions. 27. All real numbers are 
5 


29; —— 
4 


solutions. 28. No solution 
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EXAMPLE 20 Solve: 3(7 — 2x) = 14 — 8(x — 1). 


3(7 — 2x) = 14 — 8(x — 1) 


21 — 6x = 14—- 8x + 8 Multiplying, using the distributive 
law, to remove parentheses 
21 — 6x = 22 — 8x Collecting like terms 
21 — 6x + 8x = 22 — 8x + 8x Adding 8x 
21 + 2x = 22 Collecting like terms 
21 2K 21S 22° 2 Subtracting 21 
2x = 1 
es Dividing by 2 
2 2 
1 
eee 
Check: 3(7 — 2x) = 14 — 8(x — 1) 


a7 =o. 8) 2 i¢=— ab 4) 
3(7 — 1) | 14 - 8(-3) 
3-6 | 14+4 


Sale, 18 18 TRUE 


30. 30 + 7(x — 1) = 3(2x + 7) The solution is 5. 


31. 3(y- 1) -1=2-5(y + 5) < Do Exercises 30 and 31. 


AN EQUATION-SOLVING PROCEDURE 


1. Clear the equation of fractions or decimals if that is needed. 


2. If parentheses occur, multiply to remove them using the 
distributive law. 


3. Collect like terms on each side of the equation, if necessary. 


4. Use the addition principle to get all terms with letters on one side 
and all other terms on the other side. 


5. Collect like terms on each side again, if necessary. 
6. Use the multiplication principle to solve for the variable. 


Answers 


19 
30. -2 31. -— 
8 
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Checking Possible Solutions Although a calculator is not required for this textbook, the book contains a series of 
optional discussions on using a graphing calculator. The keystrokes for the TI-84 Plus graphing calculator will be shown throughout. 
For keystrokes for other models of calculators, consult the user’s manual for your particular model. 

To check possible solutions of an equation on a calculator, we can substitute and carry out the yD 
calculations on each side of the equation. If the left-hand and the right-hand sides of the equation 
have the same value, then the number that was substituted is a solution of the equation. To check the 
possible solution —2 in the equation 8x + 6 — 2x = —4x — 14 in Example 16, for instance, we first 
substitute —2 for x in the expression on the left side of the equation and get —6. Then we substitute 
—2 for x in the expression on the right side of the equation. Again, we get —6. Since the two sides of 
the equation have the same value when x is —2, we know that —2 is the solution of the equation. 

A table can also be used to check possible solutions of equations. First, we press C¥=_) to display the equation-editor screen. If 
an expression for Y1 is currently entered, we place the cursor on it and press GP to delete it. We do the same for any other entries 
that are present. Next, we position the cursor to the right of Y1 = and enter the left side of the equation. Then we position the 
cursor beside Y2 = and enter the right side of the equation. Now we press Gy to display the Table Setup screen. (TBLSET is 
the second operation associated with the key.) On the INDPNT line, we position the cursor on “ASK” and press @UgP to set up a 
table in ASK mode. (The settings for TblStart and ATbI are irrelevant in ASK mode.) 


—4%-2-14 


Ploti Plot2 Plot3 TABLE SETUP 

\Y1 B 8X+6—2xX TblStart=1 

\Y2 BH -4X-14 Tbl=1 

\¥3 = Indpnt: Auto 
Wa Depend: EXT) Ask 
\Ys = 

\Yo = 

\Y7 = 


We press GD to display the table. (TABLE is the second operation associated with the key.) We enter the possible 
solution, —2, and see that Y1 = —6 = Y2 for this value of x. This confirms that the left and the right sides of the equation have the 
same value for x = —2,s0 —2 is the solution of the equation. 


EXERCISES: 
1. Use substitution to check the solutions found in Examples 9, 13, and 15. 
2. Use a table set in ASK mode to check the solutions found in Margin Exercises 24, 30, and 31. 


For Extra Help MathXL° P. =S= P 


My™M ath Lab” PRACTICE WATCH coe REVIEW 


[(V{ Reading Check 


Choose from the column on the right the most appropriate first step in solving each equation. 


RCL. 5+ x= -12 a) Divide by 3 on both sides. 

b) Multiply by —9 on both sides. 
c) Divide by 5 on both sides. 
RC3. 3= — 5 r d) Subtract 5 on both sides. 


RC2. 16 =x — 3 


1 
e) Add — on both sides. 
RC4. 5x = —16 9 
f) Add 3 on both sides. 
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Remember to review the objectives before doing the exercises. 


a | Determine whether the given number is a solution of the given equation. 


1. 17; x + 23 = 40 2. 24; 47 — x = 23 3. —8; 2x —-3 = —-18 4. —10; 3x + 14 = —27 
—x —Xx 

a go ce a 7 10; 2—- 3x = 21 8. —11; 4 — 5x = 59 

9. 19; 5x + 7 = 102 10. 9; 9y + 5 = 86 1l. —11; 7(y — 1) = 84 12. -13;x% +5=5+%x 


[5] Solve using the addition principle. Don’t forget to check. 


13. y+ 6= 13 4,.x+7=14 15. —20 = x — 12 16. -27 =y-17 

17, -8+ x= 19 18. —8+ r=17 19. .=12 +2= =51 20. —37 + x = —89 
3 5 1 5 

21. p — 2.96 = 83.9 22, z2— 14.9 = —5.73 23. = + x= = 24.2+ = -— 
8 24 12 6 


& Solve using the multiplication principle. Don’t forget to check. 


25. 3x = 18 26. 5x = 30 27. —lly = 44 28. —4x = 124 
x x 
29. a = 21 30. 3 = —25 31. —96 = —3z 32. —120 = —8y 
3 1 7 7 
33. 4.8y = —28.8 34. 0.39f = —2.73 35. -f = -—— 36. -—~y=-— 
2 4 6 8 
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| d | Solve using the principles together. Don’t forget to check. 


37. 


40 


43. 


46. 


49. 


52. 


55 


. 6x — 15 = 45 
.62-7=11 
7 
--x+—==-18 
3 
9 4 66 
—y + — a easy 


8x + 48 = 3x — 12 


3x — 15 


15 + 3x 


»b—-4a=a4— I3 


38. 


41. 


47. 


50. 


53. 


56. 


4x —7 = 81 


9t + 4= —104 


0.9y — 0.7y = 4.2 


15x + 40 = 8x —9 


3x 45> 6 + 12x 


6— "(ie=x— 14 


39. 5x — 10 = 45 


42. 5x + 7 = —108 


6 
45. =x x= 


48. 0.8f — 0.3f = 6.5 


51. 7y — 1 = 27 + Ty 


54. 9t —-4 = 14+ 15t 


57. 3m — 7 = —7— 4m 
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58. 5x —8 = —8 + 3x— x 59. 5x +3 =11-—4x +x 60. 6y + 20 = 10+ 3y + y 


61. —7 + 9x = 9x -—7 62. —3t+ 4=5 — 3t 63. 6y — 8 = 9 + by 
64. 5 — 2y = —2y +5 65. 2(x + 7) = 4x 66. 3(y + 6) = 9y 

67. 80 = 10(3t + 2) 68. 27 = 9(5y — 2) 69. 180(n — 2) = 900 
70. 210(x — 3) = 840 71. 5y — (2y — 10) = 25 72. 8x — (3x — 5) = 40 
73. 7(3x + 6) = 11 — (x + 2) 74. 3(4 — 2x) = 4 — (6x — 8) 

75. 2[9 — 3(—2x — 4)] = 12x + 42 76. —40x + 45 = 3[7 — 2(7x — 4)] 


1 1 1 
77. (16y + 8) — 17 = — | (8y — 16) 78. (12t + 48) — 20 = — (240 — 144) 
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79. 3[5 — 3(4 — t)] — 2 = 5[3(5¢ — 4) + 8] — 26 80. 6[4(8 — y) — 5(9 + 3y)] — 21 = —7[3(7 + 4y) — 4] 


83. 5(4x — 3) — 2(6 — 8x) + 10(—2x + 7) = —4(9 — 12x) 84. 9(4x + 7) — 3(5x — 8) = 6(3 — x) — 5(2 + 2x) 


Skill Maintenance 


This heading indicates that the exercises that follow are Skill Maintenance exercises, which review any skill previously 
studied in the text. You will see them in virtually every exercise set. Answers to all skill maintenance exercises are found 
at the back of the book. If you miss an exercise, restudy the objective shown in red. 


Multiply or divide, and simplify. [R.7a] 


a? 6x5y74 
85. a" sa" 86. — 87. (Gx'y") (any 7) 88. ae 
a —3x “y 
Multiply. [R.5d] 
89. 2(6 — 10x) 90. —1(5 — 6x) 91. —4(3x — 2y + z) 92. 5(—2x + 7y — 4) 
Factor. [R.5d] 
93. 2x — by 94. —4x — 24y 95. 4x — loy + 2 96. —10x + 35y — 20 
97. Name the set consisting of the positive integers less 98. Name the set consisting of the negative integers 
than 10, using both roster notation and set-builder greater than —9 using both roster notation and 
notation. [R.la] set-builder notation. [R.la| 
BEANE REN snp oes pesaa etapa vss dasbcsesnstincen chased nek achat acdsee Sheengsat nde ss ia feaoeriae aasetteoati ink 


To the student and the instructor: The Synthesis exercises found at the end of every exercise set challenge students to 
combine concepts or skills studied in that section or in preceding parts of the text. 


Solve. (The symbol lava indicates an exercise designed to be done using a calculator.) 


99. AS 4.23x — 17.898 = —1.65x — 42.454 100. laws —0.00458y + 1.7787 = 13.002y — 1.005 
3x 5x 13x 2 5 24> 5 A= 1X 10 + 6x 

101. t 102. t = 
2 3 6 3 6 6 8 1 


103. x — {3x — [2x — (5x — (7e — 1))J} =x+7 


104. 23 — 2{4 + 3(x — 1)} + 5{x — 2(x + 3)} = 7{x — 2[5 — (2x + 3)]} 
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OBJECTIVE 


a | Evaluate formulas and solve 
a formula for a specified 
letter. 


SKILL TO REVIEW 


Objective R.4b: Evaluate 
an algebraic expression by 
substitution. 


3 
1. Evaluate + When a =8 


and b = 12. 
oa 


. Evaluate ud when 


x = 18andy = 2. 


Answers 


Skill to Review: 
12 = 2.4 


Formulas and Applications 


a | EVALUATING AND SOLVING FORMULAS 


A formula is an equation that represents or models a relationship between 
two or more quantities. For example, the relationship between the perime- 
ter P of a square and the length s of its sides is given by the formula P = 4s. 
The formula A = s? represents the relationship between the area A of a 
square and the length s ofits sides. 


Perimeter: P = 4s 
Area: A = s? 


Ss 


Other important geometric formulas are A = zr? (for the area A of a 
circle ofradius r),C = 7rd (for the circumference C ofa circle of diameter d), 
and A = b: h (for the area A of a parallelogram of height h and base b). 
A more complete list of geometric formulas appears on the last page of this 
text. 


A=mnr2 C=nd 


b 
A=b-h 


EXAMPLE 1 Body Mass Index. Body mass index I can be used to de- 
termine whether an individual has a healthy weight for his or her height. An 
index in the range 18.5-24.9 indicates a normal weight. Body mass index is 
given by the formula, or model, 

_ 703W 

RE? 
where Wis weight, in pounds, and His height, in inches. 
Source: Data from Centers for Disease Control and Prevention 
a) Gabby Douglas of the gold-winning 2012 U.S. Olympic gymnastics team 

is 4 ft 11 in. tall and weighs 90 lb. What is her body mass index? 


b) NASCAR driver Jimmie Johnson has a body mass index of 23.0 and a height 
of 5 ft 11 in. What is his weight? 
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a) We substitute 90 lb for W and 4 ft 1lin., or 4: 12 + 11 = 59in., for H. 
Then we have 
_ 703W _ 703(90) _ 
H? 597 


I 18.2. 


Thus Gabby Douglas’s body mass index is 18.2. 

b) We substitute 23.0 for Jand 5 ft 11 in., or 5° 12+ 11 = 71in., for H 
and solve for W using the equation-solving principles introduced in 
Section 1.1: 


703W 
I= we 
703W ae 
23.0 = 7 Substituting 
valk 
703W 
23:0 °= 
5041 
703W are 
5041 + 23.0 = 5041 - ——— Multiplying by 5041 
5041 
115,943 = 703W Simplifying 
115,943 703W as 
= Dividing by 703 
703 703 
165 ~ W 


Jimmie Johnson weighs about 165 lb. 


Do Exercise 1. D 


If we want to make repeated calculations of W, as in Example 1(b), it 
might be easier to first solve for W, getting it alone on one side of the equa- 
tion. We “solve” for Was we did above, using the equation-solving principles 
of Section 1.1. 


703W 


EXAMPLE 2 Solve for W: I = eo 


703W 


[= pe We want this letter alone. 
ic ae 703W | H? Multiplying by H? on both 
H? sides to clear the fraction 
TH? = 703W Simplifying 
IH? 703W aa 
oS Dividing by 703 
O03 703 
me y 
703 


Do Exercise 2. D> 


SECTION 1.2 


1. Body Mass Index. 


a) Roland is 6 ft 1 in. tall and 
weighs 195 lb. What is his 
body mass index? 


b) Keisha has a body mass 
index of 24.5 and a height of 
5 ft 8 in. What is her weight? 


c) Calculate your own body 
mass index. 


[S) 


2. Solve form: F = 


(This is a physics formula.) 


Answers 


1. (a) 25.7; (b) 161 lb; (c) Answers will vary. 
2m = - 


yp 
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3. Solve form: H = 2r + 3m. 


3 
4. Solve forc: P = ee + 10). res 


iP 


3 
==(c+ 10 
=(c + 10) 


3 
eee oe’) 


= (c + 10) 


| 
Ay) 
° 
im 


ll 
| 
v 
| 


1 
5. Solve for b: A = 3 a + b). 


Answers 


Ae 2P 
3. m= 


3 
5 


c=—P-10 Sb 


3 


Guided Solution: 
4. 5,3, 30, 30, 3, 10 
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EXAMPLE 3 Solveforr: H = 2r+ 3m. 


Y | 
H = 2r+ 3m We want this letter alone. 
H — 3m = 2r Subtracting 3m 
H—- 3m eee 
—— =r Dividing by 2 


2 
<«@ Do Exercise 3. 


EXAMPLE 4 Solve for b: A = 3(b — 20). 


A =3(b— 20) Wewant this letter alone. 
2A = 5(b— 20) Multiplying by 2 to clear the fraction 
2A = 5b — 100 Removing parentheses 

2A + 100 = 5b Adding 100 

2A + 100 2A 100 2A 

-—— ) or b= 5 a 5 = 5 + 20 Dividing by 5 


<@ Do Exercise 4. 


EXAMPLE 5 Area ofa Trapezoid. Solve for a: A = 3h(a + b). (To 
find the area of a trapezoid, take half the product of the height, h, and the 
sum of the lengths of the parallel sides, a and b.) 


a 


\ | 
= 3h(a +b) Wewant this letter alone. 
2A = h(a + b) Multiplying by 2 to clear the fraction 
= ha + hb Using the distributive law 
2A — hb = ha Subtracting hb 
2A — hb 2A hb 2A 
ee OE ar b_CDividingbyh © 


Note that there is more than one correct form of the answers in Exam- 
ples 4 and 5. This is a common occurrence when we solve formulas. 


< Do Exercise 5. 


Solving Linear Equations and Inequalities 


We used the addition principle and the multiplication principle to solve 
equations in Section 1.1. In a similar manner, we use the same principles in 
this section to solve a formula for a given letter. 


To solve a formula for a given letter, identify the letter, and: 
1. Multiply on both sides to clear the fractions or decimals, if 
necessary. 


2. If parentheses occur, multiply to remove them using the 
distributive law. 


3. Collect like terms on each side, if necessary. This may require 
factoring if a variable is in more than one term. 


4. Using the addition principle, get all terms with the letter to be 
solved for on one side of the equation and all other terms on the 
other side. 


5. Collect like terms again, ifnecessary. 
6. Solve for the letter in question using the multiplication principle. 


As indicated in step (3) above, sometimes we must factor to isolate a 
letter. 


EXAMPLE 6 Simple Interest. Solve for P: A = P + Prt. (To find the 
amount A to which principal P, in dollars, will grow at simple interest rate 7, 
in tyears, add the principal P to the interest, Prt.) 


A=P+ Prt We want this letter alone. 
A= P(1 + rt) Factoring (or collecting like terms) 
A 
=P Dividing by 1 + rt on both sides 
Les TE 


Do Exercise 6. > 


EXAMPLE 7 Chess Ratings. The formula 
400(W — L) 
_ 
N 


R= 


is used to establish a chess player’s rating R, after he or she has played N 
games, where Wis the number of wins, L is the number of losses, and ris 
the average rating of the opponents. 


Source: Data from U.S. Chess Federation 


a) Cara plays 8 games in a chess tournament, winning 5 games and losing 
3 games. The average rating of her opponents is 1205. Find Cara’s chess 
rating. 

b) Solve the formula for L. 


a) We substitute 8 for N, 5 for W, 3 for L, and 1205 for rin the formula. Then 
we calculate R: 
400(W — L) 400(5 — 3) 


R= 6 — — _- = 1208 + —__ = 1305, 
N 8 


SECTION 1.2 


6. Solve for Q: T = Q + Qvy. 


Answer 


T 


fe Ty 
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7. Chess Ratings. Use the 
formula given in Example 7. 
a) Martin plays 6 games in 
a tournament, winning 
2 games and losing 4. 
The average rating of his 
opponents is 1384. Find 
Martin’s chess rating. 


b) Solve the formula for W. 


Answers 


ds About 1251; (b) W = 
(a) About 1251; (b) mn 


NR — Nr 
400 


orL + 


[vf Reading Check 


Choose from the column on the right the correct solution of each equation. 


RC1. Solves = t+ 4 fort. 


RC2. Solve qs + 4r = t for q. 
1 
RC3. Solve r = 14 — tfort. 
RC4. Solve 4q = 7r for q. 
1 
RC5. Solve rn t — qfors. 


RC6. Solve 7r — t = 4s forr. 
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NR — Nr + 400L 


b) We solve as follows: 


V 


400(W — L) 
= 7 a 
N 
footw 8) 
NR = N| r + —~——— 
N 
400(W — L) 


NR=N-r+N: 
N 


NR = Nr + 400(W — L) 
NR — Nr = 400(W — L) 
NR — Nr = 400W — 400L 
NR — Nr — 400W = —400L 
NR — Nr — 400W _ 
—400 > 


Other correct forms of the answer are 


1 — Nr + 400W — NR 
400 


<« Do Exercise 7. 


For Extra Help 


MyMathLab* 


PRACTICE WATCH 


and L=W- 


Mathxt [== 


We want this letter alone. 


Multiplying by N to clear 
the fraction 


Multiplying using the 
distributive law 
Simplifying 

Subtracting Nr 

Using the distributive law 
Subtracting 400W 


Dividing by —400 


NR — Nr 


400 


7r 7 
a) g = — or—-r 


4 4 
t— 4r 
b) q= : 
c) s = 4(t— q) 
d)t=s-4 
+ 
yee t 
7 
1 
al aad 
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Ey Solve for the given letter. 


1. Motion Formula: 
d = rt, forr 
(Distance d, speed 1, time 2) 


Distance d 


4. Volume of a Sphere: 
4 
V= aur for r3 


(Volume V, radius r) 


7. Area of a Triangle: 


A= lie for b 
2 


13. Simple Interest: 
I = Prt, fort 


(Interest J, principal P, interest 
rate r, time f) 


2. d = rt, fort 


5. Perimeter of a Rectangle: 
P = 21+ 2w, forw 
(Perimeter P, length J, and 


width w) 


A= as forh 


a 


1l. Force: 
F = ma, form 


(Force F, mass m, acceleration a) 


14, I = Prt, for P 


3. Area of a Parallelogram: 
A = bh, forh 
(Area A, base b, height h) 


6. P = 21+ 2w, forl 


9. Average of Two Numbers: 


a+b 
A= , fora 


12. F = ma, fora 


15. Relativity: 
E = mc’, forc? 


(Energy E, mass m, speed of 
light c) 
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p-4q pq 


16. E = mc’, form 17. Q= 5 , forp 18. Q = 5 , forg 
T 
19. Ax + By = ¢, fory 20. Ax + By = c, forx 21. [= 1.085) for N 
mv 3 1 
22. F= ——, for v* 23. C= rau + 5), form 24, N= 3 Mt + w), forw 
1 1 
25.n= (a+ b— oc), for b 26. =e (x—y tz), for z 27. d = R— Rst, forR 
28. g = m+ mnp, form 29. T= B+ Bat, forB 30. Z = Q — Qab, for Q 


Basal Metabolic Rate. An individual’s basal metabolic rate is the minimum number of calories required to sustain life 
when the individual is at rest. It can be thought of as the number of calories burned by an individual who sleeps all day. 
The Harris-Benedict formula for basal metabolic rate fora manis R = 66 + 6.23w + 12.7h — 6.8a. The formula fora 
woman is R = 655 + 4.35w + 4.7h — 4.7a. In each formula, R is in calories, w is weight, in pounds, h is height, in inches, 
and ais age, in years. 


Source: Data from Shapefit 


31. a) Gary weighs 185 lb, is 5 ft 11 in. tall, and is 28 years 32. a) Alyssa weighs 145 Ib, is 5 ft 6 in. tall, and is 32 years 
old. Use the formula for the basal metabolic rate for old. Use the formula for the basal metabolic rate 
a man to find Gary’s basal metabolic rate. for a woman to find Alyssa’s basal metabolic rate. 
b) Solve the formula for w. b) Solve the formula for h. 
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33. Caloric Requirement. The number of calories K 
required each day by a moderately active female who 
wants to maintain her weight is estimated by the 
formula 


K = 1015.25 + 6.74w + 7.29h — 7.29a, 


where w is weight, in pounds, his height, in inches, 
and ais age, in years. 


Source: Shapefit 


a) Serena is a moderately active 25-year-old woman 
who weighs 150 lb and is 5 ft 8 in. tall. Find the 
number of calories she requires each day in order 
to maintain her weight. 

b) Solve the formula for a. 


Projecting Birth Weight. Ultrasonic images of 
29-week-old fetuses can be used to predict birth weight. 
One model, or formula, developed by Thurnau, is 

P = 9.337da — 299; a second model, developed by 
Weiner, is P = 94.593c + 34.227a — 2134.616. For both 
formulas, P is the estimated birth weight, in grams, dis 
the diameter of the fetal head, in centimeters, c is the cir- 
cumference of the fetal head, in centimeters, and ais the 
circumference of the fetal abdomen, in centimeters. 
Sources: Data from G. R. Thurnau, R. K. Tamura, R. E. Sabbagha, et al. 


Am. J. Obstet Gynecol 1983; 145:557; C. P. Weiner, R. E. Sabbagha, 
N. Vaisrub, et al. Obstet Gynecol 1985; 65:812. 


35. a) Use Thurnau’s model to estimate the birth weight 
of a 29-week-old fetus when the diameter of the 
fetal head is 8.5 cm and the circumference of the 
fetal abdomen is 24.1 cm. 

b) Solve the formula for a. 


37. Young’s Rule in Medicine. Young's rule for 
determining the amount of a medicine dosage for a 
child is given by 

ad 
a 12 


where ais the child’s age, in years, and d is the usual 
adult dosage, in milligrams. (Warning! Do not apply 
this formula without checking with a physician!) 


C= 


Source: Data from June Looby Olsen, et al., Medical Dosage Calcula- 

tions, 6th ed. Reading, MA: Addison Wesley Longman, p. A-31 

a) The usual adult dosage of a particular medication is 
250 mg. Find the dosage for a child of age 3. 

b) Solve the formula for d. 


34. Caloric Requirement. The number of calories K 
required each day by a moderately active male who 
wants to maintain his weight is estimated by the 
formula 


K = 102.3 + 9.66w + 19.69h — 10.54a, 


where w is weight, in pounds, h is height, in inches, 
and ais age, in years. 


Source: Shapefit 


a) Danis a moderately active man who weighs 210 lb, 
is 6 ft 2 in. tall, and is 34 years old. Find the num- 
ber of calories he requires each day in order to 
maintain his weight. 

b) Solve the formula for a. 


11:51:42 am 

6C2-S 862 

100mm 
OBSTETRICAL 
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36. a) Use Weiner’s model to estimate the birth weight of 
a 29-week-old fetus when the circumference of the 
fetal head is 26.7 cm and the circumference of the 
fetal abdomen is 24.1 cm. 

b) Solve the formula for c. 


38. Full-Time-Equivalent Students. Colleges 
accommodate students who need to take different 
total-credit-hour loads. They determine the number 
of “full-time-equivalent” students, F, using the 
formula 


n 
F=—, 
15 

where nis the total number of credits students enroll 

in for a given semester. 

a) Determine the number of full-time-equivalent 
students on a campus in which students register 
for 42,690 credits. 

b) Solve the formula for n. 
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Sha Maite manne oii cccccccccceccccccccccscsseeeeeseeseveeeevecesvevetesvetvevssesvevssvavesvsvesvevivtvavetvavesvevisvevieesvseee. 
Divide. [R.2e] 


39, 20 40. —2000 + (—8) eae 42, 120 + (—4.8) 
Sag B : aa a A ; : 
2, 5 —90 —90 —80 
43.0. —-— + (-2) 44, ——_ 45. —_— 46. —— 
3 6 =15 15 16 
SEMIS caesar i nl ech i etna biog inelastic eaibedi ven adaetoe 
Solve. 
47. A= mrs + mr’, fors 48. s = vit + 5at?, fora; for v, 
PLY, PoVs PLY, PoVs 
49, 22 = = for V,; for P, 50. —— = 2 > for T,; for P, 
T, T, T, T, 
51. In Exercise 13, you solved the formula J = Prt for t. 52. The area of the shaded triangle ABE is 20 cm’. Find 
Now use the formula to determine how long it will the area of the trapezoid. (See Example 5.) 


take a deposit of $75 to earn $3 interest when invested 


at 5% simple interest. # “4 
8cm 
C E D 
YY 
13 cm 


53. Horsepower ofan Engine. The horsepower of an 
engine can be calculated by the formula 


3 
= w(5) 
234 


where Wis the weight, in pounds, of the car, 

including the driver, fluids, and fuel, and vis the 

maximum velocity, or speed, in miles per hour, 

of the car attained a quarter mile after beginning 

acceleration. 

a) Find the horsepower of a V-6, 2.8-liter engine if 
W = 27001b and v = 83 mph. 

b) Find the horsepower of a 4-cylinder, 2.0-liter 
engine if W = 3100lb and v = 73 mph. 
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Applications and Problem Solving 


a | FIVE STEPS FOR PROBLEM SOLVING 


One very important use of algebra is as a tool for problem solving. The 
following five-step strategy for solving problems will be used throughout 
this text. 


FIVE STEPS FOR PROBLEM SOLVING 


. Familiarize yourself with the problem situation. 


. Translate the problem to an equation. 
. Solve the equation. 
. Check the answer in the original problem. 


a rw NH = 


. State the answer to the problem clearly. 


Of the five steps, probably the most important is the first one: be- 
coming familiar with the problem situation. Here are some hints for 
familiarization. 


To familiarize yourself with the problem: 


e Ifa problem is given in words, read it carefully. 


List the information given and the question to be answered. 
Choose a variable (or variables) to represent the unknown(s) and 
clearly state what the variable represents. Be descriptive! For exam- 
ple, let L = length (in meters), d = distance (in miles), and so on. 


Make a drawing and label it with known information. Also, indi- 
cate unknown information, using specific units if given. 
Find further information if necessary. Look up a formula at the 


back of this book or in a reference book. Look up the topic using 
an Internet search engine. 


Make a table that lists all the information you have collected. Look 
for patterns that may help in the translation to an equation. 


Think of a possible answer and check the guess. Note the man- 
ner in which the guess is checked. This will help you translate the 
problem to an equation. 


EXAMPLE 1 Rice Production. Rice is the grain with the second-highest 
worldwide production, after maize. Rice provides more than 20% of the 
calories consumed by humans. In 2012, China produced 143,000 metric 
tons of rice. This was 7500 metric tons more than five times the amount of 
rice produced by Vietnam. (See the table at right.) Find the amount of rice 
produced in Vietnam. 


Source: United Nations’ Food and Agriculture Organization 


OBJECTIVES 


a | Solve applied problems by 
translating to equations. 


|b | Solve basic motion problems. 


SKILL TO REVIEW 


Objective R.4a: Translate a phrase 
to an algebraic expression. 


Translate each phrase to 
an algebraic expression. 
1. Five times x 
2. 2less than x 


Top Five Rice-Producing Countries 


RICE 


PRODUCTION 


COUNTRY (in metric tons) 
1. China 143,000 
2. India 99,000 
3. Indonesia 36,900 
4. Bangladesh 33,800 
5. Vietnam 2 


SOURCE: www.mapsofworld.com 


Answers 


Skill to Review: 
L.5K 2.62 
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1. Familiarize. Let’s say that Vietnam produced 30,000 metric tons. 
Then the amount produced in China would be 


5(30,000) + 7500 = 150,000 + 7500 = 157,500 metric tons, 


which is more than 143,000 metric tons, the known amount for China. 
This tells us that our guess of 30,000 is too high. We let t = the amount 
of rice, in metric tons, produced by Vietnam. 


2. Translate. We translate as follows: 


Five times the amount 7500 143,000 
produced by Vietnam plus metrictons is metric tons 


ee ee ae re re 


ae + 7500 -_ 143,000. 
3. Solve. We solve the equation as follows: 


St + 7500 = 143,000 
5t + 7500 — 7500 = 143,000 — 7500 Subtracting 7500 


5t = 135,500 Simplifying 
St 135,500 
== Dividing by 5 
5 5 oe 

t = 27,100. 

1. I in Numb ; : 
ait ” trom ais to 4. Check. If Vietnam produced 27,100 metric tons of rice, then China pro- 
2010, Florida gained 1,346,296 duced 5(27,100) + 7500, or 143,000, metric tons of rice. The amount 
residents. This number is 82,620 checks. 
fewer than twice the number 5. State. In 2012, Vietnam produced 27,100 metric tons of rice. 


of residents gained by North 


Carolina during the same time 


< Do Exercise 1. 


period. How many residents did 


North Carolina gain? 


Source: Data from Empire Center for 
New York State Policy, August 2011 


Answer 
1. 714,458 residents 
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EXAMPLE 2 Solar Panel Support. The cross section of a support for a 
solar energy panelis triangular. The second angle ofthe triangle is five times 
as large as the first angle. The third angle is 2° less than the first angle. Find 
the measures of the angles. 


1. Familiarize. The second and third angles are described in terms of 
the first angle so we begin by assigning a variable to the first angle. 
Then we use that variable to describe the other two angles. 

We let x = the measure of the first angle. Then 5x = the measure 
of the second angle and x — 2 = the measure of the third angle. Recall 
that the sum of the measures of the angles of a triangle is 180°. 


2. Translate. We have the following translation: 
Measure of Measure of Measure of 
firstangle plus secondangle plus thirdangle is 180° 


x + 5x + (x — 2) = 180. 


Solving Linear Equations and Inequalities 


3. Solve. We solve the equation as follows: 


xr hu + (eo — 2) = 180 


7x — 2 = 180 Collecting like terms 
7x —-2+2= 180+ 2 Adding 2 
7x = 182 Simplifying 
- a ila Dividing by 7 
7 7 
x = 26. 


Thus the possible measures of the angles are 
First angle: x = 26°; 
Secondangle: 5x = 5+ 26 = 130°; 
Thirdangle: x — 2 = 26-2 = 24°. 
4. Check. Do we have a solution of the original problem? The sum of the 
measures of the angles is 
26° + 130° + 24° = 180°. 


The measure of the second angle is five times the measure of the first 
angle: 130° = 5 + 26°. The measure of the third angle is 2° less than the 
measure of the first angle: 24° = 26° — 2°. The answer checks. 


5. State. The measure of the first angle is 26°, the measure of the second 
angle is 130°, and the measure of the third angle is 24°. 


Do Exercise 2. > 


EXAMPLE 3. Price of Auto Detailing. Using a coupon from an online 
coupon service, Edward paid $152.75 for full-service, interior and exterior, 
detailing of the cab of his truck. He paid 35% less than the original price for 
this service. What was the original price? 


1. Familiarize. We let x = the original price. 
2. Translate. 


Original Original New 
price minus 35% of price is price 
x = 35% ° x = 152.75. Translation 


2. Cross Section ofa Roof. In 
a triangular cross section of a 
roof, the second angle is twice 
as large as the first. The third 
angle is 20° greater than the 
first angle. Find the measures 
of the angles. 


Second 


Answer 
2. 40°, 80°, 60° 
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3. Solve. We solve the equation: 


xX — 35% + x = 152.75 
lx — 0.35x = 152.75 Replacing 35% with 0.35 


ea a oa Collecting like terms 
0.65x = 152.75 
x = 235. Dividing by 0.65 


4. Check. Ifthe original price were $235, we would have: 


Price reduction: 35% + $235 = 0.35 - 235 = $82.25; 
Reduced price: $235 — $82.25 = $152.75. 


3. Price of Cross-Training Shoes. We get the price that Edward paid, so the answer checks. 


Acton Sporting Goods _ ; ; Ee. 

lowers the price of a pair of 5. State. The original price of the full-service detailing of the cab of the truck 
cross-training shoes 20% to was $235. 

a sale price of $68. What was 

the original price? < Do Exercise 3. 


EXAMPLE 4 Real Estate Commission. The Mendozas negotiated to 
pay the realtor who sold their house the following commission: 

6% for the first $100,000 of the selling price, and 

5.5% for the amount that exceeded $100,000. 


The realtor received a commission of $10,565 for selling the house. What 
was the selling price? 


1. Familiarize. Let’s make a guess or an estimate to become fa- 
miliar with the problem. Suppose the house sold for $225,000. 
The realtor’s commission would be 


6% of $100,000 = 0.06($100,000) = $6000 
plus 
5.5% times ($225,000 — $100,000) = 0.055( $125,000) = $6875. 


The total commission would be $6000 + $6875, or $12,875. Al- 
though our guess is not correct, the calculation we performed fa- 
miliarizes us with the problem, and it also tells us that the house 
sold for less than $225,000, since $10,565 is less than $12,875. We 
let S = the selling price of the house. 


2. Translate. We translate as follows: 


Commision Commission on 
on the first the amount that Total 
$100,000 plus exceeds $100,000 is commission 


6% + 100,000 + 5.5%(S — 100,000) = 10,565. 
3. Solve. We solve the equation: 


6% + 100,000 + 5.5%(S — 100,000) = 10,565 


0.06 - 100,000 + 0.055(S — 100,000) = 10,565 Converting to 
decimal notation 
6000 + 0.055S — 0.055 - 100,000 = 10,565. Simplifying 
and using the 
distributive law 


Answer 
3. $85 


98 :  cHaPTER1 Solving Linear Equations and Inequalities 


Then 


6000 + 0.055S — 5500 = 10,565 Simplifying 4. Real Estate Commission. 
0.0555 + 500 = 10,565 Collecting like terms The Currys negotiated to 
pay the realtor who sold 
0.0555 + 500 — 500 = 10,565 — 500 — Subtracting 500 their house the fallowing 
0.055S = 10,065 commission: 
0.055S 10,065 a 7% for the first $100,000 
0.055 _ 0.055 Dividing by 0.055 of the selling price 
S = $183,000. and 
: 5% for the amount that 
4. Check. Performing the check is similar to the sample calculation in the exceeded $100,000. 
Familiarize step. The check is left to the student. . 
The realtor received a 
5. State. The selling price of the house was $183,000. commission of $13,400 for 
selling the house. What was 
Do Exercise 4. > the selling price? 


EXAMPLE 5 Insurance Premiums. The mortality rate for smokers is 
much higher than it is for those who do not smoke. With all other factors 
being equal, the smoker can expect to pay a higher health-insurance pre- 
mium. The equation. 


y = 8.33x + 32.81 


can be used to estimate the monthly premium for a $250,000 term life 
insurance policy for a female smoker age 40 or older, where x is the issue 
age—that is, x = 0 corresponds to issue age 40, x = 3 corresponds to issue 
age 43, and so on. 


Source: American General Life Insurance Company 


a) Estimate the monthly insurance premium for a female smoker who is 
48 years old. 


b) At what issue age would the monthly premium be approximately $167? 


Since an equation is given, we know that we have a correct translation 
and thus we will not use the five-step problem-solving strategy in this case. 


a) To estimate the monthly premium for a female smoker whose age is 48, we 
first note that 48 is 8 years beyond 40. We substitute 8 for x in the equation: 


y = 8.33x + 32.81 = 8.33(8) + 32.81 = 99.45. 
The estimated monthly insurance premium for a female smoker who is 
48 years old when the policy is issued is $99.45. 


b) To determine the issue age for a monthly premium of $167, we substitute 
167 for y in the equation and solve for x: 


y = 8.33x + 32.81 5. Insurance Premiums. Refer 
167 = 8.33x + 32.81 Substituting 167 for y to Example 4. 
167 — 32.81 = 8.33x + 32.81 — 32.81 Subtracting 32.81 a) Estimate the monthly 


insurance premium 


134.19 = 8.33x 
for a female smoker who 
134.19 8.33x i 
= Dividing by 8.33 is 51 years old. 
8.33 8.33 b) At what issue age would 
16~ x. the monthly premium be 
approximately $190? 
It is estimated that about 16 years after age 40, or at issue age 56, the 
monthly premium for a $250,000 term life insurance policy for a female A 
nswers 


smoker is $167. 
4. $228,000 5. (a) $124.44; 


? (b) about issue age 59 
Do Exercise 5. > 
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va 

Longest piece = 2x + 13 
AA 
pe! 


J 
s iG 


Midsize piece = x 
Y) 


Shortest piece = x — 10 


6. Cuttinga Board. A106-in. 
board is cut into three pieces. 
The shortest length is two- 
thirds of the midsize length 
and the longest length is 15 in. 
less than two times the mid- 
size length. Find the length of 
each piece. 


Answer 
6. 22 in., 33 in., 51 in. 


EXAMPLE 6_ Installing Seamless Guttering. Seamless guttering is de- 
livered on a continuous roll and sections are cut from the roll as needed. 
The Jordans know that they need 127 ft of guttering for six separate sec- 
tions of their home and that the four shortest sections will be the same 
size. The longest piece of guttering is 13 ft more than twice the length of the 
midsize piece. The shortest piece of guttering is 10 ft less than the midsize 
piece. How long is each piece of guttering? 


1. Familiarize. All the pieces are described in terms of the midsize 
piece, so we begin by assigning a variable to that piece and using that 
variable to describe the lengths of the other pieces. 

We let x = the length of the midsize piece, in feet, 2x + 13 = the 
length of the longest piece, and x — 10 = the length of the shortest 
piece. 

2. Translate. The sum ofthe length of the longest piece, plus the length 
of the midsize piece, plus four times the length of the shortest piece is 
127 ft. This gives us the following translation: 


Longest Midsize Four times the Total 
piece plus piece  plus_ shortestpiece is length 
(2x +13) + % - 4(x— 10) = 127. 


3. Solve. We solve the equation, as follows: 


(2x + 13) + x + 4(x — 10) = 127 

2x + 13+x+ 4x — 40 = 127 Using the distributive 

law 
7x — 27 = 127 Collecting like terms 
1K 20 ae 2b 127 se ae Adding 27 
7x = 154 Collecting like terms 
2 = zit Dividing by 7 

x= 22. 


4. Check. Do we have an answer to the problem? If the length of the mid- 
size piece is 22 ft, then the length of the longest piece is 


2°22 + 13, or 57ft, 
and the length of the shortest piece is 
22 — 10, or 12 ft. 


The sum of the lengths of the longest piece, the midsize piece, and four 
times the shortest piece must be 127 ft: 


57ft + 22ft + 4(12 ft) = 127 ft. 


These lengths check. 


5. State. The length of the longest piece is 57 ft, the length of the mid- 
size piece is 22 ft, and the length of the shortest piece is 12 ft. 


< Do Exercise 6. 
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Sometimes applied problems involve consecutive integers like 19, 20, 

21, 22 or —34, —33, —32, —31. Consecutive integers can be represented in 
the form x,x + 1,x + 2,x + 3, and so on. 

Some examples of consecutive even integers are 20, 22, 24,26 and 

34,—32, —30, —28. Consecutive even integers can be represented in the 

form x,x + 2,x + 4,x + 6, and so on, as can consecutive odd integers 
like 19, 21, 23, 25 and —33, —31, —29, —27. 


EXAMPLE 7 Artist’s Prints. Often artists will number in sequence a 
limited number of prints in order to increase their value. An artist creates 
500 prints and saves three for his children. The numbers of those prints are 
consecutive integers whose sum is 189. Find the number of each of those 
prints. 


1. Familiarize. The numbers ofthe prints are consecutive integers. Thus 
we let x = the first integer, x + 1 = thesecond, and x + 2 = the third. 


2. Translate. We translate as follows: 
Firstinteger + Secondinteger + Thirdinteger = 189 
x os (x + 1) at (x + 2) = 189. 
3. Solve. We solve the equation: 


x +(x +1) +(x +2) = 189 


3x + 3 = 189 Collecting like terms 
Sees: = 8 = 189 = 2 Subtracting 3 
3x = 186 
3x _ 186 
= Dividing by 3 
3 3 g by 
x= i62. 


Thenx + 1 = 62+ 1= 63andx + 2 = 62 + 2 = 64. 


4. Check. The numbers are 62, 63, and 64. These are consecutive integers 
and their sum is 189. The numbers check. 


5. State. The numbers of the prints are 62, 63, and 64. 
Do Exercise 7. > 


(3) BASIC MOTION PROBLEMS 


When a problem deals with speed, distance, and time, we can expect to use 
the following motion formula. 


THE MOTION FORMULA 


Distance = Rate (or speed) - Time 
d= rt 


7. Artist’s Prints. Refer to 
Example 7. The artist saves 
three other prints for his 


own archives. These are also 
numbered consecutively. The 
sum of the numbers is 1266. 
Find the numbers of each of 


those prints. 


Answer 
7. 421, 422, 423 
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EXAMPLE 8 Moving Walkways. A moving walkway in O’Hare Air- 
port is 300 ft long and moves at a speed of 5 ft/sec. If Kate walks at a speed 
of 4 ft/sec, how long will it take her to travel the 300 ft using the moving 
walkway? 


1. Familiarize. First read the problem very carefully. You might want to 
talk about it with a classmate or reword it in your mind. Organizing the 
information in a table can be very helpful. 


Distance to be traveled 300 ft 
Kate’s walking speed 4 ft/sec 
Speed of the moving walkway 5 ft/sec 
Kate’s total speed on the walkway 2 
Time required ? 

N ) 


Since Kate is walking on the walkway in the same direction in which 
it is moving, the two speeds can be added to determine Kate’s total 
speed on the walkway. We can then complete the table, letting ¢ = the 
time, in seconds, required to travel 300 ft on the moving walkway. 


Distance to be traveled 300 ft 
Kate’s walking speed 4 ft/sec 
Speed of the moving walkway 5 ft/sec 


Kate’s total speed on the walkway 9 ft/sec 


Time required t 
X wy 


2. Translate. To translate, we use the motion formula d = rt, where 
d = distance, r = speed, or rate, and t = time. We substitute 300 ft for 


dand 9 ft/sec for r: 
8. Marine Travel. Tim’s d= rt 
fishing boat travels 12 km/h - 
aan its : 300 = 9 * t. 
in still water. How long will 
it take him to travel 25 km 3. Solve. We solve the equation: 
upstream if the river’s current _ 
is 3 km/h? 25 km downstream 300 = 9t 
if the river’s current is 3 km/h? 300 = 9t a dee 
(Hint: To find the boat’s speed 9 9 Dividing by 9 
traveling upstream, subtract 
the speed of the current from 100 = 3 
the speed of the boat in still 3 
water. To find the boat’s speed 
downstream, add the mere af 4. Check. Ataspeed of 9 ft/sec and in a time of 100/3, or 335 sec, Kate 
the current to the speed of the would traveld = 9° im = 300 ft. This answer checks. 
boat in still water.) 5. State. Kate will travel the distance of 300 ft in 100/3, or 333 sec. 
Avy < Do Exercise 8. 


it 2 
8. 2— hr; 1— hr 
9 3 
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Ral Reading Check 


Choose from the column on the right the word that completes each step in the five steps for problem solving. 


RCl. yourself with the problem situation. 
RC2. the problem to an equation. 

RC3. the equation. 

RC4. the answer in the original problem. 
RC5. the answer to the problem clearly. 


a | Solve. 


1. Diana Nyad. On September 2, 2013, Diana Nyad 
became the first person to swim from Havana, Cuba, 
to Key West, Florida, across the Florida Straits. She 
swam the 110-mi distance in approximately 53 hr. 
At 11.00 p.m. on Sunday, September 1, she was 
approximately three times as far from Cuba as she 
was from Florida. How far was she from the Florida 
coast? 


Source: Data from ChicagoTribune.com, September 3, 2013 


3. City Park. The residents of a downtown neighbor- 
hood designed a triangular-shaped park as part of 
a city beautification program. The park is bound by 
streets on all sides. The second angle of the triangle is 
7° more than the first. The third angle is 7° less than 
twice the first. Find the measures of the angles. 


For Extra Help 


MyMath Lab” PRACTICE WATCH emp REVIEW 


Mathx [7 == (4 


Solve 
Familiarize 
State 
Translate 
Check 


2. Ironman Triathlon. Held annually in Hawaii since 
1978, the Ironman Triathlon championship is a series 
of long-distance races consisting of a 2.4-mi swim, a 
112-mi bicycle ride, and a 26.2-mi marathon. At one 
point, a participant had completed twice as many miles 
as the number of miles left to complete. How many 
miles had he completed at that mark? 


Source: Data from ironman.com 


4. Angles ofa Triangle. The second angle ofa triangle 
is three times as large as the first. The measure of the 
third angle is 25° greater than that of the first angle. 
How large are the angles? 


Second angle 


First angle Third angle 
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5. Climber Deaths. 


11 
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Deaths of Mt. Everest climbers 
were first recorded in 1921. From that time through 
March 21, 2013, there have been 240 deaths. The total 
number of deaths from falling is 65. This number is 13 
more than twice the number who died of exposure/ 
frostbite. How many climbers died of exposure/ 
frostbite? 


Source: Data from National Geographic 


Purchasing a Pencil Set. Abby sees online a pre- 
mium drawing-pencil set of 144 pieces that will be on 
sale at 30% off for a 24-hr period. She purchased the 
set for $176.40. What was the original price? 


Perimeter ofan NBA Court. The perimeter of an 
NBA-sized basketball court is 288 ft. The length is 
44 ft longer than the width. Find the dimensions 
of the court. 


Source: Data from the National Basketball Association 


6. 


10. 


. Purchasing a Headphone. 


Clearing Customs. In 14 foreign airports, U.S. 
Customs and Border Protection provides 
“preclearance” for U.S.-bound passengers. From 
October 1, 2011, through September 30, 2012, 14.8 
million people took advantage of this program and 
avoided long delays in Customs lines when returning 

to the United States. During this time period, 4,808,984 
passengers cleared U.S. Customs in Toronto before 
entering the United States. This number of passengers is 
103,264 more than four times the number of passengers 
who cleared U.S. Customs in Nassau, Bahamas, before 
entering the United States. How many passengers 
cleared U.S. Customs in Nassau? 


Source: Data from U.S. Customs and Border Protection 


Max purchased a profes- 
sional headphone online. He paid $149.75. This amount 
included a 7% sales tax. What was the price of the 
headphone itself? 


Perimeter of a Tennis Court. The width ofa standard 
tennis court used for playing doubles is 42 ft less than 
the length. The perimeter of the court is 228 ft. Find 
the dimensions of the court. 


Source: Data from Dunlop Illustrated Encyclopedia of Facts 


Rope Cutting. A rope that is 168 ft long is to be cut 
into three pieces such that the second piece is 6 ft less 
than three times the first, and the third is 2 ft more 
than two-thirds of the second. Find the length of the 
longest piece. 


CHAPTER 1 Solving Linear Equations and Inequalities 


12. 


Wire Cutting. A piece of wire that is 100 cm long is 
to be cut into two pieces, each to be bent to make a 
square. The length of a side of one square is to be 
twice the length of a side of the other. How should the 
wire be cut? 
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13. 


15. 


17. 


19. 


21. 


Real Estate Commission. The Carlsons negotiated 
the following real estate commission on the selling 
price of their house: 


7% for the first $100,000, and 
5% for the amount that exceeds $100,000. 


The realtor received a commission of $15,250 for 
selling the house. What was the selling price? 


Consecutive Odd Integers. Find three consecutive 
odd integers such that the sum of the first, two times 
the second, and three times the third is 70. 


Interstate Mile Markers. U.S. interstate highways 
post numbered markers every mile to indicate location 
in case of an accident or break-down. In many states, 
the numbers increase from west to east. The sum of 
two consecutive mile markers on I-80 in Iowa is 459. 
Find the numbers on the markers. 


Source: Data from Federal Highway Administration 


School Photos. Memory Makers prices its school 
photos as shown here. 


yore Memory Makers x x% 
| 


ay 


BASIC PACKAGE 


18x10 
PA esl 
12 wallet-size 


1 sheet of 6 extra 


wallet-size 


The Morris family purchases the basic package for 
each of its three children, along with extra wallet-size 
photos. How many wallet-size photos did they buy in 
all if their total bill for the photos is $57? 


Original Salary. An editorial assistant receives an 
8% raise, bringing her salary to $42,066. What was her 
salary before the raise? 


14. 


16. 


18. 


20. 


22. 


Real Estate Commission. The Hernandez family 
negotiated the following real estate commission on 
the selling price of their house: 


8% for the first $100,000, and 
3% for the amount that exceeds $100,000. 


The realtor received a commission of $9200 for 
selling the house. What was the selling price? 


Consecutive Even Integers. Find three consecutive 
even integers such that the sum of the first, five times 
the second, and four times the third is 1226. 


Post-Office Box Numbers. The sum ofthe numbers 
on two adjacent post-office boxes is 697. What are the 
numbers? 


Carpet Cleaning. A1 Carpet Cleaners charges $75 to 
clean the first 200 sq ft of carpet. There is an additional 
charge of 25¢ per square foot for any footage that 
exceeds 200 sq ft and $1.40 per step for any carpeting 
on a Staircase. A customer’s cleaning bill was $253.95. 
This included the cleaning of a staircase with 13 steps. 
In addition to the staircase, how many square feet of 
carpet did the customer have cleaned? 


Original Salary. After a salesman receives a 5% 
raise, his new salary is $40,530. What was his old 
salary? 
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23. Diabetes. In 2010, there were 21.1 million Ameri- 
cans diagnosed with diabetes. This number of cases 
represents an increase of about 402% over the number 
of cases in 1973. How many cases of diabetes were 
there in 1973? 


Source: Data from National Geographic, August 2013, Rich Cohen 


25. Internet Search Ads. The number of Internet paid 
search ads is increasing as advertisers move away 


from traditional marketing methods. The equation 
y = 6.5x + 41.6 


can be used to project spending on Internet search 
ads, in billions of dollars, x years after 2012. 


Source: Data from Zenith Optimedia 


a) Estimate spending on Internet search ads in 
2014. 

b) In what year will spending on Internet search ads 
reach $75 billion? 


[Ey] Solve. 


27. Cruising Altitude. A Boeing 767 has been instructed 
to climb from its present altitude of 8000 ft toa 
cruising altitude of 29,000 ft. The plane ascends at a 
rate of 3500 ft/min. How long will it take the plane to 
reach the cruising altitude? 


29. Boating. Jen’s motorboat travels at a speed of 
10 mph in still water. Booth River flows at a speed 
of 2 mph. How long will it take Jen to travel 15 mi 
downstream? 15 mi upstream? 
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24. 


26. 


Food Stamp Program. Enrollment in the federal 
Supplemental Nutrition Assistance Program (SNAP) 
has greatly increased since 2008. In April 2013, 

47.5 million people were recipients of assistance 
through the food stamp program. This was an 
increase of about 68.4% over the number receiving 
food stamps in 2008. How many people were 
receiving assistance in 2008? 


Source: Data from U.S. Department of Agriculture 


Insurance Premiums. The mortality rate for 
nonsmokers is much lower than it is for those who 
do smoke. With all other factors being equal, the 
nonsmoker can expect to pay a lower insurance 
premium. The equation 


y = 2.06x + 10.08 


can be used to estimate the monthly premium for 

a $250,000 term life insurance policy for a female 

nonsmoker age 40 or older, where x is the issue age— 

that is, x = 0 corresponds to issue age 40, x = 3 

corresponds to issue age 43, and so on. 

Source: Data from American General Life Insurance Company 

a) Estimate the monthly insurance premium for a 
female nonsmoker who is 50 years old. 


b) At what issue age would the monthly premium be 
approximately $52? 


28. Air Travel. A pilot has been instructed to descend 


30. 


from an altitude of 26,000 ft to 11,000 ft. If the pilot 
descends at a rate of 2500 ft/min, how long will it take 
the plane to reach the new altitude? 


Flight intoa Headwind. An airplane traveling 390 mph 
in still air encounters a 65-mph headwind. How long 
will it take the plane to travel 725 mi into the wind? 
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31. Swimming. Fran swims ata speed of 5 mph instill 


Skill Maintenance 
Simplify. 


33. 


Synthesis 


37. mwa Real Estate Prices. 


39. 


41. 


water. The Lazy River flows at a speed of 2.3 mph. How 
long will it take Fran to swim 1.8 mi upstream? 1.8 mi 
downstream? 


[R.3c] 


5? —2+5+12+4+ 12? 


Home prices in Panduski 
increased 1% from 2007 to 2008. Prices dropped 3% 
from 2008 to 2009 and dropped another 7% from 2009 
to 2010. Ifa house sold for $105,000 in 2010, what was it 
worth in 2007? (Round to the nearest dollar.) 


Population Change. The yearly changes in the 
population census of Poplarville for three consecutive 
years are, respectively, a 20% increase, a 30% increase, 
and a 20% decrease. What is the total percent change 
from the beginning of the first year to the end of the 
third year, to the nearest percent? 


Geometry. Consider the geometric figure below. 
Suppose that L||M, mZ8 = 5x + 25, and 
mZ4 = 8x + 4.FindmZ2andmZ1. 


34. 16-8 + 200 + 25- 10 


32. River Cruising. Now being used as a floating hotel 


35. 


40. 


42. 


. Adjusted Wages. 


and restaurant in Chattanooga, Tennessee, the Delta 
Queen is a sternwheel steamboat that once cruised the 
Mississippi River system. It was not uncommon for the 
Delta Queen to travel at a speed of 7 mph in still water 
and for the Mississippi to flow at a speed of 3 mph. At 
these rates, how long did it take the boat to cruise 2 mi 
upstream? 


Sources: Data from Delta Queen information; The Natchez Democrat, 
February 12, 2009 


12|8 — 10| + 9°6 


(9 — 4)? + (8 — 11)? 
54 + 48 — 


4 + 2? 


Christina’s salary is reduced n% 
during a period of financial difficulty. By what number 
should her salary be multiplied in order to bring it 
back to where it was before the reduction? 


Watch Time. Your watch loses 1} sec every hour. 
You have a friend whose watch gains 1 sec every hour. 
The watches show the same time now. After how 
many more seconds will they show the same time 
again? 


Geometry. Suppose the figure ABCD below is a 
square. Point A is folded onto the midpoint of AB 
and point D is folded onto the midpoint of DC. The 
perimeter of the smaller figure formed is 25 in. Find 
the area of the square ABCD. 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. 2x + 3 = 7andx = 2 are equivalent equations. [1.la] 


2. Itis possible for an equation to be false. _[1.1a] 


3. Every equation has at least one solution. __[1.1d] 


4. When we solve an applied problem, we check the possible solution 
in the equation to which the problem was translated. _[1.3a] 


Guided Solutions 


pcs) Fill in each box with the number or the expression that creates a correct statement or solution. 
5. Solve: 2x — 5 = 1 — 4x. [l.1d] 
2a OS lia Ax 
2x = Oo 4x Soll Se 4a 


6x oi Collecting like terms 
Ghy = 5 ar =1+5 
6x = Collecting like terms 
OxaO 
re 
x= Simplifying 


6. Solve fory: Mx + Ny=T.  [1.2a] 


IMbS se IN = IF 
Mee or INSP = Ibe = IP = 
= I= IMbs 
T= IMbe 
y = ——— 


Mixed Review 


Determine whether the given number is a solution of the given equation. _ [1.1a] 


il = 
53x -4=5 9. =24, = 3 10. 9; 6(x — 3) = 36 


to U8 or ® = We et 


Solve.  [1.1b, c, d] 


ll. x — 7 = —10 12. —7x = 56 13. 8x — 9 = 23 
3 a 
14, 1-—x=3x-7 15, 2 — 4y = —4y + 2 Uy a 
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17. 


20. 


5t-9= 7-4 18. 


4y —-(y-1) = 16 21. 


t—3(t-4)=9 


4x —- ll = 11 + 4x 


Solve for the given letter. _ [1.2a] 

23. P = mn, forn 24. z = 3t + 3w, fort 
A 2 

26. T = 1.55, forB 27. H = A a) ore 

Solve.  [1.3a, b] 

29. Female Medical School Graduates. The number of 


31. 


Understanding Through Discussion and Writing 


female medical school graduates in the United States 
totaled 8396 in 2011. This number was an increase of 

21.3% from the total in 2002. What was the number of 
female medical school graduates in 2002? 


Source: Data from the Henry J. Kaiser Family Foundation 


Carpet Dimensions. The width of an Oriental carpet 
is 2 ft less than the length. The perimeter of the carpet 
is 24 ft. Find the dimensions of the carpet. 


30. 


32. 


19. 2(y — 4) = 8y 


22. 6(2x + 3) = 10 — (4x — 5) 


a 6 


5 
25. N= , for s 


28. f= g + ghm, forg 


Calories Burned While Walking. A person weighing 
154 lb burns approximately 230 calories while 
walking 4.5 mph for 30 min. This number of calories 
is 50 calories less than twice the number burned by a 
154-lb person while walking 3.5 mph for 30 min. 

How many calories would a 154-lb person burn 
walking 3.5 mph for 30 min? 


Source: Data from the Centers for Disease Control and Prevention 


Boating. Frederick’s boat travels at a speed of 9 mph 
in still water. The Bailey River flows at a speed of 

3 mph. How long will it take Frederick to travel 18 mi 
downstream? 18 mi upstream? 


To the student and the instructor: The Discussion and Writing exercises are meant to be answered with one or more 
sentences. They can be discussed and answered collaboratively by the entire class or by small groups. 


33. 


35. 


37. 


Explain the difference between equivalent 
expressions and equivalent equations. [R.5al, [1.la] 


The equations 
Ip 
P= 21+ 2w and aera 


are equivalent formulas involving the perimeter P, 
length J, and width w ofa rectangle. Devise a problem 
for which the second of the two formulas would be 
more useful. _[1.2a] 


How can a guess or an estimate help prepare you for 
the Translate step when solving problems? __[1.3a] 


34. 


36. 


38. 


Devise an application in which it would be useful to 
solve the motion formula d = rtforr.  [1.2a] 


Explain why we can use the addition principle 

to subtract the same number on both sides of an 
equation and why we can use the multiplication 
principle to divide by the same nonzero number on 
both sides of an equation. _[1.1b, c] 


Why is it important to label clearly what a variable 
represents in an applied problem? _ [1.3a] 
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STUDYING FOR SUCCESS _ Using the Textbook 


{| Study the step-by-step solutions to the examples, paying attention to the extra explanations shown 


in red. 


{| Stop and do the margin exercises when directed to do so. Answers are at the bottom of the margin, 
so you can check your work right away. 


{_) The objective symbols af bf ic i and so on, allow you to refer to the appropriate place in the text 
whenever you need to review a topic. 


B Determine whether a given 
number is a solution of an 
inequality. 


Write interval notation for 
the solution set or the graph 
of an inequality. 


Solve an inequality using the 
addition principle and the 

multiplication principle and 
then graph the inequality. 


Solve applied problems by 
translating to inequalities. 


SKILL TO REVIEW 


Objective R.1c: Graph an 
inequality on the number line. 
Graph each inequality. 

Ls. a = 2 


Answers 


Skill To Review: 

kee eeoOoOoOoOoOSOO 
2 0 

2. <A H/- + > 


01 


Sets, Inequalities, and 


Interval Notation 


ER INEQUALITIES 


We can extend our equation-solving skills to the solving of inequalities. 


INEQUALITY 


An inequality is a sentence containing <, >, =, =, or #. 


Some examples of inequalities are 


—2 <4, x > 4, x+356, 
6— 7y= 10y—4, and 5x ¥ 10. 


SOLUTION OF AN INEQUALITY 


Any replacement or value for the variable that makes an inequality 
true is called a solution of the inequality. The set of all solutions is 
called the solution set. When all the solutions of an inequality have 
been found, we say that we have solved the inequality. 


EXAMPLES _ Determine whether the given number is a solution of the 
inequality. 
lLx+3<65 
We substitute 5 for x and get 5 + 3 < 6, or 8 < 6, a false sentence. 
Therefore, 5 is not a solution. 
2. 2k.> 3.> =3; 1 
We substitute 1 for x and get 2(1) — 3 > —3, or -1 > —3, a true sen- 
tence. Therefore, 1 is a solution. 
3. 4x — 15 3x + 2; -3 
We substitute —3 for x and get 4(—3) — 1 S$ 3(—3) + 2,or—-13 = —7, 
a true sentence. Therefore, —3 is a solution. 


< Do Margin Exercises 1-3 on the following page. 
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Db | INEQUALITIES AND INTERVAL NOTATION 


The graph of an inequality is a drawing that represents its solutions. An 
inequality in one variable can be graphed on the number line. 


EXAMPLE 4 Graphx < 4onthe number line. 


The solutions are all real numbers less than 4, so we shade all numbers 
less than 4 on the number line. To indicate that 4 is not a solution, we use a 
right parenthesis “ ) ” at 4. 


=f =6.=5: =4° $3201. 0) vb 2S: 4 


We can write the solution set for x < 4 using set-builder notation: 
{x| x < 4}. This is read “The set of all x such that x is less than 4.” e 


Another way to write solutions of an inequality in one variable is to use 
interval notation. Interval notation uses parentheses () and brackets [ ]. 

If a and b are real numbers such that a < b, we define the interval 
(a, b) as the set of all numbers between but not including a and b—that is, 
the set of all x for which a < x < b. Thus, 


(a,b) = {xla< x < b}. oe ee 


a b 
The points a and b are the endpoints of the interval. The parentheses indi- 
cate that the endpoints are not included in the graph. 
The interval [a,b] is defined as the set of all numbers x for which 
a=x = b.Thus, 
[a,b] = {x|a = x = }. ; (a, b| 


a b 


The brackets indicate that the endpoints are included in the graph.* 
The following intervals include one endpoint and exclude the other: 


(a,b] = {x|a <x <b}. The graph excludes a and includes b. 


(a, b| 
— 


a b 
[a,b) = {x|a <x <b}. The graph includes a and excludes b. 


[a, b) 


*Some books use the representations —>———_ and ++ instead of, respectively, 
+ and —— a a 4 a ob 
a a 


Determine whether the given 
number is a solution of the 
inequality. 

lL. 3 = x =< 238 


25-34 oh 2 He 2 


3. 3K 2S 4 = 335 


anew eee eeeeeees Caution! sean e eee eeneees 


Do not confuse the interval 

(a, b) with the ordered pair 

(a, b), which denotes a point 

in the plane, as we will see in 
Chapter 2. The context in which 
the notation appears usually 
makes the meaning clear. 


Answers 
1. Yes 2. No 3;. Yes 
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Some intervals extend without bound in one or both directions. We 
use the symbols ~, read “infinity,” and —~, read “negative infinity,” to 
name these intervals. The notation (a, ©) represents the set of all numbers 
greater than a—thatis, 

(a, ©) = {x|x > a}. a. 
a 
Similarly, the notation (—~, a) represents the set of all numbers less than 
a—thatis, 
(-%, a) 


(=, a) = {x]x <a}. a 


a 


The notations [a, ©) and (—~,a] are used when we want to include 
the endpoint a. The interval (—, ») names the set of all real numbers. 


(—2, %) = {x| xis a real number} 
$< 


Interval notation is summarized in the following table. 


Intervals: Notation and Graphs 


INTERVAL SET 
NOTATION NOTATION GRAPH 
(a, b) {xla << x < b} —————y 
a b 
(a,b) | {xla<x=b} oe 
a b 
[a, b) {x|a = x < b} SS 
a b 
(ab] | {xla<x =} ——— 
a b 
(a, ©) fale > at $$ —$— > 
a 
[a, ©) {x|x = a} ———— 
a 
(—~, b) {x|x < b} ———el 
b 
(—~, b] {tle By <—<_—_————_} _ 
b 
(—%, 2%) {x|xisarealnumber} | <————_______-»> 
__) 
alarsapsidearalspala Vareiacate as wee Srdsisatei ed Sea eee NSE SE Caution! Sra ahelecsresbia pues wisiaawhethce aie seid dha evetn aiedleim svete eisjeare 


Whenever the symbol ~ is included in interval notation, a right parenthesis “ ) ” 
is used. Similarly, when — ~ is included, a left parenthesis “ ( ” is used. 


EXAMPLES Write interval notation for the given set or graph. 

5. {x |—4 < x < 5} = (-4,5) 

6. {x| x= —2} = [=2, 6) 

7 {x|7>x2=1} = {x|1=x< 7} =[1,7) @ 


Solving Linear Equations and Inequalities 


EXAMPLES Write interval notation for the given graph. 
8. 


-6-5-4-3-2-1 012 3 4 5 6 
(-2, 4] 


9. t+ 44 
-6-5-4-3-2-1 0123 45 6 


(-~, =} 


Do Exercises 4-8. D> 


fa SOLVING INEQUALITIES 


Two inequalities are equivalent if they have the same solution set. For 
example, the inequalities x > 4 and 4 < x are equivalent. Just as the 
addition principle for equations gives us equivalent equations, the addi- 
tion principle for inequalities gives us equivalent inequalities. 


THE ADDITION PRINCIPLE FOR INEQUALITIES 


For any real numbers a, b, and c: 


a<b_ isequivalentto a+c<b+c; 
a>b isequivalentto a+c>b+tce. 


Similar statements hold for = and =. 


Since subtracting cis the same as adding —c, there is no need for a sep- 
arate subtraction principle. 


EXAMPLE 10 Solveand graph: x + 5 > 1. 
We have 


x+5>1 
eb Se 1 =e Using the addition principle: 
adding —5 or subtracting 5 

x > —-4, 

We used the addition principle to show that the inequalities x + 5 > land 
x > —4 are equivalent. The solution set is {x | x > —4} and consists of an 
infinite number of solutions. We cannot possibly check them all. Instead, 
we can perform a partial check by substituting one member of the solution 
set (here we use —1 ) into the original inequality: 


xt 5 > 
—— 
= + 5.2: I 


4 TRUE 


Since 4 > listrue, we havea partial check. The solution setis {x | x > —4}, 
or (—4, ~). The graph is as follows: 


(-4, 00) 


Do Exercises 9 and 10. > 


Write interval notation for the 
given set or graph. 


4.4x|—4 = x < 5} 
5. {x| x < —2} 
6. {x|622> 2} 


its 


tt} 


T T T 
—40 -30 -20 -10 0 10 20 30 40 
8. 


—40 -30 -20 -10 0O 10 20 30 40 


Solve and graph. 
9x+6>9 


<4  t tt 
=§=4.53 —=2-1 0 2 2.3 45 


10.x+4<7 
-2 


T T T 
-5 -4 -3 


Answers 
4. [-4,5) 5. (—»,-2] 6. (2,6] 
7. [10,%) 8 [—30,30] 
9. {x| x > 3},or(3, %); 
a ee 
0 3 
10. {x| x < 3}, or(—~,3]; 


HH H+ 
0 3 
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11. Solve and graph: 


23e = 3 2 ore — Il, 


(ag — 3) 22 shy — Il 
De — 3} — one — Ih = Pay 
=> al 
=8 ar Be es Na lh 
= 35, Ol 
= =2Q 
The solution set is 
{|= — 2) 0b , li 
SI a a ae 


Answer 


1. {x|x <= —2}, or (—~, —2]; 
saa EL SS SO SS 


=2 


0 


Guided Solution: 
Ws. 25-3; %,.1;= 2, —2 
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EXAMPLE 11 Solve and graph: 4x — 1 = 5x — 2. 


We have 
4x -125x- 2 
AX Loe 2 = 5X 2 a 2 Adding 2 
4x +1 = 5x Simplifying 
4x + 1— 4x = 5x — 4x Subtracting 4x 
l1=x. Simplifying 


The inequalities 1 = x and x = 1 have the same meaning and the same 
solutions. The solution set is {x | 1 = x} or, more commonly, {x| x < 1}. 
Using interval notation, we write that the solution set is (—~, 1]. The graph 
is as follows: 


(=, 1] 


=7 —6 —5 —4 =3:-2;-1 0 I 2 3. 4 5 6 F 
< Do Exercise 11. 


The multiplication principle for inequalities differs from the multipli- 
cation principle for equations. Consider the true inequality 
-4<9, 
If we multiply both numbers by 2, we get another true inequality: 
—4(2) < 9(2), or -8< 18. True 
If we multiply both numbers by —3, we get a false inequality: 
—4(-3) < 9(-3), or 12 < —27, False 


However, if we now reverse the inequality symbol above, we get a true 
inequality: 


12 =27; True 


THE MULTIPLICATION PRINCIPLE FOR INEQUALITIES 


For any real numbers a and b, and any positive number c: 


a<b_ isequivalentto ac < bc; 
a>b _ isequivalentto ac > bce. 


For any real numbers a and b, and any negative number c: 


a<b_ isequivalentto ac > bc; 
a> b _ isequivalentto ac < bce. 


Similar statements hold for = and =. 


Since division by cis the same as multiplication by 1/c, there is no need 
for a separate division principle. 


The multiplication principle tells us that when we multiply or divide 
on both sides of an inequality by a negative number, we must reverse 
the inequality symbol to obtain an equivalent inequality. 
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EXAMPLE 12 Solveand graph: 3y < }. 


We have 
ay< 2 
y 4 
4. By < 1 3 Multiplying by 3. Since 5 > 0, 
3 3 4 the symbol stays the same. 
I 
y< z Simplifying 


Any number less than } is a solution. The solution set is {yly < i}, or 
( —o, i) . The graph is as follows: 


EXAMPLE 13 Solve and graph: —5x = —80. 


We have 
=5x =. =80 
75x ¥ —80 Dividing by —5. Since —5 < 0, the 
-5 inequality symbol must be reversed. 
x = 16 


The solution set is {x|x = 16}, or (—~, 16]. The graph is as follows: 


(-%, 16] 


6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 


Do Exercises 12-14. > 


We use the addition and multiplication principles together in solving 
inequalities in much the same way as in solving equations. 


EXAMPLE 14 Solve: 16 — 7y = l0y — 4. 
We have 


16 — 7y = 1l0y—4 


—16 + 16 — 7y = —-16 + l0y — 4 Adding —16 
—Ty = 10y — 20 Collecting like terms 
—l0y + (—7y) = -10y + l0y— 20 Adding —10y 
—17y = —20 Collecting like terms 
lly ¥ —20 = Dividing by — 17. The symbol 
-17  -17 must be reversed. 
_ 20 Simplifvi 
Lea implifying 
The solution set is { y|y = 7, } or (—~, 7]. 


We can avoid multiplying or dividing by a negative number by using 
the addition principle in a different way. Let’s rework Example 14 by 
adding 7y instead of —10y. 


Solve and graph. 


12, sy <2 
IV = 9 
<—++++44 


-5 -4 -3 -2 -1 


13. —2y > 10 
<++-+14 


-5 -4 -3 -2 -1 


1 
14. —-x = —-4 
3 


T T T T 
-40 -30 -20 -10 


Answers 


12. {yly < <},or( 
10 


10 


<—ee HH 
0 


13. {y | y < —5}, or 
HG 


Loa 


—%, 


=5 0 


14. {x |x = 12}, or[12, ~) 
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16 —- 7y = 10y —4 
16 — 7y + 7y = 10y — 4+ 7y 


Adding 7y. This makes the 
coefficient of the y-term positive. 


162 17y—4 Collecting like terms 
16+42=17y-4+4  Adding4 

20 = 17y Collecting like terms 

20 ¥ lvy Dividing by 17. The symbol stays 

1? 17 the same. 

a =y,orys au 

17 17 


EXAMPLE 15 Solve: —3(x + 8) — 5x > 4x — 9. 


Solve. 
a ~3(x + 8) — 5x > 4x -9 
15.6 — 5y=7 res —3x — 24 -— 5x > 4x -— 9 Using a selaneiiiia law 
p= oe = 2H —24 — 8x > 4x — 9 Collecting like terms 
=> il —24 — 8x + 8x > 4x —-9 + 8x Adding 8x 
=&y) 1 —24 > 12x -— 9 Collecting like terms 
=) =24 9 > 12x —:9 + 9 Adding 9 
ak —15 > 12x 
5 
The solution etic Dividing by 12. The symbol stays the same. 
1 1 =15 12x 
= -— == — > — 
(yy 7 spror( é =| 2 12 


16. 3x + 5x < 4 
: * The solution set is {x | —3 > ae or {x|x < —$}, or (-%, —5), 


17.17 -5(y-2) <= 


45y + 8(2y — 3) — 39y < Do Exercises 15-17. 


| APPLICATIONS AND PROBLEM SOLVING 


Many problem-solving and applied situations translate to inequalities. 


IMPORTANT 
WORDS SAMPLE SENTENCE TRANSLATION 


is at least Max is at least 5 years old. m=5 
is at most At most 6 people could fit in 

the elevator. n=6 
cannotexceed | Total weight in the elevator 

cannot exceed 2000 pounds. w = 2000 
must exceed The speed must exceed 15mph. | s > 15 


is between Heather’s income is between 
A $23,000 and $35,000. 23,000 < h < 35,000 
nswers 
: i no more than Bing weighs no more than 
15. {oly = -2}, or (-«, -;| 90 pounds. w = 90 
ie {lx at \ ee (- x) no less than Saul would accept no less than 
2s’ $4000 for the piano. t = 4000 


‘2 
17 | os is 
* WY= 5 , Or 9’ 


Guided Solution: 
15. 6, —5y, S, —5,y, —% 
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The following phrases deserve special attention. 


TRANSLATING “AT LEAST” AND “AT MOST” 


A quantity xis at least some amount q: x = q. 


(If x is at least q, it cannot be less than q.) 


A quantity x is at most some amount q: x = q. 
(If x is at most q, it cannot be more than q.) 


Do Exercises 18-24. D> 


EXAMPLE 16 Physical Therapists. Asa result of the aging population 
staying active longer than previous generations, the employment demand 
for physical therapists is expected to increase 39% from 2010 to 2020. The 
equation 


P = 7745t + 198,600 


can be used to estimate the number of licensed physical therapists in the 
work force, where ¢ is the number of years since 2010. Determine the years 
for which the number of physical therapists will be more than 252,000. 


Source: Data from U.S. Department of Labor 
1. Familiarize. We already have an equation. To become more 
familiar with it, we might make a substitution for t. Suppose 


that we want to know the number of physical therapists 8 years 
after 2010, or in 2018. We substitute 8 for t: 


P = 7745(8) + 198,600 = 260,560. 


We see that in 2018, the number of physical therapists will be 
more than 252,000. To find all the years in which the number 
of physical therapists exceeds 252,000, we could make other 
guesses less than 8, but it is more efficient to proceed to the 
next step. 


2. Translate. The number of physical therapists is to be more 
than 252,000. Thus we have 


P > 252,000. 
We replace P with 7745t + 198,600: 
7745t + 198,600 > 252,000. 
3. Solve. We solve the inequality: 


7745t + 198,600 > 252,000 
7745t > 53,400 Subtracting 198,600 
t> 6.89. Dividing by 7745 and rounding 
4. Check. Asa partial check, we can substitute a value for ¢ that is 


greater than 6.89. We did that in the Familiarize step and found that 
the number of physical therapists was more than 252,000. 


5. State. The number of physical therapists will be more than 252,000 
for years more than 6.89 years after 2010, so we have {t|t > 6.89}. 


Do Exercise 25. > 


Translate. 


18. Russell will pay at most $250 
for that plane ticket. 


19. Emma scored at least an 88 on 
her Spanish test. 


20. The time of the test was 
between 50 min and 60 min. 


21. The University of Southern 
Indiana is more than 25 mi 
away. 


22. Sarah’s weight is less than 110 lb. 


23. That number is greater than —8. 


24. The costs of production of 
that bar-code scanner cannot 
exceed $135,000. 


25. Physical Therapists. Refer 
to Example 16. Determine, 
in terms of an inequality, the 
years for which the number 
of physical therapists is more 
than 254,200. 


Answers 


18. f= 250 19.s= 88 20. 50<t< 60 
21.d>25 22.w<110 23. n> —-8 

24. c = 135,000 25. More than 7.18 years after 
2010, or {t|t > 7.18} 
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26. Salary Plans. 
be paid in one of two ways: 


Plan A: $500 plus $4 per hour; 


Plan B: Straight $9 per hour. 


A painter can 


Suppose that the job takes n 
hours. For what values of nis 
plan A better for the painter? 


Answer 


26. For {n|n < 100}, plan A is better. 
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EXAMPLE 17 Salary Plans. Onher new job, Rose can be paid in one of 
two ways: Plan A is a salary of $600 per month, plus a commission of 4% of 
sales; and Plan B is a salary of $800 per month, plus a commission of 6% 
of sales in excess of $10,000. For what amount of monthly sales is plan A 
better than plan B, if we assume that sales are always more than $10,000? 


1. Familiarize. Listing the given information in a table will be helpful. 


PLAN A: MONTHLY INCOME PLAN B: MONTHLY INCOME 


$600 salary $800 salary 
4% of sales 6% of sales over $10,000 
Total: $600 + 4% of sales Total: $800 + 6% of sales over $10,000 


Next, suppose that Rose had sales of $12,000 in one month. Which plan 
would be better? Under plan A, she would earn $600 plus 4% of $12,000, or 


600 + 0.04(12,000) = $1080. 


Since with plan B commissions are paid only on sales in excess of 
$10,000, Rose would earn $800 plus 6% of ($12,000 — $10,000), or 


800 + 0.06(12,000 — 10,000) = 800 + 0.06(2000) = $920. 


This shows that for monthly sales of $12,000, plan A is better. Similar 
calculations will show that for sales of $30,000 per month, plan B is 
better. To determine all values for which plan A pays more money, we 
must solve an inequality that is based on the calculations above. 

2. Translate. We let S = the amount of monthly sales. If we examine 
the calculations in the Familiarize step, we see that the monthly income 
from plan A is 600 + 0.04S and from plan B is 800 + 0.06(S — 10,000). 
Thus we want to find all values of S for which 


Income from __ is greater Income from 
plan A than plan B 
600 + 0.04S > 800 + 0.06(S — 10,000). 


3. Solve. We solve the inequality: 


600 + 0.04S > 800 + 0.06(S — 10,000) 
600 + 0.04S > 800 + 0.06S — 600 Using the distributive law 


600 + 0.04S > 200 + 0.06S Collecting like terms 
400 > 0.02S Subtracting 200 and 0.04S 
20,000 > S,or S < 20,000. Dividing by 0.02 


4. Check. For S = 20,000, the income from plan A is 
600 + 4% - 20,000, or $1400. This contensthiat ier 


The income from plan B is sales of $20,000, 
Rose’s pay is the same 
800 + 6% - (20,000 am 10,000), or $1400. | under either plan. 
In the Familiarize step, we saw that for sales of $12,000, plan A pays 
more. Since 12,000 < 20,000, this is a partial check. Since we cannot 
check all possible values of S, we will stop here. 


5. State. For monthly sales of less than $20,000, plan A is better. 


< Do Exercise 26. 


Solving Linear Equations and Inequalities 


. Consecutive Integers. The 
sum of two consecutive even 
integers is 102. Find the inte- 
gers. 


. Salary Increase. After 
Susanna earned a 5% raise, 
her new salary was $25,750. 
What was her former 
salary? 


. Dimensions of a Rectangle. 
The length of a rectangle is 
6 in. more than the width. 
The perimeter of the rectan- 
gle is 102 in. Find the length 
and the width. 


. Population. The population 
of Doddville is decreasing 

at a rate of 5% per year. The 
current population is 25,750. 
What was the population the 
previous year? 


. Reading Assignment. Quinn 
has 6 days to complete a 
150-page reading assignment. 
How many pages must he 
read the first day so that he 
has no more than 102 pages 
left to read on the 5 remain- 
ing days? 


Translating 
for Success 


The goal of these matching questions 
is to practice step (2), Translate, of 
the five-step problem-solving process. 
Translate each word problem to an 


equation or an inequality and select a 


correct translation from A-O. 
A. 0.05(25,750) = x 


B. x + 2x = 102 
(C, Bear Ase sp @) = iow 
b 10 = x = 102 
5 36 —= Ohare == 215), 7/ai0) 
L sec (se sr 2) = 102 
» dear (ae sr B) S 102 
o dear Bay = IO) 
x + 0.05x = 25,750 
sesh (Qe + ©) = 102 
o Sear (esr 1) = 102 
6 MOP se 36S Ike 
. 0.05x = 25,750 
o OL sp Bae S EO) 
@) sear (ge 3° ©) = 0p 


Answers on page A-2 


6. Numerical Relationship. 


One number is 6 more than 
twice another. The sum of 
the numbers is 102. Find the 
numbers. 


. DVD Collections. Together 


Ella and Ken have 102 DVDs. 
If Ken has 6 more DVDs than 
Ella, how many does each 
have? 


. Sales Commissions. Will 


earns a commission of 5% on 
his sales. One year he earned 
commissions totaling $25,750. 
What were his total sales for 
the year? 


. Fencing. Jess has 102 ft of 


fencing that he plans to use 
to enclose two dog runs. 
The perimeter of one run is 
to be twice the perimeter of 
the other. Into what lengths 
should the fencing be cut? 


. Quiz Scores. Lupe hasa 


total of 102 points on the first 
6 quizzes in her sociology 
class. How many total points 
must she earn on the 

5 remaining quizzes in order 
to have more than 150 points 
for the semester? 


For Extra Help 


[vf Reading Check 


For each solution set expressed in set-builder notation, select from the column on the right 
the equivalent interval notation. 


RCL. {x|a =x < b} 

RC2. {x|x < b} 

RC3. {x|xis areal number} 
RC4. {x|a < x < b} 

RC5. {x|a =x <= b} 


RC6. {x|x = a} 


MyMathLab” 


MathxL Lj 


PRACTICE 


WATCH 


READ 


REVIEW 


a) (a,b) 


b) 


d) 


c) (—0,c0) 
[a, ©) 


e) (=o, b] 


a, b) 


f) (a, b| 


g) [ 


a, b| 


i) (a ~) 


a | Determine whether the given numbers are solutions of the inequality. 


1 x—-—2=26; —4,0,4,8 


3. t— 8 > 2t — 3; 0,-8,-9, -3,-% 


[2] Write interval notation for the given set or graph. 


5. {x|x <5} 6. {t|t = —5} 


° 


{t|-10 < t= 10} 


11. 
-6-5-4-3-2-1 012 3 4 5 6 
-V2 
13. <——_{——— +> 
=2 = 0 1 2 


C | Solve and graph. 


15.x+2>1 16.x+8>4 


9; {x|—4 > 24> =8} 


5s 


10; —5, 


12. 


7<8 


y; 2,-3,0, 3,3 


10, 0, 27 


7 {x|-3 =x < 3} 


10. {x|13 > x =5} 


—40 -30 -20 -10 0 


120 = cHapTER1 Solving Linear Equations and Inequalities 


10 


20 
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20.a+65 —-14 


19.:4— 9°= =31 


18. y+ 4< 10 


10 20 30 40 


0 


—40 -—30 —20 -10 


10 20 30 40 


0 


—40 -—30 —20 -—10 


-6-5-4-3-2-1 012 3 4 5 6 


22,x-8<17 23, y—8> 14 


21.¢+ 1329 


40 


T 
30 


T 
10 20 


T 
0 


—40 -30 —20 -10 


T 
=6=5:—4—=3:'-2e1) (0-1) 2.3). 4 i 6. 


y-18=-4 


26. 


25. x-l1=-2 


24,y-9>-18 


—40 -—30 —20 -10 


12 


12 


28. 8t < —56 29. 0.3x < —18 


27. 8x = 24 


> 


—80 -—60 —40 —20 


< 


20 40 60 80 


0 


12 


=6.=5:=4=3'=2'-1 0 1 233. 4-5 6 


32. 3x > -3 


30. 0.6x < 30 


—80 -60 —40 —20 


20 40 60 80 


0 


Solve. 


=5y = 3.5 


34. 


—9x = -8.1 


33. 


—9x + 3x = —24 


40. 


38. 5y + 13 > 28 39. 5y + 2y < -21 


37. 2x + 7< 19 
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41. 2y-—7< 5y—-9 42. 8x —9< 3x —- 11 43. 0.4x +55 1.2x — 4 


44, 0.2y + 1 > 2.4y — 10 45. 5x -psat4x 46. 2x — 3 < Bx + 10 — 1.25x 
47. 4(4y — 3) = 9(2y + 7) 48. 2m + 5 = 16(m — 4) 

49. 3(2 — 5x) + 2x < 2(4 + 2x) 50. 2(0.5 — 3y) + y > (4y — 0.2)8 

51. 5[3m — (m+ 4)] > —2(m — 4) 52. [8x — 3(3x + 2)] —5 = 3(x + 4) — 2x 

53. 3(r— 6) +2 > 4(r+ 2) - 21 54, 5(t + 3) +9 < 3(t- 2) +6 

55. 19 — (2x + 3) S$ 2(x+ 3) +x 56. 13 — (2c + 2) = 2(c + 2) + 3c 

57. 7(8y + 4) — 17 < —3(4y — 8) 58. 3(6x + 24) — 20 > —4(12x — 72) 

59. 2[4 — 2(3 — x)] — 1 = 4[2(4x — 3) + 7] — 25 60. 5[3(7— t) — 4(8 + 2t)] — 20 = — 6[2(6 + 34) — 4] 
61. 4(7x — 6) < 40 62. 3(4x — 3) > 30 
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63. #(3 + 2x) +1213 


65. 3(3x — 3) —3<} 


67. 0.7(3x + 6) = 11 — (x + 2) 


69. a+ (a— 3) = (a+ 2) — (a+ 1) 


Ea Solve. 


Body Mass Index. Body mass index I can be used to de- 
termine whether an individual has a healthy weight for 
his or her height. An index in the range 18.5-24.9 indicates 
a normal weight. Body mass index is given by the formula, 
or model, 

_ 703W 

P 

where Wis weight, in pounds, and H is height, in inches. 
Use this formula for Exercises 71 and 72. 


I 


Source: Data from Centers for Disease Control and Prevention 


71. Body Mass Index. Alexandra’s height is 62 in. 
Determine, in terms of an inequality, those weights 
W that will keep her body mass index below 25. 


73. Grades. David is taking an economics course in 
which there will be 4 tests, each worth 100 points. 
He has scores of 89, 92, and 95 on the first three 
tests. He must make a total of at least 360 in order to 
get an A. What scores on the last test will give David 
an A? 


64. 


66. 


68. 


70. 


72. 


74. 
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4/5 — 4x) — 17 = 38 


0.9(2x + 8) < 20 — (x + 5) 


0.8 — 4(b — 1) > 0.2 + 3(4 — b) 


Body Mass Index. 
Determine, in terms of an inequality, those weights 
W that will keep his body mass index below 25. 


Josiah’s height is 77 in. 


Grades. Elizabeth is taking a mathematics course 
in which there will be 5 tests, each worth 100 points. 
She has scores of 94, 90, and 89 on the first three 
tests. She must make a total of at least 450 in order 
to get an A. What scores on the fourth test will keep 
Elizabeth eligible for an A? 
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75. 


77. 


79. 


81. 


83. 
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Insurance Claims. After a serious automobile 
accident, most insurance companies will replace the 
damaged car with a new one if repair costs exceed 
80% of the N.A.D.A., or “blue-book,” value of the 

car. Miguel’s car recently sustained $9200 worth of 
damage but was not replaced. What was the blue- 
book value of his car? 


Salary Plans. Imanican be paid in one of two 

ways: 

Plan A: Asalary of $400 per month plus a 
commission of 8% of gross sales; 

Plan B: Asalary of $610 per month, plus a 


commission of 5% of gross sales. 


For what amount of gross sales should Imani select 
plan A? 


Prescription Coverage. Low Med offers two 
prescription-drug insurance plans. With plan 1, 
James would pay the first $150 of his prescription 
costs and 30% of all costs after that. With plan 2, 
James would pay the first $280 of costs, but only 10% 
of the rest. For what amount of prescription costs 
will plan 2 save James money? (Assume that his 
prescription costs exceed $280.) 


Wedding Costs. The Arnold Inn offers two plans 
for wedding parties. Under plan A, the inn charges 
$30 for each person in attendance. Under plan B, the 
inn charges $1300 plus $20 for each person in excess 
of the first 25 who attend. For what size parties will 
plan B cost less? (Assume that more than 25 guests 
will attend.) 


Renting Office Space. Aninvestment group is 
renovating a commercial building and will rent 
offices to small businesses. The formula 

R = 2(s + 70) 
can be used to determine the monthly rent for an 
office with s square feet. All utilities are included in 
the monthly payment. For what square footage will 
the rent be less than $2100? 


‘COMAAES 
CAL REAL 
Strict 


Office Suites 
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78. 


80. 


82. 
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Delivery Service. Jay’s Express prices cross-town 
deliveries at $15 for the first 10 miles plus $1.25 for 
each additional mile. PDQ, Inc., prices its cross- 
town deliveries at $25 for the first 10 miles plus $0.75 
for each additional mile. For what number of miles is 
PDQ less expensive? 


Salary Plans. Aiden can be paid for his masonry 
work in one of two ways: 


Plan A: $300 plus $9.00 per hour; 
Plan B: Straight $12.50 per hour. 


Suppose that the job takes n hours. For what values 
of nis plan B better for Aiden? 


Insurance Benefits. Bayside Insurance offers two 
plans. Under plan A, Giselle would pay the first 
$50 of her medical bills and 20% of all bills after 
that. Under plan B, Giselle would pay the first $250 
of bills, but only 10% of the rest. For what amount 
of medical bills will plan B save Giselle money? 
(Assume that her bills will exceed $250.) 


Investing. Matthewis about to invest $20,000, part 
at 3% and the rest at 4%. What is the most that he can 
invest at 3% and still be guaranteed at least $650 in 
interest per year? 


Temperatures of Solids. The formula 


C = 3(F — 32) 


can be used to convert Fahrenheit temperatures F to 
Celsius temperatures C. 


a) Gold is a solid at Celsius temperatures less than 
1063°C. Find the Fahrenheit temperatures for 
which gold is a solid. 

b) Silver is a solid at Celsius temperatures less than 
960.8°C. Find the Fahrenheit temperatures for 
which silver is a solid. 


Copyright © 2015 Pearson Education, Inc. 


85. Tuition and Fees at Two-Year Colleges. 
C = 82t + 1923 
can be used to estimate the average cost of tuition 
and fees at two-year public institutions of higher 
education, where f is the number of years since 2005. 


Source: Data from National Center for Education Statistics, 
U.S. Department of Education 


a) What was the average cost of tuition and fees in 


2010? in 2014? 


b) For what years will the cost of tuition and fees be 


more than $3000? 


The Training Group 


Skill Maintenance 
Simplify. [R.6b] 
87. 3a — 6(2a — 5b) 


Factor. [R.5d] 
91. 30x — 70y — 40 


Add or subtract. 
95. —2.3 — 8.9 


[R.2a, c] 


Synthesis 


99. Supply and Demand. 


The equation 86. Dewpoint Spread. Pilots use the dewpoint spread, 
or the difference between the current temperature 
and the dewpoint (the temperature at which dew 
occurs), to estimate the height of the cloud cover. 
Each 3° of dewpoint spread corresponds to an 
increased height of cloud cover of 1000 ft. A plane, 
flying with limited instruments, must have a cloud 
cover higher than 3500 ft. What dewpoint spreads 
will allow the plane to fly? 


a 


Decrease of 3° 
per 1000 ft 


88. 2(x — y) + 10(3x — 7y) 89. 4(a — 2b) — 6(2a — 5b) 90. —3(2a — 3b) + 8b 


92. —12a + 30ab 93. —8x + 24y —4 94. 10n — 45mn + 100m 


96. —2.3 + 8.9 97, —2.3 + (-8.9) 98. —2.3 — (-8.9) 


The supply S and demand D for a certain product are given by 


S = 460 + 94p and D = 2000 — 60p. 


a) Find those values of p for which supply exceeds demand. 
b) Find those values of p for which supply is less than demand. 


Determine whether each statement is true or false. If false, give a counterexample. 


100. For any real numbers x andy, ifx < y, then 


x< y?, 


101. For any real numbers a, b,c, and d,ifa < band 
c<dthena+c<b¢d. 


102. Determine whether the inequalities 
x<3 and 0-:x<0°:3 
are equivalent. Give reasons to support your answer. 


Solve. 
103. x+555+%x 


104.x+8<3+x 105. x7 +1>0 
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SECTION 1.4 Sets, Inequalities, and Interval Notation 


Intersections, Unions, and 


Compound Inequalities 


OBJECTIVES 


B Find the intersection of 
two sets. Solve and graph 
conjunctions of inequalities. 


Db Find the union of two 
sets. Solve and graph 
disjunctions of inequalities. 


Solve applied problems 
involving conjunctions and 
disjunctions of inequalities. 


Cholesterol is a substance that is found in every cell of the human body. 
High levels of cholesterol can cause fatty deposits in the blood vessels that 
increase the risk of heart attack or stroke. A blood test can be used to mea- 
sure total cholesterol. The following table shows the health risks associated 
with various cholesterol levels. 


TOTAL RISK 
CHOLESTEROL LEVEL 


Less than 200 Normal 
From 200 to 239 Borderline high 
240 or higher High 


A total-cholesterol level T from 200 to 239 is considered border-line 
high. We can express this by the sentence 


200 = T and T= 239 
or more simply by 
200 = T = 239. 


This is an example of a compound inequality. Compound inequalities 
consist of two or more inequalities joined by the word and or the word or. 
We now “solve” such sentences—that is, we find the set of all solutions. 


INTERSECTIONS OF SETS AND 
CONJUNCTIONS OF INEQUALITIES 


INTERSECTION 


The intersection of two sets A and B is the set of all members that are 
common to A and B. We denote the intersection of sets A and Bas 


ANB. 


The intersection of two sets is often illustrated as shown below. 


© 


ANB 
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EXAMPLE 1 Findthe intersection: {1, 2,3, 4,5} M {—2, —-1,0, 1, 2, 3}. 


The numbers 1, 2, and 3 are common to the two sets, so the intersec- 


tion is {1, 2, 3}. 


Do Exercises 1 and 2. > 


CONJUNCTION 


When two or more sentences are joined by the word and to make a 
compound sentence, the new sentence is called a conjunction of the 
sentences. 


The following is a conjunction of inequalities: 
—2<x and x<1. 


A number is a solution of a conjunction if it is a solution of both inequali- 
ties. For example, 0 is a solution of —-2 < x and x < 1 because —2 < 0 
and 0 < 1. Shown below is the graph of —2 < x, followed by the graph of 
x < 1, and then by the graph of the conjunction —2 < x andx < 1. As the 
graphs demonstrate, the solution set of a conjunction is the intersection of 
the solution sets of the individual inequalities. 


{x| —2 <x} t—}—} |} fore aenenfenfetesp-- (— 2, 00) 


-7 -6 -5 -4 -3 -2 -1 0 12 3 4 5 6 7 


{x| x < 1} at} Ht (—, 1) 
-7-6-5 -4-3-2-1 012 3 45 67 


{x| -2< a} N{x| x <1} p++}: (-2, 1) 
= {x| -2<xandx< 1} -7-6 -5 -4-3-2-1 0 12 3 4 5 67 


Because there are numbers that are both greater than —2 and less than 1, 
the conjunction —2 < x and x < 1 can be abbreviated by —-2 <x <1. 
Thus the interval (—2, 1) can be represented as {x|—2 < x < 1}, the set of 
all numbers that are simultaneously greater than —2 and less than 1. Note 
that, in general, fora < b, 

a<x and x<b canbeabbreviated a <x < b; 


and b>x and x>a canbeabbreviated b>x> a. 


anne teen eee e ene e een e ene nen nee seeneneeees Caution! ence een e cece eee ne ene ne eeneeneseeaneeeens 


“a > xandx < b” cannot be abbreviated as “a > x < b”. 


1. Find the intersection: 
{0,3, 5,7} {0, 1,3, 11}. 


2. Shade the intersection of sets A 
and B. 


Answers 
1. {0,3} 


7 
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“AND”; “INTERSECTION” 


The word “and” corresponds to “intersection” and to the symbol “NM”. 
3. Graph and write interval In order for a number to be a solution of a conjunction, it must make 


notation: 
—1<xandx < 4. 


each part of the conjunction true. 


-5 -4-3-2-1 0123 4 5 <« Do Exercise 3. 


EXAMPLE 2 Solveand graph: —1 = 2x + 5 < 13. 
This inequality is an abbreviation for the conjunction 


—-1=2x+5 and 2x+5< 13. 


The word and corresponds to set intersection, (. To solve the conjunction, 
we solve each of the two inequalities separately and then find the intersec- 
tion of the solution sets: 


-1=2x+5 and 2x+5< 13 


IA 


—6 
—3 


2x 
Pe 


IA 


and 2x < 


8 Subtracting 5 


and x<A4, Dividing by 2 


We now abbreviate the result: 


-353x<4. 


The solution set is {x |—3 < x < 4}, or, in interval notation, [—3, 4). The 
graph is the intersection of the two separate solution sets. 


{x| -3 = x} [-3, %) 
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 
{x| x < 4} (—~, 4) 
-7 -6 -5 -4-3 -2 -1 0 1 23 4 5 6 7 
{x| -3 <x} NM {x| x < 4} [-3, 4) 
= {x| -3<x< 4} -7 -6 -5 -4-3-2-1 012 3 4 5 6 7 
The steps above are generally combined as follows: 
-1S$2x+5< 13 2x + 5 appears in both inequalities. 
—-6 = 2x< 8 Subtracting 5 
4. Solve and graph: “3 Sx<4, Dividing by 2 
—22 < 3x — 7 = 23. Such an approach saves some writing and will prove useful in Section 9.3. 
<I E 
-12 -8 -4 O 4 86 WB < Do Exercise 4. 
EXAMPLE 3 Solveand graph: 2x — 5 = —3and5x + 2 = 17. 
We first solve each inequality separately: 
2x- 52-3 and 5x+2217 
2x = 2 and 5x 2 15 
= 1 and X= 3: 
Answers 
Be <4; (-1,4) 
=1. 10: 4 
4. {x|-5 <x < 10}, or(—5, 10]; 
—5 10 
Hi 
0 4 
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Next, we find the intersection of the two separate solution sets: 


{x|x= 1} = 


et sCi[l&) 
I 2345 67 


-7 -6 -5 -4 -3 -2 - 0 


{x| x = 3} - 


fF++——+—> (3, ) 
3.4 5 6 7 


=7 —6 —5 =—4.=-9 =2:-1 0: 1. 2 


{x| x= 1M {x|x = 3} = 
= {x|x = 3} 


eS s—(3, ~) 
3.4 5 6 7 


=f $6. = =4 $3.2) = 0 1 2 


The numbers common to both sets are those that are greater than or equal 
to 3. Thus the solution set is {x|x = 3}, or, in interval notation, [3, ©). You 
should check that any number in [3, ©) satisfies the conjunction whereas 
numbers outside [3, ~) do not. 


Do Exercise 5. D 


EMPTY SET; DISJOINT SETS 


Sometimes two sets have no elements in common. In such a case, we 
say that the intersection of the two sets is the empty set, denoted { } 
or ©. Two sets with an empty intersection are said to be disjoint. 


ANB=6 


EXAMPLE 4 Solveand graph: 2x — 3 > land3x- 1 < 2. 
We solve each inequality separately: 


2x-3>1 and 3x-1<2 


2x >4 and 3x <3 
x>2 and x <1. 
The solution set is the intersection of the solution sets of the individual 
inequalities. 
{x| x > 2} {f+} —} —}—- |} 4} ,Jfemnpnnfennfonmntes> (2, 20) 
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 
{x|x< 1 St HSH} (—~, 1) 
=7 =—6 —5 =4:=3.-2,-1 0 1 2 3 4 5 © 7 
{x| x > 2} {x| x < 1} —_____________+_ a) 


= {x|x >2andx< 1} 


Since no number is both greater than 2 and less than 1, the solution set is 


the empty set, @. 


Do Exercise 6. D> 


5. Solve and graph: 
3x + 4 < 10and2x —7< —13. 


T T T T T T T T T T 
-5 -4-3 -2 -1 0 1 2 3 4 5 


6. Solve and graph: 
3x — 7S —-13and4x + 3> 8. 


Answers 
5. {x|x < —3}; 6. SD 
<  H 


=3 0 
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> Soi =—4 = 8 — Be = 4 
4 ss (} = 29 ss 4 
i= Bee FB SA — 8 


IA 


The solution set is 
{ee Drcsa==16) 00] 


8. Find the union: 
{0,1,3,4} U {0, 1,7, 9}. 


9. Shade the union of sets A and B. 


7. {x|2 <x <6}, or[2,6] 


a 


1.8; —12) 4, 2) 4S 2 


EXAMPLE 5 Solve: 3 = 5 — 2x < 7. 
We have 


335-2x<7 
S825 — 2k ab = 7 SS Subtracting 5 


=—2= =2% <2 Simplifying 
2 | —2x y 2 | Dividing by —2. The symbols 
=> 2 =) must be reversed. 

Lex > =k Simplifying 


The solution setis {x|1 = x > —1}, or {x|—1 < x < 1}, since the inequal- 
ities 1 = x > —land~-—1 < x = 1 are equivalent. The solution, in interval 
notation, is (—1, 1]. 


< Do Exercise 7. 


G3} UNIONS OF SETS AND 
DISJUNCTIONS OF INEQUALITIES 


UNION 


The union of two sets A and Bis the collection of elements belonging 
to A and/or B. We denote the union of A and B by 


AUB. 


L 


rc 


The union of two sets is often illustrated as shown below. 


v J 
Y 
AUB 


EXAMPLE 6 Findtheunion: {2,3,4} U {3,5,7}. 
The numbers in either or both sets are 2, 3, 4, 5, and 7, so the union is 
{2, 3,4, 5, 7}. We don’t list the number 3 twice. 


<« Do Exercises 8 and 9. 


DISJUNCTION 


When two or more sentences are joined by the word or to make a 
compound sentence, the new sentence is called a disjunction of the 
sentences. 


Solving Linear Equations and Inequalities 


The following is an example of a disjunction: 
x<-3 or x>3. 


A number is a solution of a disjunction ifit is a solution of at least one of the 
individual inequalities. For example, —7 is a solution of x < —3 0rx > 3 
because —7 < —3. Similarly, 5 is also a solution because 5 > 3. 

Shown below is the graph of x < —3, followed by the graph of x > 3, 
and then by the graph of the disjunction x < —3 or x > 3. As the graphs 
demonstrate, the solution set of a disjunction is the union of the solution sets 
of the individual sentences. 


{x|x< —3} ae (=) 


{x| x > 3} <—+—+—_+—++—++>—+—++—+ ++ +++ + ++ +——>_— (3, ~) 
5 6 7 


=f —6=5 =4 =3 = 2-110: TF 2s 4 


{x]x<—-3}U{x|x>3} ~—+-+4+++-+}"_ + + +++ + HH SO+/(-, 3) 
={x|x< —30rx> 3} =? =§ =§ -2-3 -2=-1 0 12 3 4 5 © 7 U (3, %) 


The solution set of 


X<=3 Or xS 3 


is written {x|x < —3 or x > 3}, or, ininterval notation, (—~”, —3) U (3, ~). 
This cannot be written in a more condensed form. 


“OR”: “UNION” 


The word “or” corresponds to “union” and the symbol “U”. In order 
for anumber to be in the solution set of a disjunction, it must be in 10. Graph and write interval 
at least one of the solution sets of the individual sentences. notation: 

xs -2o0rx> 4. 


Do Exercise 10. > -5 -4-3-2-1 0123 4 5 


EXAMPLE 7 Solveand graph: 7 + 2x < —lorl3 — 5x S 3. 
We solve each inequality separately, retaining the word or: 
7+ 2x<-1 or 13-5x=3 
2x < —8 or —5x = —-10 
Dividing by —5. The symbol 
must be reversed. 
x<—4 or Xo 2. 


To find the solution set of the disjunction, we consider the individual graphs. 
We graph x < —4andthen x = 2. Then we take the union of the graphs. 


{x| x < —4} <j +} {—}+—_+—_+—_+— (—~, —4) 
=7% =-6.-5)—-4 =—3'=2)-1. 0 I 2 3 4 6 960 7 


{x| x = 2} {—|—|—| St 2, 0) 
2 3 4 5 6 7 


-7 -6 -5 -4 -3 -2 -1 0 1 


{x| x < —4 or x = 2} <—|——.—} [J] (-—~, —4) 
23 4 5 6 7 


-7 -6 -5 -4 -3 -2-1 0 1 U [2, ~) 


The solution set is written {x|x < —4 or x = 2}, or, in interval notation, Answer 


(—%,—4) U [2, %), @ 


SECTION 1.5 Intersections, Unions, and Compound Inequalities : 131 


Solve and graph. 
ll. x —4< —-30rx-—323 


13. Solve: 
ane = "0 SSOP war 4 = — Il, 
SOX ae ll G7 ser 4. < —Il 
—ahe < or 58S 
SO 6 
—— ——— (0) 
=§ = 
se = or 


The solution set is {x|x < 
or, in interval notation, 
(=e, =8) U (=2, Ye 


14. Solve and graph: 
5x — 7 = 13 0r2x —1=2 —7. 


Answers 
ll. {x |x < lorx = 6}, or(—~,1) U[6, ~); 


01 6 


7 vi 
12. ,x|x< 2orx = 5 ,or(—%,—-2) U} -, @ }; 


13. {x|x < —5orx > —2}, or(—%,—5) U (—2, ~) 
14, All real numbers; 


eee 
0 


Guided Solution: 
13. 6, —5, >, —2, —5, 


ies =H 


eS =e 
OP > =2}, 


A compound inequality like 
x<-4 or x=2, 


as in Example 7, cannot be expressed as 2 = x < —4 because to do so would 
be to say that x is simultaneously less than —4 and greater than or equal to 2. 
No number is both less than —4 and greater than or equal to 2, but many 
are less than —4 or greater than or equal to 2. 


<« Do Exercises 11 and 12. 


EXAMPLE 8 Solve: —2x — 5 < —20rx —3 < —10. 


We solve the individual inequalities separately, retain- 


rcs ing the word or: 


=2% = DS: 2 or x—-3< —-10 
—2x <3 or ex 7 
Reversing | 
the symbol 
x —3 or XS 7 
i Keep the word “or 
The solution set is written {x am = —T7orx> —3}, or, in 
interval notation, (—%,—7) U (-3 oo}, 


< Do Exercise 13. 


EXAMPLE 9 Solve: 3x — 11 < 40r4x +921. 
We solve the individual inequalities separately, retaining the word or: 


3x -11<4 or 4x+9=21 
3x < 15 or 4x = -8 
X= 5 or Ki = 2, 


To find the solution set, we first look at the individual graphs. 


{x| x <5} et > 5) 
-7-6-5 -4-3-2-1 012 3 45 67 


{x| x = —2} Pot ob obo) ReARR-RRP+}H-++#+#"+++#++"}/ >-_ [2 £) 


-7 -6 -5 -4-3 -2 -1 0 12 3 4 5 6 7 


{x| x <5} U {x| x= —2} 2 ge ea nr a a (—%, %) 


= {x|x<5orx= —2} =O-S6 Sh) S882 1 0 = The set 
= {x| xis a real number} of all real 
numbers 


Since any number is either less than 5 or greater than or equal to —2, the 
two sets fill the entire number line. Thus the solution set is the set of all real 
numbers, (—, ©). 


< Do Exercise 14. 
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be APPLICATIONS AND PROBLEM SOLVING 


EXAMPLE 10 Renting Office Space. The equation 
R = 2(s + 70) 


can be used to determine the monthly rent for an office in a renovated 
commercial building. All utilities are included in the monthly payment. A 
florist shop has a monthly rental budget between $1720 and $2560. What 
square footage can be rented and remain within budget? 


1. Familiarize. We have an equation for calculating the monthly rent. 
Thus we can substitute a value into the formula. For 720 ft”, the rent is 
found as follows: 


R = 2(720 + 70) = 2+ 790 = $1580. 


This familiarizes us with the equation and also tells us that the num- 
ber of square feet that we are looking for can be larger than 720 since 
$1580 is less than $1720. 


2. Translate. We want the monthly rent to be between $1720 and $2560, 
so we need to find those values of s for which 1720 < R < 2560. Substi- 
tuting 2(s + 70) for R, we have 


1720 < 2(s + 70) < 2560. 
3. Solve. We solve the inequality: 


1720 < 2(s + 70) < 2560 
1720 2(s + 70) 2560 
< < 


Dividing by 2 
2 2 2 ad 
860 < s+ 70 < 1280 15. Renting Office Space. Refer 
790 < s < 1210. Subtracting 70 . Example 10. What square 
ootage can be rented fora 
4. Check. We substitute some values as we did in the Familiarize step. budget between $2000 and 
2 
5. State. Square footage between 790 ft” and 1210 ft” can be rented for a moeOn 
budget between $1720 and $2560 per month. 
Answer 
Do Exercise 15. D> 15. Between 930 ft? and 1530 ft 


For Extra Help MathXL° — Pe. 


MyMath Lab” PRACTICE WATCH READ REVIEW 


(vf Reading Check 


Determine whether each statement is true or false. 


RC1. Acompound inequality like x < 5andx > —2 canbe expressed as —2 < x < 5. 
RC2. A compound inequality like x = 5andx < —2 canbe expressed as5 = x < —2. 
RC3. The solution set of x < —4andx > 4canbe written as ©. 


RC4. The solution set of x = 3 andx = 0 can be written as [0, 3]. 
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fa f ey Find the intersection or union. 


1. {9, 10,11} M {9, 11, 13} 
4. {m,n,o,p}M {m,o, p} 
7. {a,b,c,d} U {b,f, g} 
10. {a,e,i,0,u} M {m, gq, w,s, t} 11. {3,5,7} U @ 


fa Graph and write interval notation. 


13. —4 < aanda = 1 


\ i 
T T 
-6 -5 -4-3 -2-1 


o- 


Solve and graph. 
17. —10 = 3x + 2and3x+2<17 


—_ 
se 
ow 
aS 
+ 
Ee | 
\V 
we 
a 
es) 
QQ 
i) 
a 

| 
o 
\V 

| 
= 


Y 


Solve. 


23. -4<x+4< 10 24.-6<x+t+6=8 
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2. {1,5, 10,15} M {5, 15, 20} 


5. {9,10, 11} U {9, 11, 13} 


8. {m,n,o,p} U {m,o,p} 


3. {a,b,c,d} M {b,f, g} 


6. {1,5, 10,15} U {5, 15, 20} 


9. {2,5, 7,9} M {1,3, 4} 


12. {3,5,7}N@ 


14, -3 =< mandm <3 
6-5-4-3-2-10123456 
16. -3<y<4 
-6-5-4-3-2-1012345 6 
18. —11 < 4x — 3and4x — 3 = 13 
-6-5-4-3-2-1012345 6 
20. 4x — 7 < land7 — 3x > -8 


22 


25. 


6 > Sx = =2 


26..3 > =x = =5 


Copyright © 2015 Pearson Education, Inc. 


29.1 <3y+4<19 


=6 S36 1 <9 


28. 


272.2<x+3=9 


=6:= 2x = 3 = 6 


32. 


=10 = 3%- 5 = =1 


31. 


30.5 = 8k +5 = 21 


35. 


34.4 > -3m-722 


=18 = =24—:7-= 0 


33. 


2x:-= 5 


-3< 


38. 


Db | Graph and write interval notation. 


40. x < —4orx>0 


39. x < -—2o0rx>1 


42.x = -lorx>3 


4l. x= -30rx>1 


Solve and graph. 


44,.x—-—2<—-lorx—-—2>3 


43. x+3< —-20rx+3>2 


4or2x-723 


5s 


x 


46. 


45. 2x —-8 = -—30rx-123 


4< 12 


4 < —8or4x 


48. 4x 


47. 7x + 4 = —-170r6x+5= —-7 


Solve. 


50. 6 > 2x — lor-—4 5 2x-1 


49. 7 > —4x+ 50r10 = —4x+ 5 


Intersections, Unions, and Compound Inequalities 


SECTION 1.5 


51. 3x — 7 > —-l0or5x + 2 S 22 


53. —2x — 2 < -60r—-2x-2>6 


2 5 2 5 
55. —x 4< or —x 14> 
3 6 3 6 
2x —5 2%= 5 
57, 6 = —-30r 2A 


fe Solve. 


59. Pressure at Sea Depth. The equation 
d 
P=1+— 
33 


gives the pressure P, in atmospheres (atm), at a depth 
of d feet in the sea. For what depths d is the pressure at 
least 1 atm and at most 7 atm? 


61. Aerobic Exercise. In order to achieve maximum 
results from aerobic exercise, one should maintain 
one’s heart rate at a certain level. A 30-year-old 
woman with a resting heart rate of 60 beats per 
minute should keep her heart rate between 138 and 
162 beats per minute while exercising. She checks 
her pulse for 10 sec while exercising. What should the 
number of beats be? 
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52. 3x + 2 < 20r4— 2x < 14 


54. -—3m — 7< —5or-3m-7>5 


1 
56. 3x = —3.70r a 5x = 4.8 


58 


60. Temperatures of Liquids. The formula 
C = 3(F — 32) 


can be used to convert Fahrenheit temperatures F to 
Celsius temperatures C. 


a) Gold is a liquid for Celsius temperatures C such that 
1063° = C < 2660°. Find such an inequality for the 
corresponding Fahrenheit temperatures. 

b) Silver is a liquid for Celsius temperatures C such that 
960.8° = C < 2180°. Find such an inequality for the 
corresponding Fahrenheit temperatures. 


62. Minimizing Tolls. A $6.00 toll is charged to cross 
the bridge from mainland Florida to Sanibel Island. 
A six-month pass, costing $50.00, reduces the toll to 
$2.00. A one-year pass, costing $400, allows for free 
crossings. How many crossings per year does it take, 
on average, for the two six-month passes to be the 
most economical choice? Assume a constant number 
of trips per month. 


Source: Data from leewayinfo.com 


Copyright © 2015 Pearson Education, Inc. 


63. Body Mass Index. Refer to Exercises 71 and 72 in 64. Body Mass Index. Refer to Exercises 71 and 72 in 


Exercise Set 1.4. Alexandra’s height is 62 in. What Exercise Set 1.4. Josiah’s height is 77 in. What weights 
weights W will allow Alexandra to keep her body W will allow Josiah to keep his body mass index in 
mass index Jin the 18.5-24.9 range? the 18.5-24.9 range? 

65. Young’s Rule in Medicine. Refer to Exercise 37 66. Young’s Rule in Medicine. Refer to Exercise 65. The 
in Exercise Set 1.2. The dosage of a medication dosage of a medication for a 5-year-old child must 
for an 8-year-old child must stay between stay between 50 mg and 100 mg. Find the equivalent 
100 mg and 200 mg. Find the equivalent adult adult dosage. 
dosage 


Skill Maimtemance iii cccccccecccccecccccceccecccecevecceeevseveevetveevesvitvvsevesvssvievtertvesevesvisvisvisevitessvitvseesees 
Solve. [1.1d] 


1 7 

67. By — 3 = 3 + By 68. —5t+ 5 = —Ft 69. 20 = 4(3y — 7) 

70. 3x — (x - 1) = 19 71. -3 4+ 2x =2x-3 72, 6(x — 5) = 2(x + 3) 

SAVE INOS ES acc ccacsesactesstcnnnesascacostiarchenasdarvebnssdteseedanne devedordcb4etiaen njetdatendhadhuniabiesdisl conmqsnentsentunnstubdeneebanssnetiandaes 
Solve. 

73. x-—10<5x+6=x+ 10 7A. 4m — 8 > 6m + 50r5m — 8 < —2 

75. -% <3x-2<2 76. 2[5(3 — y) — 2(y—- 2)] >y+4 

77. 3x <4 —5x< 5+ 3x 78. 2x — 3 < —jor2x -2>% 

79.x+4< 2x -65x+ 12 80. 2x + 3=x-6o0r3x-254x%+5 


Determine whether each sentence is true or false for all real numbers a, b, and c. 
81. If —b < —a,thena < b. 82. Ifa = candc S b,thenb = a. 


83. Ifa < candb < c,thena < b. 84. If -—a < cand-—c > b,thena > b. 


85. What is the union of the set of all rational numbers with the set of all irrational numbers? the intersection? 
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OBJECTIVES 


B Simplify expressions 
containing absolute-value 
symbols. 


| Find the distance between 
two points on the number 
line. 


hea Solve equations with 
absolute-value expressions. 


| Solve equations with two 
absolute-value expressions. 


@ | Solve inequalities with 
absolute-value expressions. 


SKILL TO REVIEW 


Objective R.1d: Find the absolute 
value of a real number. 


Find each absolute value. 
1, | =4) 2. |3.5| 


Simplify, leaving as little as possi- 
ble inside the absolute-value signs. 


1. | 7x| 2: |x*| 
7 
3. |5a"b| 4. 
5. |—9x| 
Answers 
Skill To Review: 
14 2.3.5 


Margin Exercises: 
1. 7\x| 2. x% 3. 5a?|b| 
7\a| 


4. Be 


5. 9 |x| 


Absolute-Value Equations 


and Inequalities 


a | PROPERTIES OF ABSOLUTE VALUE 


We can think of the absolute value of a number as the number’s distance 
from zero on the number line. 


ABSOLUTE VALUE 


The absolute value of x, denoted |x|, is defined as follows: 


£2 0-—S]n| =o x<0—> |x| = -x. 


This definition tells us that, when x is nonnegative, the absolute value of x 
is x and, when x is negative, the absolute value of x is the opposite of x. For 
example, |3| = 3 and |—3| = —(—3) = 3. We see that absolute value is 
never negative. 

Some simple properties of absolute value allow us to manipulate or 
simplify algebraic expressions. 


PROPERTIES OF ABSOLUTE VALUE 


a) |ab| = |a| - |b|, for any real numbers a and b. 


(The absolute value of a product is the product of the absolute 
values.) 


a 


b) 


a 
= [b|’ for any real numbers a and bandb # 0. 
(The absolute value of a quotient is the quotient of the absolute 
values.) 
c) |—a| = |a|, for any real number a. 


(The absolute value of the opposite of a number is the same as the 
absolute value of the number.) 


EXAMPLES Simplify, leaving as little as possible inside the absolute- 
value signs. 


1 [5x = [5] + |x| = 5]x| 
2. |—3y| = |—-3] - ly| = 3ly| 
a. orl = a eS Ti Se Since x? is never negative for 
any number x 
6x —2|  |-2| 2 
4. | = = = 
—3x x |x] |x| 


< Do Exercises 1-5. 
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Db DISTANCE ON THE NUMBER LINE 


The number line below shows that the distance between —3 and 2 is 5. 


t-—@—_+—_+—_+—_+—_#— 
-4-3-2-1 0 1 2 
— — 


5 units 
Another way to find the distance between two numbers on the number 
line is to determine the absolute value of the difference, as follows: 
|-3 — 2| = |-5| =5, or |2— (-3)| = |5| =5. 


Note that the order in which we subtract does not matter because we are 
taking the absolute value after we have subtracted. 


DISTANCE AND ABSOLUTE VALUE 


For any real numbers a and b, the distance between them is |a — b|. 


We should note that the distance is also |b — a|, because a — band 
b — aare opposites and hence have the same absolute value. 


EXAMPLE 5_ Find the distance between —8 and —92 on the number line. 
|-8 — (—92)| = |84| = 84, or |-—92 — (-8)| = |—84| = 84 e 
EXAMPLE 6 Find the distance between x and 0 on the number line. 


|x — 0] = |x| 


Do Exercises 6-8. D> 


ee EQUATIONS WITH ABSOLUTE VALUE 
EXAMPLE 7 Solve: |x| = 4. Then graph on the number line. 


Note that |x| = |x — 0|, so that |x — 0| is the distance from x to 0. 
Thus solutions of the equation |x| = 4, or |x — 0| = 4are those numbers 
x whose distance from 0 is 4. Those numbers are —4 and 4. The solution set 
is {—4, 4}. The graph consists of just two points, as shown. 


4 units 4 units 
A 
c ~\r- ~ 
<—— ——) 
-5 -4-3 -2-1 012 3 4 5 
|x| =4 i) 


EXAMPLE 8 Solve: |x| = 0. 


The only number whose absolute value is 0 is 0 itself. Thus the solution 
is 0. The solution set is {0}. e 


EXAMPLE 9 Solve: |x| = —7. 

The absolute value of a number is always nonnegative. Thus there is 
no number whose absolute value is —7; consequently, the equation has no 
solution. The solution set is @. @ 


Find the distance between the 
points. 


Oh =6, =85 
|>o (Gi) = (-3 
= | 29 | = 
7. 19, 14 
8. 0, p 
Answers 


6.29 7.5 8. |p| 


Guided Solution: 
6. —35, 35, 29 
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9. Solve: |x| = 6. Then graph on 
the number line. 


<— 
-8 -6 


1 | 1 | i | i 
T T T T T T T 
-4 -2 0 2 4 6 8 


10. Solve: |x| = —6. 


11. Solve: |p| = 0. 


Solve. 
12. |3x| =6 


13. 4|x| + 10 = 27 


14. 3|x| — 2 = 10 


15. Solve: |x — 4| = 1.Usetwo 
methods as in Example 11. 


Answers 
9. {6,-6} 
o———-+++++—+-—-"-+-++-+ 
—6 0 6 


10.@ 11. {0} 12. {-2,2} 


17 17 
13. {-% uy 14. {-4,4} 15. {3,5} 


Examples 7-9 lead us to the following principle for solving linear equa- 
tions with absolute value. 


THE ABSOLUTE VALUE PRINCIPLE 


For any positive number p and any algebraic expression X: 


a) The solution of |X| = pis those numbers that satisfy X = —p or 
X= p. 

b) The equation |X| = 0 is equivalent to the equation X = 0. 

c) The equation |X| = —p has no solution. 


XX S 


< Do Exercises 9-11. 


We can use the absolute-value principle with the addition and multi- 
plication principles to solve equations with absolute value. 


EXAMPLE 10 Solve: 2|x| + 5 = 9. 


We first use the addition and multiplication principles to get |x| by 
itself. Then we use the absolute-value principle. 


2\x|+5=9 
Jin) =4 Subtracting 5 
lx) =2 Dividing by 2 
x= -2 or x= 2 Using the absolute-value principle 


The solutions are —2 and 2. The solution set is {—2, 2}. 
< Do Exercises 12-14. 


EXAMPLE 11 Solve: |x — 2| = 3. 
We can consider solving this equation in two different ways. 


Method 1: This allows us to see the meaning of the solutions graphically. 
The solution set consists of those numbers that are 3 units from 2 on the 
number line. 


-§ -4-3-2-1 0 12 3 4 
3 units 3 units 
The solutions of |x — 2| = 3are —1 and 5. The solution set is {—1, 5}. 
Method 2: This method is more efficient. We use the absolute-value prin- 


ciple, replacing X with x — 2 and p with 3. Then we solve each equation 
separately. 


|X| =p 
lje-2|=3 
K-23 OF K-23 Absolute-value principle 
x= -l1 or x=5 


The solutions are —1 and 5. The solution set is {—1, 5}. 


< Do Exercise 15. 


140 = cHaAPTER1 Solving Linear Equations and Inequalities 


EXAMPLE 12 Solve: |2x + 5| = 13. 


We use the absolute-value principle, replacing X with 2x + 5 and p 
with 13: 


|X| = p 
\jax + 5| = 13 
2x+5=-13 or 2x+5=13 Absolute-value principle 
2x = —18 or 2x = 8 
x=-9 or x=A4, 


The solutions are —9 and 4. The solution set is {—9, 4}. 
Do Exercise 16. D> 


EXAMPLE 13 Solve: |4 — 7x| = —8. 


Since absolute value is always nonnegative, this equation has no solu- 
tion. The solution set is @. 


Do Exercise 17. > 


| d | EQUATIONS WITH TWO ABSOLUTE-VALUE 
EXPRESSIONS 


Sometimes equations have two absolute-value expressions. Consider 
|a| = |b|. This means that aand bare the same distance from 0. If a and 
b are the same distance from 0, then either they are the same number or 
they are opposites. 


EXAMPLE 14 Solve: |2x — 3| = |x + 5]. 


Either 2x — 3 = x + 50r2x — 3 = —(x + 5). We solve each equation: 
2x-3=x+5 or 2x-—3=—-(x+ 5) 
x-3=5 or 2x-3=-x-5 
x=8 or 3x -3=-5 
x=8 or 3x = -2 
x= 8 or eo 2 
The solutions are 8 and —3. The solution set is {8,-3 : 8 


EXAMPLE 15 Solve: |x + 8| = |x — 5]. 


x+8=x-—5 or x+8=-—(x-5) 


a0 or x+8=—-xt+5 
= 5 or 2x:= -3 
= -5 or x=-3 


The first equation has no solution. The solution of the second equation is 
—3. The solution set is {—-3} 


Do Exercises 18 and 19. D> 
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pcs) 16. Solve: |3x — 4| = 17. 


|3x — 4| = 17 
sre = 4b = 17 OF sye— a= 
She = or oie = Zl 
x= or x= 
The solution set is { alle 
17. Solve: |6 + 2x| = —3. 


Solve. 
18. [5x — 3| = |x +4| 


19. |x — 3| = |x + 10| 


Answers 


Guided Solution: 
13 13 


16. 17;—13, -——.7,.- = 
3 3 
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20. Solve: |x| = 5. Then graph on 


the number line. 


21. Solve: |x| < 5. Then graph. 


22. Solve: |x| = 5. Then graph 


a GP a a 
-8 -6 -4 -2 0 2 4 


Answers 


=5 0 5 
21. {x|-5 < x < 5}, or (—5,5); 


= 0 5 


22. {x|x < —S5orx = 5}, or (—%,—5] U [5,~); 


=§ 0 5 


142 


CHAPTER 1 


i 
T 
6 


| 
T 
8 


> 


@ | INEQUALITIES WITH ABSOLUTE VALUE 


We can extend our methods for solving equations with absolute value to 
those for solving inequalities with absolute value. 


EXAMPLE 16 Solve: |x| = 4. Then graph on the number line. 


From Example 7, we know that the solutions are —4 and 4. The solution 
set is {—4, 4}. The graph consists of just two points, as shown here. 


<_¢#+—11—+1+++++1_1_#-++— >  {-44 
4 


-5 -4-3-2-1 0 1 2 3 5 
x] = 4 


< Do Exercise 20. 


EXAMPLE 17 Solve: |x| < 4. Then graph. 


The solutions of |x| < 4 are the solutions of |x — 0| < 4 and are those 
numbers x whose distance from 0 is less than 4. We can check by substituting 
or by looking at the number line that numbers like —3, —2, —1, Sy i, 0, i, oF 
1, 2, and 3 are all solutions. In fact, the solutions are all the real numbers x 
between —4 and 4. The solution set is {x] —4 < x < 4} or, in interval nota- 
tion, (—4, 4). The graph is as follows. 


(-4,4) 
-5 -4-3-2-1 0 12 3 4 


|x|<4 
< Do Exercise 21. 


EXAMPLE 18 Solve: |x| = 4. Then graph. 

The solutions of |x| = 4 are solutions of |x — 0| = 4 and are those 
numbers whose distance from 0 is greater than or equal to 4—in other 
words, those numbers x such that x = —4 or x = 4. The solution set is 
{x|x = —4orx = 4}, or (—~, —4] U [4, ©). The graph is as follows. 


-5 -4 -3 -2 -1 


Pa (-, - 4) U4, ) 
0 4 5 
|x| =4 
< Do Exercise 22. 
Examples 16-18 illustrate three cases of solving equations and in- 


equalities with absolute value. The following is a general principle for solv- 
ing equations and inequalities with absolute value. 


Solving Linear Equations and Inequalities 


SOLUTIONS OF ABSOLUTE-VALUE 
EQUATIONS AND INEQUALITIES 


For any positive number p and any algebraic expression X: 
a) The solutions of |X| = pare those numbers that satisfy 
X= —porx = p: 
As an example, replacing X with 5x — 1 and p with 8, we see that 
the solutions of |5x — 1| = 8 are those numbers x for which 
sy l= 8 oor Sx- 1—8 
5x = —7 or Dx =9 
227 _9 
KS or x=-5 


The solution set is {- Z 2} : 


@alo 


b) The solutions of |X| < p are those numbers that satisfy 
=p AS Pp: 
As an example, replacing X with 6x + 7 and p with 5, we see that 
the solutions of |6x + 7| < 5 are those numbers x for which 
=2'< Of 7 S 
-12 < 6x < —-2 
—-2<x< -} 
The solution set is {x |-2<x< —3}, or (-2, —3). 
=i 
3 
a SO t t 
—3 -2 —1 0 1 2 3 
c) The solutions of |X| > p are those numbers that satisfy 


K <= —pior x. p. 
As an example, replacing X with 2x — 9 and p with 4, we see that 
the solutions of |2x — 9| > 4 are those numbers x for which 
20> 9 = —4-or Zeer ge 4 
2x<5 or 2x > 13 
x<3 or x> #2 


The solution set is {x|x < > orx > Bh or (—0,8) U (= oo), 
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EXAMPLE 19 Solve: |3x — 2| < 4. Then graph. 
We use part (b). In this case, Xis 3x — 2 and pis 4: 
|X| <p 
|3x-—2| <4 Replacing X with 3x — 2 and pwith4 
—-4<3x-2<4 
=2.5 3x <6 


Solve. Then graph. —§ <x <2: 
* = < : 3 A 
23. |2x — 3| <7 The solution set is { x| 2<x<2 } , or (—3,2). The graph is as follows. 


1 
T 
8 2 


3 


-4-3 -2-1 0 1 2 3 4 


24. |7 — 3x| =4 res sx —2|<4 rd 


S7-— sy S4 
Si = 3 = 3 EXAMPLE 20 Solve: |8 — 4x| < 5. Then graph. 
=ilil Ze = We use part (b). In this case, Xis 8 — 4x and pis5: 
ie et IX| =p 
it > = jl [= 4z| =5 Replacing X with 8 — 4x 
3 and pwith5 
The solution set is —-5=8-4x <5 
MBB Ss oe 13 < —4x < -3 
eer ee eee eee ee Bexe i. Dividing by —4 and reversing the 
Se pecs Sioa) on on Teeecues inequality symbols 
25. |3x + 2| =5 The solution set is {x|42 = x = 7}, or {x|} = x = B}, or [3,8]. 
She ar 2S Or oar 2 = S 3 13 
oe eee See er re 
x< or x= 1 -5 -4 -3 -2-1 0 1 2 3 4 5 


; F 8—4x|<5 
The solution set is | e 


EXAMPLE 21 Solve: |4x + 2| = 6. Then graph. 
We use part (c). In this case, Xis 4x + 2 and pis 6: 


SSS SSS SS SS Sess > 
=) =—8 = <2 @ 2 2 8 8 |x| =p 
|4x + 2| =6 Replacing X with 4x + 2 and pwith6 
4x+2=-6 or 4x+2=26 
4x = -8 or 4x 24 
x= -2 or eS, 
Answers 
B85, {xl <2 Sx <5) ,or (2,5); The solution set is {x|x < —2orx = 1}, or(—%,—2] U[1,). 
a 
=2 0 5 
24, {lt <=}, or a, SOE SSE SE Oe th oe 38, Fo 
sy 3s jax + 2|=6 
oe 


<« Do Exercises 23-25. 


Guided Solutions: 
24, —4,=,=,x,1 


7 
25. —5,3,-—1,-~,1 
3 
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For Extra Hel 3 oe 
pigs MathXL == |% 
® © 
My™M ath Lab PRACTICE WATCH READ REVIEW 
Ra Reading Check 
Solve the inequality and then select the correct graph of the solution from the column on the right. 
RCl. |x| >3 a) -—j—}+-—}+- +++} > 
—-§.=-4--3.-2 -1 0 1 3.4 «5 
RC2. |x| =3 b) +++ ——}— 
=6.=4.-53 =2: 10° 1 3.4 ~=«5 
RC3. |x| <3 c) + + 
-§ -4 =-3.-2 -1 0 1 3.4 «5 
RC4. |x| = 3 d) <p} 4} 4 4 
-5 -4 -3 -2 -1 0 1 3.4 =«5 
RCS. |x| = 3 e) <++++—++—++++ "| + + 
=§ -—4 -3°=2)-1 0 1 3.4 «5 
RC6. |x| > -3 f) 
-5 -4 -3 -2 -1 0 1 3.4 ~=«5 
a | Simplify, leaving as little as possible inside absolute-value signs. 
1. |9x| 2. |26x| 3.. |2x*| 4, |8x?| 
5: |=2x"| 6. | —20x?| 7. |—6y| 8. |—17y| 
—2 | x? xt 
9. |— 10. |— ll. |— 12. |— 
x 3 -y -y 
—8x? =y" 4y® Bae 
13. | 14. = 15. = 16. : 
2x 3y —12y —25x 
|b | Find the distance between the points on the number line. 
17. —8, —46 18. —7, —32 19. 36, 17 20. 52, 18 
2 5 
21. —3.9, 2.4 22. —1.8, —3.7 23. —5, 0 24. 3’ =e 
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29. 


33. 


37. 


41. 


45. 


49. |m+5| +9 = 16 50. 


53. |3x — 4| = —2 


60. |x — 15| = |x + 8 
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Solve 

|x| =3 

lq| = 0 

|2x —3| =4 
|x| + 7 = 18 
|5x| = 40 


7|w| -3=11 


CHAPTER 1 


26. |x| =5 


30. |y| = 7.4 


34, [5x + 2| =3 


38. |x| —-2=63 


42. |2y| = 18 


46. 5|x| + 10 = 26 


lt-—7|-5=4 


54. |x — 6| = -8 


Solving Linear Equations and Inequalities 


27. 


31. 


35. 


39. 


43. 


47. 


55. 


58. |2x — 8| = |x+3| 


61. |2a + 4| = |3a- 1| 


|x| = -3 
|x — 3] = 12 
|4x —9| = 14 
574 = 283 + |¢| 


|3x| -4=17 
a 
=5 
3 
. 10- |2x- 1] =4 


3 + 3x] = 5 


28. 


32. 


36. 


40. 


44, 


48. 


52. 


56. 


|x| = -9 
|3x — 2| =6 
|9y —2| = 17 


—562 = —2000 + |x| 


|6x| + 8 = 32 


2|2x —7| + 11 = 25 


59. |x + 3| = |x - 6| 


62. [50+ 7| = |4p + 3| 


Copyright © 2015 Pearson Education, Inc. 


63. 


66. 


69 


83 


87 


ly-3| =|3-y| 


\8—q| = |g 19| 


. [ax —5| = [gx + 3| 


. |x| <3 
.|x-1|<1 
. |= 3| 24 
. |4x-9| = 14 
. |2x+3|/ <4 
. |9-—4x| = 14 


72. 


76. 


80. 


84. 


88. 


92. 


64. |m—7| = |7-m| 


70. |2 — $x| = |4 + gal 


|x| =5 73. |x| =2 
|Ix+4| <9 77. 5|x + 4| <= 10 
[5x + 2| =3 81. |2y — 7| > 10 


|9y — 2| = 17 85. |y — 3| < 12 
|5x + 2| = 13 89. |4 — 3y| >8 
|2 — 9p| = 17 93,. |3 — 4x| < 21 


65. |5 — p| = |p + 8| 


as cee 
68. = 
5 2 
74. |y| > 12 


78. 2\x= 2) > 6 


82. |3y — 4| > 8 


86. |p — 2| <6 


90. |7 — 2y| >5 


94. |—5 — 7x| < 30 
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1 1 beats x+5 
95 ae 2 12 96 - > 24 97. a 98. =2 

2° 5x 2 13x 7 
99. 2 100 — 101. |m+ 5| + 9 < 16 102. |t- 7| +324 

4 3 5 8 
2X1 3x 2 
103. 7 — |3 — 2x| =5 104. 16 <= |2x — 3|+ 9 105. || = 106 =] 
SSKMIE IVVQDINECTRRTN CO «cco decisive cea csc avtcvestty servis se theie ad sand tevnngs Saanie de Sod evipnndvaebadaevie eedaatovtoiaideen 
Solve. [1.4c] 
7 7 
107. —llx + 2x = —36 108) = a 109. 2(r— 1) +4< 3(r—-2)-8 
Solve. 
110. 8 > —x=4 [L.5al 111. —3 < 2x + 50r10 > 2x-1 112. —2 < 6x — 4 < 20 [l.5al 
[1.5b] 

VAMC SOS sccessvni sas Geta cilcierSanena ee sieenitvs éedan itemise asl obnsey diss dpenan totes hv stentsnedcladbed ens enenss Sb ised 
113. Motion ofa Spring. Aweighted spring is bouncing 114. Container Sizes. Acontainer company is 

up and down so that its distance d above the ground manufacturing rectangular boxes of various sizes. 

satisfies the inequality |d — 6 ft| < ft. Find all The length of any box must exceed the width by at 

possible distances d. least 3 in., but the perimeter cannot exceed 24 in. 

What widths are possible? 
l=w+ 3, 
21+ 2w < 24 

Solve. 
115. |x + 5| > x 116. 1 — |jx + 8| =} 117, |7x — 2| =x+4 
lis. |x-— 1] =x -1 119. |x — 6| = -8 120. |3x — 4| > -2 
Find an equivalent inequality with absolute value. 
121. -3<x<3 122. -5sy=5 123. x = -—6o0rx=6 
124. -5<x< 1 125. x < —80rx > 2 
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CHAPTER 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the right. 
Some of the choices may not be used and some may be used more than once. 


1. A(n) is a sentence containing <, =, >,=, 
or #. [14a] 

2. Using notation, we write the solution set for x < 7 
as {x|x< 7}.  [1.4b] 

3. Using notation, we write the solution set of 
—5 sy <16as[-—5,16). [1.4b] 

4. The of two sets A and Bis the set of all members 


10. 


11. 


12. 


that arecommontoAandB. _ [1.5a| 


. When two or more sentences are joined by the word and to make a 


compound sentence, the new sentence is called a(n) 
ofthe sentences. [1.5a] 


.- When two sets have no elements in common, the intersection of the 


two sets is the . [1.5a] 

Two sets with an empty intersection are said to be 

[1.5a] 

The of two sets A and Bis the collection of elements 


belonging to A and/or B. _[1.5b] 


When two or more sentences are joined by the word or to make a 
compound sentence, the new sentence is called a(n) 
ofthe sentences. [1.5b] 


The for equations states that for any real numbers 
a,b, andc,a = bisequivalenttoa +c=b+c. [1.1b] 

The for equations states that for any real numbers 
a,b, andc,a = bisequivalenttoa:c=b-+c. [l.1c] 

For any real numbers a and J, the between them is 


la— bj. [1.6b] 


Concept Reinforcement 


Determine whether each statement is true or false. 


addition principle 
multiplication principle 
union 

set-builder 

empty set 
absolute value 
disjunction 
inequality 
intersection 
distance 

interval 

disjoint sets 
compound 


conjunction 


1. For any real numbers a, b, andc,c # 0,a = bis equivalenttoa-c=b+c. [l.lc] 


2. When we solve 3B = mt + nt for t, we get t = 


mE Tisial 


. For any real numbers a, b, andc, c # 0,a = bisequivalenttoac= bc. [1.4c] 


. The inequalities x < 2 andx <= 1 are equivalent. 


3 
4 
5. Ifxis negative, |x| = —x. [1.6a] 
6. |x| is always positive.  [1.6a] 

7 


. |a-bl=|b-al.  [1.6b] 


[1.4c] 
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Study Guide 


Objective 1.1a Determine whether a given number is a solution of a given equation. 


Example Determine whether 10 is a solution of 
5x — 6 = 44. 


5x — 6 = 44 
5:10—-—6 2? 44 
50 — 6 
44 TRUE 
The number 10 is a solution of the equation. 


Practice Exercise 


1. Determine whether —3 is a solution of 
28 — 7x = 7. 


Objective 1.1d Solve equations using the addition principle and the multiplication principle together, 


removing parentheses where appropriate. 


Example Solve: 10y — 2(3y + 1) = 6. 
10y — 2(3y + 1) =6 
l0y — 6y-—-2=6 Removing parentheses 
4y—2=6 Collecting like terms 
4y=8 _ Adding 2 
y=2 _ Dividing by 4 
The solution is 2. 


Practice Exercise 
2. Solve: 2(x + 2) = 5(x — 4). 


Objective 1.2a Evaluate formulas and solve a formula for a specified letter. 


Wt Zz 
Example Solve for z: T = 3° 
+ 
ra lt2 
3 
_ wt+z Multiplying by 3 to 
3°T=3 é 
3 clear the fraction 
38T=wtz Simplifying 
3T-w=2z Subtracting w 


Practice Exercise 


1 
3. Solve for h: F = 48 


Objective 1.4a Determine whether a given number is a solution of an inequality. 


Example Determine whether —3 and 1 are solutions 
of the inequality 4 — x = 2 — 5x. 
We substitute —3 for x and get 
4 — (—3) = 2 — 5(—3), or7 = 17, 
a false sentence. Therefore, —3 is not a solution. 
We substitute 1 for x and get 
41-2 2 — 5 * 1,063 = =3; 
a true sentence. Therefore, 1 is a solution. 


Practice Exercise 


4. Determine whether —2 and 5 are solutions of the 
inequality 8 — 3x = 3x + 6. 
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Objective 1.4b Write interval notation for the solution set of an inequality. 


Example Write interval notation for the solution set. 


a) {x |x < -12} = (-#,-12] 
b) {r|r > -1} = (-L~) 

c) {y|-8 = y =< 9} = [-8,9) 
d) {x|0 = x = -6} = [-6,0] 


Practice Exercise 


5. Write interval notation for the solution set. 
a) {t|t < —8} 
b) {x|-7 <= x < 10} 
c) {b|b = 3} 


e) {c|—25 < c S 25} = (—25, 25] 


Objective 1.4c Solve an inequality using the addition principle and the multiplication principle 
and then graph the inequality. 


Example Solve and graph: 6x — 7 = 3x + 2. Practice Exercise 


6x — 7 = 3x + 2 6. Solve and graph: 5y + 5 < 2y— 1. 
36S T= 2 Subtracting 3x : re ee ee 
3x < 9 Adding 7 : -5 -4-3-2-1 0 12 3 4 5 
x<3 Dividing by3 
The solution set is {x|x < 3}, or (—%,3]. We graph 
the solution set. 


-5§ -4-3-2-1 012 3 4 5 


Objective 1.5a Find the intersection of two sets. Solve and graph conjunctions of inequalities. 


Example Solve and graph: —5 < 2x — 3 = 3. Practice Exercise 
—5<2x-353 7. Solve and graph: —4 = 5z+6< 11. 
-2<2x<6 Adding3 ee eae 
-l1<x<3 Dividing by2 pee aan a, We Ate, ee 

The solution set is {x|—1 < x < 3}, or(—1,3]. We 

graph the solution set. 


<—S t —t 


-§ -4-3-2-1 012 3 4 5 


Objective 1.5b Find the union of two sets. Solve and graph disjunctions of inequalities. 


Practice Exercise 
8. Solve and graph: z+ 4 << 3 or4z +125. 


Example Solve and graph: 
2x+ 15-5 or 3x+1> 7. 
axr+1s—s or 3x +1>7 . < | | { | | | | { | r > 
2x < —6 or 3x >6 : -5 -4-3-2-1 012 3 4 5 
x=-3 or x>2 
The solution set is {x|x <= —3 orx > 2}, or 
(—%, —3] U (2,c¢). We graph the solution set. 


—+ + --- 


-§ -4-3-2-1 0 12 3 4 5 
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Objective 1.6a Simplify expressions containing absolute-value symbols. 


Example Simplify: |—6c]. : Practice Exercise 
|—6c| = |—6]- |e] = 6|c| : 9. Simplify: |8y?|. 


Objective 1.6b Find the distance between two points on the number line. 


Example Find the distance between —10 and 3 on Practice Exercise 


the number line. > 10. Find the distance between 8 and —20 on the 


|-10 — 3| = |-13| = 13 number line. 


Objective 1.6c Solve equations with absolute-value expressions. 


Example Solve: |y — 2| = 1. : Practice Exercise 


y-2=-1 or y-2=1 > 11. Solve: [5x - 1] = 9. 
y=1 or y=3 


The solution set is {1, 3}. 


Objective 1.6d Solve equations with two absolute-value expressions. 


Example Solve: |4x — 4| = |2x + 8]. : Practice Exercise 


4x —-4=2x+8 or 4x— 4= —(2x + 8) : 12, Solve: |z + 4| = |3z — 2|. 
2x -—-4=8 or 4x -—4= —-2x - 8 ; 
2x = 12 or 6x-4=-8 
x=6 or 6x = -—4 
2 
x=6 or C= 
3 


2 
The solution set is {6 - 2} 


Objective 1.6e Solve inequalities with absolute-value expressions. 


Example Solve: (a) |5x + 3| < 2; (b) |x + 3| =1. Practice Exercise 


a) |5x+3| <2 : 13. Solve: (a) |2x + 3| <5; (b) [3x + 2| = 8. 
—2= 503 <2 
—5 <5x< —-1 
1 
= xs > 
5 


: : 1 
The solution set is { x|-—1 < x < —=?,or 


(-s-9) 


b) |x+3/21 
KES S =H1 or XS el 
x= -4 or M2 


The solution set is {x|x =< —4orx = —2}, or 
(—%,-4] U [-2,°). 
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Review Exercises 


Solve. [1.1b, c, d] 
l -ll+y=-3 


261k = S38 
3. -3x+$=—-5 
4. 6(2x — 1) = 3 — (x + 10) 


5. 2.4x + 1.5 = 1.02 


6. 2(3 — x) — 4(x + 1) = 7(1 — x) 


Solve for the indicated letter. [1.2a] 
7. C= 44+ 3, ford 


8. A = 2a — 3b, forb 


9. Interstate Mile Markers. Ifyou are traveling ona U.S. 
interstate highway, you will notice numbered markers 
every mile to tell your location in case of an accident 
or other emergency. In many states, the numbers on 
the markers increase from west to east. The sum of 
two consecutive mile markers on I-70 in Utah is 371. 
Find the numbers on the markers. __[1.3a] 


Source: Data from Federal Highway Administration 


10. Rope Cutting. A piece of rope 27 m long is cut 
into two pieces so that one piece is four-fifths as 
long as the other. Find the length of each piece. 
[1.3a] 


11. Population Growth. The population of Newcastle 
grew 12% from one year to the next to a total of 
179,200. What was the former population? —_[1.3a] 


12. Moving Walkway. A moving walkway in an 
airport is 360 ft long and moves at a speed of 
6 ft/sec. If Arnie walks at a speed of 3 ft/sec, how 
long will it take him to walk the length of the 
moving walkway?  [1.3b] 


Write interval notation for the given set or graph. _[1.4b] 
13. {x|-8 = x4 <= 9} 


14. 


—80 -60 -40 -20 0 20 40 60 80 


Solve and graph. Write interval notation for the 
solution set. [1.4c] 


15.x-2s5 -4 


16.x+5>6 
— 1-1 -+— >> 
-6-5-4-3-2-1 012 3 4 5 6 
Solve.  [1.4c] 
Wat7s-14 18. y-—52—-12 
19. 4y > —16 20. —0.3y < 9 
21. —6x —5 < 13 22, 4y+3<-6y-9 


23. -jx —f >3-— ix 24. 0.3y — 8 < 2.6y + 15 


25, —2(x — 5) = 6(x + 7) — 12 


26. Moving Costs. Metro Movers charges $85 plus 
$40 per hour to move households across town. 
Champion Moving charges $60 per hour for cross- 
town moves. For what lengths of time is Champion 
more expensive? [1.4d] 


27. Investments. Joe plans to invest $30,000, part at 
3% and part at 4%, for one year. What is the most 
that can be invested at 3% in order to make at least 
$1100 interest in one year? [1.4] 
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Graph and write interval notation. _[1.5a, b] 
28. -2sx<5 


30. Find the intersection: [1.5a] 
{1,2,5, 6,9} M {1,3,5, 9}. 


31. Find the union: — [1.5b] 
{1,2,5,6,9} U {1,3,5, 9}. 


Solve. [1.5a, b] 
32. 2x —5 < —7and3x+8= 14 


33. -4<x+385 
34. -—15 < -—4x-5<0 
35. 3x < —9or —5x < —5 


36. 2x + 5 < —1l7or —4x + 10 = 34 


Ste 28 6-7 S —a0rxe s+: 7-15 


Simplify. [1.6a] 
12y 
—3y? 


3 
38. |-—— 40. 


x 


41. Find the distance between —23 and 39. __[1.6b] 


Solve. [1.6c, d] 


42. |x| = 6 43, |x — 2|}=7 


44, |2x + 5| = |x — 9| 45. |5x + 6| = -8 
Solve. [1.6e] 

46. |2x + 5| < 12 47, |x| = 3.5 

48. |3x — 4| = 15 49. |x| <0 


Greenhouse Gases. The equation 


G = 0.506 + 18.3 


is used to estimate global carbon dioxide emissions, in 
billions of metric tons, t years after 1980—that is, t = 0 
corresponds to 1980, tf = 20 corresponds to 2000, and 

so on. Use this equation in Exercises 50 and 51. 


Source: Data from U.S. Department of Energy 


50. Estimate global carbon dioxide emissions in 2010. 
[1.2a], [1.3a] 


A. 23.36 billion metric tons 
B. 33.48 billion metric tons 
C. 38.54 billion metric tons 
D. 1035.4 billion metric tons 


51. For what years are global carbon dioxide emissions 
predicted to be between 35 and 40 billion metric 
tons? [1.5c] 


A. Between 2013 and 2023 
B. Between 2011 and 2025 
C. Between 2020 and 2025 
D. Years after 2025 


Synthesis eee 
52. Solve: |2x + 5|< |x + 3]. [1.6d, e] 


Understanding Through Discussion and Writing 


1. Explain in your own words why the inequality 
symbol must be reversed when both sides of an 
inequality are multiplied or divided by a negative 
number.  [1.4c] 


2. Explain in your own words why the solutions of 
the inequality |x + 5| < 2 can be interpreted as 
“all those numbers x whose distance from —5 is at 
most 2 units.” [1.6e| 


3. Describe the circumstances under which, for inter- 
vals, [a,b] U [c,d] = [a,d].  [1.5b] 


4. Explain in your own words why the interval [6, ©) 
is only part of the solution set of |x| = 6. —_[1.6e] 


5. Find the error or errors in each of the following 


steps:  [1.4c] 
7 — 9x + 6x < —9(x + 2) + 10x 
7— 9x + 6x < -—9x + 2+ 10x (1) 
7+ 6x >2+ 10x (2) 
—4x > 8 (3) 
x > -2., (4) 


6. Explain why the conjunction 3 < xandx <5 
is equivalent to 3 < x < 5, but the disjunction 
3 < xorx < 5isnot. [1.5a, b] 
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For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youfffiq) (search “BittingerInterm” and click on “Channels”. 


Solve. 

lx+7=5 2. —12x = -8 3.x-2=3 

4. 3y-4=8 5. 1.7y — 0.1 = 2.1 — 0.3y 6. 5(3x + 6) = 6 — (x + 8) 

7. Solve A = 3B — C forB. 8. Solve m = n — nt forn. 

Solve. 

9. Room Dimensions. A rectangular room has a 10. Copy Budget. Copy Solutions rents a copier for $240 
perimeter of 48 ft. The width is two-thirds of the per month plus 1.5¢ per copy. A law firm needs to 
length. What are the dimensions of the room? lease a copy machine for use during a special case that 

they anticipate will take 3 months. If they allot a bud- 
get of $1500 for copying costs, how many copies can 
they make? 
11. Population Decrease. The population of Baytown 12. Angles in a Triangle. The measures of the angles ofa 
dropped 12% from one year to the next to a total of triangle are three consecutive integers. Find the mea- 
158,400. What was the former population? sures of the angles. 


13. Boating. A paddleboat moves at a rate of 12 mph in still 
water. If the river’s current moves at a rate of 3 mph, how 
long will it take the boat to travel 36 mi downstream? 36 mi 
upstream? 


Write interval notation for the given set or graph. 


a ee = 15. 
=—S=§=2=9=—2=1 0 i 2 se S 


Solve and graph. Write interval notation for the solution set. 


IG se 2s Al tis 45) = 3 2 D 
a Geena Oak Gan Re Ses aan etal nd ce an 
Sieh stl=s3=—2=i1 1) il 2 @ 4 & SpeHsissia=2=i () i 2 os 4 om 
Solve 
1 S@ — 4) 22 (3 19. —0.6y < 30 
20. 3a -5 = —-2a+6 21. -5y-1>—-9y+3 
22. 4(5 — x) <2x+5 23. —8(2x + 3) + 6(4 — 5x) = 2(1 — 7x) — 4(4 + 6x) 


Test: Chapter 1 155 


Solve. 
24. Moving Costs. 


Mitchell Moving Company charges 


$105 plus $30 per hour to move households across 
town. Quick-Pak Moving charges $80 per hour 

for cross-town moves. For what lengths of time is 
Quick-Pak more expensive? 


Graph and write interval notation. 


Ah 3) Ses 2 


Solve. 


2), B = Dye = and Sse +t D = Ie 


a, lil sor =— 2< 0 


Sh eH 7 S 


Simplify. 


34. 


x 


Hors. — 7 2 —10 


36. Find the distance between 4.8 and —3.6. 


37. Find the intersection: 


{1,3,5,7,9} M {3, 5, 11, 13}. 


Solve. 
39. |x| =9 


ze ee a) 


40. 


x-—3|=9 


44, 


x|> 3 


47. The solution of 2(3x 
of the following? 


A. Less than 0 
C. Between 1 and 3 


Synthesis 
Solve. 

48, |3x — 4| = -3 
156 CHAPTER 1 


6) + 5 = 1 — (x — 6) is which 


B. Between 0 and 1 
D. Greater than 3 


Solving Linear Equations and Inequalities 


25. 


27. 


Pressure at Sea Depth. The equation 
d 
1D = Il sp == 
S33} 


gives the pressure P, in atmospheres (atm), at a depth 
of d feet in the sea. For what depths d is the pressure at 
least 2 atm and at most 8 atm? 


PM), =3 See Dea 
Sil, she 2 lea arabe 2 —110) 
8), Sue = 2 < Vor — D> a 


—6x? 
35. 
3x 
38. Find the union: 


41 


45. 


{13}.5,7,9) Ui 43,5 1113}. 


. |x + 10| 


ke = 12) 4292 —5x| = 10 


@ = 38 
| AG) 5x —3| = 10 


ANS (eS = sho SO ar 786 
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CHAPTER 


Graphs, 
| _ Functions, and 
2.2 Functions and Graphs Appl Cati ons 


2.3 Finding Domain and Range 
Mid-Chapter Review 


2.4 — Linear Functions: 
Graphs and Slope 


2.5 More on Graphing 
Linear Equations 
Visualizing for Success 


2.6 — Finding Equations of Lines; 
Applications 


Summary and Review 
Test 
Cumulative Review 


STUDYING FOR SUCCESS Learning Resources on Campus 


{| There may be a learning lab or a tutoring center for drop-in tutoring. 
{| There may be group tutoring sessions for this specific course. 


{} The math department may have a bulletin board or a network that provides contact information 
for private tutors. 


Graphs of Equations 


Graphs display information and can provide a visual approach to problem 
solving. We often see graphs in newspapers and magazines. 


a | Plot points associated with 
ordered pairs of numbers. 


- 2010 
Population Josses: 2000 a 


Determine whether an 
ordered pair of numbers is a 


solution of an equation. —29.1% 


New Orleans: 
Detroit: —2 0% ; 
1% 


Graph linear equations using 
tables. 


Cleveland: —17- 


Graph nonlinear equations 
using tables. 


SKILL TO REVIEW 


sicisle dig Siclsinsseuaramnaursineleaisieaseneasonsiae SOURCE: US. Census Bureau 


$165 
160 
155 } 
150 
145 a} 
140 F- 
135 baa 
130 b= 


Objective 1.1a: Determine whether 
a given number is a solution of a 
given equation. 


Determine whether the given 
number is a solution of the 
given equation. 


1. 5; —5(2 — y) = -15 
2. —7; 2x — 6 = —20 


Average sales price of 
homes in central Indiana 
(in thousands) 


Year 
SOURCE: Indianapolis Star, Stephen J. Beard, June 23, 2013 


Second 
axis 


[E} PLOTTING ORDERED PAIRS 


We have already learned to graph numbers and inequalities in one variable 
on a line. To graph an equation that contains two variables, we graph pairs 
of numbers on a plane. 

On the number line, each point is the graph of a number. On a plane, 
each point is the graph of a number pair. To locate points on a plane, we use 
two perpendicular number lines called axes. They cross at a point called 
the origin. The arrows show the positive directions on the axes. Consider 
the ordered pair (2, 3). The numbers in an ordered pair are called coordi- 
nates. In (2, 3), the first coordinate is 2 and the second coordinate is 3. (The 


Answers 


Skill to Review: 
1. No 2. Yes 
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first coordinate is sometimes called the abscissa and the second the ordi- 
nate.) To plot (2,3), we start at the origin and move 2 units in the positive 
horizontal direction (2 units to the right). Then we move 3 units in the posi- 
tive vertical direction (3 units up) and make a dot. 

The point (3, 2) is also plotted in the figure. Note that (3, 2) and (2, 3) 
are different points. The order of the numbers in the pair is indeed impor- 
tant. They are called ordered pairs because it makes a difference which 
number is listed first. 

The coordinates of the origin are (0,0). In general, the first axis is 
called the x-axis and the second axis is called the y-axis. We call this the 
Cartesian coordinate system in honor of the great French mathematician 
and philosopher René Descartes (1596-1650). 


EXAMPLE 1 Plot the points (—4, 3), (—5, —3), (0,4), and (2.5, 0). 

To plot (—4, 3), we note that the first number, —4, tells us the distance 
in the first, or horizontal, direction. We move 4 units in the negative 
direction, left. The second number tells us the distance in the second, or 
vertical, direction. We move 3 units in the positive direction, up. The point 
(—4, 3) is then marked, or plotted. 

The points (—5, —3), (0, 4), and (2.5, 0) are plotted in the same manner. 


Second axis 


y 
(0, 4) 
(—4, 3) ve 
3 units} 4 units 5 
! left 
u 

e C5 OI ted 
$4-324.| 1954 3 3% HetaaTS 

-2 

@(—5, -3)--3 

-4 

= 


Do Exercises 1-10. D> 


Quadrants 


The axes divide the plane into four regions called quadrants, denoted by 
Roman numerals and numbered counterclockwise starting at the upper 
right. In region I (the first quadrant), both coordinates of a point are posi- 
tive. In region II (the second quadrant), the first coordinate is negative and 
the second coordinate is positive. In the third quadrant, both coordinates 
are negative, and in the fourth quadrant, the first coordinate is positive and 
the second coordinate is negative. 

Points with one or more 0’s as coordinates, such as (0, —5), (4,0), and 
(0, 0) are on axes and not in quadrants. 


Do Exercises 11 and 12 on the following page. > 


Plot each point on the plane below. 


1. (6,4) 2. (4,6) 
3. (—3,5) 4, (5,—3) 
5. (—4, -3) 6. (4, —2) 
7. (0,3) 8. (3,0) 
9. (0, —4) 10. (—4,0) 


y 
(“4 9) 5 , 5). 
4 
II 5 I 
Second First (+, +) 
quadrant 2 quadrant 
(=) : 
(0, 0) (4, 0) 
~9-4-3-2-1 [12.3.4 5 5 & 
—2 
ii. iv 
(-6,—4). Third Fourth (+, —) 
°° quadrant ae quadrant 
(=.=) oP e 
‘ (0, —5) (6, =5) 
Answers 


Answers to Margin Exercises 1-10 are on p. 160. 
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11. What can you say about the 
coordinates of a point in the 
third quadrant? 


12. What can you say about the 
coordinates of a point in the 
fourth quadrant? 


13. Determine whether (2, —4) isa 
solution of 5b — 3a = 34. 


14. Determine whether (2, —4) isa 
solution of 7p + 5q = —6. 


15. Use the line in Example 3 to 
find at least two more points 
that are solutions. 


Answers 


1.-10. Second 
axis 


11. Both negative 

12. First positive, second negative 

13. No 14. Yes 

15. (—6, 4), (—2, 2); answers may vary 


GE} SOLUTIONS OF EQUATIONS 


If an equation has two variables, its solutions are pairs of numbers. When 
such a solution is written as an ordered pair, the first number listed in the 
pair generally replaces the variable that occurs first alphabetically. 


EXAMPLE 2 _ Determine whether each of the following pairs is a solution 
of 5b — 3a = 34: (2,8) and (—1,6). 

For the pair (2, 8), we substitute 2 for a and 8 for b (alphabetical order 
of variables): 


5b — 3a = 34 
i ete eee 
40 — 6 
34 TRUE 


Thus, (2, 8) is a solution of the equation. 
For (—1, 6), we substitute —1 for a and 6 for b: 


5b — 3a = 34 
5-6—3:(-1) ? 34 
30+ 3 
33 FALSE 


Thus, (—1, 6) is not a solution of the equation. 
« Do Exercises 13 and 14. 


EXAMPLE 3 Showthatthe pairs (—4, 3), (0, 1), and (4, —1) are solutions 
of y = 1 — $x. Then plot the three points and use them to help determine 
another pair that is a solution. 

We replace x with the first coordinate and y with the second coordinate 
of each pair: 


y=1-35x y=1- 4x y=1-5x 
r a a ee r 

S71 3-4) Pete 3+@) —-1?1-3:(4) 
1+2 i= 0 Lz 


3 TRUE di TRUE =] TRUE 


In each case, the substitution results in a true equation. Thus all the pairs 
are solutions of the equation. 

We plot the points as shown at right. YA 
Note that the three points appear to 
“line up.” That is, they appear to be ona 
straight line. We use aruler and drawa 
line passing through (—4, 3), (0, 1), and 
(4,-1). 

The line appears to pass through 
(2, 0) as well. Let’s see if this pair is a 
solution of y = 1 — 5x: 


1 


yl ox 
021-3: (2) 

A cee | 

0 TRUE 


We see that (2, 0) is another solution of the equation. 


< Do Exercise 15. 
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Example 3 leads us to believe that any point on the line that 
passes through (—4,3), (0,1), and (4, —1) represents a solution of 
y = 1 — 3x. In fact, every solution of y = 1 — 5x is represented by 
a point on that line and every point on that line represents a solution. 
The line is said to be the graph of the equation. 


GRAPH OF AN EQUATION 


The graph of an equation is a drawing that represents all its 
solutions. 


| GRAPHS OF LINEAR EQUATIONS 


Equations like y = 1 — 5x and 2x + 3y = 6are said to be linear because 
the graph of their solutions is a line. In general, a linear equation is any 
equation equivalent to one of the form y = mx + bor Ax + By = C, where 
m, b, A, B, and Care constants (that is, they are numbers, not variables) and 
A and Bare not both 0. 


EXAMPLE 4 Graph: y = 2x. 


We find some ordered pairs that are solutions. This time we list the 
pairs in a table. To find an ordered pair, we can choose any number for x 
and then determine y. For example, if we choose 3 for x, then y = 2° 3 = 6 
(substituting into the equation y = 2x). We choose some negative values 
for x, as well as some positive ones. If a number takes us off the graph pa- 
per, we generally do not use it. Next, we plot these points. If we plotted 
many such points, they would appear to make a solid line. We draw the line 
with a ruler and label it y = 2x. 


x y (x,y) 

0 0 | (0,0) 

1 2 1.19) 

3 6 | (3,6) 

2 4 | (-2,—4) 

3 6 | (-3,-6) > a 


Choose any x. 
Compute y. —_ 
Form the pair. 
Plot the points. 


To graph a linear equation: 


1. Select a value for one variable and calculate the corresponding 
value of the other variable. Form an ordered pair using alpha- 
betical order as indicated by the variables. 


2. Repeat step (1) to obtain at least two other ordered pairs. Two 
ordered pairs are essential. A third serves as a check. 

3. Plot the ordered pairs and draw a straight line passing through 
the points. 


Do Exercises 16 and 17. > 


x y (x,y) 

4 2 (4, 2) 

2 of ) 
mae i ; 

=2 | [—]\|' d=) 
_ , : : 


Answers 


=-l 
Y= 5% 


Guided Solution: 
175 1,112) =2,.—2 
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EXAMPLE 5 Graph: y = —5x + 3. 


By choosing even integers for x, we can avoid fraction values when cal- 
culating y. For example, if we choose 4 for x, we get 


y=-3xt+3=-3(4)+3=-24+3=1 
When x is —6, we get 

y=-7x+3=-7(-6)+3=34+3=6, 
and when x is 0, we get 

y=-7x+3=-3(0) +3=04+3=3., 


We list the results in a table. Then we plot the points corresponding to 
each pair. 


18. Graph: y = 2x + 3. 


x y (xy) 
4) 1 |) (44) 
-6 | 6 | (-6,6) 
0 | 3 | (0,3) 


1 
19. Graph: y = ae 3. “3 


x y | (oy) y Note that the three points line up. If they did not, we would know that we 
had made a mistake. When only two points are plotted, an error is harder 
to detect. We use a ruler or other straightedge to draw a line through the 
eee eas points and then label the graph. Every point on the line represents a solu- 
= tion of y = —;x + 3. 


< Do Exercises 18 and 19. 


Answers 


Answers to Margin Exercises 18 and 19 are on 
p. 163. 


Finding Solutions of Equations A table of values representing ordered pairs that are solutions of an equation can be 
displayed on a graphing calculator. To do this for the equation in Example 4, y = 2x, we first access the equation-editor screen. Then 
we clear any equations that are present. (See the Calculator Corner on p. 81 for the procedure for doing this.) Next, we enter the 
equation, display the table set-up screen, and set both INDPNT and DEPEND to AUTO. 

We will display a table of values that starts with x = —2 (TBLSTART) and add 1 (ATBL) to the preceding x-value. 


EXERCISES: Create a table of ordered pairs that are solutions of the equation. 


1. Example 5 
2. Example 7 
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Calculating ordered pairs is usually easiest when y is isolated on one 
side of the equation, as in y = 2x and y = —}x + 3. To graph an equation 
in which y is not isolated, we can use the addition principle and the multi- 
plication principle to first solve for y. (See Sections 1.1 and 1.2.) 


EXAMPLE 6 Graph: 3x + 5y = 10. 
We first solve for y: 


3x + 5y = 10 
3x + 5y — 3x = 10 — 3x Subtracting 3x 
5y = 10 — 3x Simplifying 
z° 5y = 4° (10 — 3x) Multiplying by 3, or 
dividing by 5 
y =§%+ (10) — 4+ (3x) Using the distributive law 


i 
5 
y=2-x,ory= —3x + 2. 


Thus the equation 3x + 5y = 10 is equivalent to y = —2x + 2. We now 
find three ordered pairs, using multiples of 5 for x to avoid fractions. 


x M (x,y) 
0 2 | (0,2) 
5 | -1 | (5,-1) 

=§ 5 | (5,5) 


3x + 5y= 10 


-5 -4-3-2-1 


We plot the points, draw the line, and label the graph as shown. 


Do Exercises 20 and 21. > 


'd | GRAPHING NONLINEAR EQUATIONS 


We have seen that equations whose graphs are straight lines are called 
linear. There are many equations whose graphs are not straight lines. Here 
are some examples. 


y =x3 — 2x? — 4x +2 


pcs) 20. Graph: 4y — 3x = —8. 


We first solve for y: 


4y — 3x = -8 
4y = =) 
YS ee 
x y. (~y) 
0 = 2 (0, —2) 
4 (4, J) 
—4 ( j= 9) 


21. Graph: 5x + 2y = 4. 


x y y 


Answers 
18. 


20. 


4y —3x=-8 5x + 2y=4 
Guided Solution: 
20. 3x, 2,1,1,—5,—4 
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22. Graph: y = 4 — x’. 


2 
23. Graph: y = 


Answer for Margin Exercise 23 is on p. 165. 


Let’s graph some of these nonlinear equations. We usually need to plot 
more than three points in order to get a good idea of the shape of the graph. 


EXAMPLE 7 Graph: y = x? — 5. 

We select numbers for x and find the corresponding values for y. For 
example, if we choose —2 for x, we get y = (—2)* - 5 = 4- 5 = —1. The 
table lists several ordered pairs. 


x y 
0 =5 
—l —4 
1 —4 
=2 I] 
2 = 
—3 4 
3 4 
(0, —5) 


Next, we plot the points. The more points we plot, the more clearly we 
see the shape of the graph. Since the value of x* — 5 grows rapidly as x moves 
away from the origin, the graph rises steeply on either side of the y-axis. 


< Do Exercise 22. 


EXAMPLE 8 Graph: y = 1/x. 


We select x-values and find the corresponding y-values. The table lists 
the ordered pairs (3, a), (2; 3), (1,1), and so on. 


~ Vy 

1 

3 3 

1 

2 2 

1 1 
1 

2 2 
1 

2 x 

1 


We plot these points, noting that each first coordinate is paired with 
its reciprocal. Since 1/0 is undefined, we cannot use 0 as a first coordi- 
nate. Thus there are two “branches” to this graph—one on each side of the 
y-axis. Note that for x-values far to the right or far to the left of 0, the graph 
approaches, but does not touch, the x-axis; and for x-values close to 0, the 
graph approaches, but does not touch, the y-axis. 


< Do Exercise 23. 
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EXAMPLE 9 Graph: y = |x|. 

We select numbers for x and find the corresponding values for y. For 
example, if we choose —1 for x, we get y = |—1| = 1. Several ordered pairs 
are listed in the table below. 


oe VY 
“ee = 24. Graph: y = 4 — |x|. 
=2 2 
=1 1 
0 0 
cry ee eee 123 4 5 x 
Lia N60) 
2 2 y 
3 | 3 ‘ 


V2.3.4. 5.05 x 


We plot these points, noting that the absolute value of a positive num- 
ber is the same as the absolute value of its opposite. Thus the x-values 3 and 
—3 both are paired with the y-value 3. Note that the graph is V-shaped and 
centered at the origin. 


Do Exercise 24. D> 


With equations like y = —}x + 3,y = x? — 5, andy = |x|, which we 
have graphed in this section, it is understood that y is the dependent vari- 
able and x is the independent variable, since y is expressed in terms of x 
and consequently y is calculated after first choosing x. 


Graphing Equations — Equations must be solved for y before they can 
be graphed on the TI-84 Plus. Consider the equation 3x + 2y = 6. Solving for y, 
we enter y; = (6 — 3x)/2 as described on p. 81. Then we select a window and 


press to see the graph of the equation. (Press Geo") 7 to see the graph in Answers 
the standard window as shown on the right below.) 


23. 24, 
x y x y 
y = (6 — 3x)/2 ; " 6 ‘ 
10 
Ploti Plot2 Plot3 P 1 2 2 
\Y¥1 B (6—3X)/2 
\W2= 4 5 -2 2 
\WeiS 10 fee PR 
\Y4 = 10 a0 -1 -2 4 0 
\Y5 = 
\Yo = -2 -1 4 0 
Was 1 = 
=10 ee es 2 : 
L 4 —5 =] 
EXERCISES: Graph each equation in the standard viewing window aa mf 
[—10, 10, —10, 10], with Xscl = 1 and Yscl = 1. ld 


l y= 2x—-1 2. 3x +y=2 

3. y= 5x — 3 4,.y=—-4x+5 

5. y=3x- 3 6. y= —-ix +4 

7 y = 3.104x — 6.21 8. 2.98x + y = —1.75 
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For Extra Help 


[vf Reading Check 


Determine whether each statement is true or false. 


RC1. The point (5, 0) is in quadrant I and in quadrant IV. 


MathXL’ 


MyMathLab? _ scree bi 


RC2. The ordered pairs (1, —6) and (—6, 1) name the same point. 


RC3. In the ordered pair (—8, 3), the first coordinate, —8, is also 


called the abscissa. 


RC4. To plot the point (—2, 7), we start at the origin and move horizontally to —2. 


Then we move up vertically 7 units and make a “dot.” 


RC5. In the ordered pair (4, —10), the second coordinate, — 10, is also called the ordinate. 


RC6. The point (0, —3) is on the x-axis. 


aa 
‘mucarusaaee P. 
—— an 
READ REVIEW 


For each of the following equations, choose from the column on the right an equivalent equation. 


RC7. 3x + 4y= 0 
RC8. 4y — 3x = 0 
RCI. 4x — 3y = —4 


RC10. 3y + 4x = —12 


ER Plot the following points. 


1. A(4,1), B(2,5), C(0,3), D(0, —5), E(6, 0), F(—3, 0), 
G(—2, —4), H(—5, 1), J(—6, 6) 


Second 
axis 


rFPrPewe a DD 


T6 5-4-3 2-1, 123 4 5 6 | Fret 
axis 
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4 4 
se ee ee 
b) y= x 
dy=-je-4 
d) y= —2x 


2. A(—3, —5), B(1, 3), C(0,7), D(0, —2), E(5, 0), F(—4, 0), 


G(1, —7), H(—6, 4), J(-3, 3) 


Second 


axis 


FP wo we a DD 


123 4 5 6 


First 
axis 
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3. Plot the points M(2, 3), N(5, —3), and P(—2, —3). Draw 
MN, NP, and MP. (MN means the line segment from M 
to N.) What kind of geometric figure is formed? What is 


4. Plot the points Q(—4, 3), R(5, 3), S(2, -1), and 
T(—7, -1). Draw QR, RS, ST, and TQ. What kind of 
figure is formed? What is its area? 


Second 
axis A 


its area? 
Second 
axis A 
6 
5 
4 
3 
2 
1 
=—6 5-4 =8 ery 12 3 4 5 6 First 
= axis 
—3 
—4 
—5 
—6 


Db | Determine whether the given point is a solution of the equation. 


5. (1,-1); y= 2x — 3 


8. (2,-1); 4r + 3s =5 


In Exercises 11-16, an equation and two ordered pairs are given. Show that each pair is a solution of the equation. Then 


6. (3,4); t= 4 - 3s 


3 
9. (0,2); 2a+ 5b=7 


> 
123456 First 
axis 


7. (3,5); 4x —-y=7 


10. (—5,1); 2p — 3q = -13 


graph the equation and use the graph to determine another solution. Answers for solutions may vary, but the graphs do not. 


ll. y = 4 — x; (-1,5), (3,1) 


1 
14. y= ax + 3; (4,5), (2,2) 


> 
~574-3-2-1), 123 4 5 Ea 


> 
123 45 3% 


12. y = x — 3; (5,2), (—1, —4) 


> 
—5-4-3-2-1 123 45 x 


15. 6x — 3y = 3; (1,1),(-1, -3) 


> 
7574-37271) 123 45 x 


13. 3x + y = 7; (2,1), (4, -5) 


16. 4x — 2y = 10; (0, —5), (4,3) 


123465 :x 
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y; y VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
T5743 —2-1)] 12.3 4 5 ~8247372-1)).1.2.3.4.5 x ~874-3-2-1)/.1.2.3.4.5 x ~8247372-1)|1.2.3.4.5.5 % 
~2 -2 +2 ce 
-3 -3 +3 3 
-4 “4 4 oo 
-5 £5 5 a 
21. y=—-x 
YA y YA YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
= a = 
~5-4-3-2-1)|1.2.3.4 5 ~5-4-3-2-1)| 12345 % ~5-4-3-2-1,| 12345 Xx ~5-4-3-2-1)| 123.45 % 
2 =2 2 -2 
43 43 +3 3 
-4 +4 m4 eo 
5 +5 -5 -5 
25. y= 5x — 2 26. y=-x+ 2 27, y= -x+1 28. y= =-x-4 
¥ VA VA YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
a = ~ 
~5-4-3-2-1,| 123.45 ~5-4-3-2-1,/ 12345. x ~5-4-3-2-1,/. 123.45 % =5-4-3-2-1,/ 123.45. % 
=2 +2 +2 +2 
=3 +3 -3 =3 
=4 -4 -4 -4 
-5 -5 +5 =5 
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29.x+y=5 30.x+y=—-4 31. y= — 7x - 2 32. y= —7x + 3 
VA y YA ¥ 
5 5: 5 5 
4 4 4 4 
o: 3 3 3 
2 2 2 2 
1 af 1 1 
~5-4-3-2-1) 12345 x 7574737271, boo 3-4 5 x 574737271) 12345 x ~574—3-27-1) 12345 x 
19 92 —2 —2 
ane 13 —3 =o 
L4 4 —4 —4 
L5 25 5 —5 
33. x + 2y = 8 34. x + 2y = -6 35. y=7xt+ 1 36. y= —--x- 3 
YA VA y VA 
5 5 5 5 
4 4 4 4 
3 3 3: S| 
2 2 2 2 
a 1 1 1 
= > 
T5747372-1) 12345 x ~574-3—2-1) 12345 4 7574737271) 123 45 x 574737271) lL. 2 3 4.5 Ke 
—2 —2 —2 2 
3 —3 =3 —3 
—4 —4 —4 4 
5 —5 =5 —5 
37. By + 2x = 4 38. 6x — 3y = —9 39. 8y + 2x = —4 40. 6y + 2x = 8 
x y x y x y x y 
yA YA y YA 
5 5 5 5 
4 4 4 4 
3 3 3 2 
2 2 2 2 
a 1 1 1 
= — = _ 
T5473 727-1) 12345 x 5747-37271) 12345 x ~574-372-1) 12345 x 574737271) 12345 XG 
2 2 —2 2 
3 —3 —3 —3 
—4 —4 —4 4 
5 = 5 —5 5 
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43. y=x°4+2 


aly 
EOE 
VA VA VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
al 1 1 1 
5747-37271) 123 45 ~574-372-1) 123 45 5747-37271) 123 45 7574737271, 123 45 
—2 —2 —2 2 
=—3 3 3 = 3: 
-4 —4 —4 —4 
—5 —5 —5 —5 
— —2 =e? — — 
45. y=x°—3 46. y= x° — 3x 47. y= —-— 48. y= — 
YA ZN VA YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 a 
~574—-372-1) 123 4 5 T5473 72-1) 123 45 ~574-372-1) 123 4 5247-37271, 123 45 
—2 re —2 2 
—3 —3 —3 =3 
—4 —4 —4 4 
5 —5 —5 a5: 
49. y= |x - 2| 50. y = |x|+ 2 Sl, y= x" 52. y=x?-2 
VA ZN VA y 
5 5 5 5 
4 4 + 4 
3 3 3 3 
2 2 2 2 
1 1 1 il 
~574—-372-1) 123 45 574737271) 123 45 ~574-372-1) 123 4 5 75747387271) 123 45 
—2 es —2 2 
—3 —3 —3 =3 
—4 —4 —4 —4 
5 5 —5 25. 
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SKiIL Maite mance iiiiiioccccccccccecccccccccccceccececceveeesecesevetssvstvsevitevstvsevssvisviserettevesvisvisviivvtvesevtvseeees 


Solve. [1.5a, b] 


53. -3 < 2x-5=10 54. 2x — 5 = —-100r 55. 3x — 5 = —-120r 56. —13 < 3x + 5 < 23 
—4x —2< 10 3x = 5 = 12 


Solve. [1.3a] 


57. Waiting Lists for Organ Transplants. In August of 58. Landscaping. Grass seed is being spread ona 
2013, there were more than 119,000 people on waiting triangular traffic island. If the grass seed can cover an 
lists for organ transplants. There were 113,162 people area of 200 ft” and the island’s base is 16 ft long, how 
waiting for a kidney or a liver, and 81,528 fewer were tall a triangle can the seed fill? 


waiting for a liver than for a kidney. How many were 
on the waiting list for a kidney? for a liver? 


Source: Data from Organ Procurement and Transplantation Network 


59. Taxi Fare. The fare for a taxi ride from Jen’s office 60. Real Estate Commission. The Clines negotiated the 
to the South Bay Health Center is $19.85. The driver following real estate commission on the selling price 
charges $2.00 for the first 5 mi and $1.05 for each of their house: 
additional ; mi. How far is it from Jen’s office to the 7% for the first $100,000 and 


2 
senth Bay Health Center 4% for the amount that exceeds $100,000. 


The realtor received a commission of $16,200 for selling 
the house. What was the selling price? 


Sh cece ets acca esse cease cng aceasta aes aloo 


Tl Usea graphing calculator to graph each of the equations in Exercises 61-64. Use a standard viewing window of 
[—10, 10, —10, 10], with Xscl = 1 and Yscl = 1. 


1 1 
6l. y=x°-— 3x+2 62. y= x — |x| 63. y= ——— 64. y= 
x-— 2 x 


In Exercises 65-68, find an equation for the given graph. 
66. 67. 68. 


> 
A —5—-4-3-2-1 12345 X 1 243 4 5 a 
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OBJECTIVES 


B Determine whether a 
correspondence is a 
function. 


Given a function described 
by an equation, find function 
values (outputs) for specified 
values (inputs). 


Draw the graph of a 
function. 


Determine whether a graph 
is that of a function using 
the vertical-line test. 


Solve applied problems 
involving functions and 
their graphs. 


SKILL TO REVIEW 


Objective R.4b: Evaluate algebraic 
expressions by substitution. 


Evaluate. 


1 
I. ra when x = 40 


2. y* — 2y + 6,wheny = -1 


Answers 


Skill to Review: 
1-10 29 


Functions and Graphs 


a | IDENTIFYING FUNCTIONS 


Consider the equation y = 2x — 3. If we substitute a value for x—say, 5— 
we get a value for y, 7: 


y = 2x — 3 = 2(5) -3 = 10-3 =7. 


The equation y = 2x — 3 is an example of a function, one of the most 
important concepts in mathematics. 

In much the same way that ordered pairs form correspondences be- 
tween first and second coordinates, a function is a correspondence from 
one set to another. For example: 


To each student in a college, there corresponds his or her student ID. 
To each item in a store, there corresponds its price. 
To each real number, there corresponds the cube of that number. 


Correspondence 


In each case, the first set is called the ; 
Domain Range 


domain and the second set is called the 
range. Each of these correspondences is a 
function, because given a member of the 
domain, there is just one member of the 
range to which it corresponds. Given 

a student, there is just one ID. Given an 
item, there is just one price. Given a real 
number, there is just one cube. 


EXAMPLE 1. Determine whether the correspondence is a function. 
Domain Range Domain 


1 ——+ $107.40 


Range 
3 


fi 2 ———> $ 34.10 g: 
" 3» $ 29.60 Pee 5 
4—> $ 19.60 6? 
Domain Range Domain Range 
F Cubs Cubs ee ie 
Cieago White Sox p: White Sox ——7 Chicago 
h: Baltimore t——-> Orioles Orioles .—~+ Baltimore 


San Diego ——-> Padres Padres ©——-> San Diego 


The correspondence f is a function because each member of the 
domain is matched to only one member of the range. 

The correspondence g is a function because each member of the 
domain is matched to only one member of the range. Note that a function 
allows two or more members of the domain to correspond to the same 
member of the range. 

The correspondence h is not a function because one member of the 
domain, Chicago, is matched to more than one member of the range. 

The correspondence p is a function because each member of the 
domain is matched to only one member of the range. ts 
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Determine whether each 
FUNCTION; DOMAIN; RANGE correspondence is a function. 


A function is a correspondence between a first set, called the domain, 1. Domain Range 

and a second set, called the range, such that each member of the Cheetah ——> 70 mph 

domain corresponds to exactly one member of the range. Human +> 28mph 
Lion —+ 50 mph 


Chicken ——> 9mph 
Do Exercises 1-4. D 


2. Domain Range 
A ———a 
EXAMPLE 2 Determine whether each correspondence is a function. B b 
Domain Correspondence Range C . 
a) The integers Each number’s square A set of nonnegative D d 
integers 7 
b) Aset of presidents Each president’s A set of Supreme a: Dwain Range 
(listed below) appointees to the Court Justices (listed _ 
Supreme Court below) . ee | 
=—3 
——— 
George H. W. Bush Samuel A. Alito, Jr. ” 
William Jefferson Stephen G. Breyer 4. Domain Range 
Clinton Ruth Bader Ginsburg 
—2 
George W. Bush Elena Kagan 4 sg ned 9 
John G. Roberts, Jr. =3 
Barack H. Obama Sonia M. Sotomayor 9 ae 3 
Clarence Thomas 0 ———> 0 
a) The correspondence is a function because each integer has only one 
square. 
b) This correspondence is not a function because there is at least one 
member of the domain who is paired with more than one member of the 
range (William Jefferson Clinton with Stephen G. Breyer and Ruth Bader 
Ginsburg; George W. Bush with Samuel A. Alito, Jr., and John G. Roberts, 
Jr.; Barack H. Obama with Elena Kagan and Sonia M. Sotomayor). 
Do Exercises 5-7 on the following page. > 
Answers 


1. Yes 2. No 3. Yes 4. No 
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Determine whether each 
correspondence is a function. 


When a correspondence between two sets is not a function, it is still an 
example ofa relation. 


5. Domain 
A set of numbers 
Correspondence RELATION 


Square each number and 
subtract 10. 

Range 

A set of numbers 


- Domain 

A set of polygons 
Correspondence 

Find the perimeter of each 
polygon. 

Range 

A set of numbers 


. Determine whether the 


correspondence is a function. 


Domain 
A set of numbers 


Correspondence 
The area of a rectangle 


Range 
A set of rectangles 


dee ene eeeene Caution! teen e ee eneeee 


The notation f(x) does not 
mean “f times x” and should 


A relation is a correspondence between a first set, called the domain, 
and a second set, called the range, such that each member of the 
domain corresponds to at least one member of the range. 


Thus, although the correspondences of Examples 1 and 2 are not all 
functions, they are all relations. A function is a special type of relation— 
one in which each member of the domain is paired with exactly one mem- 
ber of the range. 


Db | FINDING FUNCTION VALUES 


Most functions considered in mathematics are described by equations like 
y = 2x + 30ry = 4 — x*. We graph the function y = 2x + 3 by first per- 
forming calculations like the following: 

forx = 4,y = 2x +3=2°44+3=84+3= 11; 

forx = —5,y = 2x +3=2:-(-5)+3=-10+3=-7; 

forx = 0,y = 2x+3=2:0+3=0+3=3; andsoon. 

For y = 2x + 3, the inputs (members of the domain) are values of x 
substituted into the equation. The outputs (members of the range) are the 
resulting values of y. If we call the function f, we can use x to represent an 
arbitrary input and f(x)—read “fof x,” or “fat x,” or “the value of fat x’”—to 
represent the corresponding output. In this notation, the function given by 
y = 2x + 3is written as f(x) = 2x + 3 and the calculations above can be 
written more concisely as follows: 

y=f(4) =2-44+3=8+3=11 
y =f(-5) =2-(-5) +3=-10+ 3 = -7; 


oo y =f(0) =2-0+3=0+3=3; andsoon. 

Thus instead of writing “when x = 4, the value of y is 11,” we can simply 
write “f(4) = 11,” which can also be read as “fof 4 is 11” or “for the input 4, 
the output of fis 11.” 

We can think of a function as a machine. Think of f(4) = 11 as put- 
ting 4, a member of the domain (an input), into the machine. The machine 
knows the correspondence f(x) = 2x + 3, multiplies 4 by 2 and adds 3, 
and produces 11, a member of the range (the output). 

286 Inputs: x = 4 
f(x) = 2x+3 
Outputs: f(4) = 11 
Answers 


5. Yes 6. Yes 7. No 


174 = CHAPTER2 Graphs, Functions, and Applications 


EXAMPLE 3 A function/ is given by f(x) = 3x* — 2x + 8. Find each of 
the indicated function values. 
a) f(0) b) f(-5) c) f(7a) 


One way to find function values when a formula is given is to think of 
the formula with blanks, or placeholders, replacing the variable as follows: 


fC = 3)? - 201+ 8. 


To find an output for a given input, we think: “Whatever goes in the blank 
on the left goes in the blank(s) on the right.” With this in mind, let’s com- 
plete the example. 

a) f(0) =3-07 —2-0+8=8 

b) f(—5) = 3(-5)? —2- (-5) +8=3-25+10+8=75+10+8=93 
c) f(7a) = 3(7a)? — 2(7a) + 8 =3- 49a” — 14a + 8 = 147a” — 14a+ 8 


Do Exercise 8. > 


EXAMPLE 4 _ Find the indicated function value. 


a) f(5), for f(x) = 3x + 2 b) g(—2), for g(x) = 7 
c) F(a + 1), for F(x) = 5x — 8 d) f(a + h), for f(x) = —2x + 1 


a) f(5)=3-5+2=15+2=17 

b) For the function given by g(x) = 7, all inputs share the same output, 7. 
Thus, g(—2) = 7. The function gis an example of a constant function. 

c) Fa+1)=5(a+1)-8=5a+5-8=5a-3 

d) f(a +h) = -2(a +h) +1=-2a-2h+1 


Do Exercise 9. > 


Finding Function Values We can find function values using a graphing calculator. One method is to substitute inputs 


8. Find the indicated function 


values for the function 
f(x) = 2x? + 3x - 4. 


BD ® sls) =2- 243. 


b) f(0) 
c) f(—5) 
d) f(2a) 


value. 


—4 


. Find the indicated function 


a) f(—6), for f(x) = 5x — 3 


b) g(55), for g(x) = —3 
c) F(a + 2), for 

F(x) = —5x + 8 
d) f(a — h), for 

f(x) = 6x —-7 


Answers 


8. (a) 148; (b) —4; (c) 31; (d) 8a? + 6a — 4 


9. (a) —33; (b) —3; (c) —5a — 2; 
(d) 6a — 6h — 7 

Guided Solution: 

8. (a) 8, 8, 64, 128, 148 


directly into the formula. Consider the function f(x) = x? + 3x — 4. We find that f(—5) = 6. See Figure 1. 


(—5)2 + 3(—5)—4 


FIGURE 1 FIGURE 2 FIGURE 3 


After we have entered the function as y, = x? + 3x — 4 on the equation-editor screen, there are other methods that we can 


use to find function values. We can use a table set in ASK mode and enter x = —5S. We see that the function value, y,, is 6. See Figure 2. 
We can also use the VALUE feature to evaluate the function. To do this, we first graph the function. Then we press QB Care) GD) 


to access the VALUE feature. Next, we supply the desired x-value. Finally, we press GBD to see X = —5,Y = Gat the bottom of the 
screen. See Figure 3. Again we see that the function value is 6. Note that when the VALUE feature is used to find a function value, the 


x-value must be in the viewing window. 


EXERCISES: Find each function value. 
1. f(—5.1), for f(x) = —3x + 2 


SECTION 2.2 


2. f(A) for f@) = 47 + 2=5 


Functions and Graphs 


175 


10. Graph: f(x) =x — 4. 


x f(x) 


1 


123.4 5.5% 


11. Graph: g(x) = 5 — x? 


x g(x) 
Answers 
10. ak 
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12345 


R) GRAPHS OF FUNCTIONS 


To graph a function, we find ordered pairs (x, y) or (x, f(x)), plot them, and 
connect the points. Note that y and f(x) are used interchangeably—that is, 
y = f(x)—when we are working with functions and their graphs. 


EXAMPLES Graph: f(x) =x + 2. 
A list of some function values is shown in the following table. We plot 


ay 


the points and connect them. The graph is a straight line. The “y” on the 
vertical axis could also be labeled “f(x).” 


YA 

|e) c 
-4 | -2 ; 
aq || a ’ (4,704) 
=2 0 

4 1 S@=x+2 
0 2 -5 -4-3 2-1, 123 45 a 
1 3 

2 4 

3 5 

4 6 


< Do Exercise 10. 


EXAMPLE6 Graph: g(x) = 4 — x’. 
We calculate some function values, plot the corresponding points, and 
draw the curve. 
p(0) =4-0? =4-0=4, 
g(-1) = 4-— (-1)? =4-1=3, 
g2)=4-2 =4-4=5 
e(-3) = 4-(-37 =4-9=-5 


VA 
& |) s(x) 
=3 = 
= 0 
= qi 
0 4 -5 -4-3 x 
1 3 
2 0 
3 = 


< Do Exercise 11. 


Graphs, Functions, and Applications 


EXAMPLE 7 Graph: h(x) = |x|. 
A list of some function values is shown in the following table. We plot 


the points and connect them. The graph is a V-shaped “curve” that rises on 
either side of the vertical axis. 


se h(x) 


—3 3 


wOonNrH OF 
wOonr OF LY 


Do Exercise 12. > 


dd THE VERTICAL-LINE TEST 


Consider the graph of the function f 
described by f(x) = x* — 5 shown at 
right. It is also the graph of the equation 
yo x? 5. 

To find a function value, like f(3), from 
a graph, we locate the input on the horizon- 
tal axis, move directly up or down to the 
graph of the function, and then move left or 
right to find the output on the vertical axis. 
Thus, f(3) = 4. Keep in mind that mem- 
bers of the domain are found on the hori- 
zontal axis, members of the range are found 
on the vertical axis, and the y on the vertical axis could also be labeled f(x). 

When one member of the domain is paired with two or more different 
members of the range, the correspondence is not a function. Thus, when a 
graph contains two or more different points with the same first coordinate, 
the graph cannot represent a function. Points sharing a common first coor- 
dinate are vertically above or below each other. (See the following graph.) 
This observation leads to the vertical-line test. 


Since 3 is paired with more than 
one member of the range, the graph 
ss does not represent a function. 


THE VERTICAL-LINE TEST 


If it is possible for a vertical line to cross a graph more than once, then 
the graph is not the graph of a function. 


12. Graph: t(x) = 3 — |x|. 


2e || 14ed) 


L2.3.4.5.00 x 


Graphing Functions 
To graph a function using a 
graphing calculator, we replace 
the function notation with y 
and proceed as described in the 
Calculator Corner on p. 165. To 
graph f(x) = 2x? + x inthe 
standard window, for example, 
we replace f(x) with y and enter 
y, = 2x? + xontheY = screen 


and then press eom) ©). 


EXERCISES: Graph each 
function. 


1. 
. f(x) = -2x — 3 

x) =1-—x? 
x) = 3x —- 4x +1 


) 
) 
) 


Answer 


t(x)= 3 - |x| 
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Determine whether each of the 


i heth h of the following is th h of 
iollowingis the praph of 4 tanction: EXAMPLE 8 Determine whether each of the following is the graph of a 


function. 
13. \ . f a) y b) y 
x x x 
14. J 
a) The graph is not that of a function because a vertical line can cross the 
graph at more than one point. 
x y 
15. ai 
x 
x 
b) The graph is that of a function because no vertical line can cross the 
graph more than once. 
16. yy 
< Do Exercises 13-16. 
\Z (APPLICATIONS OF FUNCTIONS 
AND THEIR GRAPHS 


Functions are often described by graphs, whether or not an equation is 
given. To use a graph in an application, we note that each point on the 
graph represents a pair of values. 


EXAMPLE 9 IRS Instruction Booklet. The following graph represents 
the number of pages in the IRS 1040 instruction booklet for years from 1965 
through 2012. The number of pages is a function of the year. Note that no 
equation is given for the function. 


= 
> 


Number of pages in IRS 
1040 instruction booklet 
oS 
oo 

iri al 


0 | | | L L | 
65 '75 '85 ’95 '05 '15 x 


Year 


SOURCES: National Taxpayers Union; 
Statista.com; Internal Revenue Service 


a) How many pages are in the 1975 IRS 1040 instruction booklet? That is, 
find (1975). 


b) How many pages are in the 2010 IRS 1040 instruction booklet? That is, 
Answers find f(2010). 
13. Yes 14. No 15. No 16. Yes 
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a) To estimate the number of pages in the 1975 booklet, we locate 1975 on 
the horizontal axis and move directly up until we reach the graph. Then 
we move across to the vertical axis. We come to a point that is about 40, 
so we estimate that the number of pages in the 1975 booklet is 40. 


YA YA 
240 b 240 F 
2 220F 2 220 
icp) Yn 
3 200 3 200 
5 8 180 + g 8 Te eerie ester mies eee 
8. g 160 + Se 160}- f 
$3 140- tg 8 Mop if 
3 3 120 S35 120+ 1 
B 3 100- 5 2 100+ i 
os o s 
2S 80+ 2S 80+ 1 
2S 60} 2S 60+ 
7 40 k---- ~ 40h ! 
20 1 20 i Refer to the graph in Example 9 for 
| I ! ! | | > 0 l I | ! i > * . 
aa Age, Iga tgs PORE Tas 75 Ips OR OS IE Margin Exercises 17 and 18. 
Vear Year 17. How many pages are in the 
SOURCES: National Taxpayers Union; SOURCES: National Taxpayers Union; 2005 IRS 1040 instruction 
Statista.com; Internal Revenue Service Statista.com; Internal Revenue Service booklet? 
b) To estimate the number of pages in the 2010 booklet, we locate 2010 on 18. a Fie ibaa rs the 
: , . : instruction 
the horizontal axis and move directly up until we reach the graph. Then beaidiee tate 
we move across to the vertical axis. We come to a point that is about 180, , 
so we estimate that the number of pages in the 2010 booklet is 180. 
Answers 
Do Exercises 17 and 18. > 17. About 140 pages ‘18. About 190 pages 


For Extra Help MathXL° 


MyM ath Lab” PRACTICE WATCH 


REVIEW. 


Ral Reading Check 


Use the graph at right to find the given function value by fdr 
locating the input on the horizontal axis, moving directly 
up or down to the graph of the function, and then moving 
left or right to find the output on the vertical axis. As an 
example, finding f(4) = —5 is illustrated. 


RCI. f(2) 
RC2. f(0) 
RC3. f(—2) 


RC4. f(3) 
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a | Determine whether each correspondence is a function. 


1. Domain Range 2. Domain Range 3. Domain Range 4. Domain Range 
2—>9 5 =——— 23 =35—e 1 6 = —6 
5 —— 8 -3 — 7 5 a ,—_ = =7 
19 7 a 8 3—_>-3 
=i 
5. Domain Range 6. Domain Range 
3 The Color Purple, 1982 Ray Bradbury 
9 —— (Pulitzer Prize 1983) 
3 Pearl Buck 


East of Eden, 1952 


4 
16 ie Fahrenheit 451, 1953 


5 The Good Earth, 1931 


25 = ae (Pulitzer Prize 1932) 


For Whom the Bell Tolls, 1940 


Ernest Hemingway 
Harper Lee 

John Steinbeck 
Alice Walker 


The Grapes of Wrath, 1939 
(Pulitzer Prize 1940) 


To Kill a Mockingbird, 1960 


(Pulitzer Prize 1961) 
The Old Man and the Sea, 1952 
(Pulitzer Prize 1953) 
7. Domain Range 8. Domain Range 
Florida State University Colorado State University 
Florida University of Florida University of Colorado —-————-$ Colorado 
University of Miami University of Denver 
Baker University Gonzaga University F 
Kansas Kansas State University ele of Washington ———- Washington 
University of Kansas Washington State University 
Domain Correspondence Range 
g. Aset of numbers The area ofa triangle Aset of triangles 
10. A family Each person’s height, in inches A set of positive numbers 
11. The set of U.S. Senators The state that a Senator represents The set of all states 
12. The set of all states Each state’s members ofthe U.S.Senate The set of U.S. Senators 


Roy Blunt 
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Db | Find the function values. 


13. f(x) =x+5 14. g(t) =t-—6 15. h(p) = 3p 
a) f(4) b) f(7) a) g(0) b) 8(6) a) h(—7) b) A(5) 
c) f(-3) d) f(0) c) g(13) d) g(—1) c) h(3) d) h(0) 

e) (2.4) f) £(3) e) g(—1.08) f) (3) e) h(6a) f) h(a + 1) 
16. f(x) = —4x 17. g(s) =3s+4 18. h(x) = 19, a constant function 
a) f(6) b) f(-2) a) g(1) b) g(-7) a) h(4) b) h(—6) 

c) f(0) d) f(-1) o) 8(3) d) (0) c) h(12.5) d) h(0) 

e) f(3a) f) f(a — 1) e) g(a — 2) f) g(a +h) e) h(3) f) h(a + 3) 
19. f(x) = 2x” — 3x 20. f(x) = 3x27 -2x+1 21. f(x) = |x| +1 

a) f(0) b) f(-1) a) f(0) b) (1) a) f(0) b) s(-2) 

o) f(2) d) f(10) o) f(-1) d) (f(10) &) f(2) d) f(-10) 

e) f(-5) ) f(4a) e) f(-3) f) f(2a) e)fla-1)—) fla +h) 
22. g(t) = |t- 1 23. f(x) = x3 24. f(x) =x'- 3 

a) g(4) b) g(—2) a) f(0) b) f(-1) a) f(1) b) f(—1) 

c) g(—-1) d) g(100) c) f(2) d) f(10) c) f(0) d) f(2) 

e) g(5a) f) g(a +1) e) f(—5) f) f(-3a) e) f(—2) f) f(-a) 
25. Average Age of Senators. The function A(s) given by 26. Average Age of House Members. The function A(h) 

A(s) = 0.044s + 59 given by 

can be used to estimate the average age of senators in A(h) = 0.059h + 53 

the U.S. Senate in the years 1945 to 2013. Let A(s) = can be used to estimate the average age of House 

the average age of the senators and s = the number members in the U.S. House of Representatives in the 

of years since 1945—that is, s = 0 for 1945, s = 20 years 1945 to 2013. Let A(h) = the average age of the 

for 1965, and so on. What was the average age of U.S. House members and h = the number of years since 

Senators in 1980? in 2013? 1945. What is the average age of U.S. House members 


in 1980? in 2013? 


Sources: Data from www.slate.com/; “Democracy or Gerontocracy,” 


Brian Palmer, January 2, 2013; Congressional Research Service Sources: Data from www.slate.com/; “Democracy or Gerontocracy,” 
Brian Palmer, January 2, 2013; Congressional Research Service 
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27. Pressure at Sea Depth. The function P(d) = 1 + 
(d/33) gives the pressure, in atmospheres (atm), at 
a depth of d feet in the sea. Note that P(0) = 1 atm, 
P(33) = 2atm, and so on. Find the pressure at 20 ft, 


30 ft, and 100 ft. 


29 


ey Graph each function. 


31. f(x) = —2x 


y 
5 
4 
3 
2 
1 

See el eee 
+2 
+3 
4 
+5 
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Melting Snow. The function W(d) = 0.112d 
approximates the amount of water, in centimeters, that 
results from d centimeters of snow melting. Find the 
amount of water that results from snow melting from 
depths of 16 cm, 25 cm, and 100 cm. 


32. g(x) = 3x 
x g(x) 
y 
5 
4 
3 
2 
1 
-5-4-3-2-1,| 12345 x 


Graphs, Functions, and Applications 


28. Temperature as a Function of Depth. The function 
T(d) = 10d + 20 gives the temperature, in degrees 
Celsius, inside the earth as a function of the depth d, 
in kilometers. Find the temperature at 5 km, 20 km, 
and 1000 km. 


30. Temperature Conversions. The function 
C(F) = 3(F — 32) determines the Celsius temp- 
erature that corresponds to F degrees Fahrenheit. 
Find the Celsius temperature that corresponds to 
62°F, 77°F, and 23°F. 


Fahrenheit 


Celsius 


+-< Water 
il boils 


Normal 
< body > 
temperature 


_<——— Roon — 
temperature 


<— Water ——> 
_ freezes 


33. g(x) = 3x - 1 34. f(x) = 2x +5 


x 
¥. y. 
5 5 
4 4 
3 3 
2 2 
1 1 
7574737271) 123 45 x ~574—-3-2-1) 123 45 
-2 —2 
—3 —3 
-4 —4 
=5 —5 


x 
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35. g(x) = —2x + 3 36. f(x) = —3x +2 37. f(x) = 3x41 38. f(x) = —ix — 2 
yy y y y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 Al 1 1 
ao Thes ee 1g | 2 84 8 x ~5-4-3-2-1)].1.2.3.4 5 = =5-4-3-2-1)|..1.2.3.4.5 . ~5-4-3-2-1)| 1.2.3.4 5 - 
-2 -2 -2 2 
=3 +3 +3 =3 
o4 -4 -4 =4 
=5 £5 =5 £5 
39. f(x) =2- |x| 40. f(x) = |x| — 4 Al. g(x) = |x - 1| 42. g(x) = |x + 3| 
y y VA VA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> > 
=8747-3-2-1)/.12.3.4 5) x ~8747-372-1)/.12.3.4 5 | x ~54-3-2-1)/.1.2.3.4.5. Xx =524-372-1),).1.2.3.4.5. % 
+2 +2 +2 +2 
=3 =3 -3 +3 
-4 +4 -4 +4 
+5 +5 -5 5 
43. g(x) =x? +2 44, f(x) =x? +1 
x g(x) x f(x) 
=2 = 2) 
fal =1 
0 0 
1 1 
2 2 
a | ee A 
YA VA VA Jy 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
= 
-5-4-3-2-1,[ 12345 |x ~5-4-3-2-1,/. 12.345 % ~8747372-1)/.12.3.4 5) % ~5-4-3-2-1)| 12345  % 
-2 -2 -2 -2 
-3 ~3 -3 -3 
—4 -4 —4 -4 
-5 —5 -5 -5 
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47, f(x) = -x* +1 48. f(x) = —x? +2 49, f(x) =x°4+1 50. f(x) =x? -2 


y YA y 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 

> 

574737271, 12345 be 7574737271) 123 45 x ~or4c37271) 123 45 x 
+2 2 72 
+3 3 =3 
=A +4 4 
+5 “5 5 


| Determine whether each of the following is the graph of a function. 


51. J 52. y 53. y 54. Jy 


55. y 56. y 57. y 58. J 


e| Solve. 


Living with Grandparents. The following graph 59. Approximate the number of children living with only 
approximates the number of children in the United States grandparents in 2009. That is, find f(2009). 

who lived with only their grandparents in the years from 

1991 through 2009. The number of children is a function 

fof the year x. 


60. Approximate the number of children living with only 
grandparents in 1996. That is, find f(1996). 


Number of children in 
United States who lived with 
only grandparents (in millions) 


Popp pep pp pp pp pp pp pp tt 
Oya i6a las Jar. foo fata 9Ae tne? Ae ce 
91 93 “95 97 99 01 03 05 07 09 x 


Year 
SOURCE: U.S. Census 2010 


184 = cHAPTER2 Graphs, Functions, and Applications 


Pharmacists. The following graph approximates the 
number of pharmacists in the United States in the years 
from 2002 through 2012. The number of pharmacists is a 
function g of the year x. 


VA 
300+ 
# 290 
& => 280]- 
E Z 270+ 5 
=f z 260 F 
6 & 250- 
E ce 240F 
E> 230b 
& 220+ 
a ! ! ! ! | | —| | ! ! ! > 
02 04 06 08 10 2 x 
Year 
SOURCE: IDC; statista.com 
Skill Maintenance ooo. 
Solve. 
5 i 5 
63. ty= 11d 
3 y 12 6 
65. 4 — 7y > 2y — 32 [1.4c] 
67. 7y-—2=3+7y [1.1d] 
69. —9w = —99.9 [1.4c] 
71. 13x —5—x=2(x +5) [11d] 
Synthesis ccc cece tes tete este 


73. Suppose that for some function g, 
g(x — 6) = 10x — 1. Find g(—2). 


For Exercises 75 and 76, let f(x) = 3x” — land g(x) = 2x + 5. 
75. Find f(g(—4)) and g(f(—4)). 


61. Approximate the number of pharmacists in 2005. 


62. Approximate the number of pharmacists in 2012. 


64. 6x — 31 = 11+ 6(x— 7) [L.1d] 
2 
66. 5(4x — 2) > 60 [1.4] 
68. 4(x — 5) = 3(x +2) [L.ld] 
1 
70. a” +10<8x—5 [1.4c] 
1 
72, —x+4="=x-1 [Ld] 
16 


. Suppose that for some function h, h(x + 5) = x* — 4. 
Find h(3). 


76. Find f(g(—1)) and g(f(—1)). 


77. Suppose that a function gis such that g(—1) = —7 and g(3) = 8. Find a formula for gif g(x) is of the form 


g(x) = mx + b, where mand bare constants. 
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OBJECTIVE 


a | Find the domain and the 
range of a function. 


SKILL TO REVIEW 


Objective 1.1d: Solve equations 
using both the addition principle 
and the multiplication principle. 

Solve. 
1. 6x —3 = 51 
2. 15 — 2x = 0 


1. Find the domain and the range 
of the function fwhose graph is 
shown below. 


Answers 
Skill to Review: 


15 
P.9'. 2). or75 
2 
Margin Exercise: 


1. Domain = {—3, —2,0, 2,5}; 
range = {—3, —2,2,3} 


Finding Domain and Range 


EE FINDING DOMAIN AND RANGE 


The solutions of an equation in two variables consist of a set of ordered 
pairs. A set of ordered pairs is called a relation. When a set of ordered 
pairs is such that no two different pairs share a common first coordinate, 
we have a function. The domain is the set of all first coordinates, and the 
range is the set of all second coordinates. 


EXAMPLE 1_ Find the domain and the range of the function f whose 
graph is shown below. 


y This function contains just four ordered 
5 7 pairs and it can be written as 
f : (4, 5) 

Seer {(~3, 1), (1, —2), (3,0), (4,5)}. 
(3, i) ae We can determine the domain and the 
me ; G0). =: Tange by reading the x- and y-values 
~5-4-3-2-1,| 1 2.3 4 5 x directly from the graph. 

—2)-@ 

al. Cl, —2) 
—4 : 

=5: 


The domain is the set of all first coordinates, or x-values, {—3, 1, 3, 4}. 
The range is the set of all second coordinates, or y-values, {1, —2, 0, 5}. 


< Do Margin Exercise 1. 


EXAMPLE 2 For the function fwhose YK 
graph is shown at right, determine each 
of the following. 


a) The number in the range that is 
paired with 1 from the domain. That 
is, find f(1). 

b) The domain of f 

c) The numbers in the domain that are 
paired with 1 from the range. That is, 
find allx such that f(x) = 1. 


d) The range of f 


a) To determine which number in the ZN 
range is paired with 1 in the domain, 
we locate 1 on the horizontal axis. 
Next, we find the point on the graph 
of f for which 1 is the first coordinate. 
From that point, we can look to the 
vertical axis to find the correspond- 
ing y-coordinate, 2. The input 1 has 
the output 2—thatis, f(1) = 2. 


(1, 2); fC) = 2 
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b) The domain of the function is the set 


c) 


of all x-values, or inputs, of the points 
on the graph. These extend from —5 
to 3 and can be viewed as the curve’s 
shadow, or projection, onto the x-axis. 
Thus the domain is {x|—5 < x < 3}, 
or, in interval notation, [—5, 3]. 


To determine which numbers in 
the domain are paired with 1 in the 
range, we locate 1 on the vertical 
axis. From there, we look left and 
right to the graph of fto find any 
points for which 1 is the second 
coordinate (output). One such point 
exists, (—4, 1). For this function, we 
note that x = —4 is the only mem- 
ber of the domain paired with 1. 
For other functions, there might 

be more than one member of the 
domain paired with a member of 
the range. 


d) The range of the function is the set 


of all y-values, or outputs, of the 
points on the graph. These extend 
from —1 to 4 and can be viewed as 
the curve’s shadow, or projection, 
onto the y-axis. Thus the range is 
{y|-1 < y S 4}, or in interval 
notation, [—1, 4]. 


T2 4 5 x 
The domain 
of f ={x|-5=x=3}, 
or [—5, 3] 


oe Bed. Ee 


ee The range 
of f={y|-1sy=4, 
or [—1, 4] 


Do Exercise 2. D> 


EXAMPLE 3. Find the domain and the range of the function h whose 
graph is shown below. 


Since no endpoints are indicated, the graph extends indefinitely 
horizontally. Thus the domain, or the set of inputs, is the set of all real 
numbers. The range, or the set of outputs, is the set of all y-values of the 
points on the graph. Thus the range is {y| y < 2}, or (—~, 2]. 


Do Exercise 3. D> 


2. For the function fwhose graph 


is shown below, determine 
each of the following. 


(-3, 4) 


(3, 4) 


a) The number in the range 
that is paired with the 
input 1. That is, find f(1). 

b) The domain of f 

c) The numbers in the domain 
that are paired with 4 


d) The range of f 


. Find the domain and the range 


of the function fwhose graph is 
shown below. 


Answers 

2. (a) —4; (b) {x|-3 < x < 3}, or[-3,3]; 
(c) —3,3; (d) {y|—5 = y = 4}, or[—5, 4] 

3. Domain: all real numbers; range: {y| y = 4}, 
or (—%, 4] 
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4. Find the domain and the range 
of the function fwhose graph is 


shown below. 


Find the domain. 
S. fix) =x" = |x| 


4 
She sp 2 


6. f(x) = 


Set the denominator equal to 0 


and solve for x: 


3x +2 = 
3x = -—2 
x= 

Thus, 


Domain = {x|xisareal 
number andx # \,or 


(  )=3)U(=3 @) 


Answers 


4. Domain: all real numbers; range: all real 
numbers 5. All real numbers 


2 
6. {xis real number and F -2, or 


(=-3)u(F) 


Guided Solution: 


188 


CHAPTER 2 


is not in the domain 
of f(x); all other real numbers are. 


cs 


EXAMPLE 4_ Find the domain and the range of the function f whose 
graph is shown at left. 


Since no endpoints are indicated, the graph extends indefinitely both 
horizontally and vertically. Thus the domain is the set of all real numbers. 
Likewise, the range is the set of all real numbers. 


< Do Exercise 4. 


When a function is given by an equation or a formula, the domain is 
understood to be the largest set of real numbers (inputs) for which func- 
tion values (outputs) can be calculated. That is, the domain is the set of 
all possible allowable inputs into the formula. To find the domain, think, 
“What can we substitute?” 


EXAMPLE 5 Find the domain: f(x) = |x|. 

We ask, “What can we substitute?” Is there any number x for which we 
cannot calculate |x|? The answer is no. Thus the domain of fis the set of all 
real numbers. ® 


3 
2x — 5 
We ask, “What can we substitute?” Is there any number x for which we 
cannot calculate 3/(2x — 5)? Since 3/(2x — 5) cannot be calculated when 
the denominator 2x — 5 is 0, we solve the following equation to find those 
real numbers that must be excluded from the domain of /: 


EXAMPLE 6 Findthe domain: f(x) = 


2x-5=0 Setting the denominator equal to 0 
2X25 Adding 5 
x= se, Dividing by 2 


Thus, 2 is not in the domain, whereas all other real numbers are. 
The domain of fis { x| xisareal number andx # 3} . In interval nota- 
tion, the domain is (—0, ) U 3 oo), 


< Do Exercises 5 and 6. 


Functions: A Review 
The following is a review of the function concepts considered in Sections 
2.1 and 2.2. Use the graph below to visualize the concepts. 
Function Concepts 

¢ Formula forf: f(x) = x? — 7 


e For every input off there is 
exactly one output. 


Graph 


e When 1 is the input, —6 is 
the output. 


« fll) = —6 
e (1, —6) is on the graph. 


e Domain = The set ofall inputs 
= The set of all 
real numbers 


e Range = The set ofall outputs 
= {yly = —7} 
=[-7,%) 


Graphs, Functions, and Applications 


For Extra Help 4 ———= > 
MathXL i. a J 
MyM ath Lab® PRACTICE WATCH READ REVIEW 


[(V{ Reading Check 


Choose from the column on the right the domain of the function. Some choices may be used more than once; 


others not at all. 


RCl1. f(x) =5—-—x RC2. f(x) = =. a) All real numbers 
b) {x|xis areal number and x # 5} 
RC3. f(x) = |5 — x| RCA. f(x) = 5 c) {x|xis areal number andx # —5andx # 5} 
|x — 5| d) {x|xisarealnumber andx # —5} 
RCS. f(x) =5 — |x| RC6. f(x) =~ 
X+5 


In Exercises 1-8, the graph is that of a function. Determine for each one (a) f(1); (b) the domain; (c) all x-values 
such that f(x) = 2; and (d) the range. An open dot indicates that the point does not belong to the graph. 


1. 2. 
YA YA 
5: 5 
e 4 e 4 
e 3]---@ 3 e 
@- 20 2 e 
el 1}---@: 
> 2 > 
[oA seh 123 45 x. 574737271) 123 45 % x 
=2 =2 
3 —3 
4 4 
=5 5 
> > 
% x 


Find the domain. 


9. flx) = = 7 ; 10. f(x) = 5 £ . lic feared ix od = oe 
8 bay 
13. f(x) =x? +3 14, f(x) = x? — 2x +3 15. f(x) = ao 16. f(x) = ied 
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17. f(x) = |x| -— 4 18. f(x) = |x — 4| 


—ll 
4A+x 


22. g(x) = 


21. g(x) = al 


25. g(x) =x? -1 26. g(x) = 4x3 + 5x? — 2x 


29. g(x) = |x + 7| 30. g(x) = |x| +1 


33. For the function fwhose graph is shown below, find 


f(-1),f(0), and f(1). 


SGN Maite mare oiiiiiiciiccccccccccccccccecccccecessecececesevecsevstesevevesvstvsevevssvssatesvssvssvetvstssvssvitvetevistesveteeeeeeee, 


x 
Solve. _ [1.6c, d] 
35. |x| = 8 36. |x| = —8 


39. [3x — 4| = |x + 2| 40. |5x — 6| = |3 — 8x| 


TIN S0 agctcerctee ater hen sheets aig ate ne rea ees 


43, [84 Determine the range of each of the functions in 
Exercises 9, 14, 17, and 18. 


Find the domain of each function. 


45. f(x) = Wx-1 
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x? = 3x 
19. F(x) = 4x — 7) 


23. o(x) = 2° = 2e 41 


7 
27. g(x) = 20 — 8x 


31. g(x) 


20. F(x) = 2x — 3) 


24, g(x) = 8 — x? 


2% =5 
28. g(x) = ep 
32. a(x) x? + 2x 
. g(x) = ——. 
e |10x — 20] 


34. For the function g whose graph is shown below, find 
all the x-values for which g(x) = 1. 


38. |2x + 3| = 13 


42. |3x — 8| = 0 


44, TSE Determine the range of each of the functions in 


Exercises 22, 23, 24, and 30. 


46. g(x) = V2-x 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. Every functionisarelation. [2.2a| 


. Itis possible for one input of a function to have two or more outputs. [2.2] 


2 
3. Itis possible for all the inputs of a function to have the same output. [2.2a] 
4 


. If itis possible for a vertical line to cross a graph more than once, the graph 
isnot the graph ofafunction. [2.2d] 


5. Ifthe domain ofa function is the set of real numbers, then the range is the set 
ofrealnumbers. [2.3a]| 


Guided Solutions 


Use the graph to complete the table of ordered pairs that name points on the graph. 


Gye ican ae 2clen 
= 
as 0 
2 pe 
0 
2 
2 7 


Mixed Review 


Determine whether the given point is a solution of the equation. [2.1b] 
8. (—2,-1); 5y + 6 = 4x 9. (3,0); 8a =4-b 


Determine whether the correspondence is afunction. [2.2a] 


10. Domain Range 11. Domain Range 12. Findthedomain _ eZ 
— ee g and the range. Pale 
11 
ar 10 25 [2.3a] 
15 30 
= 
Find the function value. [2.2b] 
13. g(x) =2+ x; g(-5) 14. f(x) =x-— 7; f(0) 15. h(x) = 8; h(3) 
1G ico —= ox, et 1) 17. g(p) = p* — ps g(10) Hd (oi — 5) 3) (6) 
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Determine whether each of the following is the graph ofafunction. [2.2d] 
19. YA 20. YN 21. YA 


SS 
ae 26 at 
Find the domain. [2.3a] 
83 
22. g(x) = ———_— 23. f(x) = x7 - 10x + 3 
a(x) = 5 fle) 
eo 
24. h(x) = 25. f(x) = |x -—4 
(x) =~ fle) = |x 4 
Graph. [2.1c], [2.2c] 
D, 
BY 2th jie) == Il Zi, lo(és)) = Be ae = 
y Ly y 
5 5 5 
4 4 4 
3) 3 3) 
2. 2 2 
il 1 i 
> = 
Rie ea ee Se ae) x Fe at a I eh Sy oa Bs A RO cso ay It Bh ep ak By x 
=) =o —2) 
=% = = 
—4 =i) —4 
=) = =!) 
2 1 
29. g(x) = |x| -— 3 30. f(x) =1+x 31. f(x) = ers 
y y y 
5 5 By 
4 4 4 
3) 3) 3) 
2 2 2 
il 1 1 
le ee By ey fh %, Tota eee ee Sy ct bs a8 Rime heel i Ay ay at a9 
=) =) =2) 
=8) =5) = 
=i —4 il 
=s = 5 =o) 


Understanding Through Discussion and Writing 


32. Is it possible for a function to have more numbers as 33. Without making a drawing, how can you tell that 
outputs than as inputs? Why or why not? = [2.2] the graph of y = x — 30 passes through three 
quadrants? = [2.1c] 
34. For a given function f it is known that f(2) = —3. 35. Explain the difference between the domain and the 
Give as many interpretations of this fact as you range ofafunction. [2.3a] 


can. [2.2b], [2.3a] 
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STUDYING FOR SUCCESS 


A Valuable Resource—Your Instructor 


{_} Don’t be afraid to ask questions in class. Other students probably have the same questions you do. 


{_) Visit your instructor during office hours if you need additional help. 
{-] Many instructors welcome e-mails from students who have questions. 


Linear Functions: 


Graphs and Slope 


We now turn our attention to functions whose graphs are straight lines. Such 
functions are called linear and can be written in the form f(x) = mx + b. 


LINEAR FUNCTION 


A linear function f is any function that can be described by 
f(x) = mx + b. 


Compare the two equations 7y + 2x = 11 and y = 3x + 5. Both are 
linear equations because their graphs are straight lines. Each can be ex- 
pressed in an equivalent form that is a linear function. 

The equation y = 3x + 5 can be expressed as f(x) = mx + b, where 
m = 3andb=5. 

The equation 7y + 2x = llalsohasanequivalentform f(x) = mx + b. 
To see this, we solve for y: 


Ty + 2x = 11 
Ty + 2x — 2x = -2x+ 11 Subtracting 2x 
Ty = —2x + 11 
ts Se Dividing by 7 
7 rd 
y= = fe = Simplifying 
7 7 


We now have an equivalent function in the form f(x) = mx + b: 
2 1l 2 VRE 

f(x) = —-x=x+— =, where m=-—-— and b=—. 

ry rd rf ri 


In this section, we consider the effects of the constants m and b on the 
graphs of linear functions. 


OBJECTIVES 


| Find the y-intercept of a 
line from the equation 
y= mx + bor 
f(x) = mx + b. 


|b | Given two points on a line, 
find the slope. Given a 
linear equation, derive the 
equivalent slope-intercept 
equation and determine the 
slope and the y-intercept. 


Solve applied problems 
involving slope. 


SKILL TO REVIEW 


Objective R.2c: Subtract real 
numbers. 
Subtract. 
1. 11 — (-8) 
2. —6 — (-6) 


Answers 


Skill to Review: 
119 20 
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1. Graph y = 3xand y = 3x ~ 6 [EB THE CONSTANT b: THE y-INTERCEPT 


using the same set of axes. 


Theteotapere tes aps Let’s first explore the effect of the constant b. 
y 
i EXAMPLE 1. Graph y = 2x and y = 2x + 3 using the same set of axes. 
2 Then compare the graphs. 
1 We first make a table of solutions of both equations. Next, we plot these 
3 points. Drawing a red line for y = 2x and a blue line for y = 2x + 3, we 
2 note that the graph of y = 2x + 3is simply the graph of y = 2x shifted, or 


translated, up 3 units. The lines are parallel. 
2. Graph y = —2x and 


y = —2x + 3 using the same YA 
set of axes. Then compare the J 
graphs. x va 2x ye 2x +3 ! 3 units up 
t 0 0 3 
1 2 5 
= 1 =2 1 
See ape * a 4 7 
4 -2 | -4 -1 
Exploring b We 
can use a graphing calculator to < Do Exercises 1 and 2. 
explore the effect of the constant 
b on the graph of a function EXAMPLE 2. Graph f(x) = 3x and g(x) = 3x — 2 using the same set of 
a ae F(x) és, mx = axes. Then compare the graphs. 
ra = x in the standar 
[- i 0, ( 0, —10, 10] viewing window. We first make a table of f(x) a(x) 
Then graph y, = x + 4 followed solutions of both equations. 
by y3 = x — 3,in the same viewing By choosing multiples of 3, x fis) = 3x || g(x) = 4x2 
window. we can avoid fractions. 
0 0 =2 
EXERCISES: 3 i =1 
1. Compare the graph of y, —3 -] —3 
with the graph of y;. 6 2 0 
. Compare the graph of y3 \ J) 


with the graph of y;. 


We then plot these points. Drawing a red line for f(x) = 3x and a blue 
line for g(x) = 3x — 2, we see that the graph of g(x) = }x — 2 is simply 
the graph of f(x) = }x shifted, or translated, down 2 units. The lines are 
parallel. 

Answers 

1. The graph of 

y = 3x — 6is the 
graph of y = 3x 
shifted down 6 units. 


The graph of 

you-2x+3 

is the graph of 2 units down 
y = —2x shifted 

up 3 units. 
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In Example 1, we saw that the graph of y = 2x + 3 is parallel to the 
graph of y = 2x and that it passes through the point (0, 3). Similarly, in Ex- 
ample 2, we saw that the graph of y = 3x — 2is parallel to the graph of y = 3x 
and that it passes through the point (0, —2). In general, the graph of 
y = mx + bisaline parallel to y = mx, passing through the point (0, b). 
The point (0, b) is called the y-intercept because it is the point at which 
the graph crosses the y-axis. Often it is convenient to refer to the number 
bas the y-intercept. The constant b has the effect of moving the graph of 
y = mx up or down |b| units to obtain the graph of y = mx + b. 


Do Exercise 3. D> 


y-INTERCEPT 


The y-intercept of the graph of J 
f(x) = mx + bis the point (0, b) 
or, simply b. 


f@) =mx+b 
(0, b) 


RV 


EXAMPLE 3 Find the y-intercept: y = —5x + 4. 
y= 5x +4 (0, 4) is the y-intercept. 


EXAMPLE 4 Findthey-intercept: f(x) = 6.3x — 7.8. 
f(x) = 6.3x — 7.8 (0, —7.8) is the y-intercept. 


Do Exercises 4and 5. D> 


3. Graph f(x) = 4x and 


g(x) = $x + 2using the same 
set of axes. Then compare the 
graphs. 


123.4 5.0% 


Find the y-intercept. 
4.y=7x+ 8 


5. f(x) = —6x — 3 


Answers 


y The graph 
1 : of g(x) is the 
g(x) = 3% +2 > graph of f(x) 
sh shifted up 
2 


2 units. 
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G3} THE CONSTANT m: SLOPE 


Look again at the graphs in Examples 1 and 2. Note that the slant of each 
red line seems to match the slant of each blue line. This leads us to believe 
that the number min the equation y = mx + bis related to the slant of the 
line. Let’s consider some examples. 


Graphs with m < 0: 


m=-1 yA 


Graphs with m = 0: 


m=0 
y 
6 
4|-y=f(x) =3 
> 
-6 -4 -2 2 4 6 x. 
=2 
—4 
-6 


Graphs with m > 0: 
m=1 m=6 m= 


\ 
a 
| 
S 
\ 
i) 
Ln 
i) 
S 
roy 
RY 
=o 
\ 
a 
\ 
to 
i) > 
iN) 
S 
a 
RY 


y=f(e) =6x-4- -6 


Note that 


m < 0 —> The graph slants down from left to right; 


m = 0 -> the graph is horizontal; and 
m > 0 —> the graph slants up from left to right. 


The following definition enables us to visualize the slant and attach a 
number, a geometric ratio, or slope, to the line. 


SLOPE 


The slope of a line containing points (x, y,) and (X», y2) is given by 


(x5, >) rise 


Tun 


<-—---.-J change in y ee ae 2 ee a 
changeinx *%,-— xX, XX, — X9 
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Consider a line with two points marked P, and P,, as follows. As we move 
from P, to Ps, the y-coordinate changes from 1 to 3 and the x-coordinate 
changes from 2 to 7. The change in yis 3 — 1, or 2. The change inxis 7 — 2, 
or 5. 


123 45 6789410: x 


We call the change in y the rise and the change in x the run. The ratio 
rise /run is the same for any two points on a line. We call this ratio the slope. 
Slope describes the slant of a line. The slope of the line in the graph above is 
given by 


rise change in y 2 
——, oF r 


, oO —, O ; 
run change in x 5 


Whenever x increases by 5 units, yincreases by 2 units. Equivalently, when- 
ever x increases by 1 unit, y increases by $ unit. 


EXAMPLE 5 Graph the line containing the points (—4, 3) and (2, —5) and 
find the slope. 


The graph is shown below. Going from (—4, 3) to (2, —5), we see that 
the change in y, or the rise, is —5 — 3, or —8. The change in x, or the run, is 
2 — (—4), or6. 


rise changeiny 


Sl = = 
ope ~ yun change in x 
(—4, 3) . = -s8 
2 — (-4) 
—6 -5 ia$4 7% —8 8 4 
: = = , Or 
rise 6 6 3 


(or "fall") 


(2, —5) 


The formula 


J2— Vi yi — ya 
m= 4 
XQ ~ xX Xx) ~ X2 


tells us that we can subtract in two ways. We must remember, however, to sub- 

tract the x-coordinates in the same order that we subtract the y-coordinates. 
Let’s do Example 5 again: 

changeiny 3-—(-5)_ 8 8 4 


Sl = : 
ae change in x =. Se —6 6 3 


We see that both ways give the same value for the slope. 


SECTION 2.4 


Visualizing Slope 


EXERCISES: Use the window 
settings [—6, 6, —4, 4], with 
Xscl = 1 and Yscl = 1. 

1. Graph y = x, y = 2x, and 
y = 5xin the same window. 
What do you think the graph 
of y = 10x will look like? 

. Graph y = x,y = 0.5x, 
and y = 0.1x in the same 
window. What do you think 
the graph of y = 0.005x will 
look like? 

. Graph y = —x,y = —2x, 
and y = —5x in the same 
window. What do you think 
the graph of y = —10x will 
look like? 

. Graphy = —x, y = —0.5x, 
and y = —0.1xin the same 
window. What do you think 
the graph of y = —0.005x 
will look like? 
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Graph the line through the given 
points and find its slope. 


Gs (=i, =) emal (2, =4)) 


8. Find the slope of the line 
f(x) = —3x + 1. Use the 
points (9, —5) and (3, —1). 


f@) = — 204 Nt 


Answers 


8 m= —- = 
3 


Guided Solution: 
6. -1,2;-3,-1 


=~ 


The slope of a line tells how it slants. A line with positive slope slants 
up from left to right. The larger the positive number, the steeper the slant. 
A line with negative slope slants downward from left to right. The smaller 
the negative number, the steeper the line. 


y s y . 
x x x: x 
3 3 
m= _ 10 m= —-> _ _10 
10 m=> 10 ae 


< Do Exercises 6 and 7. 


How can we find the slope from a given equation? Let’s consider the 
equation y = 2x + 3, which is in the form y = mx + b. We can find two 
points by choosing convenient values for x—say, 0 and 1—and substituting 
to find the corresponding y-values. 

fe 0.y=2-04+3=3. 

Ifx=ly=2-°1+3=5. 

We find two points on the line to be 
(0,3) and (1,5). 
The slope of the line is found as follows, using the definition of slope: 


_ change iny 


change in x 
5-3 2 


1=6 1 


The slope is 2. Note that this is the coefficient of the x-term in the equation 
y= 2x + 3. 
If we had chosen different points on the line—say, (—2, —1) and (4, 11)— 
the slope would still be 2, as we see in the following calculation: 
_~H= (1) W4+t.§ 2 


m = = =—=2, 
4—(-2) 4+2 6 


< Do Exercise 8. 


We see that the slope of the line y = mx + bis indeed the constant m, 
the coefficient of x. 


SLOPE 


The slope of the line y = mx + bism. 
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From a linear equation in the form y = mx + b, we can read the slope 
and the y-intercept of the graph directly. 


SLOPE-INTERCEPT EQUATION 


The equation y = mx + bis called the slope-intercept equation. 
The slope is m and the y-intercept is (0, b). 


Note that any graph of an equation y = mx + b passes the vertical- 
line test and thus represents a function. 


EXAMPLE 6 Find the slope and the y-intercept of y = 5x — 4. 


Since the equation is already in the form y = mx + b, we simply read 
the slope and the y-intercept from the equation: 


y= 5x —- 4. 


———#} 


The slope is 5. The y-intercept is (0, —4). 


EXAMPLE 7 Find the slope and the y-intercept of 2x + 3y = 8. 
We first solve for y so we can easily read the slope and the y-intercept: 


2x + 3y = 8 
3y = -—2x + 8 Subtracting 2x 
3 —2x + 8 
— =—Z— _ Dividing by3 
2 fe a 
yr “—" + 3 Finding the form y = mx + b 


— 


The slope is —5. The y-intercept is (0, 5). 


Do Exercises 9 and 10. > 


E APPLICATIONS 


Slope has many real-world applications. For example, numbers like 2%, 3%, 
and 6% are often used to represent the grade of a road, a measure of how 
steep a road on a hill or a mountain is. A 3% grade (3% = its) means that 
for every horizontal distance of 100 ft that the road runs, the road rises 3 ft, 
and a —3% grade means that for every horizontal distance of 100 ft, the road 
drops 3 ft. (Normally, the road-grade signs do not include negative signs, 
since it is obvious whether you are climbing or descending.) 


yA Road grade = . 
(expressed as 
a percent) 


Find the slope and the y-intercept. 
9. f(x) = —8x + 23 


)cs) 10. 5x — 10y = 25 


First solve for y: 


bes = Oy = 2S 
—10y = + 25 
SOX 25 
a 
5) 
y= SG at 
Slope is ; y-intercept is 
(0, 
Answers 


9. Slope: —8; y-intercept: (0, 23) 
1 5 
10. Slope: 5 ; y-intercept: 0,-2) 


Guided Solution: 


lL, 15 
10;. —5x;:=10; 52) —= 
22 2 
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An athlete might change the grade of a treadmill during a workout. An 
escape ramp on an airliner might have a slope of about —0.6. 


11. College Enrollment. College 
enrollment in two-year schools 
has increased for over 40 years. 
In 1970, 2.3 million college 
students were enrolled in two- 
year schools. That number 
had increased to 7.8 million by 
2011. Find the rate of change in 
enrollment in two-year schools 
with respect to time, in years. 


(2011, 7,800,000) 


(1970, 2,300,000) 


Enrollment (in millions) 


| ! ! L Lis 
‘70 +’80 «#+'90 ’00 ’10 = ’20 


Year 


SOURCE: Data from Higher Education Research 
Institute, UCLA; TIME, October 29, 2012 


Answer 


11. The rate of change in enrollment in two-year 
colleges is about 134,146 per year. 


Architects and carpenters use slope when designing and building 
stairs, ramps, or roof pitches. Another application occurs in hydrology. 
The strength or force of a river depends on how far the river falls vertically 
compared to how far it flows horizontally. Slope can also be considered as 
arate of change. 


EXAMPLE 8 Student Debt. The average educational debt per college 
student at his or her graduation has steadily increased. In 1993, the average 
debt was $14,500 (in 2011 dollars). By 2011, this amount had increased to 
$26,600. Find the rate of change in the average student debt with respect to 
time, in years. 


Sources: Data from Higher Education Research Institute, UCLA; Sallie Mae; NCES; FinAid; the 
College Board; McKinsey Global Institute; Time, October 29, 2012 


Student Educational Debt 


(2011, $26,600) 


(1993, $14,500) 
10 


Student debt 
(in thousands) 


5K 


}ooj ft 
1993 1997 2001 2005 2009 


L_> 
2013 
Year 


The rate of change with respect to time, in years, is given by 


$26,600 — $14,500 


Rate of change = 
2011 — 1993 
_ $12,100 
~ 18 years 
~ $672 per year. 


The average student debt at graduation is increasing at a rate of about $672 
per year. 


< Do Exercise 11. 
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EXAMPLE9 Volumeof Mail. The volume of first-class mail through the 
U.S. Postal Service has been decreasing since 2005. Find the rate of change 
of the volume of first-class mail with respect to time, in years. 


Volume of First-Class Mail Through U.S. Post Office 12. Newsp: del Circulation. . 
Daily newspaper circulation 

Wig has decreased in recent 

™ - . : 

100 LX 98.6) a years. The following graph 
= 3 shows the circulation of daily 
aS newspapers, in millions, for 
os three years. Find the rate of 
E 5 change in the circulation of 
s E 5 daily newspapers per year. 

SS i ; : Circulation of Daily Newspapers 
NN 2005 =. 2007,-— «2009s 2011S 2018 p 
m= Year 2 
5 wy . = 
SOURCE: U.S. Postal Service 3 
& 
Since the graph is linear, we can use any pair of points to determine the 8 
rate of change: 4 
Oo 
Rate of 68.7 billion — 98.6 billion | —29.9 billion = Ss) 
panee: = ae Shes = = = —4,27 billion 
8 atid per year. 


The volume of first-class mail through the U.S. Postal Service is decreasing at 
arate of about 4.27 billion pieces per year. 


Do Exercise 12. D> Answer 
12. The rate of change is —2 million papers per year. 


er Extra Help ; MathXL? ss 2 
2 e 4 MyMath Lab PRACTICE WATCH READ REVIEW 


[vf Reading Check 


Choose from the column on the right the slope of each line. 


RC1. RC2. RCS. 


eV 


RC4. YA RG5. RC6. 


av 
xv 
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ER. Db | Find the slope and the y-intercept of each equation. 


lLy=4x+5 2. y= —5x + 10 3. f(x) = —2x — 6 4. g(x) = —5x +7 
5. y = -3x —3 6 y=Rx+ 7. g(x) = 0.5x — 9 8. f(x) = -3.1x + 5 
9. 2x — 3y = 8 10. —8x — 7y = 24 11. 9x = 3y + 6 12. 9y + 36 — 4x =0 
13. 3 — ty = 2x 14, 5x = 3y — 10 15. l7y+ 4x+3=7+ 4x 16. 3y — 2x =5 + 9y — 2x 


[5 Find the slope of each line. 


19. yA 


> 
=§=4—3-2-—L. 123 45 x 


Find the slope of the line containing the given pair of points. 
21. (6,9) and (4, 5) 22. (8,7) and (2, -1) 23. (9, —4) and (3, —8) 


24, (17,12) and (—9, —15) 25. (—16.3, 12.4) and (—5.2, 8.7) 26. (14.4, —7.8) and (—12.5, -17.6) 


[| Find the slope (or rate of change). 


27. Find the slope (or grade) of the 28. Find the slope (or head) of the 29. Find the slope (or pitch) of the 
treadmill. river. roof. 
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30. Public buildings regularly include 
steps with 7-in. risers and 11-in. 
treads. Find the grade of sucha 


31. Luxury Purchases. Find the rate 
of change in luxury purchases in 


China with respect to time, in years. 


32. People with Alzheimer’s. Find 
the rate of change in the number of 
people with Alzheimer’s disease with 


stairway. respect to time, in years. 
lin. “eh g, ah 
J [= g $ (2015, $27.4) 2 H 18 (2050, 16) 
Bm 25; = AD | 
a 2 as 2 = 
ae g & 20+ 3 a Sb 
. = od: I. 
7in. S 3B bp S z & 
5.8 lob Bas 
i aa oo & 
qo (2008, $8.2) 2qg> 
4 5 g 
po 3 < 
2008 ’09 ’10 ‘11 712 713 ’14 '15 
Year Year 


*Estimated values for 2010-2015 
SOURCE: McKinsey Insights, China-Wealthy Consumer 
Studies (2008, 2010) 


*Estimated values for 2012-2050 
SOURCE: Alzheimer’s Association 


Find the rate of change. 
33. uN 34. ZN 
Ee 36 2 120 
wo | 
22 30 5 10 
a3 i 
24 =I 
ES - § 80 
uo Nn 18 oD 
53 ge” 
gg? ai 70 
a B 
a gs 20 
Z 
0 I 2 3 02 4 6 8 1012 
Number of years of use Number of seconds 
spent running 
35. +: 36. ck 
$3000 |- 2011, $2913 2S 44° 
3 I ( ) gee z (2012, 41) 
% $ bb 42 
= 3 2800, Bs 25 
Zod r aos ¢ 
2S 2600}- G22 s 
Be mr £232 
@ 2 2400 SBR SE 
ae b g@ogs 
S 4% 2200F 2 o AQ 
a (2004, $2100) sos 
2000 13 ‘i Z, < 2 
l pis < l l l peas 
2004 05 «'06 «07 «08 «=—09- 710-2011 200204 06 08 10 12 
Year Year 
SOURCES: FDIC Consumer News Winter 2004/2005; USA TODAY, SOURCE: U.S. Census Bureau 
April 13, 2012; www.greenbaypressgazette.com, 
January 4, 2013 
e e 
SHUNT PVVANMNE CRAIC sisi tsiccts desis cacsssszceiacesaiwin icv idaa dabei sagnictasliobsivinsbedimaadsdciacd idees Gddivin eeitin tedudrecaiindess 
Simplify. [R.3c], [R.6b] 
37. 3? — 24-56 + 144 + 12 38. 9{2x — 3[5x + 2(—3x + -y° = 2))} 


39. 10{2x + 3[5x — 2(-3x + y! 40. 5* + 625 + 52-57 + 53 


2)]} 


[1.3a] 


41. One side of a square is 5 yd less than a side of an equilateral triangle. If the perimeter of the square is the same as the 
perimeter of the triangle, what is the length of a side of the square? of the triangle? 


Solve. 


Solve.  [1.6c, e] 


42, |5x — 8| = 32 44, 


5x — 8| = 32 45. |5x — 8| = —32 


43. 


5x — 8| < 32 
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SECTION 2.4 Linear Functions: Graphs and Slope 


OBJECTIVES 


Graph linear equations 
using intercepts. 


Given a linear equation 

in slope-intercept form, 
use the slope and the y- 
intercept to graph the line. 


Graph linear equations of 
the form x = aory = b. 


Given the equations of 
two lines, determine 
whether their graphs are 
parallel or whether they 
are perpendicular. 


SKILL TO REVIEW 


Objective 2.1a: Plot points 
associated with ordered pairs of 
numbers. 


1. Plot the following points: 


A(0, 4), B(O, -1), 
C(0, 0), D(3, 0), and 
E(-3, 0) 


Answer 
Skill to Review: 
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More on Graphing Linear Equations 


a | GRAPHING USING INTERCEPTS 


The x-intercept of the graph of a linear equation or function is the point at 
which the graph crosses the x-axis. The y-intercept is the point at which 
the graph crosses the y-axis. We know from geometry that only one line 
can be drawn through two given points. Thus, if we know the intercepts, 
we can graph the line. To ensure that a computation error has not been 
made, it is a good idea to calculate a third point as a check. 

Many equations of the type Ax + By = Ccanbe graphed conveniently 
using intercepts. 


x- AND y-INTERCEPTS 


Ay-intercept is a point (0, b). To find b, let x = 0 and solve for y. 


An x-intercept is a point (a, 0). To find a, let y = 0 and solve for x. 


EXAMPLE1 Find the intercepts of 3x + 2y = 12 and then graph the line. 
y-intercept: ‘To find the y-intercept, we let x = 0 and solve for y: 


3x + 2y = 12 
3°0+ 2y= 12 Substituting 0 for x 

ay = 12 

y= 6. 


The y-intercept is (0, 6). 
x-intercept: ‘To find the x-intercept, we let y = 0 and solve for x: 


3x + 2y = 12 
3x 2.9 QO = 12 Substituting 0 for y 

3x = 12 

x= 4, 


The x-intercept is (4, 0). 
We plot these points and draw the line, using a third point as a check. 
We choose x = 6 and solve for y: 


3(6) + 2y = 12 


18 + 2y = 12 
2y = —6 
y=-—3. 


We plot (6, —3) and note that 
itis on the line so the graph 
is probably correct. 
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When both the x-intercept and the y-intercept are (0,0), as is the case E ; 
with an equation such as y = 2x, whose graph passes through the origin, pcs) 1. Find the intercepts of 


another point would have to be calculated and a third point used as a BA ae ie ciel ing 
graph the line. 
check. 
To find the y-intercept, set 
YA x = Oand solve for y: 
them aba 4y—12=-6- 
3 4y—-12= 
E 2 
y-intercept Ay) = 
NY 0) a 
—6—-5—4—-3-2-1 reas 3.4 5 6 x lo 
x-intercept The y-intercept is (0, ye 
y= 2% fi, To find the x-intercept, set 
me ae y = Oand solve for x: 
4: oe 2S 6% 
Do Exercise 1. > wre 


=x. 
The x-intercept is ( ,0). 


i 


Viewing the Intercepts Knowing the intercepts of a linear equation 
helps us determine a good viewing window for the graph of the equation. For 
example, when we graph the equation y = —x + 15 in the standard window, we 
see only a small portion of the graph in the upper right-hand corner of the screen, 
as shown on the left below. 


—25 
Xscl = 5 Yscl = 5 


Using algebra, as we did in Example 1, we can find that the intercepts of the 
graph of this equation are (0, 15) and (15, 0). This tells us that, if we are to see a 
portion of the graph that includes the intercepts, both Xmax and Ymax should 
be greater than 15. We can try different window settings until we find one that 
suits us. One good choice, shown on the right above, is [ —25, 25, —25, 25], with 
Xscl = Sand Yscl = 5. 


EXERCISES: — Find the intercepts of the equation algebraically. Then graph the 
equation on a graphing calculator, choosing window settings that allow the inter- 
cepts to be seen clearly. (Settings may vary.) 


l. y = —3.2x — 16 


2. y — 4.25x = 85 

3. 6x + 5y = 90 4. 5x — 6y = 30 

5. 8x + 3y = 9 6. y = 0.4x — 5 Answer 
7% y= 12x — 12 8. 4x — Sy = 2 


x-intercept 
(2, 0) 
q 


4y — 12 = -6x 


Guided Solution: 
1. 0, 0, 12, 3, 3; 0, —12, 2, 2 
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Graph using the slope and the 
y-intercept. 


2 et | 
-y 5 


Answers 


(i) GRAPHING USING THE SLOPE 
AND THE y-INTERCEPT 


We can also graph a line using its slope and y-intercept. 


EXAMPLE 2 Graph: y = —3x + 1. 
This equation is in slope-intercept form, y = mx + b. The y-intercept 
is (0, 1). We plot (0, 1). We can think of the slope (m = —) as 3. 


_ Rise —2 Move 2 units down. 


Mm = 
Run 3 Move 3 units right. 


Starting at the y-intercept and using the slope, we find another point 
by moving 2 units down (since the numerator is negative and corresponds 
to the change in y) and 3 units to the right (since the denominator is posi- 
tive and corresponds to the change in x). We get to anew point, (3, —1).Ina 
similar manner, we can move from the point (3, —1) to find another point, 
(6, -3). 


We could also think of the slope (m = —3) as =. 
_ Rise 2. Move 2 units up. 
Run —3 Move 3 units left. 


Then we can start again at (0, 1), but this time we move 2 units up (since 
the numerator is positive and corresponds to the change in y) and 3 units to 
the left (since the denominator is negative and corresponds to the change 
in x). We get another point on the graph, (—3, 3), and from it we can obtain 
(—6, 5) and others in a similar manner. We plot the points and draw the line. 


EXAMPLE 3 Graph: f(x) = 2x + 4. 


First, we plot the y-intercept, (0,4). We then consider the slope 3. A 
slope of 2 tells us that, for every 2 units that the graph rises, it runs 5 units 
horizontally in the positive direction, or to the right. Thus, starting at the 
y-intercept and using the slope, we find another point by moving 2 units 
up (since the numerator is positive and corresponds to the change in y) and 
5 units to the right (since the denominator is positive and corresponds to 
the change in x). We get to a new point, (5, 6). 
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We can also think of the slope 2 as =2. A slope of =? tells us that, for 
every 2 units that the graph drops, it runs 5 units horizontally in the neg- 
ative direction, or to the left. We again start at the y-intercept, (0,4). We 
move 2 units down (since the numerator is negative and corresponds to the 
change in y) and 5 units to the left (since the denominator is negative and 
corresponds to the change in x). We get to another new point, (—5, 2). We 
plot the points and draw the line. 


Do Exercises 2-5 on the preceding page. > 


fe HORIZONTAL LINES AND VERTICAL LINES 


Some equations have graphs that are parallel to one of the axes. This 
happens when either A or Bis 0 in Ax + By = C. These equations have a 
missing variable; that is, there is only one variable in the equation. In the 
following example, x is missing. 


EXAMPLE 4 Graph: y = 3. 

Since x is missing, any number for x YR 
will do. Thus all ordered pairs (x, 3) are : 
solutions. The graph is a horizontal line 
parallel to the x-axis. 


x 


av 


-5 -4-3-2-1 123 4 5 


VW 
-l 3 
3 : 
3 |< J-intercept 


‘i —_— Regardless of x, y must be 3. 
Choose any number for x. 


What about the slope of a horizontal line? In Example 4, consider the 
points (—1,3) and (2,3), which are on the line y = 3. The change in y is 
3 — 3, or 0. The change in xis —1 — 2, or —3. Thus, 

eS Ms 
=] =. 2 =3 


Any two points on a horizontal line have the same y-coordinate. Thus the 
change in y is always 0, so the slope is 0. 


Do Exercises 6 and 7. > 
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Graph and determine the slope. 


6. f(x) = -4 


Answers 
6. m= 0 


12345 
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10. Determine, if possible, the slope 
of each line. 


a) x = -12 b) y=6 
c) 2y+7=11 d) x=0 
dy--3 


f) 10 — 5x = 15 


Answers 
8. 


8x —5=19 


10. (a) Not defined; (b) 0; (c) 0; 
(d) not defined; (e) 0; (f) not defined 


We can also determine the slope by noting that y = 3 can be written 
in slope-intercept form as y = Ox + 3, or f(x) = Ox + 3. From this equa- 
tion, we read that the slope is 0. A function of this type is called a constant 
function. We can express it in the form y = b, or f(x) = b. Its graphisa 
horizontal line that crosses the y-axis at (0, b). 

In the following example, y is missing and the graph is parallel to the 
y-axis. 


EXAMPLE 5 Graph: x = —2. 


Since y is missing, any number for y will do. Thus all ordered pairs 
(—2, y) are solutions. The graph is a vertical line parallel to the y-axis. 


VA 
x=-2 7 
<— x-intercept 4 
(—2, 3) 
3 
2 
0) 
; > 
sl —5-4-3 el 123 4 5 x 
Choose any number for y. - 
Regardless of y, ce 
x must be —2. - 
(2-4) 


This graph is not the graph of a function because it fails the vertical- 
line test. The vertical line itself crosses the graph more than once. 


<«@ Do Exercises 8 and 9. 


What about the slope of a vertical line? In Example 5, consider the 
points (—2, 3) and (—2, —4), which are on the line x = —2. The change in y 
is3 — (—4), or7. The change in xis —2 — (—2), or 0. Thus, 

S=—(-4) 7 


m= =; Not defined 
(ee) 0 


Since division by 0 is not defined, the slope of this line is not defined. Any 
two points on a vertical line have the same x-coordinate. Thus the change 
in x is always 0, so the slope of any vertical line is not defined. 

The following summarizes the characteristics of horizontal lines and 
vertical lines and their equations. 


HORIZONTAL LINE; VERTICAL LINE 


The graph of y = b, or f(x) = b, is a horizontal line with y-intercept 
(0, b). Itis the graph of a constant function with slope 0. 


The graph of x = ais a vertical line with x-intercept (a, 0). The slope 
is not defined. It is not the graph of a function. 


< Do Exercise 10. 
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We have graphed linear equations in several ways in this chapter. 
Although, in general, you can use any method that works best for you, we 
list some guidelines in the margin at right. 


| PARALLEL LINES AND PERPENDICULAR LINES 


Parallel Lines 

Parallel lines extend indefinitely without intersecting. If two lines are 
vertical, they are parallel. How can we tell whether nonvertical lines are 
parallel? We examine their slopes and y-intercepts. 


PARALLEL LINES 


Two nonvertical lines are parallel if they have the same slope and 
different y-intercepts. 


EXAMPLE 6 Determine ifthe graphs of y — 3x = land 3x + 2y = —2 
are parallel. 


To determine if lines are parallel, we first find their slopes. To do this, 
we find the slope-intercept form of each equation by solving for y: 


y= 3x = 1 3x 2y = —2 
y= 3x7 1; 2y = —3x — 2 
y = 3(—3x — 2) 
y= —3x = Me 
The slopes, 3 and 3 are different. y a 
Thus the lines are not parallel, as 
the graphs at right confirm. 
x 
3x + 2y=—-2 
(2) 


EXAMPLE 7 Determine ifthe graphs of 3x — y = —5andy — 3x = —2 
are parallel. 


We first find the slope-intercept form of each equation by solving for y: 


ILO Y= =5 y= 3x = —-2 
=yS 3x 5 VS Bee, 
1(—-y) = —1(—3x — 5) 
y = 3x + 5; 
The slopes, 3, are the same. The y-intercepts, y 


(0,5) and (0, —2), are different. Thus the lines 


are parallel, as the graphs appear to confirm. = i= 


Do Exercises 11-13. D> 


To graph a linear equation: 


1. Is the equation of the 
typex = aory = belt 
so, the graph will bea 
line parallel to an axis; 
x = ais vertical and 
y = bis horizontal. 


2. Ifthe line is of the type 
y = mx, both intercepts 
are the origin, (0,0). 
Plot (0, 0) and one other 
point. 


3. Ifthe line is of the type 
y = mx + b, plot the 
y-intercept and one other 
point. 

4. Ifthe equation is of the 
form Ax + By = C, 
graph using intercepts. 
If the intercepts are too 
close together, choose 
another point farther 
from the origin. 


5. Inall cases, use a third 
point as acheck. 


Determine whether the graphs of 
the given pair of lines are parallel. 


ING 3g aie 4b Fy 
ee Cia 
Write each equation in the 
form y = mx + b: 
ear d= YP | = sear 4b 
yrs =3—>y= = 3. 
The slope of each line is ; 
and the y-intercepts, (0, 4) and 
(0, ), are different. Thus 
the lines parallel. 

are/are not 

12. y+ 4 = 3x, 
4x-y=-7 

13. y = 4x + 5, 
2y = 8x + 10 

Answers 

11. Yes 12. No 13. No; they are the 


same line. 


Guided Solution: 


ll. 


x, 1, —3, are 
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Determine whether the graphs 
of the given pair of lines are 


perpendicular. 
14, 2y—-x=2, 
War 25 = 4 


Write each equation in the 
form y = mx + b: 


Ly = 3 = 2p = sear ils 


Var 29 = ay = 36 3 AL 
The slopes of these lines are 

and —2. The product of 
the slopes 3 * (—2) = 


Thus the lines 
are/are not 


perpendicular. 


15. 3y = 2x + 15, 
2y = 3x + 10 


Answers 

14. Yes 15. No 

Guided Solution: 
1 


1 
14, — —2,—, -1, are 
2 2 


€ 


Perpendicular Lines 


If one line is vertical and another is horizontal, they are perpendicular. For 
example, the lines x = 5 and y = —3 are perpendicular. Otherwise, how 
can we tell whether two lines are perpendicular? 


y 


Consider a line AB, as shown in the figure above, with slope a/b. Then 


think of rotating the line 90° to get a line ‘A,B, perpendicular to AB. For the 
new line, the rise and the run are interchanged, but the run is now nega- 
tive. Thus the slope of the new line is —b/a, which is the opposite of the 
reciprocal of the slope of the first line. Also note that when we multiply the 
slopes, we get 


This is the condition under which lines will be perpendicular. 


PERPENDICULAR LINES 


Two lines are perpendicular if the product of their slopes is —1. 

(If one line has slope m, then the slope of a line perpendicular to it is 
—1/m. That is, to find the slope of a line perpendicular to a given 
line, we take the reciprocal of the given slope and change the sign.) 


Lines are also perpendicular if one of them is vertical (x = a) and one 
of them is horizontal (y = b). 


EXAMPLE 8 Determine whether the graphs of 5y = 4x + 10 and 4y = 
—5x + 4 are perpendicular. 

To determine whether the lines are perpendicular, we determine 
whether the product of their slopes is —1. We first find the slope-intercept 
form of each equation by solving for y. 


We have y 
5y = 4x + 10 4y = —5x + 4 4y=—5x+4 By = 4x + 10 
y = 3(4x + 10) y = 3(-5x + 4) 
y = 5x + 2; y=—x4+ 1. x 


The slope of the first line is 3, and the slope of the second line is —}. The 
product of the slopes is 4 - ( —3) = —1. Thus the lines are perpendicular. 


< Do Exercises 14 and 15. 
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Visualizing 
for Success 


Match each equation with its graph. 
I, PSk= x 


2 = =e 


3B ar Dip = 2 


Ze = SV = 6) 


Answers on page A-8 


[vf Reading Check 


Determine whether each statement is true or false. 


RCl. The graphs of the lines x = —4 and y = 5are 
perpendicular. 


RC3. Two lines are perpendicular if the product of their 
slopes is 1. 


RC5. The slope of a horizontal line is 0. 


ES) Find the intercepts and then graph the line. 


For Extra Help 


MyMathLab* 


MathXL? 


RC2. The y-intercept of y 


RC4. The x-intercept of x 


PRACTICE WATCH 


EE 
iuucancuaae P. 
—— a? 
READ REVIEW 


—2x + 7is (0, —2). 


RC6. Two nonvertical lines are parallel if they have the 
same slope and the same y-intercepts. 


lx-2=y 2x+3=y 3.x + 3y = 6 4.x—2y=4 
VA VA y VA 
5 5 5 5 
4 4 4 4 
3 3 3. 3 
2 2 2 2 
1 1 1 al 
oa = = = 
~5-4-3—2-1) 123 4 5 x ~574-3-2-1) 123 45 x 7574737271, 123 45 ‘x ~574-3—2-1) 123 45 x 
-2 -2 -2 2 
—3 3 —3 —3 
—4 —4 -4 —4 
—5 —5 = —5 
5. 2x + 3y = 6. 5x — 2y = 10 7 f(x) = —2 — 2x 8. g(x) = 5x — 5 
VA aN VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
il 1 1 1 
= ~ > 
~574—-3—2-1) 123 45 fa ~574—3—2-1) 123 45 x ~574-3—2-1) 12345 x 7574-37271), 123 45 x 
—2 +2 2 2 
—3 —3 —3 —3 
—4 4 —4 -4 
—5 <5 <5 —5 
9. 5y = —-15 + 3x 10. 5x — 10 = 5y ll. 2x — 3y = 6 12. 4x + 5y = 20 
VA YA VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
= = = = 
~574-3—2-1) 123 4 5 x ~574—-3-2-1), 123 45 x ~574-3—2-1) 123 45 x ~574-372-1, 123 45 x 
+2 —2 2 -2 
—3 —3 -3 —3 
—4 —4 —4 -4 
—5 —5 5 —5 
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13. 2.8y — 3.5x = —9.8 14. 10.8x — 22.68 = 4.2y 15. 5x + 2y=7 16. 3x — 4y = 10 
VA y VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> > Ss > 
~574-3—-2-1) 123 45 x 7574-37271) 123 45 x —5-4-3-2-1, 123465 xX ~5747-3-2-1, 123 45 x, 
-2 -2 2 -2 
£3 13 13 +3 
“4 -4 big 4 
85 -5 “5 “5 
|b | Graph using the slope and the y-intercept. 
5 2 2 
17, y= 7-x+1 18 y= —x-4 19. f(x) = —~x- 4 20. f(x) = =x + 3 
2 5 2 5 
YA YA YA YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 ue 1 
> > > 
5747-37271) 12345 G ~574-372-1) 123 45 x ~574—372-1) 12345 oA ~574-372-1) 12345 x 
+2 +2 +2 -2 
=3 -3 =3 43 
-4 -4 —4 -4 
—5 =5 5 =5 
21.x+ 2y=4 22. x — 3y = 6 23. 4x — 3y = 12 24. 2x + 6y = 12 
VA yA VA ¥ 
5 5: 5 5 
4 4 4 4 
3 = 3 3: 
2 2 2 2 
1 1 1 1 
> > > > 
~574-3-2-1) 12345 ae 574737271, 12345 x ~574-3—2-1) 12345 D4 ~57473727-1, 12345 ba 
2 —2 2 ra 
—3 —3 —3 —3 
—4 —4 —4 —4 
5 a5 5 —5 
1 
25. f(x) =-x-4 26. g(x) = —0.25x + 2 27. 5x + 4- f(x) =4 28. 3+ f(x) = 4x +6 
2 (Hint: Solve for f(x).) 
y VA y VA 
5 5 5 5: 
4 4 4 4 
3: 3 3 a 
2 2 2 2 
1 1 1 1 
~574—-3—-2-1) 123 4 5 e ~574—-3—-2-1) L323 45: Ge ~5-4-3—2-1) 12345 x ~57473—2-1) 12345 x 
—2 —2 —2, —2 
13 223 =: = 
—4 -4 —4 4 
=5 —5 = —5 
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fa Graph and, if possible, determine the slope. 


3 
29.x=1 30. x = —4 31. y=-1 32. y= 5 
YA y VA VA 
5 5 By 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> 
~574—-3—-2-1) 123 45 se 7574-37271) 123 45 Bo Se essee ky 123 45 x ~5747372-1) 123 45 x 
=2 =2 =2 =2 
-3 +3 =3 +3 
-4 -4 -4 -4 
-5 =5 =5 =5 
33. f(x) = -6 34. f(x) =2 35. y = 0 36. x = 0 
VA y VA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
~574—-3—2-1) 123 45 x 7574737271) 123 45 x ~574-3—2-1) 123 45 x 7574737271) 123.4 5 x 
2 2 —2 2 
—3 —3 —3 =3 
—4 —4 —4 —4 
=5 —5 —5 <5) 
37. 2+ f(x) +5 =0 38. 4+ g(x) +3x=12+3x 39.7-3x=4 + 2x 40. 3 — f(x) = 2 
YA YA VA VA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> > 
~574—-372-1) 123 45 x ~574—-372-1) 123 45 x 5747-3271) 123 45 x ~574—37-2-1) 123 45 x 
—2 a2 —2 af 
—3 =3 —3 —3 
-4 -4 —4 —4 
5 =5 —5 =—5 


el] Determine whether the graphs of the given pair of lines are parallel. 


4l.x+6=y, 
y-x=-2 


45. y= 3x+ 9, 
2y = 6x — 2 
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CHAPTER 2 


42. 2x-7=y, 
y— 2x = 8 


46. y+ 7x = -9, 
—3y = 21x +7 


Graphs, Functions, and Applications 


43. 


47. 


yt3 = 5x, 
3x -—-y=-2 


12x = 3, 
—7x = 10 


44. y+ 8 = —6x, 


=2x + y 
48. 5y = —2, 
3x = 16 


Copyright © 2015 Pearson Education, Inc. 


Determine whether the graphs of the given pair of lines are perpendicular. 


49. y= 4x — 5, 50. 2x — 5y = —3, 


51. 


55. 


SSL UNIVE TVARI CO nccss cscs edict sel adeda be x vacoktbvcedbbecieshbcs'nesiecsviieands€ceuedidatss ests Sels Meine cttetsaedadveds leiCariedbevtadees 


4y=8-x 2x + 5y= 4 
53. 2x — 3y = 7, 54. x = y, 

2y — 3x = 10 y=-Xx 
Write in scientific notation. [R.7c] 
57. 53,000,000,000 58. 0.000047 
Write in decimal notation. [R.7c| 
61. 2.13 x 10° 62. 9.01 x 10° 


Factor. [R.5d] 


65. 9x — 15y 66. 12a + 21lab 


69. Heaviest Pumpkin. In September 2012, Ron Wallace 


of Greene, Rhode Island, set a world record for the 
heaviest pumpkin. The previous record, set in 2010, 
was 1810.5 lb. The new record is 706.75 lb less than 


1.5 times the record set in 2010. What was the record 


weight setin 2012? [1.3a] 


Source: Data from www.huffingtonpost.com 


59. 


63. 


67. 


70. 


x+ 2y=5, 52. y= -xt+7, 

2x + 4y = 8 you 3 

2x = 3, 56. —5y = 10, 

—3y = 6 y=-3 

0.018 60. 99,902,000 

2x 104 64. 8.5677 X 10°? 
21p — 7pq + 14p 68. 64x — 128y + 256 


Graph: f(x) = —x?+ 3x-— 1. [2.2c] 


> 
~5747-372-1) 123 45 x 


YUEN soca actcaca cine ctaderecea cs eetieas'psnatenitucbuan spd Spas do towsne cecks Daou tnczntieasona inca ssnceatsct saan uae igsmnsucansnoesindiass 


71. Find the value of a such that the graphs of 
5y = ax + 5and}y = 7x — lare parallel. 


73. Write an equation of the line that has x-intercept 
(—3, 0) and y-intercept (0, 2). 


75. Write an equation for the x-axis. Is this equation a 
function? 


77. Find the value of min y = mx + 3so that the 
x-intercept of its graph will be (4, 0). 


7A. 


76. 


78. 


. Find the value of k such that the graphs of x + 7y = 70 


andy + 3 = kx are perpendicular. 


Find the coordinates of the point of intersection of the 
graphs of the equations x = —4 andy = 5. 


Write an equation for the y-axis. Is this equation a 
function? 


Find the value of bin 2y = —7x + 3bso that the 
y-intercept of its graph will be (0, —13). 
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OBJECTIVES 


a. | Find an equation of a line 
when the slope and the 
y-intercept are given. 


|b | Find an equation of a line 
when the slope and a point 
are given. 


C | Find an equation of a line 
when two points are given. 


| Given a line and a point 

not on the given line, find 
an equation of the line 
parallel to the line and 
containing the point, and 
find an equation of the line 
perpendicular to the line 
and containing the point. 


Solve applied problems 
involving linear functions. 


SKILL TO REVIEW 
Objective R.2e: Find the 
reciprocal of a real number. 


Find the reciprocal of the 
number. 


1. 3 


2. — 


2 
9 


1. Aline has slope 3.4 and 
y-intercept (0, —8). Find 
an equation of the line. 


Answers 


Skill to Review: 
1 9 
Le 2.-= 
3 4 
Margin Exercise: 
ly = 34x —- 8 


Finding Equations of Lines; 
Applications 


In this section, we will learn to find an equation of a line for which we have 
been given two pieces of information. 


FINDING AN EQUATION OF A LINE WHEN THE 
SLOPE AND THE y-INTERCEPT ARE GIVEN 


If we know the slope and the y-intercept of a line, we can find an equation 
of the line using the slope-intercept equation y = mx + b. 


EXAMPLE 1 Aline has slope —0.7 and y-intercept (0, 13). Find an equa- 
tion of the line. 


We use the slope-intercept equation and substitute —0.7 for m and 13 
for b: 


y=mxt+b 
y= —0.7x + 13. 


< Do Margin Exercise 1. 


Db | FINDING AN EQUATION OF A LINE WHEN THE 
SLOPE AND A POINT ARE GIVEN 


Suppose we know the slope of a line and the coordinates of one point on 
the line. We can use the slope-intercept equation to find an equation of the 
line. Or, we can use the point-slope equation. We first develop a formula 
for such a line. 

Suppose that a line of slope m passes through the point (x), y,). For any 
other point (x, y) on this line, we must have 


ad rise y—y, 
y V1 = VA Slope = —< = ——=1 


=m. tun x-x, 
xX — XX, 


It is tempting to use this last equation as an equation of the line of slope m 
that passes through (xj, y,). The only problem with this form is that when x 
and yare replaced with x, and y,, we have? = m,a false equation. To avoid 
this difficulty, we multiply by x — x, on both sides and simplify: 


YN 


vey 7 A) = M(x — ) Multiplying by x — «1, on both sides 
x — xy 
y—y, = m(x-—x,). | Removinga factor of 1: aa 
as | 


This is the point-slope form of a linear equation. 
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POINT-SLOPE EQUATION 


The point-slope equation of a line with slope m, passing through 
(x11), is 


Vp = me ws). 


If we know the slope of a line and a point on the line, we can find an 
equation of the line using either the point-slope equation, 


Y~N= mx — x), 
or the slope-intercept equation, 

y=mx+t b. 
EXAMPLE 2 Find an equation of the line with slope 5 and containing 
the point G, = i), 


Using the Point-Slope Equation: We consider (G, - 1) to be (x,, y,;) and 5 
to be the slope m, and substitute: 


y-y= mx — x;) Point-slope equation 
y-(-l)= 5(x = x) Substituting 
ytl=5x- > Simplifying 
y = 5x — 3 — 1 
y= S035 
y= 5x a 


Using the Slope-Intercept Equation: The point G, = 1) is on the line, so 
it is a solution of the equation. Thus we can substitute 3 for x and —1 for y 
in y = mx + b. Wealso substitute 5 for m, the slope. Then we solve for b: 


y=mx+b Slope-intercept equation 
-1=5-(3)+b Substituting 
-1=}3+5b 
-1-3=b 
4-$=5 
—i = b. Solving for b 


We then use the slope-intercept equation y = mx + b again and substi- 
tute 5 for mand —3 for b: 


y=5x—-h 


Do Exercises 2-5. D> 


Find an equation of the line with 
the given slope and containing the 
given point. 

2. m= —5, (4,2) 


3. m = 3, (1,2) 


4. m = 8, (3,5) 


2 
5. m = —-, (1,4) 
3 
Answers 
2 y= bx -18 3. y= 3x -—5 
4,.y=8x-19 5 _ i 
. y = 8x Ce alae Vue 
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FINDING AN EQUATION OF A LINE WHEN 
TWO POINTS ARE GIVEN 


We can also use the slope-intercept equation or the point-slope equation 
to find an equation ofa line when two points are given. 


EXAMPLE 3. Find an equation of the line containing the points (2, 3) 


and (—6, 1). 
First, we find the slope: 
ieee 2 1 YA 
m = — or 


“g=(8) 8 4 


Now we have the slope and two points. We then proceed as we 
did in Example 2, using either point, and either the point-slope 


equation or the slope-intercept equation. 
6. Find an equation of the line containing res 


the points (4, —3) and (1, 2). Using the Point-Slope Equation: We choose (2, 3) and substi- 


First, find the slope: tute 2 for x,, 3 for y,, and ; for m: 
Raid leila 2 5 y-y, = mx — x) Point-slope equation 
ian =3 : y—3 = i(x — 2) Substituting 
_1 1 
Using the point-slope equation, y-3=4x- 3 
y— yy = M(x — x), Y= 7 ts 
5 y=lx—-1+8 
substitute 4 for x,, —3 for y,, and — —for m: : 3 
3 y= qx tT 3. 


y— ( Ve (oe ) Using the Slope-Intercept Equation: We choose (2,3) and 


yt oo oe aL substitute 2 for x, 3 for y, and j for m: 
3 
5 20 y= mx+b Slope-intercept equation 
aa 3=1-2+b Substituting 
‘ 54 20 3=5;+b 
-_ 1 1 1 
3 3 3 355+ b= 5 
6 1 
pal — 2 = 8 
3 2 2 = b. Solving for b 
Finally, we use the slope-intercept equation y = mx + bagain 
7. Find an equation of the line and substitute + for m and 3 for b: 
containing the points (—3, —5) iy a G 
and (—4, 12). Y= 4X T 3. 
< Do Exercises 6 and 7. 
Answers 


6 Tee a = —17x — 56 
oY 3 3 “y 


Guided Solution: 
5 20 
6.2,°5;3)-3, — = 4,.3;-5.9, 11 
3 3 
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| FINDING AN EQUATION OF A LINE PARALLEL 
OR PERPENDICULAR TO A GIVEN LINE 
THROUGH A POINT NOT ON THE LINE 


We can also use the methods of Example 2 to find an equation of a line par- 
allel or perpendicular to a given line and containing a point not on the line. 


EXAMPLE 4_ Find an equation of the line containing the point (—1, 3) 
and parallel to the line 2x + y = 10. 


A line parallel to the given line 2x + y = 10 must have the same slope 
as the given line. To find that slope, we first find the slope-intercept equa- 


tion by solving for y: 
2x + y= 10 
y= —-2x + 10. 


Thus the line we want to find through (—1, 3) must also have slope —2. 


Using the Point-Slope Equation: We use the point (—1, 3) and the slope 
—2, substituting —1 for x,, 3 for y,, and —2 for m: 

yY—N = mx — x) 

y>3 = =2(c=— (=1)) Substituting 


y-3=-2(x +1) Simplifying 
y-3=-2x-2 bcs) 8. Find an equation of the line containing 
the point (2, —1) and parallel to the line 
Using the Slope-Intercept Equation: We substitute —1 Find the slope of the given line: 
for x, 3 for y, and —2 for min y = mx + b. Then we solve 9x — 3y =5 
for b: —3y = ap & 
y=mx+t+b 5 
y= Nes 
3=-2(-1) +b — Substituting 3 
3=2+b The slope is 
1=b. Solving for b The line parallel to 9x — 3y = 5 must 


have slope 
We then use the equation y = mx + bagain and substitute 


Using the slope-intercept equation, 
—2 for mand 1 for b: : Z oie 


y=mx+t b, 


y= -2x + 1. substitute 3 for m, 2 for x, and —1 for y, 


The given line 2x + y = 10, or y = —2x + 10, and the line and solve for b: 


y = —2x + 1 have the same slope but different y-intercepts. are ae 
Thus their graphs are parallel. -1=6+b 
YA = 
Substitute 3 for mand —7 for bin 
y=mxtb: 
y = 3x + ( ) 
yp = oe = 
ax+y=10 
(-1,3) 
y= -2x+1 
x 
Answer 
8 y= 3x-7 
Do Exercise 8. B Guided Solution: 


8. —9x, 3,3,3;—-1,2, —7, -7 
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9. Find an equation of the line 
containing the point (5, 4) 


and perpendicular to the line 


Die = Aly = &), 
Find the slope of the given line: 
235 = 4 = ©) 
—4y = ar 
l= = i 
The slope is 


The slope of a line perpendicular 
to 2x — 4y = Yis the opposite of 


the reciprocal of 3, or 


Using the point-slope equation, 


eye = xy), 
substitute —2 for m, 5 for x,, 
and 4 for y;: 
Vie = (x — 5) 
y= 4 = 25 or 
Y= =255 ar 4, 


Answer 
9. y= —2x + 14 
Guided Solution: 


11 
9. —2x,-,=, —2;4, —2, 10 
2° 2 


EXAMPLE 5 Find an equation of the line containing the point (2, —3) 
and perpendicular to the line 4y — x = 20. 


To find the slope of the given line, we first find its slope-intercept form 
by solving for y: 


4y — x = 20 
4y =x + 20 
4 x + 20 
= Dividing by 4 
4 4 
y= gut 5. 


We know that the slope of the perpendicular line must be the opposite of 
the reciprocal of ;. Thus the new line through (2, —3) must have slope —4. 


Using the Point-Slope Equation: We use the point (2, —3) and the slope 
—4, substituting 2 for x,, —3 for y,, and —4 for m: 


yY-N = mx — x) 
y — (-3) = -4(x — 2) Substituting 
y+3=-4x+8 
y= —4x + 5. 


Using the Slope-Intercept Equation: We now substitute 2 for x and —3 
for yin y = mx + b. We also substitute —4 for m, the slope. Then we solve 
for b: 


y=mx+b 
—3 = —4(2) + b Substituting 
—3 = -8+b 

5=b. Solving for b 


Finally, we use the equation y = mx + b again and substitute —4 for m 
and 5 for b: 


y= —-4x + 5. 


The product of the slopes of the lines 4y — x = 20 and y = —4x + 5is 
}° (—4) = —1. Thus their graphs are perpendicular. 


y, 


< Do Exercise 9. 
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| APPLICATIONS OF LINEAR FUNCTIONS 


When the essential parts of a problem are described in mathematical lan- 
guage, we say that we have a mathematical model. We have already stud- 
ied many kinds of mathematical models in this text—for example, the 
formulas in Section 1.2 and the functions in Section 2.2. Here we study lin- 
ear functions as models. 


EXAMPLE 6 Costofa Necklace. Amelia’s Beads offers a class r 
in designing necklaces. For a necklace made of 6-mm beads, 
4.23 beads per inch are needed. The cost of a necklace of 6-mm 
gemstone beads that sell for 40¢ each is $7 for the clasp and the 
crimps and approximately $1.70 per inch. 


a) Formulate a linear function that models the total cost of 
a necklace C(n), where nis the length of the necklace, in 
inches. 

b) Graph the model. 


c) Use the model to determine the cost of a 30-in. necklace. 


a) The problem describes a situation in which cost per inch is 
charged in addition to the fixed cost of the clasp and the crimps. 
The total cost of a 16-in. necklace is 


$7 + $1.70 ° 16 = $34.20. 
For a 17-in. necklace, the total cost is 
$7 + $1.70 ° 17 = $35.90. 


These calculations lead us to generalize that for a necklace that is nm inches 
long, the total cost is given by C(n) = 7 + 1.7n, where n = 0 since the 
length of the necklace cannot be negative. (Actually most necklaces are at 
least 14 in. long.) The notation C(7) indicates that the cost Cis a function 
of the length n. 


b 


— 


Before we draw the graph, we rewrite the model in slope-intercept form: 
C(n) = 1.7n + 7. 


The y-intercept is (0, 7) and the slope, or rate of change, is $1.70, or su 
per inch. We first plot (0, 7); from that point, we move 17 units up and 
10 units to the right to the point (10, 24). We then draw a line through 
these points. We also calculate a third value as a check: 


C(20) = 1.7- 20+ 7=41. 


The point (20, 41) lines up with the other two points so the graph is 
correct. 


C(n) = 1.7n +7 


Total cost 
is 
o 


> 
5 10 15 20 25 30 35 40 n 
Length (in inches) 
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10. Cost of a Service Call. Fora c) To determine the total cost of a 30-in. necklace, we find C(30): 
service call, Belmont Heating 


and Air Conditioning charges C(30) = 1.7 + 30 + 7 = 58. 
Fs sed fee and $80 per hour From the graph, we see that the input 30 corresponds to the output 58. 
or labor. 


Thus we see that a 30-in. necklace costs $58. 
a) Formulate a linear function 


for the total cost of the 
service call C(t), where 
tis the length of the call, 


< Do Exercise 10. 


; In the following example, we use two points and find an equation for 
in hours. . : : . 
the linear function through these points. Then we use the equation to 
b) Graph the model. setmnate 


EXAMPLE 7 Farmers’ Markets. The number of farmers’ markets has 
increased steadily in recent years. The following table lists data regarding 
the correspondence between the year and the number of farmers’ markets. 


Total cost 


YEAR, x NUMBER OF 


(in number of years FARMERS’ 
Time (in hours) since 2002) MARKETS, n 


1 2 3 4 5 6f 


c) Use the model to determine 2002, 0 3137 
the cost of a 25-hr service 2012, 10 7864 
call. 


SOURCE: Data from U.S. Department of Agriculture 


a) Assuming a constant rate of change, use the two data points to finda 
linear function that fits the data. 


b) Use the function to determine the number of farmers’ markets in 2010. 
c) Inwhich year will the number of farmers’ markets reach 12,000? 


a) We let x = the number of years since 2002 and N = the number of 
farmers’ markets. The table gives us two ordered pairs, (0, 3137) and 
(10, 7864). We use them to find a linear function that fits the data. First, 
we find the slope: 


_ 7864 — 3137 4727 
10-0 10 


= 472.7. 


Next, we find an equation N = mx + b that fits the data. One of the 
data points, (0, 3137), is the y-intercept. Thus we know b in the slope- 
intercept equation, y = mx + b.Weuse the equation N = mx + band 
substitute 472.7 for m and 3137 for b: 


N = 472.7x + 3137. 


Using function notation, we have 


N(x) = 472.7x + 3137. 


Answer 


10. (a) C(t) = 80¢ + 65; 
(b) cs) 


$600 
500 


Total cost 
s 
s 


12 3 4 5 6 
Time (in hours) 


(c) $265 
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b) To determine the number of farmers’ markets in 2010, we substitute 8 11. Hat Size as a Function of 
for x (2010 is 8 years since 2002) in the function N(x) = 472.7x + 3137: Head Circumference. The 
following table lists data 
N(x) = 472.7x + 3137 relating hat size to head 


N(8) = 472.7(8) + 3137 — Substituting circumference. 
= 3781.6 + 3137 
HEAD 
= 6918.6 ~ 6919. CIRCUMFERENCE, C 
There were about 6919 farmers’ markets in 2010. (in inches) 


c) To find the year in which the number of farmers’ markets will reach 


21.2 63 
12,000, we substitute 12,000 for N(x) and solve for x: 99 is 
N(x) = 472.7x + 3137 
12,000 = 472.7x + 3137 Substituting SOURCE: Data from Shushan’s New Orleans 
8863 = 472.7x Subtracting 3137 a) Assuming a constant rate 
19 ~ x. Dividing by 472.7 pechange use thetwo 
oon data points to find a linear 
The number of farmers’ markets will reach 12,000 about 19 years after function that fits the data. 


2002, or in 2021. b) Use the function to 


determine the hat size ofa 
Do Exercise 11. > person whose head has a 
circumference of 24.8 in. 


c) Jerome’s hat size is 8. What 


is the circumference of his 
head? 


Answer 


5 1 
1l. (a) H(C) = frag + yo 


H(C) = 0.3125C + 0.125; 


7 
(b) 7 5, or 7.875; (€) 25.2in. 


For Extra Help 


MathXL* a 
MyMathLab” wot aS 


Ral Reading Check 
For the given equation, determine the slope of the line (a) parallel to the given line and (b) perpendicular to the given line. 
4 
RC1. ae ae RC2. y= —5 
4 5 
RC3. 2x —-y= —4 RC4. y-->=--x 
3 6 
RC5. x = 3 RC6. 10x + 5y = 14 
a | Find an equation of the line having the given slope and y-intercept. 
1. Slope: —8; y-intercept: (0, 4) 2. Slope: 5; y-intercept: (0, —3) 
3. Slope: 2.3; y-intercept: (0, —1) 4. Slope: —9.1; y-intercept: (0, 2) 
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Find a linear function f(x) = mx + bwhose graph has the given slope and y-intercept. 
5. Slope: —$; y-intercept: (0, —5) 6. Slope: 3; y-intercept: (0, 28) 


7. Slope: a. y-intercept: (0, =) 8. Slope: —;; y-intercept: (0, —%) 


By Find an equation of the line having the given slope and containing the given point. 


9. m = 5, (4,3) 10. m = 4, (5,2) 1l. m = —3, (9,6) 12. m = —2, (2,8) 
13. m = 1, (-1,-7) 14. m = 3, (—2,—2) 15. m = —2, (8,0) 16. m = —3, (—2,0) 
17. m = 0, (0,—7) 18. m = 0, (0,4) 19. m = 3, (1,—2) 20. m = —3, (2,3) 
] Find an equation of the line containing the given pair of points. 

21. (1,4) and (5,6) 22. (2,5) and (4,7) 23. (—3, —3) and (2, 2) 24. (—1,-1) and (9,9) 

25. (—4, 0) and (0,7) 26. (0, —5) and (3, 0) 27. (—2,—3) and (—4,—-6) 28. (—4, —7) and 
(—2,-1) 

29. (0,0) and (6, 1) 30. (0,0) and (—4, 7) 31. (4, -3) and (3,6) 32. (3,3) and (—3,2) 


[a] Write an equation of the line containing the given point and parallel to the given line. 


33. (3,7); x + 2y=6 34. (0,3); 2x-y=7 
35. (2,-1); 5x — 7y =8 36. (—4,—-5); 2x + y = -3 
37. (—6,2); 3x = 9y + 2 38. (—7,0); 2y + 5x =6 
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Write an equation of the line containing the given point and perpendicular to the given line. 
39. (2,5); 2x +y=3 40. (4,1); x- 3y=9 


41. (3,—-2); 3x + 4y =5 42, (—3,—-5); 5x — 2y=4 


ll 
) 


43. (0,9); 2x + 5y = 7 44, (—3,—4); 6y — 3x 


fe) Solve. 


46. Fitness Club Costs. 


45. 


47. 


School Fund-Raiser. A school club is raising funds 
by having a “Shred It Day,” when residents of the 
community can bring in their sensitive documents 
to be shredded. The club is charging $10 for the first 
three paper bags full of documents and $5 for each 
additional bag. 

a) Formulate a linear function that models the total 
cost C(x) of shredding x additional bags of 
documents. 

b) Graph the model. 

c) Use the model to determine the total cost of shred- 
ding 7 bags of documents. 


Value of a Lawn Mower. A landscaping business 
purchased a ZTR commercial lawn mower for $9400. 
The value V(t) of the mower depreciates (declines) 
at a rate of $85 per month. 


a) Formulate a linear function that models the value 
V(t) of the mower after t months. 

b) Graph the model. 

c) Use the model to determine the value of the 
mower after 18 months. 


48. 


A fitness club charges an 
initiation fee of $165 plus $24.95 per month. 


a) Formulate a linear function that models 
the total cost C(t) of a club membership 
for tmonths. 

b) Graph the model. 

c) Use the model to determine the total cost of 
a 14-month membership. 


Value ofa Computer. True Tone Graphics bought a 
computer for $3800. The value V(t) of the computer 
depreciates at a rate of $50 per month. 


a) Formulate a linear function that models the value 
V(t) of the computer after tmonths. 

b) Graph the model. 

c) Use the model to determine the value of the com- 
puter after 10; months. 


In Exercises 49-54, assume that a constant rate of change exists for each model formed. 


49. 


Organic-Food Sales. The following table lists data 
regarding sales, in billions of dollars, of organic food 
in 2004 and in 2012. 


YEAR, x 


50. Cost of Diabetes. 


The following table lists data 
regarding the health-care and work-related costs of 
diabetes in 2007 and in 2012. 


YEAR, x 


(in number of years 
since 2004) 


2004, 0 
2012, 8 


ORGANIC FOOD SALES 
(in billions) 


$11 
27 


(in number of years 
since 2007) 


2007, 0 
2012, 5 


COSTS OF DIABETES 
(in billions) 


$174 
245 


SOURCE: Data from Nutrition Business Journal SOURCE: Data from American Diabetes Association 


a) Use the two data points to find a function that fits 
the data. Let x = the number of years since 2007 
and D(x) = the costs, in billions of dollars, of 
diabetes. 

b) Use the function of part (a) to estimate the costs 
of diabetes in 2010 and in 2015. 


a) Use the two data points to find a linear function 
that fits the data. Let x = the number of years 
since 2004 and S(x) = the total sales, in billions of 
dollars, of organic food. 

b) Use the function of part (a) to estimate and predict 
the sales of organic food in 2008 and in 2017. 
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51. Auto Dealers. Atthe close of 1995, there were 
22,800 new-auto dealers in the United States. By the 
end of 2012, this number had dropped to 17,540. Let 
D(x) = the number of new-auto dealerships and 
x = the number of years since 1995. 


Source: Data from Urban Science Automotive Dealer Census 


a) Find a linear function that fits the data. 

b) Use the function of part (a) to estimate the number 
of new-auto dealerships in 2000. 

c) At this rate of decrease, when will the number of 
new-auto dealerships be 15,500? 


53. Life Expectancy in South Africa. 1n 2003, the life 
expectancy in South Africa was 46.56 years. In 2011, 
it was 49.33 years. Let E(t) = life expectancy and 
t = the number of years since 2003. 


Source: Data from CIA World Factbook 2003-2012 


a) Find a linear function that fits the data. 
b) Use the function of part (a) to estimate life expect- 
ancy in 2016. 


52. Records in the 400-Meter Run. In 1930, the record 
for the 400-m run was 46.8 sec. In 1970, it was 43.8 sec. 
Let R(t) = the record in the 400-m run and ¢ = the 
number of years since 1930. 


a) Find a linear function that fits the data. 

b) Use the function of part (a) to estimate the record 
in 2003 and in 2006. 

c) When will the record be 40 sec? 


54. Life Expectancy in Monaco. In 2003, the life ex- 
pectancy in Monaco was 79.27 years. In 2011, it was 
89.73 years. Let E(t) = life expectancy and t = the 
number of years since 2003. 


Source: Data from CIA World Factbook 2003-2012 


a) Find a linear function that fits the data. 
b) Use the function of part (a) to estimate life expect- 
ancy in 2016. 


Skill Maite mame i iccccccoccccccceceecceceeececeeeeeeeeeeveeeeetbeevetvtevtvetvitvetestsvitvitvittvitvitvitvettvetvtveteeeen 


Solve. [1.4c], [1.5a], [1.6c, d, e] 


55. 2x + 3 >51 56. |2x + 3| = 51 


59. |2x + 3| = 13 60. |2x + 3| = |x -4| 


Ug esas ese ete cence geek oe: 


63. Find k such that the line containing the points (—3, k) 
and (4, 8) is parallel to the line containing the points 
(5,3) and (1, —6). 
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57. 2x + 3 5 51 58. 2x +3 S5x—-4 


61. |5x — 4| = -8 62. -12 =< 2x + 3<51 


64. Find an equation of the line passing through the 
point (4, 5) and perpendicular to the line passing 
through the points (—1, 3) and (2,9). 
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CHAPTER 


om Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the x-intercept 
right. Some of the choices may be used more than once, and some may not y-intercept 
be used at all. ae 
at least one 
1. The graph of x = ais a(n) line with x-intercept 
(a,0). [2.5c] exactly one 
2. The equation of a line with slope m and passing ae 
through (x,,y,)isy — y) = m(x — x,).  [2.6b] point-slope 
3. A(n) is a correspondence between a first set, called stone 
the , and a second set called the ; function 
such that each member of the corresponds to relation 
member of the . [2.2a] 
parallel 
4. The = ofa line containing points (x1, y,) and (Xa Yo) perpendicular 
is given by m = the change in y/the change in x, also described as . 
rise/run. [2.4b] vertical 
5. Two lines are ifthe product of their slopesis—1. [2.5d] ponrene! 
domain 
6. The equation y = mx + bis called the equation ofa aan 
line with slope mand y-intercept (0,b). [2.4b] ore 
7. Lines are if they have the same slope and different 
y-intercepts. [2.5d] 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. The slope of averticallineis0. [2.5c] 


2. Aline with slope 1 slants less steeply than a line with slope —5. [2.4b] 


3. Parallel lines have the same slope and y-intercept. [2.5d] 


Study Guide 


Objective 2.2a Determine whether a correspondence is a function. 


Example Determine whether each correspondence : Practice Exercise 


is a function. 1. Determine whether the correspondence is a 


Domain Range Domain Range function. 
: D j R 
4 = 9 A omain ange 
_. =a . Q 11 ——_ 
ve eee > = C ; — 
= 2 ere : h: 15 31 


The correspondence fis a function because each 
member of the domain is matched to only one member 
of the range. The correspondence g is not a function 
because one member of the domain, Q, is matched to 
more than one member of the range. 
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Objective 2.2b Given a function described by an equation, find function values (outputs) for specified values (inputs). 


Example Find the indicated function value. 

a) f(0), for f(x) = —x +6 b) g(5), for g(x) = —10 
c) h(—1), for h(x) = 4x? + x 

a) f(x) = —-x+6: f(0) =-0+6=6 

b) g(x) = —10: g(5) = —10 

c) h(x) = 4x7 + x: h(—-1) = 4(-1)* + (-1) =3 


Practice Exercise 
2. Find g(0), g(—2), and g(6) for g(x) = 5x — 2. 


Objective 2.2c Draw the graph ofa function. 


Example Graph: f(x) = —3x + 2. 

By choosing multiples of 3 for x, we can avoid 
fraction values for y. Ifx = —3, then y = —}- (—3) + 2 
= 2 + 2 = 4, We list three ordered pairs in a table, plot 
the points, draw the line, and label the graph. 


x f(x) 
3 | 0 
0 | 2 
-3 | 4 : 


f@= ~2x+2 


Practice Exercise 
3. Graph: f(x) = 2x — 3. 


x f(*) 


Objective 2.2d Determine whether a graph is that of a function using the vertical-line test. 


Example Determine whether each of the following is 
the graph of a function. 


a) - b) . 


a) The graph is that of a function because no vertical 
line can cross the graph at more than one point. 

b) The graph is not that of a function because a vertical 
line can cross the graph more than once. 


: function. 


Practice Exercise 


4. Determine whether the graph is the graph of a 


A 


Objective 2.3a Find the domain and the range of a function. 


Example For the function f whose graph is shown 
below, determine the domain and the range. 


Domain: [ —5, 5]; range: [ —3, 5] 


RYv 


Practice Exercises 


5. For the function g whose graph is shown below, 
determine the domain and the range. 
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KL 

2x - 6 
Since (x + 1)/(2x — 6) cannot be calculated 

when the denominator 2x — 6 is 0, we solve 


2x — 6 = Oto find the real numbers that must be 
excluded from the domain of g: 


Example Find the domain of g(x) = 


2x -6=0 
2x = 6 
x = 3. 


Thus, 3 is not in the domain. The domain of gis {x| xis 
areal number andx # 3}, or (—~,3) U (3, ©). 


6. Find the domain of 
x= 3 
3x +9 


h(x) = 


Objective 2.4b Given two points on a line, find the slope. Given a linear equation, derive the equivalent 
slope-intercept equation and determine the slope and the y-intercept. 


Example Find the slope of the line containing (—5, 6) 
and (—1, —4). 
_ changeiny 6—(-4) 6+4 10 5 


(-1) -5+1 -4 2 


change in x 5 


Example Find the slope and the y-intercept of 


4x — 2y = 20. 
We first solve for y: 
4x — 2y = 20 
—2y = —4x + 20 Subtracting 4x 
y = 2x — 10. Dividing by —2 


The slope is 2, and the y-intercept is (0, —10). 


Practice Exercises 


7. Find the slope of the line containing (2, —8) and 
(—3, 2). 


8. Find the slope and the y-intercept of 
3x = —6y + 12. 


Objective 2.5a Graph linear equations using intercepts. 


Example Find the intercepts of x — 2y = 6 and then 
graph the line. 


To find the y-intercept, we let x = 0 and solve for y: 


0-2y=6 Substituting 0 for x 
—2y = 6 
y= —3. 


The y-intercept is (0, —3). 
To find the x-intercept, we let y = 0 and solve for x: 
x—-2°0=6 
x= 6. 


Substituting 0 for y 


The x-intercept is (6, 0). 

We plot these points and draw 
the line, using a third point as a 
check. We let x = —2 and solve 
for y: 


—2— 2y = 6 
y= -4. 


We plot (—2, —4) and note that 
it is on the line. Thus the graph is 
correct. 


Practice Exercise 


9. Find the intercepts of 3y — 3 = x and then graph 
the line. 
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Objective 2.5b Given a linear equation in slope-intercept form, use the slope 
and the y-intercept to graph the line. 


Example Graph using the slope and the y-intercept: : Practice Exercise 
pe 3 x45. : 10. Graph using leag slope and the y-intercept: 
2 : VS ios 
This equation is in slope-intercept form, : 4 
y = mx + b.They-intercept is (0,5). we plot (0,5). 
We can think of the slope (m = —3) as=. 


Starting at the y-intercept, we use the slope to find 
another point on the graph. We move 3 units down and 
2 units to the right. We get a new point: (2,2). 

To get a third point for a check, we start at (2, 2) 
and move 3 units down and 2 units to the right to the 
point (4, —1). We plot the points and draw the line. 


Objective 2.5c Graph linear equations of the form x = aory = b. 


Example Graph: y = —1. Practice Exercises 
All ordered pairs (x, —1) are solutions; yis —1 at > 11. Graph: y = 3. 

each point. The graph is a horizontal line that intersects: 

the y-axis at (0, —1). 


5 
Example Graph: x = 2. : 12, Graph: x = — z 
All ordered pairs (2, y) are solutions; x is 2 at each 
point. The graph is a vertical line that intersects the 
x-axis at (2,0). 
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Objective 2.5d Given the equations of two lines, determine whether their graphs are parallel 
or whether they are perpendicular. 


Example Determine whether the graphs of the given Practice Exercises 
pair of lines are parallel, perpendicular, or neither. : Determine whether the graphs of the given pair of 
a) 2y—x = 16, b) 5x — 3 = 2y, : lines are parallel, perpendicular, or neither. 
1 : 
ergy — 2 5 ale : 13. —3x + By = —8, 
a , . : 8y = 3x + 40 
a) Writing each equation in slope-intercept form, we = 
have y = $x + 8andy = —2x + 8. The slopes 14, Sa 2y— 8, 
2x + 5y = 15 


are 5 and —2. The product of the slopes is —1: 
5+ (—2) = —1. The graphs are perpendicular. 

b) Writing each equation in slope-intercept form, we 
have y = 3x — 3andy = 3x — 6. The slopes 
are the same, 3, and the y-intercepts are different. 
The graphs are parallel. 


Objective 2.6a Find an equation ofa line when the slope and the y-intercept are given. 


Example A line has slope 0.8 and y-intercept (0,—-17). : Practice Exercise 
Find an equation of the line. : 15. Aline has slope —8 and y-intercept (0, 0.3). Find 
We use the slope-intercept equation and substitute: an equation of the line. 


0.8 for mand —17 for b: 
y=mxt+b Slope-intercept equation 
y = 0.8x — 17. 


Objective 2.6b Find an equation of a line when the slope and a point are given. 


Example Find an equation of the line with slope —2 Practice Exercise 
ie : 1 _ : 

and containing the point (3, 1). : 16. Find an equation of the line with slope —4 and 

Using the point-slope equation, we substitute —2 containing the point G — 3); 

for m, } for x,, and —1 for y;: ; 


1 
y-(D= a(x ‘) Using y— y; = m(x ~ x1) 


2 
ace a ae 


9 af 
= Stk = Ss 
y 3 


Using the slope-intercept equation, we substitute 
—2 form, 5 for x, and —1 for y, and then solve for b: 


1 
“Sen 2 Using y = mx + b 
2 
-l=-—+b 
3 
1 
—--=b. 
3 
Then, substituting —2 for m and —3 for b in the slope- 
intercept equation y = mx + b, we have y = —2x — §. 
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Objective 2.6c Find an equation ofa line when two points are given. 


Example Find an equation of the line containing the 
points (—3, 9) and (1, —2). 


We first find the slope: 
ee ee ee 
=31 —4 4° 


Using the slope-intercept equation and the point 

(1, —2), we substitute —+} for m, 1 for x, and —2 

for y, and then solve for b. We could also have used the 
point (—3, 9). 


y=mxtb 
-2=-41-1+b 
—-$=-}+b 
i=) 
Then substituting —*} for m and 3 for bin y = mx + b, 
we have y = —jx + 3. 


Practice Exercise 


17. Find an equation of the line containing the points 
(—2,7) and (4, —3). 


Objective 2.6d_ Given a line and a point not on the given line, find an equation of the line 
parallel to the line and containing the point, and find an equation of the line 
perpendicular to the line and containing the point. 


Example Write an equation of the line containing 
(—1, 1) and parallel to 3y — 6x = 5. 

Solving 3y — 6x = 5 for y, we get y = 2x + 3. The 
slope of the given line is 2. 

A line parallel to the given line must have the same 
slope, 2. We substitute 2 for m, —1 for x,, and 1 for y, in 
the point-slope equation: 


y—1=2{x—-(-1)] — Usingy — yy = m(x— x) 


y-1=2(x+ 1) 
y-1l=2x+2 
y = 2x + 3. Line parallel to the given 
line and passing through 
(-4, 1) 


Example Write an equation of the line containing the 
point (2, —4) and perpendicular to 6x + 2y = 13. 

Solving 6x + 2y = 13 for y, we get y = —3x + ¥&. 
The slope of the given line is —3. 

The slope of a line perpendicular to the given line 
is the opposite of the reciprocal of —3, or 3. We 
substitute } for m, 2 for x, and —4 for y, in the point- 
slope equation: 


y—(-4)=3(%- 2) — Usingy— y = m(x— m) 
yt4=3x-3 
y = 3x — 3. Line perpendicular to the 


given line and passing 
through (2, —4) 


Practice Exercises 


18. Write an equation of the line containing the point 
(2, —5) and parallel to 4x — 3y = 6. 


19. Write an equation of the line containing (2, —5) 
and perpendicular to 4x — 3y = 6. 
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Review Exercises 


Determine whether each correspondence is a > 8 f(x) = |x - 3| 
function. [2.2a] : 


1. 3 a 2. 1 — >a : 
: x ag 


5 

: 4 
3 a c : 3 
nn caieaanaencans 2 

5 


7 
9 


ea o 


=5—4—-3-2-1. 123 4 5 x 


Find the function values. (2.2 Ln a 
3. g(x) = —2x + 5; g(0) and g(—1) a 


4. f(%) = 3x? = 24 > 7% (0) and f(—1) 


5. Tuition Cost. The function C(t) = 309.2t + 3717.7 
can be used to approximate the average cost of 
tuition and fees for in-state students at public four- 
year colleges, where tf is the number of years after 
2000. Estimate the average cost of tuition and fees 
in 2010. That is, find C(10). [2.2b] 


Source: Data from U.S. National Center for Education Statistics 


Graph. [2.1c, d], [2.2c] 
6... = —3x-F 2 


> 
-5-4-3-2-1,| 12345 *% 


y +2 
x a +3 
5 +4 
4 +5 
3 
2 
1 
> 
or 4c3r2rly 12345 x 
+2 
+3: 
+4 
+5 
Determine whether each of the following is the graph 
ofafunction. [2.2d] 
ee 10. y 11. y 
5 
4 
3 x x 
2 
1 
> 
[or4735271) i? 3 4-5 we 
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12. For the following graph of a function f, determine Graph using the slope and the y-intercept. [2.5b] 
(a) f(2); (b) the domain; (c) all x-values such that : 99, ee | 21. Zag as 
f(x) = 2; and (d) the range. = [2.3a] g(x) “1 ae 


—— ee 
To4-372-1Lj)1.2.3.4.5.. % -5-4-3-2-1,] 123.4 5 
-5-4-3-2-1,] 12345 > xX 


1 +2 +2 
-2 -3 £3 
3 -4 £4 
4 +5 Ls. 
5 
Find the domain. [2.3a] : 
5 > Graph. [2.5c 
13. f(x) = —— 14. o(x) =x— x? : ph. [2.5c] 
x—4 > 22.x= -3 23. f(x) = 4 
YA YA 
Find the slope and the y-intercept. [2.4a, b] 5 5 
3 4 4 
15. y= —-3x + 2 16. 4y + 2x = 8 : 3 3 
: 2 2 
1 1 
17. Find the slope, if it exists, of the line containing the wBr4r38525L4)22.3.4.8.0) % (5864-38271) / 12 384 8 
points (13,7) and (10,—4). [2.4b] +2 +2 
7 +3 +3 
o i. 
“5 +5 
Find the intercepts. Then graph the equation. [2.5a] 
18. 2y+x=4 
VA 
x y. 
' : : Determine whether the graphs of the given pair of lines 
I a 3 : are parallel or perpendicular. [2.5d] 
<— y-intercept : 24.y+5 = —x, 25. 3x —5 = Ty, 
; —-y=2 7y — =7 
~§-4-3-2-1,] 123.45  % : aed le 
+2 
=3 
+4 
+5 
26. 4y + x = 3, 27.x =4, 
2x + By = y=—-3 


y 
5 : 28. Finda linear function f(x) = mx + b whose graph 
< x-intercept : has slope 4.7 and y-intercept (0, —23). [2.6a] 
: 
<—y-intercept 1 
—§—4—3—2-1 1 12345 % 
ibe : 29, Find an equation of the line having slope —3 and 


containing the point (3,—5). [2.6b] 
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30. Find an equation of the line containing the points 
(—2,3) and(—4,6). [2.6c] 


31. Find an equation of the line containing the given 
point and parallel to the given line: 


(14,-1); 5x + 7y = 8. [2.6d] 


32. Find an equation of the line containing the given 
point and perpendicular to the given line: 


(5,2); 3x+y=5. [2.6d] 


33. Records in the 400-Meter Run. The following 
table shows data regarding the Summer Olympics 
winning times in the men’s 400-mrun. [2.6e] 


SUMMER OLYMPICS WINNING TIME 
IN MEN’S 400-M RUN 
(in seconds) 


Understanding Through Discussion and Writing 


a) Use the two data points to find a linear function 
that fits the data. Let x = the number of years since 
1972 and R(x) = the Summer Olympics winning 
time x years from 1972. 

b) Use the function to estimate the winning time in 
the men’s 400-m run in 2000 and in 2010. 


RES 
x= 2 


34. What is the domain of f(x) = 2? [2.3a] 


A. {x|x = —3} 

B. {x|xisareal number andx # —3andx # 2} 
C. {x|xisarealnumber andx # 2} 

D.. {za > =3} 


35. Find an equation of the line containing the point 
(—2, 1) and perpendicular to 3y — 3x = 0. [2.6d] 


1 
A. 6x +y = —-11 a= — ae at 


1 
C. y= -2x -3 ae = 


Synthesis 


36. Homespun Jellies charges $2.49 for each jar of 
preserves. Shipping charges are $3.75 for handling, 
plus $0.60 per jar. Find a linear function for deter- 
mining the cost of buying and shipping x jars of 
preserves. [2.6e] 


1. Under what conditions will the x-intercept and the 
y-intercept of a line be the same? What would the 
equation for such a line look like? [2.5a] 


2. Explain the usefulness of the concept of slope when 
describing aline. [2.4b, c], [2.5b], [2.6a, b, c, d] 


3. A student makes a mistake when using a graphing 
calculator to draw 4x + 5y = 12 and the following 
screen appears. Use algebra to show that a mistake 
has been made. What do you think the mistake 
was? [2.4b] 


—10 


4. Computer Repair. 


The cost R(t), in dollars, of 
computer repair at PC Pros is given by 


R(t) = 50t + 35, 


where f is the number of hours that the repair 
requires. Determine m and b in this application 
and explain their meaning. [2.6e] 


5. Explain why the slope of a vertical line is not defined 
but the slope of a horizontal line is 0. [2.5c] 


6. A student makes a mistake when using a graphing 
calculator to draw 5x — 2y = 3 and the following 
screen appears. Use algebra to show that a mistake 
has been made. What do you think the mistake 
was? [2.4b] 


4110 


—10 


235 


Summary and Review: Chapter 2 


CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youffiif) (search “BittingerInterm” and click on “Channels”). 


Determine whether each correspondence is a function. 


1. cat dog 2. Lake Placid 
fish worm Oslo 


1980 
1976 


dog cat Squaw Valley 1960 
tiger fish Innsbruck 1952 
teacher ———> student 1932 


Find the function values. 


3. f(x) = —3x — 4; f(0)and/f(—2) A, g(x) =x — 7; g(0)iand p(—1) 
5. h(x) = —6; h(—4) andh(-6) 6. f(x) = |x+7|; f(—10) and/(—7) 
Graph. 


to VY = 2 = 8 


13. Median AgeofCars. The function 
A(t) = 0.233t + 5.87 


can be used to estimate the median age of cars in the United States t years after 1990. (This means, for example, 
that if the median age of cars is 3 years, then half the cars are older than 3 years and half are younger.) 


Source: Data from The Polk Co. 


a) Find the median age of cars in 2005. 
b) In what year was the median age of cars 7.734 years? 
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Determine whether each of the following is the graph of a Find the domain. 


function. 8 2 
14. r 15. : 16. f(x) = Fas ee G9) = B — a 
ae x 
18. For the following graph of function f determine Find the slope and the y-intercept. 
(a) f(1); (b) the domain; (c) all x-values such that 19. f(x) = —3x + 12 20. —5y — 2x =7 


f(x) = 2; and (d) the range. 


Find the slope, if it exists, of the line containing the following points. 
21. (—2,—2) and (6,3) 22. (—3.1,5.2) and (—4.4, 5.2) 


23. Find the slope, or rate of change, of the graph at right. uN 


Total distance traveled 
(in kilometers) 


Ss 
OMS 1ONISe 20255 30: 


Time (in minutes) 


24. Find the intercepts. Then graph the equation. 25. Graph using the slope and the y-intercept: 
2x + 3y = 6 2 
y i) = ==2 = 1, 
3 
VA 
ZN 
§) 
: 4 5 
<— x-intercept 3 A 
: 5 4 
<— y-intercept 1 2 
a 1 
2-1, | eS Ae s 
15) ==i-S—y-a| l O 8 A Be 
=3 2 
+4 28} 
5 +4 


Test: Chapter 2 : 237 


Determine whether the graphs of the given pair of lines are parallel or perpendicular. 


26. 4y + 2 = 3x, 
she ar aby = S12 


28. Find an equation of the line that has the given 
characteristics: 


slope: —3; y-intercept: (0, 4.8). 


30. Find an equation of the line having the given slope 
and containing the given point: 


m= —4; (1,-2). 


32. Find an equation of the line containing the given 
point and parallel to the given line: 


(A=e 2 = B= 5, 


34. Median Age of Men at First Marriage. The following 
table lists data regarding the median age of men at 
first marriage in 1970 and in 2010. 


MEDIAN AGE OF MEN 
YEAR AT FIRST MARRIAGE 


1970 23.2 
2010 28.2 


SOURCE: Data from U.S. Census Bureau 


a) Use the two data points to find a linear function 
that fits the data. Let x = the number of years 
since 1970 and A = the median age at first 
marriage x years from 1970. 

b) Use the function to estimate the median age of 
men at first marriage in 2008 and in 2015. 


SV TNERLC SES te eee eee eee ar ne OU i ee ae Ne TY ON Sateen Ne CRU UR ee aan aT 


36. Find k such that the line 3x + ky = 17is 
perpendicular to the line 8x — 5y = 26. 
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Zio WV = —2% ar &, 
2) = 36 = 


29. Find a linear function f(x) = mx + bwhose graph 
has the given slope and y-intercept: 


slope: 5.2; _y-intercept: (0, —8). 


31. Find an equation of the line containing the given 
pair of points: 
(4,-6) and (10,15). 


33. Find an equation of the line containing the given 
point and perpendicular to the given line: 


(ADR sear Sp = 2, 


35. Find an equation of the line having slope —2 and 
containing the point (3, 1). 
Ao V = = AG = 8) hp 1 ee = &)) 
GCeelS=<Ayv=s) lhe l= 27 — a) 


37. Find a formula for a function f for which 


f(-2) = 3. 
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CHAPTERS 


Cumulative Review 


1. Records in the 1500-Meter Run. The following table : 5. —2.4f = —48 6. 4x +7 = -14 
lists data regarding the world indoor records in the 
men’s 1500-m run in 1950 and in 2004. 


RECORDS IN THE 1500-M RUN to Ba = (A= 2) = 7 Gh ey? = IO = 10) ae ayy 
YEAR (in minutes) : 
1950 3.85 : 
ZO a8 : 9. Solve W = Ax + By forx. 


a) Use the two data points to find a linear function that 

fits the data. Let x = the number of years since 1950 

and R(x) = the world record x years from 1950. : 10. Solve M = A + 4AB for A. 
b) Use the function to estimate the world record in the ; 

1500-m run in 2008 and in 2010. 


Solve. 
ll. y-— 125-5 12. 6x — 7 < 2x — 13 


1g, GOL = Qe) = xe < DS + 9) 


14 seer BS —ll@pse arp S) = 


I} SSS og ap 4b ss GF} W602) 4 all 
2. For the graph of function fshown below, determine 
(a) f(15); (b) the domain; (c) all x-values such that : 
f(x) = 14; and (d) the range. © 47 xl —8 18. |y| > 4 


19) [45 = = "7 


20. Find an equation of the line containing the point 
(—4, —6) and perpendicular to the line whose 
equation is 4y — x = 3. 


Solve. 
A spd OA = DR 4. = y= meee Fa 21. Find an equation of the line containing the point 
4 5 : (—4, —6) and parallel to the line whose equation is 
3 Aly = 35 = 3) 


Cumulative Review: Chapters 1-2 239 


Graph on a plane. 
Mon VV = 258 ar 8) 


23. 3x = 2y + 6 


y, YA 

5 5 

4 4 

3 3 

2 2 

1 1 
jai | ee ae iL || 2 

+2 +2 

53 +3 

4 +4 

=5 55 
24. 4x + 16=0 25. —2y = —6 

YA WV 

5 5 

4 4 

3 3 

2 2 

1 1 
-5-4-3-2-1,| 12345 x —5-4-3-2-1,| 1 2 3 45 


27. g(x) = 5 — |x| 


28. Find the slope and the y-intercept of —4y + 9x = 12. 
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igegag 


29. Find the slope, if it exists, of the line containing the 
points (2,7) and (—1, 3). 


30. Find an equation of the line with slope —3 and 
containing the point (2, —11). 


31. Find an equation of the line containing the points 
(—6, 3) and (4, 2). 


Solve. 


32. Lot Dimensions. The perimeter ofa lot is 80 m. 
The length exceeds the width by 6 m. Find the 
dimensions. 


33. Salary Raise. After David receives a 20% raise in 
salary, his new salary is $27,000. What was the 
old salary? 


Synthesis 


34. Which pairs of the following four equations represent 
perpendicular lines? 


(1) 7y — 3x = 21 
(2) —3x — 7y = 12 
(3) 7y + 3x = 21 
(4) 3y + 7x = 12 


35. Radio Advertising. Wayside Auto Sales discovers 
that when $1000 is spent on radio advertising, 
weekly sales increase by $101,000. When $1250 is 
spent on radio advertising, weekly sales increase by 
$126,000. Assuming that sales increase according to 
a linear equation, by what would sales increase when 
$1500 is spent on radio advertising? 


36. Solve: x + 5 < 3x —-7=x413. 
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3.1 


3.2 
3.3 
3.4 


CHAPTER 


Systems of Equations 
in Two Variables 


Solving by Substitution 
Solving by Elimination 
Solving Applied Problems: 
Two Equations 


Translating for Success 
Mid-Chapter Review 


3.5 


3.6 


3.7 


Systems of Equations in 
Three Variables 

Solving Applied Problems: 
Three Equations 

Systems of Inequalities in 
Two Variables 


Visualizing for Success 


Summary and Review 


Test 


Cumulative Review 


To, sal 


Systems of 
_ Equations 


STUDYING FOR SUCCESS _ Preparing for a Test 


Make up your own test questions as you study. 

Do an overall review of the chapter, focusing on the objectives and the examples. 
Do the exercises in the mid-chapter review and in the end-of-chapter review. 
Take the chapter test at the end of the chapter. 


LU 
U 
LU 
U 


OBJECTIVE 


Solve a system of two linear 
equations or two functions 

by graphing and determine 
whether a system is consistent 
or inconsistent and whether 
the equations in a system are 
dependent or independent. 


SKILL TO REVIEW 


Objective 2.1c: Graph linear 
equations using tables. 


Graph. 
lLxty=3 


os a or eee 
T2345. x 


os a or eel 
A234 5. x 


Answers 


Answers to Skill Review Exercises 1 and 2 are 
on p. 243. 
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CHAPTER 3 Systems of Equations 


Systems of Equations 
in Two Variables 


We can solve many applied problems more easily by translating them to 
two or more equations in two or more variables than by translating to a 
single equation. Let’s look at such a problem. 


School Enrollment. In 2012, approximately 50 million children were 
enrolled in public elementary and secondary schools in the United States. 
There were 20 million more students enrolled in prekindergarten-grade 8 
than there were in grades 9-12. How many were enrolled at each level? 


Source: National Center for Education Statistics 


To solve, we first let 


x = the number enrolled in prekindergarten-grade 8, and 
y = the number enrolled in grades 9-12, 


where x and y are in millions of students. The problem gives us two state- 
ments that can be translated to equations. 
First, we consider the total number enrolled: 


Number enrolled in 


prekindergarten- Number enrolled Total number 
grade 8 plus in grades 9-12 is enrolled 
x oF y = 50. 


The second statement of the problem compares the enrollment at the two levels: 


Number enrolled in 20 million more than 


prekindergarten- the number enrolled 
grade 8 is in grades 9-12 
x = y + 20. 


We have now translated the problem to a pair of equations, or a system of 


equations: 
+ y= SD, 
x=y+t 20. 


A solution of a system of two equations 
in two variables is an ordered pair that makes 
both equations true. If we graph a system 
of equations, the point at which the graphs 
intersect will be a solution of both equations. 
To find the solution of the system above, we 
graph both equations, as shown here. 

We see that the graphs intersect at the 
point (35, 15)—thatis, x = 35 andy = 15. 
These numbers check in the statement of the 
original problem. This tells us that 35 million en 
students were enrolled in prekindergarten- 
grade 8, and 15 million students were enrolled 
in grades 9-12. 


[EB SOLVING SYSTEMS OF EQUATIONS GRAPHICALLY Solve each system graphically. 
1 -2x+y=1, 
One Solution one ae 
y 


EXAMPLE 1 Solve this system graphically: 


yrxue 1, 
vic4c3727, 123.45 x 
ytx=3. 3 
=4 
We draw the graph of each equation and find the coordinates of the - 
point of intersection. 
2. y = 5X, 
YA =r 3 
Yr ax + 3 
All points give solutions 
yt+x=3 as airs ie! y 
ofy—x=1. 
4 
3 
The common point gives ; 
the common solution. —5-4-3-2-1 | 12345 


SOs ATT points give solutions 
ofy+x=3. 


The point of intersection has coordinates that make both equations true. 
The solution seems to be the point (1, 2). However, solving by graphing may 
give only approximate answers. Thus we check the pair (1, 2) in both equations. 


Answers 
Check: yrxa1 yre=3 Skill to Review: 
——_—> oe ee i 2 y 
Z2= 1-2? 1d 2+1? 3 ; 
1 | TRUE 3 TRUE 2 


The solution is (1, 2). 


Do Exercises 1 and 2. D sae aes y=x-2 
Margin Exercises: 
1. (0,1) 2. (2,1) 
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3. Solve graphically: 
y F 2x-= 3, 


yt 2x = —4., 


4. Classify each of the systems 
in Margin Exercises 1-3 as 
consistent or inconsistent. 


The system in Margin Exercise 1 
has a solution, so it is 


The system in Margin Exercise 2 
has a solution, so it is 


The system in Margin Exercise 3 
does not have a solution, so it 
is 


Answers 


3. Nosolution 4. Consistent: Margin 
Exercises 1 and 2; inconsistent: Margin 
Exercise 3 


Guided Solution: 
4. Consistent, consistent, inconsistent 
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No Solution 


Sometimes the equations in a system have graphs that are parallel lines. 


EXAMPLE 2 Solve graphically: 


f(x) = -3x + 5, 
g(x) = —3x — 2. 


Note that this system is written 
using function notation. We graph 
the functions. The graphs have 
the same slope, —3, and different 
y-intercepts, so they are parallel. 
There is no point at which they 
cross, so the system has no solution. 
No matter what point we try, it will 
not check in both equations. The 
solution set is thus the empty set, 
denoted ©, or { }. 


(x) = -3x4+5 


CONSISTENT SYSTEMS AND 
INCONSISTENT SYSTEMS 


If a system of equations has at least one solution, then it is consistent. 
If a system of equations has no solution, then it is inconsistent. 


The system in Example 1 is consistent. The system in Example 2 is 


inconsistent. 


< Do Exercises 3 and 4. 


Infinitely Many Solutions 


Sometimes the equations in a system have the same graph. In such a case, 
the equations have an infinite number of solutions in common. 


EXAMPLE 3 Solve graphically: 
3y — 2x = 6, 
—1l2y + 8x = —24. 


We graph the equations and see 
that the graphs are the same. Thus 
any solution of one of the equations is 
a solution of the other. Each equation 
has an infinite number of solutions, 
two of which are shown on the graph. 


We check one such solution, (0,2), which is the y-intercept of each 


equation. 
Check: 3y — 2x = 6 —12y + 8x = —24 
T T 
3(2) — 2(0) ? 6 —12(2) + 8(0) ? —24 
6-0 —24+0 
6 TRUE —24 TRUE 


We leave it to the student to check that (3, 4) is a solution of both equa- 
tions. If (0, 2) and (3, 4) are solutions, then all points on the line containing 
them will be solutions. The system has an infinite number of solutions. © 


DEPENDENT EQUATIONS AND 
INDEPENDENT EQUATIONS 


If for a system of two equations in two variables: 


the graphs of the equations are the same line, then the equations 
are dependent. 

the graphs of the equations are different lines, then the equations 
are independent. 5. Solve graphically: 

2x — 5y = 10, 


—6x + 1l5y = —30. 


When we graph a system of two equations, one of the following three 
things can happen. 


=i————— 
1.2.3.4. 8.5% 


6. Classify the equations in 


One solution. No solution. Infinitely many solutions. Margin Exercises 1, 2, 3, and 5 
Graphs intersect. Graphs are parallel. Equations have the same as dependent or independent. 
The system is Se The system is citi graph. The system is consistent In Margin Exercise 1, ‘he 
ee a Tea race 
, F eee equations are 
Let’s summarize what we know about the systems of equations shown In Margin Exercise 2, the 
in Examples 1-3 graphs are different, so the 


equations are 


In Margin Exercise 3, the 
NUMBER OF SOLUTIONS GRAPHS OF EQUATIONS graphs are different, so the 
equations are 
1 Different - 7 = 
EXAMPLE 1 System is consistent. Equations are independent. In Margin Exercise 5, the 
graphs are the same, so the 
0 Different equations are 
EXAMPLE 2 System is inconsistent. Equations are independent. 
Infinitely many Same 
EXAMPLE 3 System is consistent. Equations are dependent. Answers 


5. Infinitely many solutions 

6. Independent: Margin Exercises 1, 2, and 3; 
Do Exercises 5 and6. > dependent: Margin Exercise 5 

Guided Solution: 

6. Independent, independent, independent, 
dependent 
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ALGEBRAIC GRAPHICAL CONNECTION 


Consider the equation —2x + 13 = 4x — 17. Let’s solve it algebraically: 


—2x + 13=4x- 17 
13 = 6x — 17 Adding 2x 
30 = 6x Adding 17 
=X Dividing by 6 
We can also solve the equation graphically, as we see in the 

following two methods. Using method 1, we graph two functions. 
The solution of the original equation is the x-coordinate of the 
point of intersection. Using method 2, we graph one function. 
The solution of the original equation is the x-coordinate of the 
x-intercept of the graph. 


Method 1: Solve —2x + 13 = 4x — 17 graphically. 


We let f(x) = —2x + 13 and g(x) = 4x — 17. Graphing the 
system of equations, we get the graph shown below. 


S(x) = -2x +13 


i 
wo 
i 
1111 


7. a) Solvex + 1 = 3x 


algebraically. 

By Solvex 21 = 2e The point of intersection of the two graphs is (5, 3). Note that 

graphically using method 1. : the x-coordinate of this point is 5. This is the value of x for which 
—2x + 13 = 4x — 17, so it is the solution of the equation. 


8. Solve 3x + 3 = 2 graphically 
using method 1. : €@ Do Exercises 7 and 8. 


Method 2: Solve —2x + 13 = 4x — 17 graphically. 

Adding —4x and 17 on both sides, we obtain an equation with 0 
on one side: —6x + 30 = 0. This time we let f(x) = —6x + 30 and 
g(x) = 0. Since the graph of g(x) = 0, or y = 0, is the x-axis, we need 
only graph f(x) = —6x + 30 and see where it crosses the x-axis. 


f(x) = -6x + 30 


w 
i 
re ee 


9. a) Solvex + 1 = 3x 
graphically using method 2. : - 


b) Compare your answers to 


Margin Exercises 7(a), 7(b), : 
and 9(a). Note that the x-intercept of f(x) = —6x + 30 is (5,0), or just 5. 


This x-value is the solution of the equation —2x + 13 = 4x — 17. 
10. Solve 3x + 3 = 2 graphically 
using method 2. : € Do Exercises 9 and 10. 
Answers 


7. (a) —3;(b) thesame:—-3 8. —2 
9. (a) —3; (b) Allare—-3. 10. —2 
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Solving Systems of Equations We can solve a system of two equations in two variables using a graphing calculator. 
Consider the system of equations in Example 1: 


YH = 1, 
Vr x= 3: 


First, we solve the equations for y, obtaining y = x + 1andy = —x + 3. Next, we enter y; = x + 1andy, = —x + 3 onthe 
equation-editor screen and graph the equations. We can use the standard viewing window, [—10, 10, —10, 10]. 

We will use the INTERSECT feature to find the coordinates of the point of intersection of the lines. To access this feature, 
we press QEy Ceatc ) CS). (CALC is the second operation associated with the key.) The query “First curve?” appears on the 
graph screen. The blinking cursor is positioned on the graph of y;. We press GBP to indicate that this is the first curve involved in 
the intersection. Next, the query “Second curve?” appears and the blinking cursor is positioned on the graph of y>. We press Gag 
to indicate that this is the second curve. Now the query “Guess?” appears. We use the '») and @) keys to move the cursor close to 


the point of intersection or we enter an x-value close to the first coordinate of the point of intersection. Then we press Gag. The 
coordinates of the point of intersection of the graphs, x = 1, y = 2, appear at the bottom of the screen. Thus the solution of the 
system of equations is (1, 2). 


y,Hxtly,=—-x +3 


Intersection 
X=1 
EXERCISES: Use a graphing calculator to solve each system of equations. 


lLx+y=5, 2y=xt 3, 3.x —y= —6, 


For Extra Help MathXL° = oA 


My™ ath Lab’ PRACTICE WATCH =o REVIEW 


(vf Reading Check 


Determine whether each statement is true or false. 


RCI. Every system of equations has one solution. 
RC2. A solution of a system of equations in two variables is an ordered pair. 
RC3. Graphs of two lines may have one point, no points, or an infinite number of points in common. 


RC4. Ifasystem of two equations has only one solution, the system is consistent and the equations 
in the system are independent. 
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Solve each system of equations graphically. Then classify the system as consistent or inconsistent and the equations 
as dependent or independent. Complete the check for Exercises 1-4. 


lLxt+y=4, Check: x+y=4 2x-y=3, Check: x-—y=3 
x-y=2 —— oe aaak Re 
vA | y | 
5 x-y=2 5 xt+y=5 
4 a 4 ee es 
3 ? 3 2 
2 | 2 | 
1 1 
~574—-3-2-1) 123 45 x 7574-37271) 123 45 
a) = 2 
=3 —3 
—4 -4 
—5 md 
3. 2x -—y=4, Check: 2x -y=4 4. 3x+ y=5, Check: 3x + y=5 
2x + 3y = —4 2 x—-2y=4 2 
VA | VA | 
5 2x + 3y = —4 5 x-—2y=4 
4 ————S— 4 —_— 
3 ¢ 3 2 
2 | 2 
1 1 
> > 
~574—-372-1) 123 45 * 574737271) 123 45 x 
9 —2 
3 —3 
L4 —4 
L5 —5 
5. x+y =6, 6. 2y=6-x, 7 f(x) =x- 1, 8. f(x) =xt+1, 
3x + 4y = 4 3x — 2y = 6 g(x) = —2x + 5 g(x) = 3x 
YA VA y VA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
~574—-372-1) 123 45 he ~574-3—2-1) 123 45 x ~S74737201) 123 45 ~574-3—2-1) 123 45 
19 2 2 —2 
3 2-3 =3 =3 
L4 “4 4 —4 
L5 +5 e=5. =—5 
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123 45 


13. 6x — 2y = 2, 
9x — 3y = 1 


123 45 


17. x 


“<< 
| 
| 

or 


x 


10. 2b+ a= 11, 


LU. f(x) = -}x- 1, 


12. f(x) =-ix +1, 


—p= —.4 sl 
a—b=5 g(x) = 3x — 6 B(x) = 3x — 2 
bx VA YA 
10 5 5 
8 4 4 
6 3 3 
4 2 2 
2 1 1 
~10-8-6-4-25/ 2 4 6 8 10 a ~8-4—3-2-1)/..1.2.3.4 5. x 7874737271 )].1.2.3.4 5 = 
4 +2 =2 
76 +3 =3 
8 -4 =4 
—10 -5 =5 
14. y—x=5, 15. 2x — 3y = 6, 16. y=3-x, 
2x — 2y = 10 3y — 2x = -6 2x + 2y = 6 
YA YA YA 
5 5 5) 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
> 
524737271 5).12.3.4 5 : ~5-4-3-2-1,| 1.2.3.4 5 574537271 )) 12 38 4 5 x 
19 19 —2 
+3 13 —3 
i4 L4 —4 
£5 £5 —5 
18. x = —3, 19. y= -x-1, 20. a+ 2b = -3, 
y=2 4x — 3y = 17 b-a=6 
y yA b 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
Ss > 
~5-4-3-2-1,/ 12345 x =5-473-2-1)(.1.2.3.4.5. % 574737271 )).1.2.3.4 5. a 
-2 Lo +2 
-3 3 +3 
4 ig -4 
L5 Ls =5 
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Matching. Each of Exercises 21-26 shows the graph of a system of equations and its solution. First, classify the system 
as consistent or inconsistent and the equations as dependent or independent. Then match it with one of the appropriate 
systems of equations (A)-(F), which follow. 


21. Solution: (3,3) 22. Solution: (1,1) 23. Solutions: Infinitely many 


24. Solution: (4, —3) 25. Solution: No solution 26. Solution: (—1,3) 


A. 3y — x = 10, B. 9x — 6y = 12, C.. 2y > 3x:= =I, 
Pore y=hr-2 x+ dy = 
Dx+y=4, E.3xt+y=-l, RB. x = 3, 
y= -x- 2 y=-3 y=3 


GATT) ANTE CTV aon eisccessvccedcicecacecvccusccvieesczvesdbesscvesvstvenéattadsndusianudbchwceviediaducesaversvenuvarietanvate nluyelsisicavels 
Solve.  [1.1d] 


27. 3x +4=x-2 28. 3x +2 =2x-5 
29. 4x — 5x = 8x — 9 + 11x 30. 5(10 — 4x) = —3(7x — 4) 
OR sts icine ce tal Deegan seca cst lace ec te ee 


lawa Usea graphing calculator to solve each system of equations. Round all answers to the nearest hundredth. You may 
need to solve for y first. 


31. 2.18x + 7.8ly = 13.78, 32. f(x) = 123.52x + 89.32, 
5.79x — 3.45y = 8.94 g(x) = —89.22x + 33.76 
Solve graphically. 
33. y = |x|, 34.x-—y=0, 
x+ 4y = 15 y=x? 
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Solving by Substitution 


Consider this system of equations: YA 
5x + Sy = 2, 
4x — 9y = 10. 

What is the solution? It is rather 

difficult to tell exactly by graphing. 


It would appear that fractions are 
involved. It turns out that the solution is 


Solving by graphing, though useful in many applied situations, is not 
always fast or accurate in cases where solutions are not integers. We need 
techniques involving algebra to determine the solution exactly. Because 
these techniques use algebra, they are called algebraic methods. 


a | THE SUBSTITUTION METHOD 


One nongraphical method for solving systems is known as the substitu- 
tion method. 


EXAMPLE 1 
x+y=4, (1) 
x=ytl. (2) 


Solve this system: 


Equation (2) says that x and y + 1 name the same number. Thus we 
can substitute y + 1 for xin equation (1): 


x+y=4 Equation (1) 


(y+ 1) +y=4. Substituting y + 1 for x 


Since this equation has only one variable, we can solve for y using methods 
learned earlier: 


(y+1)+y=4 
ayt+1=4 Removing parentheses and collecting like terms 
2ay=3 Subtracting 1 
y= 3 Dividing by 2 


We return to the original pair of equations and substitute 3 for y in either 
equation so that we can solve for x. Calculation will be easier if we choose 
equation (2) since it is already solved for x: 


x=ytl Equation (2) 
=3+1 Substituting 3 for y 
me ore eee 
= 22> 9" 


We obtain the ordered pair ( 3, 3) . Even though we solved for y first, it is still 
the second coordinate since x is before y alphabetically. We check to be sure 
that the ordered pair is a solution. 


OBJECTIVES 


B Solve systems of equations 
in two variables by the 
substitution method. 


Solve applied problems 
by solving systems of 
two equations using 
substitution. 


SKILL TO REVIEW 
Objective 1.1d: Solve equations 
using the addition principle 
and the multiplication principle 
together, removing parentheses 
where appropriate. 


Solve. 
l. 3y-4=2 
2.2(x+1)+5=1 


Answers 


Skill to Review: 
1.2 25. =3 
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Check: x+y=4 x=ytl 
ora 24 C7 Sei 
2 2 2% 2 
8 3 2 
2 ae) 
4 TRUE 5 TRUE 


Since ( 3, 3) checks, it is the solution. 
Even though exact fraction solutions 


sole by tivsabsninonmenod, are difficult to determine graphically, 


lLxt+ty=6, a graph can help us to visualize whether 
yrxt2 the solution is reasonable. > 
x 
2y=7-xX, 
2x -—-y=8 


(Caution: Use parentheses 

when you substitute, being 

careful about removing them. 

Remember to solve for both € Do Exercises 1 and 2. 
variables.) 


Suppose neither equation of a pair has a variable alone on one side. We 
then solve one equation for one of the variables. 


Solve by the substitution method. 
EXAMPLE 2 Solve this system: 
3.2y+x=1, 


y-— 2x = 8 2x + y= 6, (1) 
3x + 4y = 4. (2) 


4. 8x — 5y = 12, (1) res First, we solve one equation for one variable. Since the coefficient of y 
eS VSS (2) is 1 in equation (1), it is the easier one to solve for y: 
Solve for x in equation (2): y= 6 —- 2x. (3) 
w= VS 3 
y we (3) Next, we substitute 6 — 2x for yin equation (2) and solve for x: 
x= : 
Substitute y + 3 for ari 3x + 4(6 — 2x) =4 Substituting 6 — 2x 
equation (1) and solve for 6 : cree for y 
8e—Sy=120° Caution! 3x + 24 - 8x = 4 Multiplying to 
8(y + 3) — 5y = 12 Remember te use remove parentheses 
gy + —5y= 12 Sean eretata 8 24—-—5x=4 Collecting like terms 
rs) you substitute. Then = 0p Subiaetine d4 
Sy Be remove them properly. ere 
=) REESE reereererereeeeren x=A4., Dividing by —5 
oe . In order to find y, we return to either of the original equations, (1) or (2), or 
Substitute —4 for yin equation (3), which we solved for y. It is generally easier to use an equation 
equation (3) and solve for x: like (3), where we have solved for the specific variable. We substitute 4 for x 
x=y+3 in equation (3) and solve for y: 
= eee y=6 — 2x = 6-— 2(4) =6-—8 = =2. 


; We obtain the ordered pair (4, —2). 
The ordered pair checks in Rael ) 


both equations. The solution is Check: ax+y=6 3x + 4y=4 
ie fF o(4) + ($2) 2 6 3(4) + 4(-2) ? 4 
8-2 12-8 
6 TRUE 4 TRUE 


Since (4, —2) checks, it is the solution. 
Answers 


1. (2,4) 2. (5,2) 3. (-3,2) 4. (-1,-4) 


Guided Solution: 
4. y,x,y, 24, —4,-1,-1, -4 


<« Do Exercises 3 and 4. 
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EXAMPLE 3 Solve this system of equations: 
y= -3x + 5, (1) 
YY SSeS 2: (2) 


The graphs of the equations in the system are shown at right. Since the 
graphs are parallel, there is no solution. Let’s try to solve this system alge- 
braically using substitution. We substitute —3x — 2 for yin equation (1): 


=30 = 2 Sax Substituting —3x — 2 for y 
=2. = By Adding 3x 
We have a false equation. The equation has no solution. This means that 
the system has no solution. 


Do Exercise 5. D> 


EXAMPLE 4 Solve this system of equations: 
x=2y-1, (1) 
Ay — 2x = 2. (2) 
The graphs of the equations in the system are shown at right. Since the 
graphs are the same, there is an infinite number of solutions. 


Let’s try to solve this system algebraically using substitution. We sub- 
stitute 2y — 1 for xin equation (2): 


4y — 2(2y - 1) = 2 Substituting 2y — 1 for x 
4y—-4y+2=2 Removing parentheses 
22, Simplifying; 4y — 4y = 0 
We have a true equation. Any value of y will make this equation true. This 
means that the system has infinitely many solutions. 


Do Exercise 6. > 


SPECIAL CASES 


When solving a system of two linear equations in two variables: 


1. Ifa false equation is obtained, then the system has no solution. 


2. Ifa true equation is obtained, then the system has an infinite 
number of solutions. 


£3} SOLVING APPLIED PROBLEMS 
INVOLVING TWO EQUATIONS 


Many applied problems are easier to solve if we first translate to a system of 
two equations rather than to a single equation. 


EXAMPLE 5 Architecture. The architects who designed the John Han- 
cock Building in Chicago created a visually appealing building that slants 
on the sides. The ground floor is in the shape of a rectangle that is larger 
than the rectangle formed by the top floor. The ground floor has a perim- 
eter of 860 ft. The length is 100 ft more than the width. Find the length and 
the width. 


> 
x 
5. Solve using substitution: 
y+ 2x = 3, 
yt 2x = —4. 
y 
> 
x 


6. Solve using substitution: 
x= 3y = 1; 
6y — 2x = —2. 


Answers 


5. Nosolution 6. Infinitely many solutions 
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1. Familiarize. We first make a 
drawing and label it, using / for 
length and w for width. We recall 
or look up the formula for perime- 
ter: P = 21 + 2w. This formula can 
be found at the back of this book. 


2. Translate. We translate as 
follows: 


The perimeter is 860 ft. 


\ 


21+ 2w = 860. 
We can also write a second equation: ~ Lele 
l/=w+ 100 w 
100 ft more than 
7. Architecture. The top floor The length is the width. 
of the John Hancock Building 
is also in the shape ofa V 
l = w + 100. 


rectangle, but its perimeter 
is 520 ft. The width is 60 ft 


We now have a system of equations: 


less than the length. Find the 
length and the width. 21 + 2w = 860, (1) 


l= w+ 100. (2) 


3. Solve. We substitute w + 100 for /in equation (1) and solve for w: 


2(w + 100) + 2w = 860 Substituting in equation (1) 
2w + 200 + 2w = 860 Multiplying to remove parentheses 
4w + 200 = 860 Collecting like terms 
4w = 660 : 
Solving for w 
w = 165. 


Next, we substitute 165 for w in equation (2) and solve for I: 
l= 165 + 100 = 265. 


4. Check. Consider the dimensions 265 ft and 165 ft. The length is 100 ft 
more than the width. The perimeter is 2(265 ft) + 2(165 ft), or 860 ft. 
The dimensions 265 ft and 165 ft check in the original problem. 


5. State. The length is 265 ft, and the width is 165 ft. 


Answer 
7. Length: 160 ft; width: 100 ft < Do Exercise 7. 


For Extra Hel S — 
Geexera Hele Mathx> [i == (4 


MyM ath Lab” PRACTICE WATCH TERS REVIEW 


[(V{ Reading Check 


Determine whether each statement is true or false. 


RC1. 
RC2. 
RCG3. 


RC4. 
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The substitution method is an algebraic method for solving systems of equations. 
We can find solutions of systems of equations involving fractions using the substitution method. 


When we are writing the solution of a system, the value that we found first is always the first number in the 
ordered pair. 


When solving using substitution, if we obtain a false equation, then the system has many solutions. 
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a | Solve each system of equations by the substitution method. 


ly=5-— 4x, 
2x — 3y = 13 

3. 2y+x=9, 
x= 3y-—3 

5. 3s — 4t = 14, 


5s+ t= 8 


7 9x — 2y = —6, 
x+8=y 
9.—-5s+ f= 11, 

4s + 12t= 4 
ll. 2x -—3=y, 
y-2x=1 
13. 3a -— b=7, 
2a + 2b=5 
15. 2x — 6y = 4, 
3Sy+2=x 
17. 2x + 2y = 2, 
3x- y=1 


|b | Solve. 


19. 


Archaeology. The remains ofan ancient ball court in 
Monte Alban, Mexico, include a rectangular playing 
alley with a perimeter of about 60 m. The length of the 
alley is five times the width. Find the length and the 
width of the playing alley. 


2. 


10. 


12. 


14. 


16. 


18. 


20. 


x= 8-— Ay, 
3x + 5y = 3 
9x — 2y = 3, 
3x -6=y 


5x + 3y = 4, 
x—-4y=3 


4x + 13y=5 
—6x + 1 


Soccer Field. The perimeter ofa soccer field is 340 m. 
The length exceeds the width by 50 m. Find the length 
and the width. 
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21. Supplementary Angles. Supplementary angles are 
angles whose sum is 180°. Two supplementary angles 
are such that one angle is 12° less than three times the 
other. Find the measures of the angles. 


ae Y 


Supplementary angles: 
x+y = 180° 


23. Hockey Points. At one time, hockey teams received 
two points when they won a game and one point when 
they tied. One season, a team won a championship 
with 60 points. They won 9 more games than they 
tied. How many wins and how many ties did the team 
have? 


Ski Maite mare iii iicccccccccccccccccccccececcecccscesevsesscseveeetveevetvetsevssvssvaveveevstvetvatssvitvstvitvevevesveteeveeeees 


25. Find the slope of the line y = 1.3x — 7. [2.4b] 


27. Solve A = TA for p. [1.2a] 


Solve. [1.1d] 


29. —4x + 5(x 


7) = 8x — 6(x + 2) 


UO cscs h de acch fade ciccsanscchas secre sogetces sce oecs dave tka aed aide cep eee enact ia a detonate econ 


31. Two solutions of y = mx + bare (1,2) and (—3, 4). 
Find mand b. 


33. Design. A piece of posterboard has a perimeter of 
156 in. If you cut 6 in. off the width, the length 
becomes four times the width. What are the 
dimensions of the original piece of posterboard? 
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22. 


24. 


30. 


34. 


. Simplify: 


Complementary Angles. Complementary angles are 
angles whose sum is 90°. Two complementary angles 
are such that one angle is 6° more than five times the 
other. Find the measures of the angles. 


x 


Complementary angles: 
x+y=90° 


Airplane Seating. An airplane has a total of 152 seats. 


The number of coach-class seats is 5 more than six 
times the number of first-class seats. How many of 
each type of seat are there on the plane? 


9(y + 7) — 6(y — 4). [Rb] 


. Find the slope of the line containing the points 


(—2,3) and (—5,—4). [2.4b] 


12(2x — 3) = 16(4x — 5) 


. Solve for x and y in terms of a and b: 


5x + 2y = a, 
x-y=b. 


Nontoxic Scouring Powder. A nontoxic scouring 
powder is made up of 4 parts baking soda and 1 part 
vinegar. How much of each ingredient is needed for a 
16-0z mixture? 
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Solving by Elimination 


a | THE ELIMINATION METHOD 


The elimination method for solving systems of equations makes use of the 
addition principle for equations. Some systems are much easier to solve 
using the elimination method rather than the substitution method. 


EXAMPLE 1 Solve this system: 


2x — 3y = 0, (1) 
—4x+3y=-l. (2) 


The key to the advantage of the elimination method in this case is the 
—3y in one equation and the 3y in the other. These terms are opposites. 
If we add them, these terms will add to 0, and in effect, the variable y will 
have been “eliminated.” 

We will use the addition principle for equations, adding the same 
number on both sides of the equation. According to equation (2), —4x + 3y 
and —1 are the same number. Thus we can use a vertical form and add 
—4x + 3y on the left side of equation (1) and —1 on the right side: 


2x — 3y = (1) 
—4x + 3y = - (2) 
—2x+0y=-1 Adding 
—2x+ 0 =I 

—2x =-1 


We have eliminated the variable y, which is why we call this the elimination 
method.* We now have an equation with just one variable, which we solve 
for x: 


=2x = —1 
x= 5, 


Next, we substitute 3 for x in either equation and solve for y: 


2-5;-3y=0 Substituting in equation (1) 
Ll=3sy = 0 
—-3y=-1 Subtracting 1 
y=}. Dividing by —3 

We obtain the ordered pair G +) ‘ 
Check: 2x — 3y = 0 —4x + 3y=-1 

2(4) — 3(4)? 0 —4(3) + 3(3) 2-1 

=I =2 4 1 
0 TRUE = TRUE 


Since ( 3 3) checks, itis the solution. We can also see this in the graph shown 
at right. 


Do Margin Exercises 1 and 2. > 


*This method is also called the addition method. 


OBJECTIVES 


a. | Solve systems of equations 
in two variables by the 
elimination method. 


|b | Solve applied problems by 
solving systems of two 
equations using elimination. 


SKILL TO REVIEW 
Objective 1.1d: Solve equations 
using the addition principle 
and the multiplication principle 
together, removing parentheses 
where appropriate. 


Solve. Clear the fractions or 
decimals first. 


1. 4.2x — 10.4 = 45.4 — 5.1x 


2.4x-2 4+ 3x=24+x 


Solve by the elimination method. 


1 5x + 3y = 17, 


—5x + 2y = 3 
2. —3a + 2b = 0, 
3a -4b=-1 
Answers 
Skill to Review: 
1.6 2. -4 
Margin Exercises: 


1. (1,4) 2 (3,3) 
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In order to eliminate a variable, we sometimes use the multiplication 


3. Solve BY the elimination res principle to multiply one or both of the equations by a particular number 

method: before adding. 

2y + 3x = 12, (1) 

=A ar Be = =2, (2) EXAMPLE 2 Solve this system: 

Multiply by 2 on both sides of 3x + 3y = 15, (1) 

equation (1) and add: _ 

4y + 6x = 24 2x + 6y = 22. (2) 
—4y + 5x = —2 If we add directly, we will not eliminate a variable. However, note that 
ya = if the 3y in equation (1) were —6y, we could eliminate y. Thus we multiply 
ee by —2 on both sides of equation (1) and add: 
c= : —6x — 6y = —30 Multiplying by —2 on both sides of equation (1) 
Substitute for xin 2x + 6y = 22 Equation (2) 
equation (1) and solve for y: —4x+ 0= -8 Adding 
2y + 3x = 12 —-4x = -8 
ae )= 12 x = 2. Solving for x 
2y+6=12 
= Then 
y= 
— : 2°2 + 6y = 22 Substituting 2 for x in equation (2) 

The ordered pair checks in 4+ 6y = 22 

both equations, so the solution 6y = 18 Solving for y 

is ( ; De = 


We obtain (2,3), orx = 2, y = 3. 


Check: 3x + 3y =15 2x + 6y = 22 
3(2) + 3(3) 2.15 2(2) + 6(3) ? 22 
6+ 9 4+ 18 
15 TRUE 22 TRUE 

3x + 3y=15 Since (2,3) checks, it is the solution. We can also see this in the graph at 
3 left. 
-4 
-5 < Do Exercise 3. 


Sometimes we must multiply twice in order to make two terms opposites. 


EXAMPLE 3 Solve this system: 
2x + 3y = 1%, (1) 
5x + 7y = 29. (2) 
We must first multiply in order to make one pair of terms with the same 
variable opposites. We decide to do this with the x-terms in each equation. 


We multiply equation (1) by 5 and equation (2) by —2. Then we get 10x and 
—10x, which are opposites. 


From equation (1): 10x + 15y= 85 Multiplying by 5 
From equation (2): —10x — 14y = —58 Multiplying by —2 
O+ y= 27 Adding 
y = 27 Solving for y 
Answer 
3. (2,3) 


Guided Solution: 
By. 11x; 22, 2,2; 2,'6,-3; 2,3 
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Then 


2x+3+27=17 Substituting 27 for y in equation (1) 
2x + 8l = 17 
2x = —64 Solving for x 
x= +32 


We check the ordered pair (—32, 27). 


Check: 2x + 3y = 17 5x + 7y = 29 
2(—-32) + 3(27) ? 17 5(—32) + 7(27) ? 29 
—64 + 81 —160 + 189 
17 TRUE 29 TRUE 


We obtain (—32, 27), orx = —32, y = 27, as the solution. 
Do Exercises 4 and 5. D> 


When solving a system of equations using the elimination method, it 
helps to first write the equations in the form Ax + By = C. When decimals 
or fractions occur, it also helps to clear before solving. 


EXAMPLE 4 _ Solve this system: 


0.2x + 0.3y = 1.7, 
tet ly=8. 
We have 
Multiplying by 10 
0.2x + 0.3y = 1.7, ——~ toclear decimals ——> 2x + 3y = 17, 
tx + ty= 2 — +s Multiplying by 35 ——> 5x + 7y = 29. 
to clear fractions 
We multiplied by 10 to clear the decimals. Multiplication by 35, the least 
common denominator, clears the fractions. The problem is now identical 
to Example 3. The solution is (—32, 27), orx = —32, y = 27. 


Do Exercises 6 and 7. > 


To use the elimination method to solve systems of two equations: 
1. Write both equations in the form Ax + By = C. 

. Clear any decimals or fractions. 

. Choose a variable to eliminate. 


Pw DS 


. Make the chosen variable’s terms opposites by multiplying one 
or both equations by appropriate numbers if necessary. 
5. Eliminate a variable by adding the respective sides of the equa- 
tions and then solve for the remaining variable. 
6. Substitute in either of the original equations to find the value of 
the other variable. 


Solve by the elimination method. 


4. 4x + 5y = —8, 
7x + 9y = 11 


5. 4x — 5y = 38, 
7x — By = —22 


6. Clear the decimals. Then solve. 
0.02x + 0.03y = 0.01, 
0.3x — O.ly = 0.7 


(Hint: Multiply the first 
equation by 100 and the 
second one by 10.) 


7. Clear the fractions. Then solve. 


3. 42,21 
5 3 3” 
3 1 1 
ra ae 

Answers 

4. (—127,100) 5. (—138, -118) 

6. 2x + 3y = 1, 


7. 9x + 10y = 5, 
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8. Solve by the elimination 


cs 


method: 
iV ar 230 = 3; 
Yar Ze = =I, 


Multiply the second equation 
by —1 and add: 


Vor 46 = 3 
= = = 1 
= 
The equation is SO 
true/false 


the system has no solution. 


Answer 
8. No solution 


Guided Solution: 
8. 4, false 
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Some systems have no solution. How do we recognize such systems if 
we are solving using elimination? 
EXAMPLE 5 Solve this system: 
y + 3x = 5, (1) 
y + 3x = —2. (2) 
If we find the slope-intercept equations for this system, we get 
y = —3x + 5, 
Yo 73x 2: 


The graphs are parallel lines. 
The system has no solution. 


Let’s attempt to solve the system by the elimination method: 


y+ 3x=5 Equation (1) 
—y — 3x =2 Multiplying equation (2) by —1 
0= 7. Adding, we obtain a false equation. 


The x-terms and the y-terms are eliminated and we have a false equation. 
If we obtain a false equation, such as 0 = 7, when solving algebraically, we 
know that the system has no solution. The system is inconsistent, and the 
equations are independent. 


< Do Exercise 8. 


Some systems have infinitely many solutions. How can we recognize 
such a situation when we are solving systems using an algebraic method? 


EXAMPLE 6 Solve this system: 
3y — 2x = 6, (1) 
—l2y + 8x = —24. (2) 

The graphs are the same line. The system has an infinite number of solutions. 


VA 


—12y + 8x = —24 


Suppose we try to solve this system by the elimination method: 


12y — 8x = 24 Multiplying equation (1) by 4 
—12y + 8x = —24 Equation (2) 
C= 0. Adding, we obtain a true equation. 


We have eliminated both variables, and what remains is a true equation, 
0 = 0. It can be expressed as 0 + x + 0+ y = 0, and is true for all numbers 
x and y. Ifan ordered pair is a solution of one of the original equations, then 
it will be a solution of the other. The system has an infinite number of 
solutions. The system is consistent, and the equations are dependent. © 


SPECIAL CASES 


When solving a system of two linear equations in two variables: 


1. Ifa false equation is obtained, such as 0 = 7, then the system 
has no solution. The system is inconsistent, and the equations are 
independent. 


2. Ifa true equation is obtained, such as 0 = 0, then the system has 


an infinite number of solutions. The system is consistent, and the 
equations are dependent. 


Do Exercise 9. > 


Comparing Methods 


We can solve systems of equations graphically, or we can solve them alge- 
braically using substitution or elimination. When deciding which method 
to use, consider the information in this table as well as directions from 
your instructor. 


| METHOD | STRENGTHS WEAKNESSES 


Graphical 


Inexact when solutions 
involve numbers that 
are not integers. 


Can “see” solutions. 


Solutions may not 
appear on the part of 
the graph drawn. 


Can introduce 
extensive computations 
with fractions. 


Substitution Yields exact solutions. 


Convenient to use when a 
variable has a coefficient of 1. 


Cannot “see” 
solutions quickly. 


Cannot “see” 
solutions quickly. 


Elimination Yields exact solutions. 


Convenient to use when no 
variable has a coefficient of 1. 


The preferred method for 
systems of three or more 
equations in three or more 
variables. (See Section 3.5.) 


9. Solve by the elimination 
method: 


2x — 5y = 10, 
—6x + 1l5y = —30. 


Answer 


9. Infinitely many solutions 
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G3} SOLVING APPLIED PROBLEMS 
USING ELIMINATION 


Let’s now solve an applied problem using the elimination method. 


EXAMPLE 7 Stimulating the Hometown Economy. To stimu- 
late the economy in his town of Brewton, Alabama, in 2009, Danny 
Cottrell, co-owner of The Medical Center Pharmacy, gave each of 
his full-time employees $700 and each part-time employee $300. He 
asked that each person donate 15% to a charity of his or her choice 
and spend the rest locally. The money was paid in $2 bills, a rarely 
used currency, so that the business community could easily see how 
the money circulated. Cottrell gave away a total of $16,000 to his 24 employ- 
ees. How many full-time employees and how many part-time employees 
were there? 


Source: The Press-Register, March 4, 2009 


1. Familiarize. We let f = the number of full-time employees and p = 
the number of part-time employees. Each full-time employee received 
$700, so a total of 700f was paid to them. Similarly, the part-time 
employees received a total of 300p. Thus a total of 700f + 300p was 
given away. 


2. Translate. We translate to two equations. 


Total amount givenaway is $16,000. 


700f + 300p = 16,000 


Totalnumberofemployees is 24. 


f+p y sf 
We now have a system of equations: 
700f + 300p = 16,000, (1) 
jt p = 24. (2) 
3. Solve. First, we multiply by —300 on both sides of equation (2) and add: 
700f + 300p = 16,000 Equation (1) 
—300f — 300p = —7200 Multiplying by —300 on both sides of equation (2) 


400f = 8800 Adding 
f= 22. Solving for f 
10. Bonuses. Monica gave each Next, we substitute 22 for f in equation (2) and solve for p: 
of the full-time employees 22+ p= 24 


in her small business a year- 
end bonus of $500 while p= 2. 
each part-time employee 
received $250. She gave a 
total of $4000 in bonuses to 


4. Check. Ifthere are 22 full-time employees and 2 part-time employees, 
there is a total of 22 + 2, or 24, employees. The 22 full-time employees 


her 10 employees. How many received a total of $700 - 22, or $15,400, and the 2 part-time employees 
full-time employees and how received a total of $300 - 2, or $600. Then a total of $15,400 + $600, or 
many part-time employees did $16,000, was given away. The numbers check in the original problem. 

Monica have? 5. State. There were 22 full-time employees and 2 part-time employees. 


< Do Exercise 10. 
Answer 


10. Full-time: 6; part-time: 4 
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For Extra Help 


PRACTICE 


Mathxl [jf == 


WATCH 


REVIEW 


MyMathLab* 


Ral Reading Check 


Choose from the column on the right the word that best completes each sentence. Words may be used more than once. 


RC1. 


RC2. 


RC3. 


RC4. 


RCS. 


RC6. 


1. 


13. 


If a system of equations has a solution, then it consistent 
IS inconsistent 
If a system of equations has no solution, then it dependent 
is : independent 


If a system of equations has infinitely many 
solutions, then it is 


If the graphs of the equations in a system of two 
equations in two variables are the same line, then 
the equations are 


If the graphs of the equations in a system of two 
equations in two variables are parallel, then the 
system is 


If the graphs of the equations in a system of two 
equations in two variables intersect at one point, 
then the equations are 


Solve each system of equations using the elimination method. 


x + 3y = 7, 2 x+y=49, 3. 9x + 5y = 6, 4 
—x+4y=7 24. Y= =3 2x > Sy = -17 

5x + 3y = —-11, 6. 2x + 3y = —9, 7. Sr — 3s = 19, 8 
3x- y=-l 5x — 6by = —9 2r — 6s = —2 

2x + 3y = 1, 10. 3x — 2y=1, ll. 5x — 9y = 7, 12. 
4x + 6y = 2 —6x + 4y = —2 7y — 3x = —-5 

3x + 2y = 24, 14. 5x + 3y = 25, 15. 2x — 4y = 5, 16. 
2x + 3y = 26 3x + 4y = 26 2x — 4y = 6 

SECTION 3.3 


. 2x — 3y = 18, 
2x + 3y = —6 
. 2a + 3b = 11, 


4a —- 5b = —-11 


5x + 4y = 2, 
2x — By = 4 
3x — 5y = —2, 
Sy — 3x = 7 


Solving by Elimination 


17. 2a + b= 12, 18. 10x + y = 306, 
a+ 2b=—-6 10y + x = 90 

21. ixt+ sy =6, 22. $x +3y=-17, 
sx — 3y = —8 2x — sy = —1 

25. 0.3x — 0.2y = 4, 26. 0.7x — 0.3y = 0.5, 


0.2x + 0.3y = 0.5 —0.4x + 0.7y = 1.3 


19. 4x + ty =7, 20. 3x + 4y =-11, 
ex — 5y = —4 ge—3y > —10 

23. 3x -—4y = -4, 24.$x+iy=4, 
axt+éy = 4 sa y= 6 

27. 0.05x + 0.25y = 22, 28. 1.3x — 0.2y = 12, 


0.15x + 0.05y = 24 0.4x + 17y = 89 


[a] Solve. Use the elimination method when solving the translated system. 


29. Finding Numbers. 


31 


33 


35 
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The sum of two numbers is 63. 
The larger number minus the smaller number is 9. 
Find the numbers. 


Finding Numbers. The sum of two numbers is 3. 
Three times the larger number plus two times the 
smaller number is 24. Find the numbers. 


Complementary Angles. Two angles are comple- 
mentary. (Complementary angles are angles 
whose sum is 90°.) Their difference is 6°. Find the 
angles. 


x 


Complementary angles: 
x+y=90° 


Basketball Scoring. Intheir championship game, 
the Eastside Golden Eagles scored 60 points ona 
combination of two-point shots and three-point 
shots. If they made a total of 27 shots, how many of 
each kind of shot was made? 


CHAPTER 2 Systems of Equations 


30. 


32. 


34. 


36. 


Finding Numbers. The sum oftwo numbers is 2. 
The larger number minus the smaller number is 20. 
Find the numbers. 


Finding Numbers. The sum oftwo numbers is 9. 
Two times the larger number plus three times the 
smaller number is 2. Find the numbers. 


Supplementary Angles. Two angles are supple- 
mentary. (Supplementary angles are angles whose 
sum is 180°.) Their difference is 22°. Find the 
angles. 


% ¥ 


Supplementary angles: 
x+y = 180° 


Basketball Scoring. Wilt Chamberlain once scored 
100 points, setting a record for points scored in 

an NBA game. Chamberlain took only two-point 
shots and (one-point) foul shots and made a total 

of 64 shots. How many shots of each type did he 
make? 


Copyright © 2015 Pearson Education, Inc. 


37. Each course offered during the winter session at 
New Heights Community College is worth either 
3 credits or 4 credits. The members of the Touring 
Concert Chorale took a total of 33 courses during 
the winter session, worth a total of 107 credits. How 
many of each type of class did the chorale members 
take? 


Skill Maintenance occ 


38. Daphne’s Lawn and Garden Center offered cus- 
tomers who bought a custom lawn-care package a 
free ornamental tree, either an Eastern Redbud or 
a Kousa Dogwood. The center’s cost for each East- 
ern Redbud was $37, and its cost for each Kousa 
Dogwood was $45. A total of 18 customers took 
advantage of the offer. The center’s total cost for 
the promotional items was $754. How many patrons 
chose each type of ornamental tree? 


Given the function f(x) = 3x? — x + 1, find each of the following function values. [2.2b] 


39. f(0) 40. f(-1) 
43. Find the domain of the function 
— 
f(x) = ee [2.3a] 


45. Find an equation of the line with slope —? and 
y-intercept (0,—7). [2.6a] 


Synthesis cece te teteeene 


47. fawa Use the INTERSECT feature to solve the following 


system of equations. You may need to first solve for y. 
Round answers to the nearest hundredth. 


3.5x — 2.ly = 106.2, 
4.1x + 16.7y = —106.28 


49. The solution of this system is (—5, —1). Find A and B. 
Ax — Ty = -3, 
x—- By=-1 


51. The points (0, —3) and (-3, 6) are two of the solutions 
of the equation px — qy = —1. Find pand q. 


41. f(—2) 
44, Find the domain and the range of the function 
g(x) =5—x*. [2.3a] 


42. f(2a) 


46. Find an equation of the line containing the points 
(—10,2) and (—2,10). [2.6c] 


48. Solve 
x+y x-y i 
2 5 ; 
ia Xk 
Vy Fi 25, 
2 6 


50. Find an equation to pair with 6x + 7y = —4such 
that (—3, 2) is a solution of the system. 


52. Determine a and b for which (—4, —3) will bea 
solution of the system 


ax + by = —26, 
bx — ay = 7. 
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Solving Applied Problems: 


Two Equations 


OBJECTIVES 


B Solve applied problems 
involving total value and 


mixture using systems of 
two equations. 


Solve applied problems 
involving motion using 
systems of two equations. 


she 
SKILL TO REVIEW 


Objective 1.3b: Solve basic 1. 


motion problems. 


Solve. 


1. Frank’s boat travels at a 
rate of 8 mph in still water. 
Boynton River flows at a 
speed of 2 mph. How long 
will it take Frank to travel 
15 mi downstream? 


. Refer to Exercise 1. How 
long will it take Frank to 
travel 15 mi upstream? 


EXAMPLE 1. Lunch Orders. 
$181.50 from her co-workers for a total of 21 salads and sandwiches. When 


Cost of salads 
a) 


TOTAL-VALUE PROBLEMS AND 
MIXTURE PROBLEMS 


Systems of equations can be a useful tool in solving applied problems. 
Using systems often makes the Translate step easier than using a single 
equation. The first kind of problem we consider involves quantities of items 
purchased and the total value, or cost, of the items. We refer to this type of 
problem as a total-value problem. 


In order to pick up lunch, Cathy collected 


got to the deli, she forgot how many of each were ordered. If salads cost 


$7.50 and sandwiches cost $9.50, how many of each should she buy? 


Familiarize. Let’s begin by guessing that 5 salads were ordered. Since 
there was a total of 21 orders, this means that 16 sandwiches were 
ordered. The total cost of the order would then be 


Cost of sandwiches 
$F 


$9.50(16) 


+ $37.50 + $152 = $189.50. 


$7.50(5) 


The guess is incorrect, but we can use the same process to translate the 
problem to a system of equations. We also note that our guess resulted in 
a total that was too high, so there were more salads and fewer sandwiches 
ordered than we guessed. 

We letd = thenumber ofsalads and w = thenumber of sandwiches 
ordered. The cost of d salads is $7.50d, and the cost of w sandwiches is 
$9.50w. Organizing the information in a table can help us translate the 
information to a system of equations. 


SALADS SANDWICHES TOTAL 


NUMBER 
OF ORDERS d Ww 21 =—7 > Ww = 21 
COST PER 
Answers ORDER $7.50 $9.50 
Skill to Review: 
1.L5hr 2. 2.5hr TOTAL COST $7.50d $9.50w $181.50 |—+7.50d + 9.50w = 181.50 
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2. Translate. The first row of the table gives us one equation: 
d+w= 21. 
The last row of the table gives us a second equation: 


7.50d + 9.50w = 181.50. 


Clearing decimals in the second equation gives us the following system 
of equations: 

d+ w= 21, (1) 

75d + 95w = 1815. (2) 

3. Solve. We use the elimination method to solve the system of equations. 
We eliminate d by multiplying by —75 on both sides of equation (1) and 
then adding the result to equation (2): 

—75d — 75w = —1575 Multiplying equation (1) by —75 
75d +95w = 1815 Equation (2) 
20w = 240 Adding 
w= 12. Dividing by 20 


Next, we substitute 12 for w in equation (1) and solve for d: 
d+w=2l1 Equation (1) 
d+12=21 Substituting 12 for w 
d=9. Solving for d 
We obtain (9, 12), ord = 9,w = 12. 
4. Check. We checkin the original problem. 
Total number of orders) d+ w=9+ 12 = 21 
Cost of salads: $7.50d = $7.50(9) = $ 67.50 
Cost of sandwiches: $9.50w = $9.50(12) = $114.00 
Total = $181.50 


The numbers check. 
5. State. Cathy should buy 9 salads and 12 sandwiches. 
Do Exercise 1. > 


The following problem, similar to Example 1, is called a mixture problem. 


EXAMPLE 2 Blending Spices. Spice It Up sells ground turmeric for 
$1.35 per ounce and ground sumac for $1.85 per ounce. Ethan wants to 
make a 20-0z seasoning blend of the two spices that sells for $1.65 per 
ounce. How much of each should he use? 


1. Retail Sales of Sweatshirts. A 
campus bookstore sells college 
tee shirts. White tee shirts sell 
for $18.95 each and red ones 
sell for $19.50 each. If receipts 
for the sale of 30 tee shirts total 
$572.90, how many of each 
color did the shop sell? 


Complete the following table, 
letting w = the number of 
white tee shirts andr = the 
number of red tee shirts. 


Answer 


> IIe SIs ap 


Pe 
Ae 

a 
mon 
=o 
e 


NUMBER SOLD 


AMOUNT TAKEN IN 


1. White: 22; red: 8 
Guided Solution: 


1. 


| White Red Total 
| w r 30 

| $18.95 $19.50 

[ $18.95w $19.50r $572.90 


— Fw t+ r= 30 


—> 18.95w + 19.50r 


= 572.90 
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2. Blending Coffees. The Coffee 
Counter charges $18.00 per 
pound for organic Kenyan 
French Roast coffee and 
$16.00 per pound for Sumatran 
coffee. How much of each type 
should be used in order to 
make a 20-lb blend that sells 
for $16.70 per pound? 


Sumatran) 
Coffee 
$16.00 Ib 


a 


Answer 
2. Kenyan: 7 lb; Sumatran: 13 Ib 
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1. Familiarize. Suppose that Ethan uses 4 oz of sumac. Since he wants 


SUMAC TURMERIC BLEND 


NUMBER 


a total of 20 oz, he will need 16 oz of turmeric. We compare the value of 
the spices separately with the desired value of the blend: 


Spices purchased separately: $1.85(4) + $1.35(16), or $29. 
Blend: $1.65(20) = $33 


Since these amounts are not the same, our guess is not correct, but these 
calculations help us to translate the problem. 

We let s = the number of ounces of sumac and t = the number 
of ounces of turmeric. Then we organize the information in a table as 
follows. 


OF OUNCES S if 20 —>s+t= 20 


PRICE PER 
OUNCE $1.85 $1.35 $1.65 


VALUE OF $1.65(20),  |__. 1 955 + 1.35¢ = 33 


SPICES $1.85s $1.35¢ or $33 


2. Translate. The total number of ounces in the blend is 20, so we have 


5. 


one equation: 
s+ t= 20. 


The value of the sumac is 1.85s, and the value of the turmeric is 1.35¢. 
These amounts are in dollars. Since the total value is to be 1.65(20), or 
33, we have 


1.85s + 1.35¢ = 33. 


We can multiply by 100 on both sides of the second equation in order to 
clear the decimals. Thus we have translated to a system of equations: 
s+ t= 20, (1) 
185s + 135t = 3300. (2) 


- Solve. We will solve this system using substitution, but elimination is 


also an appropriate method to use. When equation (1) is solved for t, we 
get t = 20 — s. Wesubstitute 20 — s for t in equation (2) and solve: 
185s + 135(20 — s) = 3300 _—_ Substituting 
185s + 2700 — 135s = 3300 Using the distributive law 


50s = 600 Subtracting 2700 and collecting 
like terms 


s= 12. 


We have s = 12. Substituting 12 for s in the equation t = 20 — s, we 
obtain t = 20 — 12, or8. 


. Check. Wecheckinamanner similar to our guess in the Familiarize step. 


Total number ofounces: 12 + 8 = 20 

Value of the blend: 1.85(12) + 1.35(8) = 33 

Thus the number of ounces of each spice checks. 

State. Ethan should use 12 oz of sumac and 8 oz of turmeric. 


< Do Exercise 2. 


EXAMPLE 3 StudentLoans. Jeron’s student loans totaled $16,200. Part 
was a Perkins loan made at 5% interest and the rest was a Stafford loan 
made at 4% interest. After one year, Jeron’s loans accumulated $715 in 
interest. What was the amount of each loan? 


1. Familiarize. Listing the given information in a table will help. The 
columns in the table come from the formula for simple interest: [ = Prt. 
We let x = the number of dollars in the Perkins loan and y = the num- 
ber of dollars in the Stafford loan. 


PERKINS STAFFORD 
LOAN LOAN TOTAL 
PRINCIPAL 


RATE anal 
anal 5% 4% 


} INTEREST 0.05x 0.04y $715 —> 0.05x + 0.04y 
=715 


2. Translate. The total of the amounts of the loans is found in the first 
row of the table. This gives us one equation: 


x + y = 16,200. 
Look at the last row of the table. The interest totals $715. This gives us a 
second equation: 

5%x + 4%y = 715, or 0.05x + 0.04y = 715. 

After we multiply on both sides to clear the decimals, we have 

5x + 4y = 71,500. 

3. Solve. Using either elimination or substitution, we solve the resulting 
system: 

x + y = 16,200, 

5x + 4y = 71,500. 

We find that x = 6700 and y = 9500. 


4. Check. The sum is $6700 + $9500, or $16,200. The interest from 
$6700 at 5% for one year is 5%( $6700), or $335. The interest from $9500 
at 4% for one year is 4%( $9500), or $380. The total amount of interest is 
$335 + $380, or $715. The numbers check in the problem. 

5. State. The Perkins loan was for $6700, and the Stafford loan was for 
$9500. 


Do Exercise 3. D> 


Guided Solution: 
Be 


3. Client Investments. Infinite 


$16,200 |» x + y = 16,200 


Financial Services invested 
Jasmine’s IRA contribution of 
$3700 for one year at simple 
interest, yielding $297. Part of 
the money is invested at 7% 
and the rest at 9%. How much 
was invested at each rate? 


Do the Familiarize and 
Translate steps by completing 
the following table. Let x = 
the number of dollars invested 
at 7% and y = the number of 
dollars invested at 9%. 


es 
es, 
S) ~ 
= +5 
= [eo] RN 
+ (i Sil 
R S 
— a) 
< i 
aS g 
= fea _ 


y 
9% 
1 year 


INVESTMENT 


a, 
A 
a 
i=) 
a 
= 
cy 


INTEREST, r 
INTEREST, I 


RATE OF 


Answer 
3. $1800 at 7%; $1900 at 9% 


$3700 |—>x + y = 3700 


First Second 
Investment Investment Total 
x y 
7% 9% 
1 year 1 year 
0.07x 0.09y 


$297 |—>0.07x + 0.09y = 297 
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EXAMPLE 4 Mixing Fertilizers. Nature’s Landscapes carries two kinds 
of fertilizer containing nitrogen and water. “Gently Green” is 5% nitrogen 
and “Sun Saver” is 15% nitrogen. Nature’s Landscapes needs to combine the 
two types of solution in order to make 90 L ofa solution that is 12% nitrogen. 
How much of each brand should be used? 


SS » 
l 


gliters Gently s liters Sun 
Green 3 a Saver 


5% nitrogen 15% nitrogen 12% nitrogen 


\ 90 liters 


1. Familiarize. We first make a drawing and a guess to become familiar 
with the problem. 

We choose two numbers that total 90 L—say, 40 L of Gently Green 
and 50 L of Sun Saver—for the amounts of each fertilizer. Will the 
resulting mixture have the correct percentage of nitrogen? 

To find out, we multiply as follows: 


5%(40L) = 2Lofnitrogen and 15%(50L) = 7.5 Lofnitrogen. 


Thus the total amount of nitrogen in the mixture is2L + 7.5L, or 9.5L. 
The final mixture of 90 Lis supposed to be 12% nitrogen. Now 


12%(90L) = 10.8L. 


Since 9.5 Land 10.8 Lare not the same, our guess is incorrect. But these 
calculations help us to make the translation. 

We let g = the number of liters of Gently Green and s = the number 
of liters of Sun Saver in the mixture. 


GENTLY SUN 

GREEN SAVER MIXTURE 
NUMBER 

OF LITERS § Ss 90 


PERCENT 
OF NITROGEN 5% 15% 12% 


AMOUNT 0.12 < 90, —> 0.05g + 0.15s 
OF NITROGEN 0.05g 0.15s or 10.8 liters = 10.8 


prs = 30 


2. Translate. Ifwe add g ands in the first row, we get 90, and this gives 
us one equation: 


gt+s= 90. 


If we add the amounts of nitrogen listed in the third row, we get 10.8, 
and this gives us another equation: 


5%g + 15%s = 10.8, or 0.05g + 0.15s = 10.8. 


After clearing the decimals, we have the following system: 

gt+s=90, (1) 

5g + 15s = 1080. (2) 

3. Solve. We solve the system using elimination. We multiply equation (1) 

by —5 and add the result to equation (2): 

—5g — 5s = —450 Multiplying equation (1) by —5 

5g + 15s 1080 Equation (2) 
10s = 630 Adding 
s= 63. Dividing by 10 


Next, we substitute 63 for s in equation (1) and solve for g: 
g + 63 = 90 Substituting in equation (1) 
g = 27. Solving for g 
We obtain (27, 63), or g = 27,5 = 63. 


4. Check. Remember that g is the number of liters of Gently Green, with 
5% nitrogen, and s is the number of liters of Sun Saver, with 15% nitrogen. 


Total number of liters of mixture: g + s = 27 + 63 = 90L 
Amount of nitrogen: 5%(27) + 15%(63) = 1.35 + 9.45 = 10.8L 


10.8 
Percentage of nitrogen in mixture: “30 = 0.12 = 12% 


The numbers check in the original problem. 


5. State. Nature’s Landscapes should mix 27 L of Gently Green and 63 L 
of Sun Saver. 


Do Exercise 4. D> 


£3} MOTION PROBLEMS 


When a problem deals with speed, distance, and time, we can expect to use 
the following motion formula. 


THE MOTION FORMULA 


Distance = Rate (or speed) - Time 
d= rt 


TIPS FOR SOLVING MOTION PROBLEMS 


1. Make a drawing using an arrow or arrows to 
represent distance and the direction of each object in 
motion. 


4. Mixing Cleaning Solutions. 
King’s Service Station uses 
two kinds of cleaning solution 
containing acid and water. 
“Attack” is 2% acid and “Blast” 
is 6% acid. They want to mix the 
two to get 60 qt ofa solution that 
is 5% acid. How many quarts of 
each should they use? 


Do the Familiarize and 
Translate steps by completing 
the following table. Let a = 
the number of quarts of Attack 
and b = the number of quarts 


of Blast. 
i 
Q 
oO 
S 
oO 
I oe 
SQ 
+b 
Ss ~~ 
jae] 
5 
oO 
B a 
= 


eS 
2. 
Se 
z 
28 
ada 


PERCENT OF ACID 


AMOUNT OF 
SOLUTION 


. : Sener Answer 
2. Organize the information in a table or a chart. 
4. Attack: 15 qt; Blast: 45 qt 
3. Look for as many things as you can that are the same, Guided Solution: 
so you Can write equations. 4 
7 Attack Blast Mixture 
a b 60 L—> a+ b= 60 
2% 6% 5% 
0.02a 0.06b | 0.05 x 60,or3_}—> 0.02a + 0.06b = 3 
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5. Train Travel. A train leaves res 
Barstow traveling east at 
35 kan /h. One hour later, a 
faster train leaves Barstow, 
also traveling east on a parallel 
track at 40 km/h. How far from 
Barstow will the faster train 
catch up with the slower one? 


— r e 
km/h 
40 km/h 


SLOWER 
TRAIN 


Answer 
5. 280 km 


Guided Solution: 
5. 


35t 


35 km/h 
40 km/h 


Distance 
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EXAMPLE 5 Auto Travel. Kerileft Monday morning to drive to a semi- 
nar that began Monday evening. An hour after she had left the office, her 
assistant, Matt, realized that she had forgotten to take a large portfolio 
needed for a presentation. Knowing Keri would not answer her cell phone 
when driving, Matt left immediately with the portfolio to try to catch up 
with her. If Keri drove at a speed of 55 mph and Matt drove at a speed of 
65 mph, how long did it take Matt to catch up with her? Assume that neither 
driver stopped to take a break. 


1. Familiarize. We first make a drawing. From the drawing, we see 
that when Matt catches up with Keri, the distances from the office are 
the same. We let d = the distance, in miles. If we let t = the time, in 
hours, for Matt to catch Keri, then tf + 1 = the time traveled by Keri at 
a slower speed. 


Matt’s car Keri’s car 


65 mph 55 mph 
t hours, d miles t + 1 hours, d miles 


We organize the information in a table as follows. 


d = re: f€ 
d 55 t+1 |—>d=55(t + 1) 


| Marr | d a — ¢ = os 


2. Translate. Using d = rtin each row ofthe table, we get an equation. 
Thus we have a system of equations: 
d=55(t+1), QW 
d = 65t. (2) 


3. Solve. We solve the system using the substitution method: 


65t = 55(t + 1) Substituting 65¢ for d in equation (1) 
65t = 55t + 55 Multiplying to remove parentheses on the right 
10t = 55 


Solving for t 
t= 5.5. 


Matt’s time is 5.5 hr, which means that Keri’s time is 5.5 + 1, or 6.5 hr. 


4. Check. At65 mph, Matt will travel 65 - 5.5, or 357.5 mi, in 5.5 hr. At 
55 mph, Keri will travel 55 - 6.5, or the same 357.5 mi, in 6.5 hr. The dis- 
tances are the same, so the numbers check. 


5. State. Matt will catch up with Keri in 5.5 hr. 


< Do Exercise 5. 


EXAMPLE 6 Marine Travel. A Coast-Guard patrol boat travels 4hron Bly favereeereplane 

a trip downstream with a 6-mph current. The return trip against the same flew for 4 hr with a 20-mph 
current takes 5 hr. Find the speed of the boat in still water. tailwind. The return flight 
against the same wind took 
5 hr. Find the speed of the 
plane in still air. 


Upstream, r — 6 
6 -mph current, 5 hours, 
dmiles _ : 


—>d 


Downstream, r + 6 
6-mph current, 4 hours, 
d miles 


| r+ 20 [| |hr => @ 


1. Familiarize. We first make a drawing. From the drawing, we see that I 
the distances are the same. We let d = the distance, in miles, andr = 
the speed of the boat in still water, in miles per hour. Then, when the 
boat is traveling downstream, its speed is r + 6. (The current helps the 
boat along.) When it is traveling upstream, its speed is r — 6. (The cur- 
rent holds the boat back.) We can organize the information in a table. 
We use the formula d = rt. 


d 


d = 


r a t 
Prats | TME | 


a 
= 
= 
i 
n 
= 
a 
o 
< 


Aa 
Fa 
= 
a 
= 
= 


2. Translate. From each row ofthe table, we get an equation, d = rt: 


=4424. @ 


Answer 
d=5r-—30. (2) endl 
3. Solve. We solve the system using the substitution method: ——— are 
4r + 24 = 5r — 30 Substituting 47 + 24 for din equation (2) a & 
+ 
aie ioe: Solving for r ; 5 
54 =7. > ae 
4. Check. Ifr = 54,thenr + 6 = 60; and 60 - 4 = 240 mi, the distance t i 
traveled downstream. Ifr = 54, thenr — 6 = 48; and 48 + 5 = 240 mi, r 
the distance traveled upstream. The distances are the same. — & & 
When checking your answer, always ask, “Have I found what the 
problem asked for?” We could solve for a certain variable but still have le 
not answered the question of the original problem. For example, we g : F 
might have found speed when the problem wanted distance. In this a) eal es 
problem, we want the speed of the boat in still water, and that is r. 
5. State. The speed in still water is 54 mph. : 
Si s{s 
Do Exercise 6. > a 
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Translating 
for Success 


. Office Expense. The 
monthly telephone expense 
for an office is $1094 less 
than the janitorial expense. 
Three times the janitorial The goal of these matching questions 
expense minus four times the is to practice step (2), Translate, of 
telephone expense is $248. the five-step problem-solving process. distance that Tricia runs. 
What is the total of the two Translate each word problem to a How far does Tricia run 
expenses? system of equations and select a cor- daily? 

rect translation from systems A-J. 


AN, 36 = War ZA%), 


6. Running Distances. Each 
day Tricia runs 5 mi more 
than two-thirds the distance 
that Chris runs. Five times 
the distance that Chris runs 
is 3 miless than twice the 


. Dimensions of a Triangle. 
The sum of the base and the 
height of a triangle is 192 in. 
The height is twice the 
base. Find the base and the 
height. 


. Supplementary Angles. Two 
supplementary angles are 
such that twice one angle is 7° 
more than the other. Find the 
measures of the angles. 


. SAT Scores. The total of 
Megan’s writing and math 
scores on the SAT was 
1094. Her math score was 
248 points higher than her 
writing score. What were 
her math and writing SAT 
scores? 


. Sightseeing Boat. A sight- 
seeing boat travels 3 hr on 

a trip downstream with a 
2.5-mph current. The return 
trip against the same current 
takes 3.5 hr. Find the speed of 
the boat in still water. 


x+y = 1094 


B. 5x = 2y — 3, 


Y=Gxt5 


aa 
0 WY = Bah 


Des ar 2) = ie 


b Ae = 7 ar WV, 


x + y = 180 


a dor jy = IR, 


= By 


x + y = 180, 
= Zp ar 7 


o a6 = IORME = Wy, 


3x — 4y = 248 


- 3%x + 2.5%y = 97.50, 


x + y = 2500 


2x = 5+ 2y, 
ay = ilsse = 


x= (y + 2.5) = 3; 
Sy = 25) = 


Answers on page A-11 


. Dimensions of a Rectangle. 


The perimeter of a rectangle 
is 192 in. The width is half the 
length. Find the length and 
the width. 


. Mystery Numbers. Teka 


asked her students to 
determine the two numbers 
that she placed in a sealed 
envelope. Twice the smaller 
number is 5 more than two- 
thirds the larger number. 
Three times the larger number 
is 4 less than fifteen times the 
smaller. Find the numbers. 


. Supplementary Angles. Two 


supplementary angles are 
such that one angle is 7° more 
than twice the other. Find the 
measures of the angles. 


. Student Loans. Brandt's 


student loans totaled $2500. 
Part was borrowed at 3% 
interest and the rest at 2.5%. 
After one year, Brandt had 
accumulated $97.50 in 
interest. What was the amount 
of each loan? 


[vf Reading Check 


Consider the following mixture problem and the table used to translate the problem. 


For Extra Help 


MyMath Lab” PRACTICE WATCH ERS 


co Ll. Ba & 


REVIEW 


Cherry Breeze is 30% fruit juice and Berry Choice is 15% fruit juice. How much of each should be used 


in order to make 10 gal of a drink that is 20% fruit juice? 


Choose from the options below the expression that best fits each numbered space in the table. 
2 10 15 


0.15y 


CHERRY BREEZE BERRY CHOICE MIXTURE 
GALLONS OF DRINK x y RCl. 
PERCENT OF FRUIT JUICE 30% RC2. % 20% 
GALLONS OF FRUIT 
JUICE IN MIXTURE 0.3x RCG3. RC4. 
la] Solve. 
1. Entertainment. For her personal-finance class, Laura 2. Flowers. Kevin's Floral Emporium offers two 


was required to estimate her annual entertainment 
expenditures. She discovered that during the previous 
year, she spent $225.32 on a total of 68 e-books and 
game applications. If each book cost $3.99 and each 
game cost $1.99, how many books and how many 
games did she purchase? 


3. Balloon Bouquets. When the Southeast Cougars 
women’s soccer team won the state championship, 
the parent boosters welcomed the team back to school 
with a balloon bouquet for each of the 18 players. The 
parents spent a total of $86.76 (excluding tax) on foil 
balloons that cost $1.99 each and latex school-color 
balloons that cost $0.12 each. Each player received 
9 balloons, and all the balloon bouquets were 
identical. How many of each type of balloon did 
each bouquet include? 
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. Chocolate Assortments. 


types of sunflowers for sale by the stem. When in 
season, the small ones sell for $2.50 per stem, and the 
large ones sell for $3.95 per stem. One late summer 
weekend, Kevin sold a total of 118 stems for $376.20. 
How many of each size did he sell? 


For a fundraiser, the 
Greenfield Merchants Association spent a total of 
$1872 on an assortment of chocolate truffles at $2.95 
each and chocolate cream mints at $1.79 each. They 
then packaged 75 boxes to sell, each containing 12 
pieces of candy. If the boxes were identical, how many 
of each kind of candy did each box contain? 
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5. Furniture Polish. A nontoxic furniture polish can 


11 


13. Student Loans. 
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be made by combining vinegar and olive oil. The 
amount of oil should be three times the amount of 
vinegar. How much of each ingredient is needed in 
order to make 30 oz of furniture polish? 


Catering. Stella’s Catering is planning a wedding 
reception. The bride and groom would like to serve 

a nut mixture containing 25% peanuts. Stella has 
available mixtures that are either 40% or 10% peanuts. 
How much of each type should be mixed in order to 
get a 10-lb mixture that is 25% peanuts? 


Ink Remover. Etch Clean Graphics uses one cleanser 
that is 25% acid and a second that is 50% acid. How 
many liters of each should be mixed in order to get 10 L 
of a solution that is 40% acid? 


Vegetable Seeds. ‘Tara’s Web site, verdantveggies. 
com, specializes in the sale of rare or unusual 
vegetable seeds. Tara sells packets of sweet-pepper 
seeds for $2.85 each and packets of hot-pepper seeds 
for $4.29 each. She also offers a 16-packet mixed- 
pepper assortment combining packets of both types 
of seeds at $3.30 per packet. How many packets of 
each type of seed are in the assortment? 


cwertnpconco 


SWEET PEPPER 


pEO 


HOT PFPPFR 
HOT PFPpFe 
HOT PEPPER 


yor! 


« ce 
Tpcoers 
Swit HOT PEPPER 


SWEET PEPPER 


Sweet peppers Hot peppers Assorted 


Sarah’s two student loans totaled 
$12,000. One of her loans was at 6% simple interest 
and the other at 3%. After one year, Sarah owed $585 
in interest. What was the amount of each loan? 
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6. 


10. 


12. 


14, Investments. 


. Blending Granola. 


Nontoxic Floor Wax. Anontoxic floor wax can be 
made by combining lemon juice and food-grade 
linseed oil. The amount of oil should be twice the 
amount of lemon juice. How much of each ingredient 
is needed in order to make 32 oz of floor wax? (The 
mix should be spread with a rag and buffed when dry.) 


Deep Thought Granola is 25% 
nuts and dried fruit. Oat Dream Granola is 10% nuts 
and dried fruit. How much of Deep Thought and how 
much of Oat Dream should be mixed in order to form 
a 20-lb batch of granola that is 19% nuts and dried 
fruit? 


Livestock Feed. Soybean meal is 16% protein and 
corn meal is 9% protein. How many pounds of each 
should be mixed in order to get a 350-lb mixture that 
is 12% protein? 


Flower Bulbs. Heritage Bulbs sells heirloom flower 
bulbs. Acuminata tulip bulbs cost $4.85 each, and 
Cafe Brun tulip bulbs cost $9.50 each. An assortment 
of 12 of these bulbs is priced at $7.95 per bulb. How 
many of each type of bulb are in the assortment? 


‘“SHERITAGE BULBS®> 


Cafe Brun Tulip 
$9.50 each 


Acuminata Tulip 
$4.85 each 


Ana and Johnny made two investments 
totaling $45,000. In one year, these investments 
yielded $2430 in simple interest. Part of the money 
was invested at 4% and the rest at 6%. How much was 
invested at each rate? 
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15. 


17. 


19. 


Food Science. The following bar graph shows the 
milk fat percentages in three dairy products. How 
many pounds each of whole milk and cream should 
be mixed in order to form 200 lb of milk for cream 
cheese? 


Dairy Product Milk Fat a. 


cream 
cheese 


Cream 


Oa oe 2 6) 20m 2 
Percent milk fat 


Investments. William opened two investment 
accounts for his daughter’s college fund. The first 
year, these investments, which totaled $3200, yielded 
$155 in simple interest. Part of the money was 
invested at 5.5% and the rest at 4%. How much was 
invested at each rate? 


Making Change. Juan goes to a bank and gets 
change for a $50 bill consisting of all $5 bills and $1 
bills. There are 22 bills in all. How many of each kind 
are there? 


|b | Solve. 


21. 


23. 


Train Travel. A train leaves Danville Junction and 
travels north at a speed of 75 mph. Two hours later, 
a second train leaves on a parallel track and travels 
north at 125 mph. How far from the station will they 
meet? 


Trains 
meet 
here 


Canoeing. Darren paddled for 4 hr with a 6-km/h 
current to reach a campsite. The return trip against 
the same current took 10 hr. Find the speed of 
Darren’s canoe in still water. 


16. 


18. 


20. 


22. 


24. 
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Automotive Maintenance. Arctic Antifreeze is 18% 
alcohol and Frost No-More is 10% alcohol. How many 
liters of Arctic Antifreeze should be mixed with 7.5 L 
of Frost No-More in order to get a mixture that is 15% 
alcohol? 


Cole’s two student loans totaled 
$31,000. One of his loans was at 2.8% simple interest 
and the other at 4.5%. After one year, Cole owed 
$1024.40 in interest. What was the amount of each 
loan? 


Student Loans. 


Making Change. Christina makes a $9.25 purchase 
at a bookstore with a $20 bill. The store has no bills 
and gives her the change in quarters and dollar coins. 
There are 19 coins in all. How many of each kind are 
there? 


Car Travel. Max leaves Kansas City and drives east 
at a speed of 80 km/h. One hour later, Olivia leaves 
Kansas City traveling in the same direction as Max 
but at 96 km/h. Assuming neither driver stops for a 
break, how far from Kansas City will they be when 
Olivia catches up with Max? 


Boating. Mia’s motorboat took 3 hr to make a trip 
downstream with a 6-mph current. The return trip 
against the same current took 5 hr. Find the speed of 
the boat in still water. 
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25. Air Travel. Christie pilots her Cessna 150 plane for 
270 mi against a headwind in 3 hr. The flight would 
take 1 hr and 48 min with a tailwind of the same 
speed. Find the headwind and the speed of the plane 
in still air. 


27. Air Travel. Two airplanes start at the same time 
and fly toward each other from points 1000 km apart 
at rates of 420 km/h and 330 km/h. After how many 
hours will they meet? 


29. & Point of No Return. A plane flying the 3458-mi trip 
from New York City to London has a 50-mph tailwind. 
The flight’s point of no return is the point at which 
the flight time required to return to New York is the 
same as the time required to continue to London. If 
the speed of the plane in still air is 360 mph, how far is 
New York from the point of no return? 


Ska Maite mare iiiniiiciiicccccccccccccccccccccececseseceeesevecsevecvsessvesvetvsesevssvsevetsvssvstvstestesvisvitvstvsvsvssvetveveeeee, 


31. Find the intersection: 
{2, 4, 6, 8, 10} 1 {6, 7, 8,9, 10}. [1.5al 


Simplify. [1.6a] 


33. |3a| 34. 7x" | 


| | hc ce a oe en eee ae ee eee eee ae een ne een eee 


37. Automotive Maintenance. The radiator in Michelle’s 
car contains 16 L of antifreeze and water. This mixture 
is 30% antifreeze. How much of this mixture should 
she drain and replace with pure antifreeze so that 
there will be a mixture of 50% antifreeze? 


39. Fuel Economy. Ashlee’s SUV gets 18 miles per gallon 
(mpg) in city driving and 24 mpg in highway driving. 
The SUV is driven 465 mi on 23 gal of gasoline. How 
many miles were driven in the city and how many were 
driven on the highway? 
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26. Air Travel. Rodisa pilot for Crossland Airways. 
He computes his flight time against a headwind 
for a trip of 2900 mi at 5 hr. The flight would take 
4 hr and 50 min if the headwind were half as great. 
Find the headwind and the plane’s air speed in 
still air. 


28. Air Travel. Two planes start at the same time and 
travel toward each other from cities that are 780 km 
apart at rates of 190 km/h and 200 km/h. In how 
many hours will they meet? 


30. & Point of No Return. Aplane is flying the 2553-mi 
trip from Los Angeles to Honolulu into a 60-mph 
headwind. Ifthe speed of the plane in still air is 310 mph, 
how far from Los Angeles is the plane’s point of no 
return? (See Exercise 29.) 


32. Find the union: 
{2, 4, 6, 8, 10} U {6,7, 8,9, 10}. [1.5b] 


38. Physical Exercise. Natalie jogs and walks to school 
each day. She averages 4 km/h walking and 8 km/h 
jogging. The distance from home to school is 6 km 
and Natalie makes the trip in 1 hr. How far does she 
jog ina trip? 


40. Siblings. Phil and Maria are siblings. Maria has twice 
as many brothers as she has sisters. Phil has the same 
number of brothers as he has sisters. How many girls 
and how many boys are in the family? 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. If, when solving a system of two linear equations in two variables, 
a false equation is obtained, the system has infinitely many 
solutions. [3.2al], [3.3a] 


2. Every system of equations has at least one solution. [3.1a] 


3. Ifthe graphs of two linear equations intersect, then the system is 
consistent. [3.la] 


4. The intersection of the graphs of the lines x = aandy = bis(a,b). [3.1a] 


Guided Solutions 


Fill in each box with the number, variable, or expression that creates a correct statement or solution. 


Solve. [3.2al, [3.3a] 


5B.xt2y=3, () 6.3x-2y=5, (I) 
y=x-6 (2) 2x + 4y = 14 (2) 
ae ap Bl )=3 Substituting for y = y= Multiplying 
in equation (1) equation (1) by 2 
se ge = = 3 Removing parentheses Bee ar 4y = 14 Equation (2) 
G = 12-3 Collecting like terms x = Adding 
Se = B= 
a = Bo + 4y = 14 Substituting for x in 
y= = (§ Substituting in equation (2) equation (2) 
y= Subtracting + 4y=14 Multiplying 
The solution is ( ‘ ) om 
= 
The solution is ( j ) 


Mixed Review 


Solve each system of equations graphically. Then classify the system as consistent or inconsistent and the equations as 
dependent or independent. [3.1a| 


7y=x-6, Gb sear 7 = 3h ob py = Be = &, Us 36 = VV = Sh 
ohe or WS 


4x — 2y=6 
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Solve using the substitution method. [3.2a] 


ag = oy 2; I, i = 36 — by 
Poe — hy) —= 9) x— 2y=8 


Solve using the elimination method. [3.3a] 
5. 2x + y = 2, 16. x — 2y = 13, 


Saye 4 35 sr 2 = 8} 
Ig so = Ay = &, 20. 4x — 6y = 2, 

see = (yy = 10) ea Sh) 
Solve. 


23. Garden Dimensions. A landscape architect designs 
a garden with a perimeter of 44 ft. The width is 2 ft 
less than the length. Find the length and the width. 
[3.2b] 


25. Mixing Solutions. Alab technician wants to mixa 
solution that is 20% acid with a second solution that 
is 50% acid in order to get 84 L of a solution that is 


30% acid. How many liters of each solution should be 


used? [3.4a] 


13. 4x + 3y = 3, bs She = iy = Ih, 


iy = sear @ 38 = Wap I 
Wie Ske = 4p = &, 18. 3x + 2y = 11, 
bye = 2S Sl Ce ar By = 
1 1 
Pale S36 a S37) = Il, 22. 0.2x + 0.3y = 0.6, 
a8 O.1x — 0.2y = —2.5 
1 3 a 
res Say 
ree 


24. Investments. Sandy made two investments totaling 


$5000. Part of the money was invested at 2% and the rest 


at 3%. In one year, these investments earned $129 in 
simple interest. How much was invested at each rate? 
[3.4a] 


26. Boating. Monica’s motorboat took 5 hr to make a trip 


downstream with a 6-mph current. The return trip 
against the same current took 8 hr. Find the speed of 
the boat in still water. [3.4b] 


Understanding Through Discussion and Writing 


27. Explain how to find the solution of ?x + 2 = $x — 5 


in two ways graphically and in two ways algebraically. 


[3.1a], [3.2a], [3.3a] 


29. Describe a method that could be used to create an 


inconsistent system of equations. [3.1a], [3.2a], [3.3a] 
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28. Write a system of equations with the given solution. 
Answers may vary.  [3.1a], [3.2a], [3.3a] 
a) (4,-3) b) No solution 
c) Infinitely many solutions 


30. Describe a method that could be used to create a 
system of equations with dependent equations. 
[3.la], [3.2a], [3.3a] 
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STUDYING FOR SUCCESS Taking a Test 


if you have time at the end. 
Pace yourself. 


LU 
UO 
LU 
UO 


Systems of Equations 


Write your test answers in a neat and orderly manner. 


in Three Variables 


E SOLVING SYSTEMS IN THREE VARIABLES 


Alinear equation in three variables is an equation equivalent to one of the 
type Ax + By + Cz = D.Asolution ofa system of three equations in three 
variables is an ordered triple (x, y, z) that makes all three equations true. 

The substitution method can be used to solve systems of three equa- 
tions, but it is not efficient unless a variable has already been eliminated 
from one or more of the equations. Therefore, we will use only the elimina- 
tion method.* The first step is to eliminate a variable and obtain a system of 
two equations in two variables. 


EXAMPLE 1 Solve the following system of equations: 
x+ yt z=4, (1) 
x-—2ay- z=], (2) 


2x- y-2z=-1. (3) 

a) We first use any two of the three equations to get an equation in two vari- 
ables. In this case, let’s use equations (1) and (2) and add to eliminate z: 

x+ y+z=4 (1) 

x- 24y-z=1 (2) 

2x- y = 5. (4) 


Adding to eliminate z 


b) We use a different pair of equations and eliminate the same variable that 
we did in part (a). Let’s use equations (1) and (8) and again eliminate z. 


Deca eee eee e eee e eee e nese eens eeneeeanes Caution! Deere eee nee een e renee ene eeeneeeeeennne 


Acommon error is to eliminate a different variable the second time. 


Multiplying equation (1) by 2 


Adding to eliminate z 


*Other methods for solving systems of equations are considered in Appendixes B and C. 


Read each question carefully. Know what the question is before you answer it. 
Try to work all the questions the first time through, marking those you need to recheck 


OBJECTIVE 


a | Solve systems of three 
equations in three 
variables. 


SKILL TO REVIEW 


Objective 3.3a: Solve systems of 
equations in two variables by the 
elimination method. 


Solve. 


1 3x+ y= 1, 
5x -—y=7 
2. 2x + 3y = 9, 
3x + 2y=1 


Answers 
Skill to Review: 


1. (1,-2) 2. (—3,5) 
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c) Nowwe solve the resulting system of equations, (4) and (5). That solution 
will give us two of the numbers. Note that we now have two equations in 
two variables. Had we eliminated two different variables in parts (a) and 
(b), this would not be the case. 

2x-y= 5 (4) 

4x + y= 7 (5) 

6x = 12 Adding 
x= 2 


We can use either equation (4) or (5) to find y. We choose equation (5): 


4x t+ y=7 (5) 
4(2)+y=7 Substituting 2 for x 
8t+ty=7 
y=-l. 
d) We now have x = 2 and y = —1. To find the value for z, we use any 


of the original three equations, substitute, and solve for z. Let’s use 
equation (1) and substitute our two numbers in it: 


xtyt+z=4 (1) 
2+(-l)+z=4 Substituting 2 for x and —1 for y 
lt+z= 


4 
Solving for z 
Z= 3. 


We have obtained the ordered triple (2, —1, 3). To check, we substitute 


(2, —1,3) into each of the three equations using alphabetical order of 
the variables. 


Check: xt+y+z=4 
2+(-1)+374 
4 | TRUE 
x= 2y>-2=—1 
o—3(-1) —3 2 1 
2+2—3 


1 TRUE 
20° = Yoo 2Z = —1 
2(2) — (-1) -2°3? —l 


4+1-6 
=. TRUE 
The triple (2, —1, 3) checks and is the solution. 8 


To use the elimination method to solve systems of three equations: 


1. Write all equations in the standard form, Ax + By + Cz = D. 

2. Clear any decimals or fractions. 

3. Choose a variable to eliminate. Then use any two of the three 
equations to eliminate that variable, getting an equation in two 
variables. 

4. Next, use a different pair of equations and get another equation 
in the same two variables. That is, eliminate the same variable 
that you did in step (3). 

5. Solve the resulting system (pair) of equations. That will give two 
of the numbers. 

6. Then use any of the original three equations to find the third 


number. 1. Solve. Don’t forget to check. 


4x-— yr z=6, 
3x + 2y Z2=-3, 


Do Exercise 1. > 2xn+ yt2z=3 
EXAMPLE 2 Solve this system: 
4x — 2y — 3z =5, (1) 
—8x-— yt z=—5, (2) 
2x+ y+ 2z=5. (3) 
a) The equations are in standard form and do not contain decimals or 
fractions. 


b) We decide to eliminate the variable y since the y-terms are opposites in 
equations (2) and (3). We add: 
—8x-—yt z=—-5 (2) 
2x +y+t2z= 5 (3) 
—6x +3z= 0. (4) Adding 


c) We use another pair of equations to get an equation in the same two 
variables, x and z. We use equations (1) and (3) and eliminate y: 
4x — 2y — 3z =5, (1) 
ax+ y+2z=5; (3) 
4x — 2y—-— 3z= 5 (1) 
4x + 2y + 4z = 10 Multiplying equation (3) by 2 
8x + z= 15. (5) Adding 


d) Next, we solve the resulting system of equations (4) and (5). That will 
give us two of the numbers: 


—6x + 3z = 0, (4) 
8x + z= 15. (5) 
We multiply equation (5) by —3: 


—6x + 3z = 0 (4) 
—24x — 3z = —45 Multiplying equation (5) by —3 
—30x = —45 Adding 
_ =45 _ 3 
x = =30 = 2 
Answer 
1. (2,1, -1) 
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2. Solve. Don’t forget to check. 
2x+ y—4z=0, 
x yr 2e= 5, 
3x + 2y + 2z = 3 


Answer 


2. (:2;-2,— 
2 
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We now use equation (5) to find z: 
8x + z= 15 (5) 
8(3) +z=15 Substituting 3 for x 
12+2z2=15 
Solving for z 
o= 3. 


e) Next, we use any of the original equations and substitute to find the third 
number, y. We choose equation (3) since the coefficient of y there is 1: 


2x+yt+2z=5 (3) 
2(3) +y+ 2(3) =5 Substituting } for x and 3 for z 
3+ y+6=5 
yt9=5 Solving for y 
y= —4. 
The solution is G —4,3 ) . The check is as follows. 
Check: 4x — 2y —- 32 =5 
4-3 — 2(-4) — 3(3) ? 5 
6+8-9 
5 TRUE 
—8x —y+z=—-5 
—8-3-(-4)+3 2-5 
-12+4+3 
=5 TRUE 


2x +y+2z=5 
2-24 (-4) + 2(3) 25 
3-4+6 
5 TRUE 


< Do Exercise 2. 


In Example 3, two of the equations have a missing variable. 


EXAMPLE 3_ Solve this system: 
xty+z= 180, (1) 

x — z= —70, (2) 
24y—z=0. (3) 


We note that there is no y in equation (2). In order to have a system of 
two equations in the variables x and z, we need to find another equation 
without a y. We use equations (1) and (3) to eliminate y: 


xt+y+z=180, (1) 


2y—z=0; (3) 
2x — 2y — 2z = —360 Multiplying equation (1) by —2 
24y- ZH 0 (3) 
—2x — 3z = —360. (4) Adding 


Next, we solve the resulting system of equations (2) and (4): 


3. Solve. Don’t forget to check. 


x—- z= —70, (2) 
—2x — 3z = —360; (4) 
2x — 2z = —140 Multiplying equation (2) by 
—2x — 3z = —360 (4) 
—5z = —500 Adding 
z= 100. 


To find x, we substitute 100 for zin equation (2) and solve for x: 


x-—z=-70 
x — 100 = —70 
x = 30. 


To find y, we substitute 100 for z in equation (3) and solve for y: 


2y—-z=0 
2y — 100 = 0 
2y = 100 
y = 50. 


The triple (30, 50, 100) is the solution. The check is left to the student 


Do Exercise 3. > 


x+y+ z= 100, (1) 


ey = =10, (2) 
2 ae =z = =30 (3) 
Add equations (1) and (3): 
x+y+z= 100 (1) 
58 = £2 = =90 (3) 
Dye 3 WV = : (4) 
Add equations (2) and (4) and 
solve for x: 
= 7 = =10 (2) 
eo Y= 7 (4) 
SH = 
x= : 
Substitute 20 for x in equation (4) 
and solve for y: 
2(20) + y = 70 
v= 


Substitute 20 for x and 30 for y 
in equation (1) and solve for z: 


7A) ar SiO) ar 2 = IO 


It is possible for a system of three equations to have no solution, that is, ( 
to be inconsistent. An example is the system The numbers check. The 
xt y+ z=14, solution is (20, 30, ye 
eo yee = 11, 
2x. = 3y + 4z = =3. 
Note the first two equations. It is not possible for a sum of three numbers Ayisiier 
to be both 14 and 11. Thus the system has no solution. We will not consider 3. (20,30, 50) 


such systems here, nor will we consider systems with infinitely many solu- 
tions, which also exist. 


For Extra Help 


MyMathLab* 


Guided Solution: 
3. 70, 60, 20, 30, 50, 50 


MathXL’ Zs 
PRACTICE WATCH READ REVIEW 


Ral Reading Check 
Choose from the column on the right the option that is an example of each term. Choices may be used more than once. 
RC1. A linear equation in three variables a) (4, -3,0) 
RC2. A system of equations in three variables atest 
c) a+3b- c=1l, 
RC3. A solution of a linear equation in three variables 2a+ 3b- c=-l, 


a— 2b+ 3c= 10 


RC4. A solution of a system of equations in three 
variables 


SECTION 
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l x y Z=2, 
2x—- yt 5z= —5, 
x+ 2y+ 2z=1 

4. x- yr z=4, 
3x + 2y + 3z = 7, 
2x + 9y + 62 = 5 

7. 3a — 2b + 7c = 13, 
a+ 8b — 6c = —47, 
7a — 9b — 9c = -3 

10. 2x + y— 3z= —4, 

4x —2y+ z=9, 
3x + 5y — 22 = 5 

13. x- yr zZ=4, 
5x + 2y — 3z = 2, 
3x — 7y + 42 = 8 

16. 2r+ s+ t=6, 
3r — 2s — 5t= 7, 
reo os 3f= —10 
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2. 2x -— y—4z=—12, 
2x y 4'= 1, 
x + 2y + 4z = 10 

5. 2x —3y + Z2=5, 
x + 3y + 8Z = 22, 
3x -— yt 2z= 12 

8. x y z=0, 
2x + 3y + 22 = —3, 
ey = 32> =1 

ll. 2x + yt z= -2, 
2x- yr 3z=6, 
3x — 5y + 4zZ = 7 

14, 2x y + 2z = 3, 
x + 6y + 3z = 4, 
3x — 2y Pr 2S 

17. a— 2b- 5c = —3, 
3a+ b-2c=-l, 
2a+ 3b+ c=4 


6x + 3y — 2z = 10, 


6. 6x — 4y + 5z = 31, 
5x + 2y + 2z = 13, 


9. 2x + 3y + Z= 17, 
x — 3y + 2z = —8, 
5x — 2y + 3z=5 


12. 2x yt 2z= 11, 
3x + 2y + 2z = 8, 
x + 4y + 3z=0 


15. 4x- y- zZ=4, 
2k Yo 2S, 
6x — 3y — 2z = 3 


18 x+4y—- z=5, 
2h. = Yr 326 ==), 
4x + 3y “a= 5 
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19. 2r + 3s 4+ 12t= 4, 
4r—6s+ 6t= 1, 
r Ss t=1 


22. 3p + 2r = 11, 
q-r=4, 
p- 6q=1 


25.r+s=5, 
3s + 2t = —1, 
4r+t=14 


20. 


23. 


26. 


10x+ 6y+ Z=7, 
5x — 9y — 2z = 3, 
15x — 12y + 2z = —5 


xt+y+z= 57, 
-—2ax+y=3, 
x-Z=6 


a-5c= 17, 
b+ 2c=-1, 
4a — b — 3c = 12 


21. a+ 2b c=1, 
7a+ 3b- c= —-2, 
a+ 5b+ 3c=2 

24. 4a + 9b = 8, 
8a + 6c = -1, 
6b + 6c = — 


27.x+y+z= 105, 
1l0dy — z= 11, 
2x —- 3y=7 


Skill Maintenance 


Solve for the indicated letter. 


28. F = 3ab, fora 29. Q = 4(a + b), fora 30. F = 35t(c — d), ford 


31. F = $t(c — d),forc 32. Ax + By = c,fory 33. Ax — By = c,fory 


Find the slope and the y-intercept. [2.4b] 
34, y = —3x -2 35. y= 5 — 4x 36. 2x — 5y = 10 37. 7x — 6.4y = 20 
SYMEMCSES os cissscssccassutsctisinceisisarecevoxencivsunnesobasnatenssnsninsnsassviresbessousvbiarsetieenssaniernesayevanaascdenosadnannateedasssevetnastoete 
Solve. 
38 wt x y z= 0, 39. w x y Z= 2, 

Ww — 2x — 2y g = —5,; wt 2x + 2y+ 4z= 1, 

w-3x- yt z=4, w- xt yt Z2=6, 

2wW x yt 3z=7 Ww — 3x y b= 2 
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OBJECTIVE 


8 Solve applied problems 
using systems of three 


equations. 


SKILL TO REVIEW 
Objective 1.3a: Solve applied 
problems by translating to 

equations. 


Solve. 


1. The second angle ofa 
triangle is twice as large 
as the first angle. The 
third angle is 5° larger 
than the second angle. 
Find the measures of the 
angles. 


2. Giovanni invested his 
tax refund checkin a 
fund paying 5% interest. 
After one year, he had 

earned $63 in interest. 

How much did he invest? 


Answers 


Skill to Review: 
1. 35°, 70°,75° = 2. $1260 
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Solving Applied Problems: 


Three Equations 


a | USING SYSTEMS OF THREE EQUATIONS 


Solving systems of three or more equations is important in many applica- 
tions occurring in the natural and social sciences, business, and engineering. 


EXAMPLE 1 Jewelry Design. Kim is designing a triangular-shaped 
pendant for a client of her custom jewelry business. The largest angle of the 
triangle is 70° greater than the smallest angle. The largest angle is twice as 
large as the remaining angle. Find the measure of each angle. 


1. Familiarize. We first make a drawing. We let x = the smallest angle, 
z = the largest angle, and y = the remaining angle. 


2. Translate. In order to translate the problem, we use the fact that the 
sum of the measures of the angles of a triangle is 180°: 


x+y+z= 180. 
There are two statements in the problem that we can translate directly. 


Thelargestangle is 70° greaterthan the smallest angle. 


ty 


Zz 70 oe x 
The largest angle is twice as large as the remaining angle. 
Zz u 2y 
We now have a system of three equations: 
x+y+z= 180, x+y+z= 180, 
x + 70 = z, or x — z= —-70, 


2y = % 2y — 2 = 0. 
3. Solve. Solving the system, we find that the solution is (30, 50, 100). 


4. Check. The sum of the numbers is 180. The largest angle measures 
100° and the smallest measures 30°, so the largest angle is 70° greater 
than the smallest. The largest angle is twice as large as 50°, the remaining 
angle. We have an answer to the problem. 


5. State. The measures of the angles of the triangle are 30°, 50°, and 100°. 
Do Exercise 1. D> 


EXAMPLE 2 Super Bowl Commercials. For commercials 
aired during Super Bowl XLVII, advertisers paid an average of 
$3.8 million to air a 30-sec commercial. Even at this rate, a 
number of commercials were longer than 30 sec. A total of 

42 commercials ran for either 30 sec, 1 min, or 13 min. Together, 
these 42 commercials ran for 30 min. The number of 30-sec 
commercials was 10 more than the sum of the number of 1-min 
and 13-min commercials. How many of each length commercial 
aired during the Super Bowl? 


Sources: businessinsider.com, kantarmediana.com 


1. Familiarize. As we read the problem, we note that the price paid to 
air the commercials is not needed to solve the problem. We also note 
that the units of time are not all the same, so we convert 30 sec to 5 min. 
We let x = the number of 3-min commercials, y = the number of 1-min 
commercials, and z = the number of 15-min commercials. 


2. Translate. Wecan nowtranslate three statements to equations. 


A total of 42 commercials ran. > xt+tytz= 42 
The commercials ran for 30min. —> 3x + y+ 1$z = 30 
The number of 30-sec 
commercials was 10 more than 
the sum of the number of 1-min 
and 15-min commercials. 


> x=ytzt10 


3. Solve. We write the equations in standard form and convert the mixed 
numeral to fraction notation: 


x+tyt Z= 42, 
5x te yor 32 = 30, 
x—- yor 2= 10. 
After clearing fractions, we have the system 
xt y+ z=42, (1) 
x + 2y + 3z = 60, (2) 
x- y- z=10. (3) 


This system is unusual, because we can eliminate both y and z by adding 
equations (1) and (3): 
xty+z=42 (I 
x-—y-—z=10 (3) 
2x 52 
x = 20. 


1. Triangle Measures. One 
angle ofa triangle is twice as 
large as a second angle. The 
remaining angle is 20° greater 
than the first angle. Find the 
measure of each angle. 


Answer 
1. 64°, 32°, 84° 
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2. Client Investments. Kaufman res 
Financial Corporation makes 
investments for corporate 
clients. One year, a client 
receives $1120 in simple interest 
from three investments that 
total $25,000. Part is invested at 
3%, part at 4%, and part at 5%. 
There is $11,000 more invested 
at 5% than at 4%. How much was 
invested at each rate? 


Let x = the amount invested at 
3%, y = the amount invested 
at 4%, and z = the amount 
invested at 5%. Complete the 
following table to help in the 
translation. 


INVESTMENT 


INVESTMENT 


INVESTMENT 


a, 
FI 
= 
(=) 
= 
4 
i 


INTEREST, r 
INTEREST, I 


RATE OF 


Answer 
2. $4000 at 3%; $5000 at 4%; $16,000 at 5% 


Guided Solution: 
2. 25,000, 5, 1120 
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We can now substitute 26 for x in equations (1) and (2) and solve for y 
and z. 
Equation (1) becomes 


26+ y+z= 42 Substituting 26 for x 
yrtz= 16. Simplifying 
Equation (2) becomes 
26 + 2y + 3z = 60 Substituting 26 for x 
2y + 3z = 34. Simplifying 
We then solve the following system for y and z: 
y+z= 16, (4) 
2y+3z= 34. (5) 
Multiplying equation (4) by —2 and adding, we have 
—2y — 22 = —32 
2y+3z= 34 
Z= 2, 


Finally, we find y by substituting 2 for z in equation (4): 
y+2=16 Substituting 2 for z 
y= 14. 
We have x = 26,y = 14,andz = 2. 
4. Check. We check our answers in each statement of the problem. 
e The total number of commercials is 26 + 14 + 2 = 42. 
e The total time for the commercials is 
3(26) + (14) + 13(2) = 13 + 14+ 3 = 30. 


¢ Ten more than the sum of the number of 1-min and 1}-min 
commercials is 14 + 2 + 10 = 26, which is the number of 30-sec 
commercials. The answer checks. 
5. State. There were 26 30-sec commercials, 14 1-min commercials, and 
2 13-min commercials. 


< Do Exercise 2. 


[(V{ Reading Check 


Match each statement with an appropriate translation from the column on the right. 


RC1. The sum of three numbers is 60. 


RC2. The first number minus the second 
number plus the third number is 60. 


RC3. The first number is 60 more than the 
sum of the other two numbers. 


RC4. The first number is 60 less than the 
sum of the other two numbers. 


a | Solve. 


1. Scholastic Aptitude Test. More than 1.66 million 
members of the class of 2012 took the Scholastic 
Aptitude Test, making it the largest class of SAT 
takers in history. Students taking the SAT receive a 
critical reading score, a mathematics score, and a 
writing score. The average total score of the students 
from the class of 2012 was 1498. The average math 
score exceeded the average reading score by 18 points. 
The average math score was 470 points less than the 
sum of the average reading and writing scores. Find 
the average score on each part of the test. 


Source: College Board 


3. Triangle Measures. Intriangle ABC, the measure 
of angle B is three times that of angle A. The measure 
of angle Cis 20° more than that of angle A. Find the 
measure of each angle. 


5. The sum of three numbers is 55. The difference of the 
largest and the smallest is 49, and the sum of the two 
smaller numbers is 13. Find the numbers. 


For Extra Help 


MyMath Lab’ PRACTICE WATCH = REVIEW 


MathXL’ = pp 


a)x=y+z+60 
b) x =y+z-60 
c)x+y+z= 60 
d)x-—y+z=60 


2. Fat Content of Fast Food. A meal at McDonald’s 


consisting of a Big Mac, a medium order of fries, and 
a 21-oz vanilla milkshake contains 66 g of fat. The Big 
Mac has 11 more grams of fat than the milkshake. The 
total fat content of the fries and the shake exceeds 
that of the Big Mac by 8 g. Find the fat content of each 
food item. 


Source: McDonald's 


im lovin’ it » | 


. Triangle Measures. In triangle ABC, the measure of 


angle B is twice the measure of angle A. The measure 
of angle Cis 80° more than that of angle A. Find the 
measure of each angle. 


. History. Find the year in which the first U.S. 


transcontinental railroad was completed. The 
following are some facts about the number. The sum 
of the digits in the year is 24. The ones digit is 1 more 
than the hundreds digit. Both the tens and the ones 
digits are multiples of 3. 
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7. Smoothies. 


11. 


13. 


. Cholesterol Levels. 


Jamba Juice sells fruit and veggie 
smoothies in three sizes: a 16-oz “Sixteen,” a 22-0z 
“Original,” and a 30-0z “Power.” A Sixteen smoothie 
sells for $3.90, an Original smoothie for $4.90, 

and a Power smoothie for $5.70. One hot summer 
afternoon, Elliot sold 34 smoothies for a total of $163. 
In all, he sold 752 oz of smoothies. How many of each 
size did he sell? 


Source: Jamba Juice 


Recent studies indicate that a 
child’s intake of cholesterol should be no more than 
300 mg per day. By eating 1 egg, 1 cupcake, and 1 slice 
of pizza, a child consumes 302 mg of cholesterol. If 
the child eats 2 cupcakes and 3 slices of pizza, he or 
she takes in 65 mg of cholesterol. By eating 2 eggs and 
1 cupcake, a child consumes 567 mg of cholesterol. 
How much cholesterol is in each item? 


8. 


10. 


Coffee. AStarbucks® store on campus sells coffee in 
three sizes: a 12-0z tall, a 16-o0z grande, and a 20-0z 
venti. A tall coffee sells for $1.75, a grande coffee for 
$1.95, and a venti coffee for $2.25. One morning, 
Brandie served 50 coffees for a total of $98.70. She 
made the coffee in 80-0z batches, and used exactly 

10 of the batches during the morning. How many of 
each size did she sell? 


Source: Starbucks® 


Book Sale. Katie, Rachel, and Logan went together 


to a library book sale. Katie bought 22 children’s 
books, 10 paperbacks, and 5 hardbacks for a total 

of $63.50. Rachel bought 12 paperbacks and 15 
hardbacks for a total of $52.50. Logan bought 8 
children’s books and 6 hardbacks for a total of $29.00. 
How much did each type of book cost? 


Automobile Pricing. Arecent basic model ofa 
particular automobile had a price of $14,685. The 
basic model with the added features of automatic 
transmission and power door locks was $16,070. 
The basic model with air conditioning (AC) and 
power door locks was $15,580. The basic model 
with AC and automatic transmission was $15,925. 
What was the individual cost of each of the three 
options? 


Veterinary Expenditure. Thesum ofthe average 
amounts Americans spent, per animal, for veterinary 
expenses for dogs, cats, and birds in a recent year was 
$290. The average expenditure per dog exceeded the 
sum of the averages for cats and birds by $110. The 
amount spent per cat was nine times the amount 
spent per bird. Find the average amount spent on 
each type of animal. 


Source: American Veterinary Medical Association 
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12. 


14, 


Computer Pricing. Lindsay plans to buy anew 
desktop computer for gaming. The base price of the 
computer is $480. If she upgrades the processor and 
the memory, the price of the computer is $745. If she 
upgrades the memory and the graphics card, the price 
of the computer is $690. If she upgrades the processor 
and the graphics card, the price of the computer is 
$805. What is the price of each upgrade? 


Nutrition Facts. A meal at Subway consisting of a 
6-in. turkey breast sandwich, a bowl of minestrone 
soup, and a chocolate chip cookie contains 580 
calories. The number of calories in the sandwich is 
20 less than in the soup and the cookie together. The 
cookie has 120 calories more than the soup. Find the 
number of calories in each item. 


Source: Subway 
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15. Nutrition. 


17. Investments. 


19. 


A dietician in a hospital prepares meals 
under the guidance of a physician. Suppose that for 
a particular patient a physician prescribes a meal 

to have 800 calories, 55 g of protein, and 220 mg of 
vitamin C. The dietician prepares a meal of roast 
beef, baked potato, and broccoli according to the 
data in the following table. How many servings of 
each food are needed in order to satisfy the doctor’s 
orders? 


16. Nutrition. 


Repeat Exercise 15 but replace the 
broccoli with asparagus, for which one 180-g serving 
contains 50 calories, 5 g of protein, and 44 mg of 
vitamin C. Which meal would you prefer eating? 


de 


Roast 
beef, 30z | 


Baked 
potato 


Broccoli, 
156 g 


Golf. Onan 18-hole golf course, there are par-3 
holes, par-4 holes, and par-5 holes. A golfer who 
shoots par on every hole has a total of 70. There are 
twice as many par-4 holes as there are par-5 holes. 
How many of each type of hole are there on the golf 
course? 


i CALORIES 


A business class divided an imaginary 
investment of $80,000 among three mutual funds. 
The first fund grew by 2%, the second by 6%, and the 
third by 3%. Total earnings were $2250. The earnings 
from the first fund were $150 more than the earnings 
from the third. How much was invested in each 

fund? 


18. 


20. 
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PROTEIN 
(in grams) 
ge —— | 


VITAMIN C 


Student Loans. Terrence owes $32,000 in student 
loans. The interest rate on his Perkins loan is 5%, the 
rate on his Stafford loan is 4%, and the rate on his 
bank loan is 7%. Interest for one year totaled $1500. 
The interest for one year from the Perkins loan is $220 
more than the interest from the bank loan. What is 
the amount of each loan? 


Basketball Scoring. The New York Knicks once 

scored a total of 92 points on a combination of 2-point 
field goals, 3-point field goals, and 1-point foul shots. 
Altogether, the Knicks made 50 baskets and 19 more 
2-pointers than foul shots. How many shots of each kind 
were made? 
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21. Lens Production. When Sight-Rite’s three polishing 22. Telemarketing. Steve, Teri, and Isaiah can process 


machines, A, B, and C, are all working, 5700 lenses 740 telephone orders per day. Steve and Teri together 
can be polished in one week. When only A and B are can process 470 orders, while Teri and Isaiah together 
working, 3400 lenses can be polished in one week. can process 520 orders per day. How many orders can 
When only B and C are working, 4200 lenses can each person process alone? 


be polished in one week. How many lenses can be 
polished in a week by each machine alone? 


Skil] Maimtemance occ cece cesses eve seebevebtestseiestieisistisisissitisisitissisitetsisseeesteeeeseeen 
Graph each function. [2.2c] 


23. f(x) = 2x — 3 24. g(x) = |x + 1| 25. h(x) = x* — 2 
y vy J. 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
> > > 
7574-37271) 123 45 x 7574737271) 123 45 x T5r4—372-1) 123 45 x 
-2 -2 -2 
3 -3 -3 
-4 -4 -4 
+5 —5 +5 


Determine whether each of the following is the graph ofafunction. [2.2d] 
26. YA 27. YA 28. YA 


= is 
x x x 
SVPUCIVCSES: gpicccceiesScxhvscecdesac'geeaiwansia colaicaieisinnsnneciass eosentianansnéveneseeitarlonsedesovanicGeancrpleoiboandsaiussnoecsiusendurannededeascord 
29. Find the sum of the angle measures at the tips of the 30. Sharing Raffle Tickets. Hal gives Tom as many 
star in this figure. raffle tickets as Tom has and Gary as many as Gary 
has. In like manner, Tom then gives Hal and Gary as 
a many tickets as each then has. Similarly, Gary gives 
Hal and Tom as many tickets as each then has. If each 
é P finally has 40 tickets, with how many tickets does 
Tom begin? 
D ic 
31. Digits. Finda three-digit positive integer such that 32. Ages. Tammy’s age is the sum of the ages of Carmen 
the sum ofall three digits is 14, the tens digit is 2 more and Dennis. Carmen’s age is 2 more than the sum 
than the ones digit, and if the digits are reversed, the of the ages of Dennis and Mark. Dennis’s age is four 
number is unchanged. times Mark’s age. The sum of all four ages is 42. How 


old is Tammy? 
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Systems of Inequalities 
in Two Variables 


A graph of an inequality is a drawing that represents its solutions. An 
inequality in one variable can be graphed on the number line. An inequal- 
ity in two variables can be graphed on a coordinate plane. 

A linear inequality is one that we can get from a related linear equa- 
tion by changing the equals symbol to an inequality symbol. The graph of 
a linear inequality is the half-plane on one side of the graph of the related 
equation. The graph sometimes includes the graph of the related line at the 
boundary of the half-plane. 


SOLUTIONS OF INEQUALITIES 
IN TWO VARIABLES 


The solutions of an inequality in two variables are ordered pairs. 


EXAMPLES Determine whether the ordered pair is a solution of the in- 
equality 5x — 4y > 13. 


1, (3,2) 
5x — 4y > 13 
5(-3) — 4-2 ? 13. Weuse alphabetical order to replace x 
=15 = 8 with —3 and y with 2. 


=23) FALSE 


Since —23 > 13 is false, (—3, 2) is not a solution. 


2. (4, -3) 
5x — 4y > 13 
5(4) — 4(-3) 213 Replacing x with 4 and y with —3 
20 + 12 
32 TRUE 


Since 32 > 13 is true, (4, —3) is a solution. 


Do Margin Exercises 1 and 2 on the following page. > 


Db | GRAPHING INEQUALITIES 
IN TWO VARIABLES 


Let’s visualize the results of Examples 1 and 2. The equation 5x — 4y = 13 
is represented by the dashed line in the following graphs. 


~Nota 
‘solution © 


e 
(-3, 2) 5 


-5-4-3-2-1 


OBJECTIVES 


| Determine whether an 
ordered pair of numbers is a 
solution of an inequality in 
two variables. 


|b] Graph linear inequalities in 
two variables. 


C | Graph systems of linear 
inequalities and find 
coordinates of any vertices. 


SKILL TO REVIEW 


Objective 2.5a: Graph linear 
equations using intercepts. 


Find the intercepts. Then 
graph the equation. 


1. 3x — 2y = 6 


Answers 


Answers to Skill to Review Exercises 1 and 2 are 


on p. 296. 
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1. Determine whether (1, —4) isa 
solution of 4x — 5y < 12. 
4x — 5y < 12 


i eae 
2 


2. Determine whether (4, —3) isa 
solution of 3y — 2x = 6. 


3y — 2x =6 


ae 
2 


Answers 


Skill to Review: 


3x - 2y=6 aa y= 
Margin Exercises: 
1. No 2. Yes 
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The solutions of the inequality 5x — 4y > 13 are shaded below that dashed 
line. As shown in the graph on the left at the bottom of the preceding page, 
the pair (—3, 2) is not a solution of the inequality 5x — 4y > 13 and is not 
in the shaded region. 

The pair (4, —3) is a solution of the inequality 5x — 4y > 13 andisin 
the shaded region. See the graph on the right at the bottom of the preced- 
ing page. 

We now consider how to graph inequalities. 


EXAMPLE 3 Graph: y < x. 


We first graph the line y = x. Every solution of y = x is an ordered pair 
like (3, 3), where the first and second coordinates are the same. The graph 
of y = xis shown in Figure 1. We draw it dashed because these points are 
not solutions of y < x. 


x 

A 
5 4 
a ena ll 
3 Ss 
| (2,2), 7 (3, 3) 


S. 
(0,0) 20, ) 
123 4 5 x 


2 


-2 4.2 e 
(-3 =3),7 : Z i (2)>2) 
7 z © 
7 2-3” *(3, 4) 
ft —5 f e —5 
¥ z 
FIGURE 1 FIGURE 2 


Now look at the graph in Figure 2. Several ordered pairs are plotted on 
the half-plane below y = x. Each is a solution of y < x. We can check the 
pair (4, 2) as follows: 


y<x 
J 
2 2 4 TRUE 


It turns out that any point on the same side of y = x as (4, 2) is also a so- 
lution. Thus, if you know that one point in a half-plane is a solution of an 
inequality, then all points in that half-plane are solutions. In this text, we 
will usually indicate this by color shading. We shade the half-plane below 
y = x, as shown in Figure 3. 


VA 
a 
5 4 : 
Z For any point 
4 4 here, y = x. 
3 Bea 
2 yo 
uk 3 
— (4, ) 


# 
-5-4-3-2-14 
fal 


For any point 


‘a re Ge Sy : here, y <x. 
fi Sie ae 
Lo PAN erase ine Yaa eters : 
y=) *(3, -4) 
vr Oo 5h PSone 
FIGURE 3 O 


EXAMPLE 4 Graph: 8x + 3y = 24. 


First, we sketch the line 8x + 3y = 24. Points on the line 8x + 3y = 24 
are also in the graph of 8x + 3y = 24, so we draw the line solid. This indi- 
cates that all points on the line are solutions. The rest of the solutions are 
in the half-plane either to the left or to the right of the line. To determine 
which, we select a point that is not on the line and determine whether it is a 
solution of 8x + 3y = 24. We try (—3, 4) asa test point. 


8x + 3y = 24 
8(—3) + 3(4) 2 24 Using (—3, 4) as a test point 
—24 + 12 
—12 FALSE 


We see that —12 = 24 is false. Since (—3, 4) is not a solution, none 
of the points in the half-plane containing (—3, 4) is a solution. Thus the 
points in the opposite half-plane are solutions. We shade that half-plane 
and obtain the graph shown at right. OC 


To graph an inequality in two variables: 


1. Replace the inequality symbol with an equals sign and graph 
this related equation. This separates points that represent solu- 
tions from those that do not. 


2. Ifthe inequality symbol is < or >, draw the line dashed. If the 
inequality symbolis = or =, draw the line solid. 


3. The graph consists of a half-plane that is either above or below or 
to the left or to the right of the line and, if the line is solid, the line 
as well. To determine which half-plane to shade, choose a point 
not on the line as a test point. Substitute to determine whether 
that point is a solution. If so, shade the half-plane containing that 
point. If not, shade the opposite half-plane. 


EXAMPLE 5 Graph: 6x — 2y < 12. 


1. We first graph the related equation 6x — 2y = 12. 

2. Since the inequality uses the symbol <, points on the line are not 
solutions of the inequality, so we draw a dashed line. 

3. To determine which half-plane to shade, we consider a test point not on 
the line. We try (0, 0) and substitute: 


6x — 2y < 12 
6(0) — 2(0) ? 12 
0-0 
0 TRUE 


Since the inequality 0 < 12 is true, the point (0, 0) is a solution; each 
point in the half-plane containing (0, 0) is a solution. Thus each point 
in the opposite half-plane is not a solution. The graph is shown at the 
top of the following page. 
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Graph. 
3. 6x — 3y < 18 


—§—4-3-2-1 12345 x 


4, 4x + 3y = 12 res 


1. Graph the related equation 
4x + 3y 12. 

2. Since the inequality 
symbolis =, drawa 

line. 


dashed/solid 
3. Try the test point (0, 0). 


4be ar Sy 2 12 
4(0) + 3( ) @ 
0 FALSE 
(0, 0) is not a solution, 


so we shade the opposite 
half-plane. 


Answers 
3. YA 


4x + 3y=12 
Guided Solution: 
4, =, solid, 0 
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< Do Exercises 3 and 4. 


EXAMPLE 6 Graphx > —3onaplane. 


There is a missing variable in this inequality. Ifwe graph the inequality 
on the number line, its graph is as follows: 


<TH 


-4-3-2-1 012 3 4 5 


However, we can also write this inequality as x + Oy > —3 and consider 
graphing it in the plane. We first graph the related equation x = —3 in the 
plane. We draw the boundary with a dashed line. The rest of the graph is a 
half-plane to the right or to the left of the line x = —3. To determine which, 
we consider a test point, (2, 5). 


x + Oy > —3 

ian neil 

2+ 0(5) ? -3 
2 TRUE 


Since (2, 5) is a solution, all the points in the half-plane containing (2, 5) 
are solutions. We shade that half-plane. 


YA 
t 
C5 lercca @ nay ae 
Cale OP 
| a : 
F 2 
I 
ia 
—-5 -4 Teoh i 2 3 4 5 x 
[- i ana Bre 
I. “Bf x > 3 
[Ieee crers Seyi oe can 
es 
v 8 


EXAMPLE 7 Graphy = 4onaplane. 
We first graph y = 4 using a solid line. We then use (—2,5) as a test 
point and substitute inOx + y = 4. 
Ox+ys4 
0(-2) +524 
O+ 5 


5 FALSE 


We see that (—2, 5) is nota solution, so all the points in the half-plane con- 
taining (—2, 5) are not solutions. Thus each point in the opposite half-plane 
is a solution. 


i ah ey Se ss 
te a x 


Do Exercises 5 and 6. D> 


et SYSTEMS OF LINEAR INEQUALITIES 


The following is an example of a system of two linear inequalities in two 
variables: 


x+y =4, 

x-y<4. 
A solution of a system of linear inequalities is an ordered pair that is a solu- 
tion of both inequalities. To graph solutions of systems of linear inequali- 
ties, we graph each inequality and determine where the graphs overlap, or 


intersect. That will be a region in which the ordered pairs are solutions of 
both inequalities. 


EXAMPLE 8 Graph the solutions of the system 
x+y 4, 
x-y<4. 
We graph x + y = 4by first graphing the equation x + y = 4 usinga 
solid red line. We consider (0, 0) as a test point and find that it is a solution, 
so we shade all points on that side of the line using red shading. (See the 


graph on the left below.) The arrows near the ends of the line also indicate 
the half-plane, or region, that contains the solutions. 


Answers 

5. Vr 
uN 
4 I 
1 
2 1 
1 
—4 -2 21 
2) | 
1 
“4 i 
v 

x<3 
6. VA 


Graph on a plane. 


5.x <3 


12345 


SECTION 3.7. Systems of Inequalities in Two Variables 


299 


8. Graph: -3 =y< 4. 


300 CHAPTER 3 


Systems of Equations 


Next, we graph x — y < 4. We begin by graphing the equation x — y = 4 
using a dashed blue line and consider (0, 0) as a test point. Again, (0,0) isa 
solution so we shade that side of the line using blue shading. (See the graph on 
the right at the bottom of the preceding page.) The solution set of the system 
is the region that is shaded both red and blue and part of the line x + y = 4. 


< Do Exercise 7. 


EXAMPLE 9 Graph: -—2<x=5. 
This is actually a system of inequalities: 
—2<4X, 
x =-5, 
We graph the equation —2 = x and see that the graph of the first inequal- 
ity is the half-plane to the right of the line —2 = x. (See the graph on the 
left below.) 
Next, we graph the second inequality, starting with the line x = 5, and 


find that its graph is the line as well as the half-plane to the left of it. (See the 
graph on the right below.) Then we shade the intersection of these graphs. 


rN y re 
pS 


hy [eae onion come cette 


ae 
peorat 


peste am 
™. 


< Do Exercise 8. 


A system of inequalities may have a graph that consists of a polygon 
and its interior. In linear programming, which is a topic rich in application 
that you may study in a later course, it is important to be able to find the 
vertices of such a polygon. 


EXAMPLE 10 Graph the following system of inequalities. Find the coor- 
dinates of any vertices formed. 
6x — 2y= 12, (J) 
y-3=0, (2) 
xt+y=0 (3) 
We graph the lines 6x — 2y = 12,y — 3 = 0,andx + y = Ousing solid 
lines. The regions for each inequality are indicated by the arrows at the 


ends of the lines. We then note where the regions overlap and shade the 
region of solutions using one color. 


To find the vertices, we solve three different systems of equations. The 
system of equations from inequalities (1) and (2) is 
6x - 2y=12, (I) 


=3 = 0. (2) 
7 9. Graph the system of 


Solving, we obtain the vertex (3, 3). inequalities. Find the 
The system of equations from inequalities (1) and (3) is coordinates of any vertices 
6x — 2y = 12, (1) formed. 
5x + 6y = 30, 
x+y=0. (3) 
0O=ys3, 
Solving, we obtain the vertex 3, —3). O<x<4 


The system of equations from inequalities (2) and (3) is 
y—3=0, (2) 
xt+y=0. (3) 


Solving, we obtain the vertex (—3, 3). 


Do Exercise 9. D 
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EXAMPLE 11 Graph the following system of inequalities. Find the coor- 
dinates of any vertices formed. 
x+y=16, (1) 
3x + 6y = 60, (2) 
x=0, (3) 
y=0 (4) 
We graph each inequality using solid lines. The regions for each in- 


equality are indicated by the arrows at the ends of the lines. We then note 
where the regions overlap and shade the region of solutions using one color. 


(16, 0) 


To find the vertices, we solve four different systems of equations. The 
system of equations from inequalities (1) and (2) is 
x+y= 16, (1) 
3x + 6y = 60. (2) 
Solving, we obtain the vertex (12, 4). 
The system of equations from inequalities (1) and (4) is 


x+y= 16, (1) 
10. Graph the system of 


= 0. 4 
inequalities. Find the y 4) 
coordinates of any vertices Solving, we obtain the vertex (16, 0). 
formed. The system of equations from inequalities (3) and (4) is 
pane sory =o (3) 
x+ys3, 
= 0. 4 
aa y (4) 
y=0 The vertex is (0, 0). 


The system of equations from inequalities (2) and (3) is 
3x + 6y= 60, (2) 
x= 0. (3) 


—§—4—3-2-1 


A Solving, we obtain the vertex (0, 10). 


12.3.4.5.00 x 


< Do Exercise 10. 


Answer 


10. 


2 
(0, 0)-2|(3, 6 
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Visualizing 
for Success 


Match the equation, inequality, system of 
equations, or system of inequalities with its 
graph. 


ll, gear Wy = =a), 
sear y = =e 

o Ase ar BY 2 10) 

0 Bie = 2 = 8 

o Be = yy = 110) 

0 =A S @ 

o Se = By = 10) 


> 256 = NO) 


. 5x + 2y < 10, 
2x — 5y > 10 


5 pe 2 — Il) 


bi = 2 & 


Answers on page A-12 


3.7 


[vf Reading Check 


Choose from the column on the right the word that best completes each statement. 


RCl. 


RC2. 


RCG3. 
RC4. 


RCS. 


RC6. 


For Extra Help 


MyMathLab* 


PRACTICE 


A(n) of an inequality is a drawing equation 

that represents its solutions. graph 

The sentence 4x — y < 3isanexample ofa half-plane 

linear inequality 

The graph of 4x — y < 3is a(n) solution 
test 


The ordered pair (1, 6) is a(n) 


of 4x —y < 3. 


For 4x — y < 3, the related 


is 


4x —y =3. 


To determine which half-plane to shade when graphing 


an inequality, we can use a(n) 


point. 


MathXL? 


WATCH 


a | Determine whether the given ordered pair is a solution of the given inequality. 


1. (—3,3); 3x +y < —5 


Db | Graph each inequality on a plane. 


2. (6,—8); 4x + 3y = 0 


3. (5,9); 2x -y > -1 


READ 


REVIEW 


4. (5,—-2); by —x > 2 


5. y > 2x 6. y < 3x te V Sx 1 8 ys=x-3 
YA YA YA aN 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> 
eee ee eee ee ee ee ee -§-4-3-2-1,[123.45 x ~5-4-3-2-1,[ 1 2 3.4 5 
~2 -2 : 2 -2 
23 13 3 -3 
-4 +4 4 +4 
-5 -5 65 -5 
9S y>x-2 10.y2x+4 llxt+y<4 12,.x-y23 
YA yA YA y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 uy 1 
Rh A Ree ee oe reer oetaedeL |icthied a authes bud emcee ee Oe tee ae a 7974737271 )). 1.2.3.4 5 
-2 +2 : -2 +2 
+3 “3 +3 +8 
=4 -4 -4 -4 
“5 +5 +5 +5 
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13. 3x + 4y = 12 14. 2x + 3y < 6 15. 2y — 3x > 6 16. 2y-—x=4 
y YA yA yA 
5 5 5 5 
4 4 4 4 
3 3. 3 3 
2: 2 2 2. 
1 1 1 1 
> > > 
wor4c3r2chyfo42. 3.4.50 x T5473 r271 jf 2. 38 4.5 x a ce ee Bm oe ear ee on Oe ee ee Se cen ae 
9 2 +2 2 
+3 +3 +3 +3 
| -4 4 4 
<5 5 5 —5 
17. 3x —-255x+y 18. 2x — 2y = 8 + 2y 19.x <5 20. y= -2 
v y. y y 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2: 2 2 2. 
1 1 1 1 
> 
~er4c8c2chy| 12 3.4 8 ek $-4-3-2-1)] 12.3.4 5 x T5473 7271 yf] 12 3.4.5 0 x Tor4c372ch yf 42.34.50 x 
=2 -2 2 -2 
-3 -3 -3 =3 
=4 -4 “4 -4 
5 5 -5 +5 
21. y>2 22.x= —-4 23. 2x + 3y = 6 24. 7x + 2y = 21 
VA VA VA VA 
5 5 5 5 
4 4 4 4 
3: 3 3 2: 
2 2. 2 2. 
1 1 1 1 
~574737271)).1.2.3.4 50 x 7574737271 )/.1.2.3.4 5. x Fe ford (Oe AO i ~$74—372-1)/ 1.2.3.4 5 x 
2 —2 2 2 
“3 -3 +3 3 
4 4 —4 4 
5 5 +5 -—5 
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Matching. Each of Exercises 25-30 shows the graph of an inequality. Match the graph with one of the appropriate 
inequalities (A)-(F) that follow. 


25. yA 26. 


x 


WV 


28. YA 29. YA 30. y 
4 be Beet Aa 
3 “SF ee 
2 Pago 
i 1 
w8r45385221)).1.2.3.4.5. % % ta See a a OD 
-2 ba 
+3: 
+4 
-5 
A. 4y > 8 — 3x B. 3x 25y-15 CGy+xs-3 Dx>1 E. y= -3 F. 2x — 3y < 6 
be Graph each system of inequalities. Find the coordinates of any vertices formed. 
31. y= x, 32. y=X, 33. y > x, 34. y< x, 
ys -xt+2 yso-x+4 yo-x+1 yorx+3 
VA y YH VA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
a il 1 af 
w5r4c3725Ly).1.2.3.4.5 % ek neat Se wor4csr2chy| 2848 x w$24535221))..1.2.3.4.5 
+2 22 +2 +2 
+3 =3 +3 +3 
+4 -4 +4 +4 
+5 =5 -5 -5 
35..X% = 3; 36. x = -2, 37x by =, 38. x+y 33, 
Y= -3xer 2 ye -2x+3 Ky S2 x-ys4 
YA y YA yA 
10. 10 5 5 
8 8 4 4 
6 6 3 3 
4 4 2 2 
2 2 1 1 
> > > 
~l0-8-6 4-24] 2.4.6 810 Xx ~l0-8-6 4-2] 2.4.6 810 x 7874737271 )|.1.2.3.4 5.5 % =$-473-2-1)|.1.2.3.4 5 
4 +4 +2 +2 
-6 -6 +3 +3 
-8 -8 -4 +4 
—10 —10 +5 -5 
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39. ys 2x +1, 40. x-ys2, 41. x + 2y = 12, 42, y—-x21, 
y2-2x + 1, x + 2y = 8, 2ax+ y= 12, y-xs3, 
x2 ys4 x20, 22 4°55 
y=0 
yA YA y y 
5 10 10 10 
4 8 8 8 
3 6 6 6 
2 4 4 4 
1 2 2 2 
> ~ 
<5-4-3-9-1,[1.2.38.4.5. % -Mr8-6-4-2,| 2 4 6 Bo sl0-8-6-4-2|. 2.4.6 8.10% = 0-8-6 -4-2,| 2-4 6 B10 
: 2 Hp oon -4 -4 
-3 -6 —6 -6 
L4 PB dorian aatiaid ~8 —8 
5 -10 -10 -10 
SHAG WW AUNGS ATI CS ca siscccisccssesccasici den cvaseicecnsesnss eo cnssiccedous avasn iene iasuts sheet csobawrasbashasnebnediapneabistedioun isdn 
Solve. [1.1d] 
43. 5(3x — 4) = —2(x + 5) 44, 4(3x + 4) =2-x 
45. 2(x — 1) + 3(x — 2) — 4(x — 5) = 10 46. 10x — 8(3x — 7) = 2(4x — 1) 
47. 5x + 7x = —144 48. 0.5x — 2.34 + 2.4x = 7.8x — 9 
Given the function f(x) = |2 — x|, find each of the following function values. [2.2b] 
49. f(0) 50. f(-1) 51. f (10) 52. f (2a) 
NN aa icacarcicicnadsciapaatontee tes cider g reece tec esha tae ene ge et eied eae aoe eee 
53. Waterfalls. In order for a waterfall to be classified as 54. Exercise Danger Zone. It is dangerous to exercise 
a classical waterfall, its height must be less than twice when the weather is hot and humid. The solutions of 
its crest width, and its crest width cannot exceed the following system of inequalities give a “danger 
one-and-a-half times its height. The tallest waterfall zone” for which it is dangerous to exercise intensely: 
in the world is about 3200 ft high. Let h represent a 4H — 3F < 70, 
waterfall’s height, in feet, and w the crest width, in F+H> 160 
feet. Write and graph a system of inequalities that : 
represents all possible combinations of heights and 2F + 3H > 390, 
crest widths of classical waterfalls. where F is the temperature, in degrees Fahrenheit, 
and H is the humidity. 
a) Draw the danger zone by graphing the system of 
inequalities. 
b) Is it dangerous to exercise when F = 80° and 
H = 80%? 
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CHAPTER 


ree Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the line 
right. Some of the choices may be used more than once and some may not half-plane 
be used at all. ; 
. . . . . independent 
1. Asolution of a system of two equations in two variables is an ordered 
that makes both equations true. [3.1a] dependent 
’ ; istent 
2. A(n) system of equations has atleast one solution. [3.1a] eins 
inconsistent 
3. Asolution of a system of three equations in three variables is an . 
ordered that makes all three equations true. [3.5a] io 
triple 


4. If, for a system of two equations in two variables, the graphs 
of the equations are different lines, then the equations are 
[3.1a] 


5. The graph of an inequality like x > 2y is a(n) 
[3.7b] 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. Asystem of equations with infinitely many solutions is inconsistent. [3.1a] 


2. Itis not possible for the equations in an inconsistent system of two equations 
tobe dependent. [3.1a] 


3. When (0, b) is a solution of each equation in a system of two equations, the 
graphs of the two equations have the same y-intercept. [3.1a] 


4. The system of equations x = 4andy = —4isinconsistent. [3.1a] 


Study Guide 


Objective 3.1a Solve a system of two linear equations or two functions by graphing and determine 
whether a system is consistent or inconsistent and whether the equations ina 
system are dependent or independent. 


Example Solve this system of equations graphically. : Practice Exercise 

Then classify the system as consistent or inconsistent D4 Solve this system of equations graphically. Then 

and the equations as dependent or independent. classify the system as consistent or inconsistent 
x-y=3, : and the equations as dependent or independent. 
y=2x—-4 x+ 3y=1, 


We graph the equations. The 
point of intersection appears to 
be (1, —2). This checks in both 
equations, so it is the solution. 
The system has one solution, 
so it is consistent and the 
equations are independent. 


xt yH=s 
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Objective 3.2a Solve systems of equations in two variables by the substitution method. 


Example Solve the system Practice Exercise 


x-2y=1, (1) : 2, Solve the system 
2x — 3y=3. (2) : 2x+ y= 2, 
We solve equation (1) for x, since the coefficient of : 3x + 2y=5 


x is 1 in that equation: 
x—-2y=1 
x=2y+1. (3) 
Next, we substitute for x in equation (2) and solve for y: 
2x — 3y = 3 
2(2y + 1) - 3y =3 
4y+2—-3y=3 
yt2=3 
y=l. 
Then we substitute 1 for y in equation (1), (2), or (3) 


and find x. We choose equation (3) since it is already 
solved for x: 


KH 2y 7 LSH2eler Laas 1 = 3 


Check: x—-2y=1 2x — 3y = 3 
3-2-1721 PE aoa ih ea ae 
3S 2 6-3 
1 TRUE 3 TRUE 


The ordered pair (3, 1) checks in both equations, so it 
is the solution of the system of equations. 


Objective 3.3a Solve systems of equations in two variables by the elimination method. 


using the substitution method. 


Example Solve the system Practice Exercise 
2a+ 3b=—1, (1) 3. Solve the system 
3a + 2b = 6. (2) 2x + 3y = 5, 
We could eliminate either a or b. In this case, we : 3x + 4y = 6 


decide to eliminate the a-terms. We multiply equation (1) 


ing the eliminati thod. 
by 3 and equation (2) by —2 and then add and solve ener pe rae eee 


for b: 
6a+ 9b= —3 
—6a — 4b = —12 
5b = -15 
= -3. 
Next, we substitute —3 for b in either of the original 
equations: 


2a+3b=-1 (1) 
2a + 3(-3) = -1 


2a-9=—-l1 
2a = 8 
a=A., 


The ordered pair (4, —3) checks in both equations, so it 
is a solution of the system of equations. 
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Objective 3.4a Solve applied problems involving total value and mixture using systems of two equations. 


Example _ To start a small business, Michael took two : Practice Exercise 
loans totaling $18,000. One of the loans was at 7% inter- 
est and the other at 8%. After one year, Michael owed 
$1365 in interest. What was the amount of each loan? 


4. Jaretta made two investments totaling $23,000. 
In one year, these investments yielded $1237 in 
simple interest. Part of the money was invested at 


1. Familiarize. We let x and y represent the 6% and the rest at 5%. How much was invested at 


amounts of the two loans. Next, we organize the : each rate? 
information in a table and use the simple interest 
formula, J = Prt. 


PRINCIPAL x y $18,000 


RATE OF 
INTEREST 7% 8% 


1 year 1 year 


NAAM §=67%x,or | 8%y, or 
0.07x 0.08y | $1365 


2. Translate. The total amount of the loans is 
found in the first row of the table. This gives us 
one equation: 


x+y = 18,000. 


From the last row of the table, we see that the 
interest totals $1365. This gives us a second 
equation: 


0.07x + 0.08y = 1365. 

3. Solve. We solve the resulting system of equations: 
x + y = 18,000, (1) 
0.07x + 0.08y = 1365. (2) 


We multiply by —0.07 on both sides of equation (1) 
and add: 


—0.07x — 0.07y = —1260 
0.07x + 0.08y = 1365 (2) 
0.0ly= 105 Adding 
y = 10,500. Solving for y 


Then 
x + 10,500 = 18,000 Substituting 10,500 
for y in equation (1) 
x = 7500. Solving for x 
We find that x = 7500 and y = 10,500. 

4. Check. The sum is $7500 + $10,500, or $18,000. 
The interest from $7500 at 7% for one year is 
7%($7500), or $525. The interest from $10,500 at 
8% for one year is 8%($10,500), or $840. The total 
amount of interest is $525 + $840, or $1365. The 
numbers check in the problem. 

5. State. Michael took loans of $7500 at 7% interest 
and $10,500 at 8% interest. 
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Objective 3.5a Solve systems of three equations in three variables. 


Example Solve: : Practice Exercise 


x- y- z=-2, (I) : 5. Solve: 

2x+ 3y+ z=3, (2) x- yr Z 

5x — 2y-2z=-1. (3) : Qx+ yt 2z 
The equations are in standard form and do not 4x + 2y — 3z 


contain decimals or fractions. We choose to eliminate z 
since the z-terms in equations (1) and (2) are 
opposites. 

First, we add these two equations: 


LS yy ZS 2 
2x+ 3y+z= 3 
3x + 2y = 1 (4) 
Next, we multiply equation (2) by 2 and add it to 
equation (3) to eliminate z from another pair of 


equations: 
4x + 6y + 2z= 6 
5x — 2y — 2z=—1 
9x + 4y = 5. (5) 


Now we solve the system consisting of equations (4) 
and (5). We multiply equation (4) by —2 and add: 


—6x — 4y = -2 
9x + 4y= 5 
3x = 3 

x= UL 


Then we use either equation (4) or (5) to find y: 
3x + 2y=1 (4) 


3°1+2y=1 
3+ 2y=1 
2y = —2 
y=-l. 


Finally, we use one of the original equations to find z: 
2x + 3y+z2=3 (2) 
2°1+3(-l)+z= 


-1+2z=3 
z= 
Check: 
x-y-Zz=-2 2x + 3y+z=3 
LH(<j8 2-42 2644 3-4) aes 
1+1-4 2=3° 4 
=2 TRUE 3 TRUE 


5x: 2y = 22S 1 
52> 2-1) > 24 = 
5+2-8 
—1 TRUE 


The ordered triple (1, —1, 4) checks in all three 
equations, so it is the solution of the system of equations. 
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Objective 3.7b Graph linear inequalities in two variables. 


Example Graph: 2x+ y= 4. : Practice Exercise 
First, we graph the line 2x + y = 4. The intercepts : 6. Graph: 3x — 2y > 6. 
are (0, 4) and (2, 0). We draw the line solid because the — : 
inequality symbol is =. Next, we choose atest pointnot — : 4 4 


on the line and determine whether it is a solution of the 
inequality. We choose (0, 0), since it is usually an easy 
point to use. 


axt+ys4 

ene eres 

2.°O:-+ 0.2? 4 
0 | TRUE 


Since (0, 0) is a solution, we shade the half-plane that 
contains (0, 0). 


Objective 3.7c Graph systems of linear inequalities and find coordinates of any vertices. 


Example Graph this system of inequalities and find : Practice Exercise 
the coordinates of any vertices formed: : 7, Graph this system of inequalities and find the 
x — 2y = —2, (1) coordinates of any vertices found: 
3x - y <4, (2) : x—2y<4, 
y=-l. (3) : x+ y<4, 
We graph the related equations using solid lines. x- 120. 


Then we indicate the region for each inequality by 
arrows at the ends of the line. Next, we shade the region 
of overlap. 


To find the vertices, we solve three different systems 
of related equations. From (1) and (2), we solve 


x — 2y= —2, 
3x- y=é4 
to find the vertex (2, 2). From (1) and (3), we solve 
x — 2y = -2, 
y=-l 
to find the vertex (—4, —1). From (2) and (3), we solve 
3x -—y=4, 
y=-l1 


to find the vertex (1, —1). 
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Review Exercises 


Solve graphically. Then classify the system as consistent : 13. Train Travel. A train leaves Watsonville at noon 


or inconsistent and the equations as dependent or traveling north at 44 mph. One hour later, another 
independent. [3.1a] : train, going 52 mph, travels north on a parallel 
l. 4x -—y = -9 2. 15x + l0y = —20 track. How many hours will the second train travel 
x-y=-3 3x + 2y=—4 before it overtakes the first train? —[3.4b] 

: Trains 
meet 
here 

3. y — 2x = 4, 
y-2x=5 


Solve by the substitution method. [3.2a] 


4. 2x — 3y = 5, 5. y=xt 2, 
= + -—-x= 
ee ae == 2 Solve. [3.5a] 
14. x + 2y z= 10, 15. 3x + 2y z=], 
2x- yr z=8, 2K yo se = 1, 
3. 4z = 2 3 2z = 6 
6. 7x — 4y = 6, ee ais ine al 
¥ = 38> =2 
16. 2x — 5y — 2z = —4, 17. x yt 2z=1, 
(er 2y— 52:6; x- yr z=l1, 
2x + 3y+ 2z=4 x + 2y Z=2 
Solve by the elimination method. [3.3] : 
7. x+3y = -3, 8. 3x — 5y = —4, : 18. Triangle Measure. In triangle ABC, the measure 
2x — 3y = 21 5x — 3y =4 : of angle A is four times the measure of angle C, and 


the measure of angle B is 45° more than the mea- 
sure of angle C. What are the measures of the angles 
ofthe triangle? —[3.6a] 


y=l1, 10. 1.5x — 3 = —2y, : 19. Popcorn. Paul paid a total of $49 for 1 bag of 
3x + 4y = 6 : caramel nut crunch popcorn, 1 bag of plain pop- 
y=6 : corn, and 1 bag of mocha choco latte popcorn. The 
: price of the caramel nut crunch popcorn was six 
times the price of the plain popcorn and $16 more 
than the mocha choco latte popcorn. What was the 
price of each type of popcorn? [3.6a] 


Solve. 


11. Retail Sales. Paint Town sold 45 paintbrushes, : Graph. — [3.7b] 
one kind at $8.50 each and another at $9.75 each. : 


20. 2x + 3y < 12 21.y=0 
In all, $398.75 was taken in for the brushes. How : * y y 
many of each kind were sold? [3.4a] ; YA YA 
5 5 
4 4 
3 3 
12. Orange Drink Mixtures. “Orange Thirst” is 15% : : 


orange juice and “Quencho” is 5% orange juice. How 


> > 
=5:=4—3-—2-1 123 45 x 1-5-4-3-2-1 12345 x 


many liters of each should be combined in orderto _ : rh 1 
get 10 L of a mixture that is 10% orange juice? [3.4a]_: as es 
: -4 -4 

+5. +5. 
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ae 
x: 


22xt+ty21 YA 
5 
4 
3 
2 
1 
~o74r372r1y 123 45 
+2 
+3 
4 
+5 
Graph. Find the coordinates of any vertices formed. 
[3.7¢] 
23. y= -3, 24.x+ 3y=-l, 
x22 x+3ys4 
y y 
5 5 
4 4 
3 3 
2 2 
1 1 
> 
3854535271, )12.38.4.58.5 % S743 7271 | 12 34 8 
=) +2 
=3 =3 
+4 +4 
+5 => 
25.x -ys3, y 
xt+ty2-l, 5 
y=2 4 
3 
2 
1 
> 
Tor43 5271, 123 45 x 
-2 
-3 
-4 
-5 


26. 


27. 


The sum of two numbers is —2. The sum of twice 
one number and the other is 4. One number is 
which of the following? [3.3b] 

A. —6 B. 2 

C. 6 D. 8 


Motorcycle Travel. Sally and Elliot travel on 
motorcycles toward each other from Chicago and 
Indianapolis, which are about 350 km apart, and 
they are biking at rates of 110 km/h and 90 km/h. 
They started at the same time. In how many hours 


will they meet? [3.4b] 
A. 1.75 hr B. 3.9 hr 
C. 3.2 hr D. 17.5 hr 
Synthesis 2c eee 
28. Solve graphically: [2.1d], [3.1a] 
y=x+2, YN 
y=x2 +2, 


Understanding Through Discussion and Writing 


> 
12345 :% 


1. Write a problem for a classmate to solve. Design 
the problem so the answer is “The florist sold 
14 hanging baskets and 9 flats of petunias.” 


2. Exercise 21 in Exercise Set 3.6 can be solved mentally 
after a careful reading of the problem. Explain how 


this can be done. [3.6a] 


[3.4a] 


3. 


4. 


Ticket Revenue. A pops-concert audience of 
100 people consists of adults, senior citizens, 

and children. The ticket prices are $10 each for 
adults, $3 each for senior citizens, and $0.50 each 
for children. The total amount of money taken in 
is $100. How many adults, senior citizens, and 
children are in attendance? Does there seem to 
be some information missing? Do some careful 
reasoning and explain. [3.6a] 


When graphing linear inequalities, Ron always 
shades above the line when he sees a = symbol. Is 
this wise? Why or why not? = [3.7a] 


314 CHAPTER 3. Systems of Equations 


Copyright © 2015 Pearson Education, Inc. 


CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youffi) (search “BittingerInterm” and click on “Channels”). 


Solve graphically. Then classify the system as consistent or inconsistent and the equations as dependent or independent. 


lo 5) = 888 sP 7 Bo i) = Sie ar 4b bb = ake = ©, 
She or ZY = =a! YP = eo = 2 Ce = Ay = 12 


Solve by the substitution method. 


4. 4x + 3y = —1, kh = Sy ar 2, @ sear Ziv = @, 
Vv = 2 = 7 Pag = (oy = a! Pear Oy = 7 
Solve by the elimination method. 
2 4 
tH ear BY = &, Gh sear = =2, th Sa = Sy = ly 
=i ar Sy = & 4x — 6y = -3 3 5 
It 2 
Se feat 
5) 

Solve. 

10. Tennis Court. The perimeter ofa standard tennis 11. Air Travel. An airplane flew for 5 hr with a 20-km/h 
court used for playing doubles is 288 ft. The width of tailwind and returned in 7 hr against the same wind. 
the court is 42 ft less than the length. Find the length Find the speed of the plane in still air. 
and the width. 

12. Chicken Dinners. High Flyin’ Wings charges $12 for 13. Mixing Solutions. A chemist has one solution that is 
a bucket of chicken wings and $7 for a chicken dinner. 20% salt and a second solution that is 45% salt. How 
After filling 28 orders for buckets and dinners during many liters of each should be used in order to get 20 L 
a football game, the waiters had collected $281. of a solution that is 30% salt? 

How many buckets and how many dinners did 
they sell? 


Test: Chapter 3 315 


14. Solve: 15. Repair Rates. An electrician, a carpenter, anda 
6x + 2y — 4z = 15, plumber are hired to work on a house. The electrician 
Ce iy on Se earns $21 per hour, the carpenter $19.50 per hour, 
: and the plumber $24 per hour. The first day on the 
4x — by + 3z = 8. job, they worked a total of 21.5 hr and earned a total 
of $469.50. If the plumber worked 2 hr more than 
the carpenter did, how many hours did the 


electrician work? 
Graph. Find the coordinates of any vertices formed. 
Ih, jy 2 av = 2 Ze 3% = (Oy <= (6) 
VA Y 
& cy 
4 4 
3 S 
2 2 
il 1 
> > 
Bom tae eel 1 2 so Ah ® ae eo eites eal 123 45 XG 
=v <2 
=e) a! 
—4 +4 
=o Fa 
W.x+y23, kk 2a eee 
= i) 2S 2) ar sae = =O, 
* y=9, 
cea) 
& 
4 y 
3 
2 ie 
T 4 
Se 3 
=f, || 12 Bl 2 68 2 
+2 1 
28) a 
=5=)=9=0=1L, | 1 2 3 42 8 
=4 
i5. v2 
ao) 
+4 
=o 


20. A business class divided an imaginary $30,000 investment among three funds. The first fund grew 2%, the second 
grew 3%, and the third grew 5%. Total earnings were $990. The earnings from the third fund were $280 more than the 
earnings from the first. How much was invested at 5%? 


A. $9000 B. $10,000 C. $11,000 D. $12,000 


Synthesis 


21. The graph of the function f(x) = mx + bcontains the points (—1,3) and (—2, —4). Find mand b. 
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CHAPTERS 


Cumulative Review 


Solve. 
1. 6y—5(3y-4)=10 2. -3+ 5x = 2x +15 


1 
3. A = ar*h, forh 4,L= gmk + p), for p 


iy Gps ap 6) 23 256 sp iS} (, 2 = Sshece I< 


8. |x + 1|=4 9. |8y — 3| = 15 


10. |2x + 1] = |x — 4| 


11. Find the distance between —18 and —7 on the 
number line. 


Graph on a plane. 


il 
12. 3y = 9 13. f(x) = Sh 3 


15. 3x + 5y = 15 


VK 


16. y > 3x — 4 


18. Solve graphically. Then classify the system as 
consistent or inconsistent and the equations as 
dependent or independent. 


YA 
w= YS 
Bar Sy = (0) 
Solve. 
19. 3x + 4y = 4, AA, Shear v= 2 
38 = yar 2 ss — y= 7 
7AlG Ab ae Sh = (sy, PY = War B= Il, 
Ske ar yy = 8 gn ar Sy B= & 
agar = te = 4 


Graph. Find the coordinates of any vertices formed. 


(Ry ob ar VS 8; 24, 4y — 3x = —12, 
B= VS ll 


VA 


Cumulative Review: Chapters 1-3 317 


25 


26 


. For the function f whose graph is shown below, 
determine (a) the domain, (b) the range, (c) f(—3), 
and (d) any input for which f(x) = 5. 


y 
8} e 
A|-@ 
3 
2 
el 
Ss 
Be ares] i sh 2:8 hs) a8 
e 2 
e = 


. Find the domain of the function given by 


od ee 1 


27. Given g(x) = 1 — 2x’, find g(—1), g(0), and g(3). 


28 


29 


30 


31. 


32 


. Find the slope and the y-intercept of 5y — 4x = 20. 


. Find an equation of the line with slope —3 and 
containing the point (5, 2). 


. Find an equation of the line containing the points 
(Gis) andi 315). 


Determine whether the graphs of the given lines are 
parallel, perpendicular, or neither. 


a = 2 = 4b 
4x + 2y = 1 


. Find an equation of the line parallel to 3x — 9y = 2 
and containing the point (—6, 2). 
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Solve. 


33. 


34. 


35. 


36. 


37. 


38. 


Synthesis 
39. 


40. 


Wire Cutting. Rolly’s Electric wants to cut a piece of 
copper wire 10 m long into two pieces, one of them 
two-thirds as long as the other. How should the wire 
be cut? 


Test Scores. Adam is taking a geology course in 
which there will be 4 tests, each worth 100 points. 
He has scores of 87, 94, and 91 on the first three 
tests. He must have a total of at least 360 in order to 
get an A. What scores on the last test will give Adam 
an A? 


Inventory. The Everton College store paid $2268 
for an order of 45 calculators. The store paid $9 for 
each scientific calculator. The others, all graphing 
calculators, cost the store $78 each. How many of 
each type of calculator was ordered? 


Mixing Solutions. A technician wants to mix one 
solution that is 15% alcohol with another solution that 
is 25% alcohol in order to get 30 L of a solution that is 
18% alcohol. How much of each solution should be 
used? 


Train Travel. A train leaves a station and travels west 
at 80 km/h. Three hours later, a second train leaves 
on a parallel track and travels 120 km/h. How far from 
the station will the second train overtake the first 
train? 


Utility Cost. One month Ladi and Bo spent $680 

for electricity, rent, and telephone. The electric bill 
was one-fourth of the rent and the rent was $400 
more than the phone bill. How much was the electric 
bill? 


Radio Advertising. An automotive dealer discovers 
that when $1000 is spent on radio advertising, weekly 
sales increase by $101,000. When $1250 is spent on 
radio advertising, weekly sales increase by $126,000. 
Assuming that sales increase according to a linear 
function, by what amount would sales increase when 
$1500 is spent on radio advertising? 


Given that f(x) = mx + band that f(5) = —3 when 
f(-4) = 2, find mand b. 
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CHAPTER 


4.1 Introduction to Polynomials and 
Polynomial Functions 


4.2 Multiplication of Polynomials 
4.3 Introduction to Factoring 
4.4 Factoring Trinomials: 

x? + be +c 
Mid-Chapter Review 


4.5 Factoring Trinomials: 
ax’? + bx +coa #1 


4.6 Special Factoring 


Visualizing for Success 

4.7 Factoring: A General Strategy 

4.8 Applications of Polynomial 
Equations and Functions 

Translating for Success 

Summary and Review 

Test 

Cumulative Review 


Polynomials 
and Polynomial 
Functions 


STUDYING FOR SUCCESS 


Time Management 


{_) Asarule of thumb, budget two to three hours for homework and study for every hour that you 


spend in class. 


OU OU 


calendar. 


OBJECTIVES 


a | Identify terms, degrees, and 
coefficients in polynomials; 
identify types of polynomials; 
and arrange polynomials 
in ascending order or 
descending order. 


|b | Evaluate a polynomial func- 
tion for given inputs. 


G Collect like terms in a poly- 
nomial and add polynomials. 


| Find the opposite of a 
polynomial and subtract 
polynomials. 


SKILL TO REVIEW 


Objective R.2b: Find the opposite, 
or additive inverse, of a number. 


Find the opposite. 


4 


1. — 
9 


Answers 
Skill to Review: 


4 
Teor: 25 
9 


Balance work and study carefully. Be honest with yourself about how much time you have 
available to work, attend class, and study. 


Make an hour-by-hour schedule of your week, planning time for leisure as well as work and study. 
Use your syllabus to help you plan your time. Transfer project deadlines and test dates to your 


Introduction to Polynomials 


and Polynomial Functions 


A polynomial is a particular type of algebraic expression. Some examples 
of polynomials are 


x+7, abe, 5t?—6t+1, and 7. 


EE} POLYNOMIAL EXPRESSIONS 


The following are examples of monomials: 


0, aa 3, Z, 8x, 


MONOMIAL 


A monomial is a constant or a constant times some variable or 
variables raised to powers that are nonnegative integers. 


—7y*,  4a*b3, —1.3p*q*r’. 


Expressions like these are called polynomials in one variable: 
5x*,  2y2+ 5y— 3, 5a‘ — 3a*+ ja- 8. 


Expressions like these are called polynomials in several variables: 


1 
15x*y*, a — b, 5 2 4x3z + y? + 9. 


POLYNOMIAL 


A polynomial is a monomial or a combination of sums and/or 
differences of monomials. 


The following are algebraic expressions that are not polynomials: 


e— 38 1 2 
a , ier 2e7 5 Bs ad - 
y +4 x x" —y 


(1) 


Expressions (1) and (3) are not polynomials because they represent quotients. 
In expression (2), although we can write 1/x as x ', this is not amonomial 
because the exponent is negative. 
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The terms of a polynomial are separated by + signs. The polynomial 
5x3y — 7xy? — y? + 2has four terms: 


5x*y, —7xy*, —y?, and 2. 
The coefficients of the terms are 5, —7, —1, and 2. The term 2 is calleda 
constant term. 

The degree of a term is the sum of the exponents of the variables, if 


there are variables. For example, 
the degree of the term 9x°is5 and 
the degree of the term 0.6a7b’ is 9. 
The degree of a nonzero constant term, such as 2, is 0. We can express 2 as 2x°, 
Because we can express 0 as 0 = 0x° = 0x!, and so on, using any ex- 
ponent we wish, the term 0 has no degree. 


The degree of a polynomial is the same as the degree of its term of 
highest degree. For example, 


the degree of the polynomial 4 — x? + 5x? — x®is6. 


The leading term of a polynomial is the term of highest degree. Its 
coefficient is called the leading coefficient. For example, 


the leading term of 9x” — 5x? + x — 10is—5x* and 
the leading coefficient is —5. 


EXAMPLE 1 Identify the terms, the degree of each term, and the degree 
of the polynomial 2x* + 8x” — 17x — 3. Then identify the leading term, 
the leading coefficient, and the constant term. 


EXAMPLE 2 Identify the terms, the degree of each term, and the degree 
of the polynomial 6x? + 8x?y? — 17xy — 24xy2z* + 2y + 3. Then identify 
the leading term, the leading coefficient, and the constant term. 


1. Identify the terms and the 
leading term: 


92x° — 8x4 + x? +5. 


2. Identify the coefficient of 
each term and the leading 
coefficient: 


Sx y= ay” = 2x" + ay — y = 5. 


3. Identify the terms, the degree 
of each term, and the degree of 
the polynomial. Then identify 
the leading term, the leading 
coefficient, and the constant 
term. 


a) 6x? — 5x3 + 2x -—7 
b) 2y — 4 — 5x + 9x?y3z? + 
5xy 


Answers 

1. —92x5, —8x4, x7, 5; -92x5 

2. 5,—4,-2,1,-1,-5;5 3. (a) 6x”, —5x°, 
2x, —7; 2, 3, 1,0; 3; —5x3; —5; —7; 

(b) 2y, —4, —5x, 9xy%z?, 5xy?s 1, 0, 1, 7, 3; 7; 
9xy3z?; 9; —4 
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4. Consider the following 


polynomials. 

a) 3x7 -— 2 

b) 5x* + 9x — 3 
c) 4x? 

d) —7y 

e) -3 

f) 8x° — 2x? 

g) 4 5 = 5y 
h) 5 — 3x 


Identify the monomials, the 
binomials, and the trinomials. 


5. a) Arrange in ascending order: 


5 — 6x? + 7x? — x4 + 10x. 

b) Arrange in descending 
order: 

5 — 6x? + 7x? — x* + 10x. 


6. a) Arrange in ascending 
powers of y: 


5x4y — 3y? + 3x2y3 + x3 -— 5. 


b) Arrange in descending 
powers of y: 


5x4ty — 3y? + 3x2y3 + x3 - 5. 


7. For the polynomial function 
P(x) = x? — 2x + 5, 
find P(0), P(4), and P(—2). 


Answers 


4. Monomials: (c), (d), (e); binomials: (a), (f), (h); 
trinomials: (b), (g) 

5. (a) 5 + 10x — 6x? + 7x3 — x4; 

(b) —x* + 7x3 — 6x? + 10x +5 

6. (a) —5 + x3 + Sxty — 3y? + 3x2y3, 

(b) 3xy3 — 3y? + Sxty + x8 — 5 

ZS) 13) 13 


< Do Exercises 1-3 on the preceding page. 


The following are some names for certain types of polynomials. 


DEFINITION: 
TYPE POLYNOMIAL OF EXAMPLES 


Monomial One term DP, —7a*b’, 0, 
Binomial Two terms 247, a’ — 3b, 5x? + 8x 
Trinomial Three terms x? -—7x+12, 4a*+ 2ab+ b? 


< Do Exercise 4. 


We generally arrange polynomials in one variable in descending order 
so that the exponents decrease from left to right. Sometimes they may be 
written so that the exponents increase from left to right, which is ascend- 
ing order. In general, if an exercise is written in a particular order, we write 
the answer in that same order. 


EXAMPLE 3 Consider 12 + x* — 7x. Arrange in descending order and 
then in ascending order. 


Descending order: x” — 7x + 12 
Ascending order: 12 — 7x + x? 3) 


EXAMPLE 4 Consider x* + 2 — 5x? + 3x%y + 7xy”. Arrange in descend- 
ing powers of x and then in ascending powers of x. 

Descending powers ofx: x* + 3x*y — 5x? + 7xy? + 2 

Ascending powers ofx: 2 + 7xy* — 5x* + 3x°y + x* 


< Do Exercises 5 and 6. 


|b | EVALUATING POLYNOMIAL FUNCTIONS 


A polynomial function is one like P(x) = 5x’ + 3x° — 4x? — 5, in which 
the algebraic expression used to describe the function is a polynomial. To 
find the outputs of a polynomial function for a given input, we substitute 
the input for each occurrence of the variable. 


EXAMPLE 5 For the polynomial function P(x) = —x* + 4x — 1, find 
P(2), P(10), and P(—10). 

P(2) = —2? + 4(2) —-1 = -4+8-1=3; 

P(10) = —10? + 4(10) — 1 = —100 + 40 — 1 = -61; 


P(-10) = —(—10)? + 4(-10) — 1 = -—100 — 40 — 1 = -141 
< Do Exercise 7. 


EXAMPLE 6 _ Veterinary Medicine. Gentamicin is an antibiotic fre- 
quently used by veterinarians. The concentration C, in micrograms per 
milliliter (mcg/mL), of Gentamicin in a horse’s bloodstream t hours after 
injection can be approximated by the polynomial function 


C(t) = —0.005¢* + 0.00323 + 0.35¢7 + 0.5¢. 
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a) Evaluate C(2) to find the concentration 2 hr after injection. 
b) Use only the graph below to estimate C(4). 
C(O) 


12 
11 | C(t) = — 0.00524 + 0.0038 + 0.352 + 0.5t 


= 
o 


FP nwe TDN Oo 


Concentration (in micrograms per milliliter) 


> 
123 4 5 6 7 8 9 101112 ¢ 


Time (in hours) 


a) We evaluate the function when t = 2: 


C(t) = —0.005¢* + 0.003¢° + 0.35¢? + 0.5¢ 
C(2) = —0.005(2)* + 0.003(2)? + 0.35(2)? + 0.5(2) | Wecarry out 
= —0.005(16) + 0.003(8) + 0.35(4) + 0.5(2) ‘the calculation 
using the rules 
= —0.08 + 0.024 + 14+ 1 forarderat 


= 2.344. operations. 


The concentration after 2 hr is about 2.344 mcg/mL. 


b) To estimate C(4), the concentration after 4 hr, we locate 4 on the 
horizontal axis. From there we move vertically to the graph of the func- 
tion and then horizontally to the C(t)-axis. This locates a value of about 
6.5. Thus, 


C(4) ~ 6.5. 
The concentration after 4 hr is about 6.5 mcg/mL. 
C(t)’ 


12 
11 | CQ) = —0.005¢ + 0.0034 + 0.352 + 0.5¢ 


8. Veterinary Medicine. Refer 
to the function and the graph 
of Example 6. 


a) Evaluate C(3) to find the 


Hy wR TF aA|N © © 


Concentration (in micrograms per milliliter) 


I 
i} 
I 
I 
i} 
I 
I 
i} 
i 
4 


> 
5 6 7 8 9 101112 ¢ 


Boe 3 concentration 3 hr after 
Time (in hours) injection. 
b) Use only the graph at left 
Do Exercise 8. D> to estimate C(9). 
(ADDING POLYNOMIALS 
When two terms have the same variable(s) raised to the same power(s), 
they are called like terms, or similar terms, and they can be “collected,” or Answers 
“combined,” using the distributive laws. 6 ta) CO) sae magmas 


(b) C(9) ~ 2mcg/mL 
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Collect like terms. 
9. 3y — 4x + 6xy? — 2xy? 


LO syn yo ony ren 


1S = Gis = ce Milo 2 
3xy? and are like terms. 
—3x’y and are like terms. 
—8x and are like terms. 
15 and are like terms. 
Rearranging: 
Oe ye oxy ky) = Guay Otay 
Gee ar Mile se i = fh. 
Collecting like terms: 
2a ye yo ey) ap uo 
Add. 


i, (3x" + ae? = 7x = 2) 4 
(—7x? — 2x? + 3x + 4) 


12. (7y° 


5) + (3y? — 4y? + 10) 


13. (5p’q* — 2p*q’ — 3q) + 
(—6p’q? + 3q + 5) 


Answers 

9. 3y — 4x + 4xy? 

10. 2x3y + 8xy? — 9x*y + 3x +7 

1. —4x3 + 2x? — 4x + 2 

12. 10y5 — 4y?+5 13. 5p’q* — 8p*q? + 5 
Guided Solution: 

10. 5xy%, —6x’y, 11x, —8, 8,9, 3,7 
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EXAMPLES Collect like terms. 
7. 3x? — Ay + 2x? = 3x” + 2x? — 4y 


cs 


Rearranging using the commu- 
tative law for addition 


= (3 + 2)x? — 4y 
= 5x” — Ay 


Using the distributive law 
Adding the coefficients of x? 
8. Oa + be = 4a = Oa = ae et 

9. 3x2y + Sxy? — 3x*y — xy? = 4xy? 

< Do Exercises 9 and 10. 

The sum of two polynomials can be found by writing a plus 
sign between them and then collecting like terms to simplify the 
expression. 

EXAMPLE 10 Add: (—3x? + 2x — 4) + (4x* + 3x? + 2). 
(—3x° + 2x — 4) + (4x° + 3x? + 2) = x? + 3x? + 2x — 2 e 


EXAMPLE 11 Add: 13x%y + 3x?y — 5y and x%y + 4x*y — 3xy. 
(13x°y + 3x2y — Sy) + (x3y + 4x%y — Sxy) = l4x*y + 7x*y — Sxy — Sy 


< Do Exercises 11-13. 


In order to use columns to add, we write the polynomials one under 
the other, listing like terms under one another and leaving spaces for miss- 
ing terms. 


EXAMPLE 12 Add: 4ax? + 4bx — 5and —6ax? + 8. 


4ax? + 4bx — 5 
—6ax? +8 
—2ax? + 4bx + 3 @ 


| SUBTRACTING POLYNOMIALS 


If the sum of two polynomials is 0, the polynomials are opposites, or addi- 
tive inverses, of each other. For example, 

(3x? — 5x + 2) + (—3x* + 5x — 2) = 0, 
so the opposite of 3x” — 5x + 2 is —3x* + 5x — 2. We can say the same 
thing using algebraic symbolism, as follows: 


The opposite of (3x? — 5x +2) is (—3x? + 5x — 2). 


nae 


(3x? = 5x42) = —3x° + 5x—2 


Thus, —(3x? — 5x + 2) and —3x? + 5x — 2 are equivalent. 

The opposite of a polynomial P can be symbolized by —P or by replac- 
ing each term with its opposite. The two expressions for the opposite are 
equivalent. 
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EXAMPLE 13 Write two equivalent expressions for the opposite of 


7xy” — 6xy — 4y + 3. 


First expression: 


Second expression: —7xy* + 6xy + 4y — 3 


—(7xy* — 6xy — 4y + 3) 


Writing an inverse sign 
in front 


Writing the opposite 
of each term 


Do Exercises 14-16. > 


To subtract a polynomial, we add its opposite. 


EXAMPLE 14 Subtract: (—5x” + 4) — (2x? + 3x - 1). 


We have 
(—5x? + 4) — (2x? + 38x — 1) 


= (=6e* 4) + (ae? tae 13] 
(—5x* + 4) + (—2x* — 3x + 1) 


= —7x? — 3x + 5. 


Adding the opposite 


—2x? — 3x + lis equivalent to 
—(2x? + 3x -— 1). 


Adding 


With practice, you may find that you can skip some steps, by mentally 
taking the opposite of each term and then combining like terms. Eventu- 


ally, all you will write is the answer. 
(—5x? + 4) — (2x? + 3x — 1) 
= =7x? = 3x45 


Think: 
—5x? — 2x7 = —5x? + (—2x”) = -7x?, 


Ox. = 34 = On + (—3x).= =3x, 
4—(-1)=4+1=5. 


Do Exercises 17-19. > 


To use columns for subtraction, we mentally change the signs of the 


terms being subtracted. 


EXAMPLE 15 _ Subtract: 


Ax’y — 6x°y? + x2y?) — (4x2y + x3y? + 3x2y3 — 8x2y?), 
y y J y y y y 


Write: (Subtract) 
4x?y — 6xy? + xy? 


Think: (Add) 
Ax?y — 6x%y? + xy? 


—(4x2y + x3y? + 3x2y? — ax*y?)< 


>—Ax*y — x%y? — 3x2y? + Bx2y? 
—7x3y? — 3x2y? + Ox7y? 


Take the opposite of each term mentally and add. 


Do Exercises 20-22. > 


Write two equivalent expressions 
for the opposite, or additive inverse. 


1 
pcs) Te, Gs Se oe qx 7 10 


One expression uses an inverse 
sign in front: 


1 
G — 5x? + es 10). 


For a second expression, write 
the opposite of each term: 


i 
—4x3 + 5x? re 10. 


Subtract. 
WZ. (627 + 4) = (8x = 1) 


18. (9y? — 2y — 4) — (—5y? — 8) 


19. (—3p” + 5p — 4) 
(—4p? + Lp - 2) 


Subtract. 
20.(2 Sy ay y= 7) 
(—y? + 2y 


21. (4p*q — 5p°q? + p’q? + 2q") 
(—5p*q + 5p*q’ — 3p*q? — 7q") 


Answers 

14, —(4x3 — 5x? + 4x — 10); 

—4x3 + 5x? — ix + 10 

15. —(8xy* — 4x3y? — 9x — 4); 

—8xy? + 4x3y? + 9x + 4 

16. —(—9y° — By* + ay —y? +y— 1); 
gy’ + By* — ay + y?—y +] 

17. 3x7 +5 18. 14y3- 2y+4 

19. p?>-—6p—2 20. 3y5 — 3y4 + Sy? — 2y? -—3 
21. 9p*q — 10p%q* + 4p’q? + 9q' 

22, y3—y* + 4y+01 

Guided Solution: 

14, -,-, + 
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4.1 


MyM 


[vf Reading Check 


Choose from the column on the right the expression that best fits each description. 


RC1. A binomial 
RC2. Atrinomial 


RC3. A polynomial with more than one term written in 
ascending order 


RC4. A polynomial in several variables 
RC5. The coefficient of the term 7x° 
RC6. The degree of the term 6xy2z 


RC7. The constant term in the polynomial 
oY la? 


RC8. The leading coefficient in the polynomial 


5x3 — 6x + x4 +7 


leading coefficient, and the constant term. 


4. a? + 9b° — a‘b? — 11 5. u’ + 8u2v® 


For Extra Help 


2. y3—5y?+y4+1 


f MathXL° — oy 
ath Lab PRACTICE WATCH READ 


a) 8x — 9x? + x4 + 2x5 
b) 7x’yz? 

c) 3a* — 9 

d) 4x7 + 8x + 2 

e) 1 

f) 4 

g) 5 

h) 7 


Identify the terms, the degree of each term, and the degree of the polynomial. Then identify the leading term, the 


3. 4+ 4t7 + s7t4* -— 2 


Arrange in descending powers of y. 


6. 2p° + 5p*w* — 13p3w + 7p? — 10 


7. 23 — 4y? + 7y — by? 8. 5 — 8y + 6y? + lly? — 18y* 9. x77? + fy — ay? + 1 
10. x3y — x?y? + xy? + 6 11. 2by — 9b*y® — 8b’y? 12. dy® — 2d’y? + 3cy® — 7y — 2d 
Arrange in ascending powers of x. 
13. 12% + 5 + 8x? — 4° 14. —3x? + 8x + 2 15. —9x%y + 3xy? + x2y?2 + 2x4 
16. 5x*y? — Sxy + ax3y? — 5x4 17. 4ax — 7ab + 4x° — Tax? 18. 5xy® — 3ax° + 4ax? — 12a + 5x° 


Us Evaluate each polynomial function for the given va 


19. P(x) = 3x* — 2x + 5; P(4), P(—2), P(0) 


21. p(x) = 9x° + 8x? — 4x — 9; p(—3), p(0), p(1), pl2) 
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lues of the variable. 


20. f(x) = —7x? + 10x? — 13; f(4),f(—1),f(0) 


22. Q(x) = 6x? — 11x — 4; Q(—2), Q(4), Q(0), Q(10) 
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23. 


25. 


27. 


Wind Energy. The number P of watts of power 
generated by a particular home-sized turbine at a 
wind speed of x miles per hour can be approximated 
by the polynomial function 


P(x) = 0.0157x° + 0.1163x” — 1.3396x + 3.7063. 


Estimate the power, in number of watts, generated by 
a 25-mph wind. 


Medicine. Ibuprofen is a medication used to relieve 
pain. The polynomial function 


M(t) = 0.5t* + 3.45t? — 96.65? + 347.7t, 
02726, 


can be used to estimate the number of milligrams of 
ibuprofen in the bloodstream t hours after 400 mg of 
the medication has been swallowed. 


Source: Based on data from Dr. P. Carey, Burlington, VT 


M(p)A 
400 
360 
320 
280 
240 
200 
160 
120 

80 
40 


M(6) = 0.5t4 + 3.453 — 96.652? + 347.71, 
i i i 0Osts6 


Milligrams in bloodstream 


Time (in hours) 


a) Use the graph above to estimate the number of 
milligrams of ibuprofen in the bloodstream 2 hr 
after 400 mg has been swallowed. 

b) Use the graph above to estimate the number of 
milligrams of ibuprofen in the bloodstream 4 hr 
after 400 mg has been swallowed. 

c) Approximate M(5). 

d) Approximate M(3). 


Total Revenue. Afirmis marketing a new style of 
sunglasses. The firm determines that when it sells 
x pairs of sunglasses, its total revenue is 


R(x) = 240x — 0.5x? dollars. 


a) What is the total revenue from the sale of 50 pairs 
of sunglasses? 

b) What is the total revenue from the sale of 95 pairs 
of sunglasses? 
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24. Golf Ball Stacks. 


Each stack of golf balls pictured 
below is formed by square layers of golf balls. 

The number N of balls in the stack is given by the 
polynomial function 


N(x) = 3x° + 3x? + gx, 


where x is the number of layers. How many golf balls 
are in each of the stacks? 


26. 


28. 


Introduction to Polynomials and Polynomial Functions 


Median Income by Age. The polynomial function 
I(x) = —0.0560x* + 7.9980x* — 436.1840x? 
+ 11,627.8376x — 90,625.0001, 
13 = x = 65, 


can be used to approximate the median income I 
by age x of a person living in the United States. 
The graph is shown below. 


I(x) A 
$50,000 
40,000 
30,000 


20,000 


Median income 


10,000 


= 
20 40 60 80 x 
Age 
SOURCES: U.S. Census Bureau; The Conference Board: 
Simmons Bureau of Labor Statistics 
a) Evaluate /(22) to estimate the median income of a 
22-year-old. 
b) Use only the graph to estimate 1(40). 


Total Cost. A firm determines that the total cost, in 
dollars, of producing x pairs of sunglasses is given by 
C(x) = 5000 + 0.4x”. 
a) What is the total cost of producing 50 pairs of 
sunglasses? 


b) What is the total cost of producing 95 pairs of 
sunglasses? 
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Total Profit. Total profit P is defined as total revenue R minus total cost C, and is given by the function 
P(x) = R(x) — C(x). 
For each of the following, find the total profit P(x). 
29. R(x) = 280x — 0.4x?, C(x) = 7000 + 0.6x? 30. R(x) = 280x — 0.7x?, C(x) = 8000 + 0.5x? 


Magic Number. Inarecent season, the Arizona Diamondbacks were leading the San Francisco Giants for the Western 
Division championship of the National League. In the following table, the number in parentheses, 18, was the magic 
number. It means that any combination of Diamondbacks wins and Giants losses that totals 18 would ensure the 
championship for the Diamondbacks. The magic number M is given by the polynomial 


M=G-W,-1,+4+1, 
where W, is the number of wins for the first-place team, L, is the number of losses for the second-place team, and Gis the 
total number of games in the season, which is 162 in the major leagues. When the magic number reaches 1, a tie for the 


championship is clinched. When the magic number reaches 0, the championship is clinched. For the situation shown 
below, G = 162, W, = 81, and L, = 64. Then the magic number is 


M=G-W,-1,+1 
= 162 — 81 —- 64+ 1 


Arizona (18) 81 62 .566 


=n San Francisco | 80 oi .556 
Los Angeles 78 65 ~ 545 
San Diego 70 73  .490 
Colorado 62 80 .437 
31. Compute the magic number for Atlanta. 32. Compute the magic number for Houston. 
cae es BG a aoe 
Atlanta (?) 549 Houston (?) 587 — 
Philadelphia | 75 68 524 3 ‘a St. Louis 78 64 549 53 
New York 71 73 493 8 Chicago 78 | 65 545 6 
Florida 66 T 462 123 Milwaukee 63 80 41 21 
Montreal 61 | 82 | .427 | 175 Cincinnati 58 | 86 | .403 | 265 
Pittsburgh 55 88 385 29 
33. Compute the magic number for New York. 34. Compute the magic number for Cleveland. 
ee ee | cenRat a nr 
New York (?) 86 .601 Cleveland (?) 569 
Boston 72 69 511 13 Minnesota 76 68 528 6 
Toronto 70 | 73 | .490 16 Chicago 74 | 70 514 8 
Baltimore 55 | 87 | .387 | 304 Detroit 57 | 86 | .399 | 244 
Tampa Bay 50 93 .350 36 Kansas City 57 86 399 243 
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KS Collect like terms. 


35. 6x? — 7x? + 3x? 


86, —2y? = Ty? +5y" 


37. 7x — 2y — 4x + by 


38. a — 8b — 5a + 7b 39. 3a + 9-2+ 8Ba- 4a+7 40. 13x + 14—-—6-— 7x + 3x +5 

41. 3a°b + 4b? — 9a?b — 6b? 42, 5x7y? + 4x3 — xy? — 12x3 

43. 8x? — 3xy + 12y? + x? — y* + Sxy + 4y’ 44, a? — 2ab + b* + 9a? + 5ab — 4b? + a? 

45. 4x*y — 3y + 2xy? — 5x72y + Ty + 7xy? 46. 3xy? + 4xy — 7xy? + 7xy + x’y 

Add. 

47, (3x? + 5y? + 6) + (2x? — 3y” — 1) 48. (lly? + 6y — 3) + (9y? — 2y + 9) 

49. (2a — c+ 3b) + (4a — 2b + 2c) 50. (8x + z — 7y) + (5x + 10y — 4z) 

5L. (a? — 3b? + 4c”) + (—5a? + 2b? — c?) 52, (x? — 5y? — 927) + (—6x? + 9y? — 227) 

53. (4° + Sx — Oxy — 3) + (ae? — ee Say 2) 54, (5a? — 3b + ab + 6) + (—a? + 8b — 8ab — 4) 

55. (7x2y — 3xy? + 4xy) + (—2x?y — xy? + xy) 56. (7ab — 3ac + 5bc) + (13ab — 15ac — 8bc) 

By. (27° dar = 11) (Gr = 2p 4) SP = =) 58. (5x" + 19% — 23) + (—7x" = 1lx + 12) 4 
(=x? = Ox + 8) 

59. (xy + gay” + S.lx°y) + (—gxy + fay? — 3.4x°y) 60. (axy — 5x°y? + 4.3y%) + (—gxy — gx®y? — 2.97%) 

| d | Write two equivalent expressions for the opposite of the polynomial. 

61. 5x? — 7x? + 3x — 6 62. —8y* — 18y? + 4y — 9 

63. —13y” + 6ay* — Sby’ 64. 9ax°y? — 8by°® — abx — l6ay 

Subtract. 

65. (7x — 2) — (—4x + 5) 66. (8y + 1) — (—5y — 2) 

67. (=3x" + 2x + 9) — (4? + Sx — 4) 68. (—9y* + 4y + 8) — (4y? + 2y — 3) 

69. (5a + c — 2b) — (3a + 2b — 2c) 70. (z + 8x — 4y) — (4x + 6y — 3z) 

Th (3x — 26 = 2").— (Ge = 2" = By) 72. (By? — 4y* = 3y) — (ay? — 9y — 7y°) 

73. (5a” + 4ab — 3b*) — (9a? — 4ab + 2b’) 74, (9y* — l4yz — 82”) — (12y” — Byz + 42’) 
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75. (6ab — 4a*b + Gab’) — (3ab? — 10ab 


77. (0.09y* — 0.052y? + 0.93) — (0.03y* — 0.084y* + 0.94y”) 


12a*b) 76. 


78. (1.23x* — 3.122x° + 1.11x) — (0.79x* = 8.734x° + 0.04x" + 6.71x) 


79. (3x4 5x? 5) ( 3x4 + 3x? 4 5) 


80. (ey4 sy” — 7.8y 4 4) 


Skil] Maimtemanrce iii cccccccccccecccccccccceccvseeseesesevecseesvesvetvevvtvssvstveseveevetvetvatevstvetvetvevtvsveteevetee 


EN teens erent ncn esata tao Daal ile Rese ede eet nee aes acto tate omvio aot: 


Graph. [2.1c, d], [2.2c] 

81. f(x) = §x-1 82. g(x) = |x|- 1 83. 
Solve. 

85. —3x —-7=x-—5 [11d] 86.43t-4= ft [11d] 87. 
Graph using the slope and the y-intercept. [2.5b] 

89. y= Fx+2 90. y = -0.4x +1 91. 
93. Triangular Layers. The number of spheres ina 94. 


triangular pyramid with x triangular layers is given 
by the function 


N(x) = $x? + $x? + $x. 
The volume of a sphere of radius r is given by the 
function 

V(r) = ar’, 
where 7 can be approximated as 3.14. 

Chocolate Heaven has a window display of truffles 
piled in triangular pyramid formations, each 5 layers 
deep. If the diameter of each truffle is 3 cm, find the 
volume of chocolate in each triangular pyramid in the 
display. 


95. 


(10xy — 4x?y? — 3y%) — (—9x?y? + 4y? — 7xy) 

4 2 
a(x) = 84. f(x) = 1—x 
x—(7—x)=2(x+3) 88. -9y = -18 [1.4c] 
[1.1d] 
y = 0.4x — 3 92. y= —-3x— 4 
Surface Area. Find a polynomial function that gives 


the outside surface area of a box like this one, with 
dimensions as shown. 


fas A student who is trying to graph 

f(x) = 0.05x* — x? + 5 gets the following screen. 
How can the student tell at a glance that a mistake 
has been made? 


—10Je seis 


Perform the indicated operations. Assume that the exponents are natural numbers. 


96. (3x°* — 5x94 + 4x34 + 8) 97. 


(2x04 dg =p ay 


2") 
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Multiplication of Polynomials 


a | MULTIPLICATION OF ANY TWO POLYNOMIALS 


Multiplying Monomials 


Monomials are expressions like 10x’, 8x°, and —7a*b*. To multiply mono- 
mials, we first multiply their coefficients. Then we multiply the variables 
using the commutative and associative laws and the rules for exponents. 


EXAMPLES Multiply and simplify. 

1. (10x?)(8x°) = (10 + 8)(x? + x°) 
= gox2*8 
= 80x" 

2. (—8x"y’)(Sx"y") = (—8 + 5)(x"* + x*)(y? + y’*) 

= —40n* sy" Adding exponents 

—40x"y® 


Adding exponents 


Do Margin Exercises 1-3. > 


Multiplying Monomials and Binomials 


The distributive law is the basis for multiplying polynomials other than 
monomials. We first multiply a monomial and a binomial. 


EXAMPLE 3 Multiply: 2x(3x — 5). 


24° (3x — 5) = 2x~ 3x — 2x~ 5 
6x = 10% 


Using the distributive law 


Multiplying monomials B 


EXAMPLE 4 Multiply: 3a7b(a* — b?). 


io a 
3a*b- (a* — b”) = 3a*b- a® — 3a*b- b? 
= 3a*b — 3a*b® 


Using the distributive law 


Do Margin Exercises 4and 5. > 


Multiplying Binomials 

Next, we multiply two binomials. To do so, we use the distributive law 
twice, first considering one of the binomials as a single expression and 
multiplying it by each term of the other binomial. 


OBJECTIVES 


B Multiply any two 
polynomials. 


|b | Use the FOIL method to 
multiply two binomials. 


Use a rule to square a 
binomial. 


and a difference of the same 
two terms. 


dd) Use a rule to multiply a sum 


For functions f described by 
second-degree polynomials, 
find and simplify notation 

like f(a + h) and 
fla + h) — fla). 


SKILL TO REVIEW 


Objective R.Sd: Use the 
distributive laws to find equiva- 
lent expressions by multiplying. 


Multiply. 
1. 3(x — y) 


1 
2. —5(6a — 10b) 


Multiply. 
1. (9y*)(—2y) 


2. (4x°y)(6x°y") 


3. (—5xy’z*)(18x7y?z5) 


Multiply. 
4. (—3y)(2y + 6) 


5. (2xy)(4y* — 5) 


Answers 

Skill to Review: 

I. 34—3y 2. —Ba+-5B 

Margin Exercises: 

1. —18y? 2. 24x°y? 3. —90x4y9z!? 
4. —6y?— 18y 5. 8xy? — 10xy 
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Multiply. 
6. (5x? — 4)(x + 3) 


7. (2y + 3)(3y — 4) 


Multiply. 
8. (p — 3)(p* + 4p” — 5) 


9, (2x3 + 4x — 5)(x — 4) 


Answers 


6. 5x3 + 15x? — 4x — 12 

7. 6? +y— 12 

8. p' + p® — 12p? — 5p + 15 
9. 2x4 — 8x3 + 4x? — 21x + 20 


EXAMPLE 5 Multiply: (3y? + 4)(y? — 2). 


fs Se 
(3y? + 4)(y? — 2) = (3y? + 4) -y? — (3y?+4)-2 — Usingthe 
distributive law 
[3y?+y? + 4+y?] — [3y?+2+4-2] Using the 
distributive 
law 


= 3y?-y?+4-y? — 3y?+2-—4+2 Removing 
parentheses 


= 3y* + 4y” — 6y* — 8 Multiplying the monomials 
= 3y* — 2y?- 8 Collecting like terms 


< Do Exercises 6 and 7. 


Multiplying Any Two Polynomials 


To find a quick way to multiply any two polynomials, let’s consider another 
example. 


EXAMPLE6 Multiply: (p + 2)(p* — 2p? + 3). 
By the distributive law, we have 


(GZ) (p* — 2p* + 3) 
= (ER) (p*) — GR) (2°) + (ER) (3) 
= p(p*) + 2(p*) — p(2p*) — 2(2p°) + p(3) + 2(3) 
= p’ + 2p* — 2p* — 4p? + 3p + 6 
= p?— 4p? + 3p+6. Collecting like terms 


< Do Exercises 8 and 9. 


From the preceding examples, we can see how to multiply any two 
polynomials. 


PRODUCT OF TWO POLYNOMIALS 


To multiply two polynomials P and Q, select one of the polynomials, 
say P. Then multiply each term of P by every term of Q and collect 
like terms. 


We can use columns when doing long multiplications. We multiply 
each term at the top by every term at the bottom, keeping like terms in 
columns and adding spaces for missing terms. Then we add. 

EXAMPLE 7 Multiply: (5x° + 3x” + x — 4)(—2x? + 3x + 6). 
a + ae x= 4 
=26 + Get 6 
30x? + 18x27 + 6x — 24 Multiplying by 6 


15x* + 9x3 + 3x? — 12x Multiplying by 3x 
10x° = 6x* — 2x? + Bx? Multiplying by —2x? 
—10x° + 9x4 + 37x3 + 29x? — 6x — 24 @ 
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EXAMPLE 8 Multiply: (5x° + x — 4)(—2x? + 3x + 6). 


5x? + x- 4 
—2x7 + 3x+ 6 
30x3 + 6x — 24 Multiplying by 6 
15x4 + 3x7 — 12x Multiplying by 3x 
—10x° — 2x3 + 8x? Multiplying by —2x? 


—10x° + 15x4 + 28x3 + 11x? 6x — 24 


Do Exercises 10-12. > 


|b | PRODUCT OF TWO BINOMIALS USING 
THE FOIL METHOD 


We now consider some special products. Let’s find a faster special-product 
rule for the product of two binomials. Consider (x + 7)(x + 4).We multiply 
each term of (x + 7) by each term of (x + 4): 


(e+ Teta) — eet eat eee Tee 


This multiplication illustrates a pattern that occurs whenever two bino- 
mials are multiplied: 


First Outside Inside Last 
terms terms terms’ terms 


(x*7)(x+4)=x-x 4+ 4% + Te + 7/4) =x? + Ile + 28. 


This special method of multiplying is called the FOIL method. Keep in 
mind that this method is based on the distributive law. 


THE FOIL METHOD 


To multiply two binomials, A + Band C + D, multiply the First 
terms AC, the Outside terms AD, the Inside terms BC, and then the 
Last terms BD. Then collect like terms, if possible. 


(A + B)(C + D) = AC + AD + BC + BD L 


1. Multiply First terms: AC. 
Vv 
2. Multiply Outside terms: AD. (A + B)(C + D) 
» vn » h 
3. Multiply Inside terms: BC. 
4. Multiply Last terms: BD. F 
FOIL 


EXAMPLE 9 Multiply: (x + 5)(x — 8). 
F O I L 
(x + 5)(x — 8) = x* — 8x + 5x — 40 
=x? = 3x — 40 Collecting like terms 


We write the result in descending order since the original binomials are in 
descending order. @ 


Multiply. Use columns. 
10. (—4x° + 5x? — 2x + 1) X 


(=2x" = 3x + 6) 


11. (—4x? — 2x + 1) 
(—24" — 3%-+6) 


12. (a? — 2ab + b*) X 


(a? + 3ab — b?) 


A visualization of 
(x + 7)(x + 4) using areas 


x+7 


Answers 


10. 8x° + 2x4 — 35x3 + 34x? 
11. 8x5 + 12x4 — 20x° + 4x? 


= 15% + 6 
15x + 6 


12. a°—2a‘b + 3a°b + ab” 


7a°b* + 5ab® — b* 
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Multiply. 


13. (y — 4)(y + 10) 


14. (p + 5q)(2p — 3q) 


15. (x’y + 2x)(xy? + y”) 


A visualization of 
(A + B)* using areas 


A+B 


Multiply. 
16. (a — b)? 


17. (x + 8)? 


18. (3x = 7) 


Answers 
13. y? + 6y — 40 


15. x°y3 + x?y3 + 2x2y? + 2xy? 


16. a” — 2ab + b? 
18. 9x? — 42x + 49 


Guided Solution: 
I 1. 
19. m®, m?, 6,—, — 
2 16 


A B 


14. 2p? + 7pq — 15q? 


17. x? + 16x + 64 
19. m® + 5m'n + ign? 


EXAMPLES 
F O I L 
10. (3xy + 2x)(x* + 2xy?) = 3x°y + 6x*y? + 2x? + 4x*y? 
11, (2% — 3)(y + 2) = 2xy + 4x — 3y— 6 
12. (2x + 3y)(x — 4y) = 2x? — Oxy + 3xy — 12y’ 
= 2x? — Say — 12y* Collecting like terms 


< Do Exercises 13-15. 


E} SQUARES OF BINOMIALS 


We can use the FOIL method to develop special products for the square of 
a binomial: 


(A + B)? = (A+ B)(A + B) (A — B)? = (A — B)(A — B) 
= A+ AB+ AB + B? = A* — AB — AB + B? 
= A? + 2AB + B?; = A? — 2AB + B’. 


SQUARE OF A BINOMIAL 


The square of a binomial is the square of the first term, plus twice 
the product of the two terms, plus the square of the last term. 


(A + B)? = A’ + 2AB + B?; 
(A — B)? = 4 — 2AB + B? 


In general, 
(AB)? = AB’, but (A + B)? 4 A? + B?. 
EXAMPLES Multiply. 
(A-BY =A -2A B +B 


Vv yy vA 
13. (y — 5)° = y* — 2(y)(5) + 5° 
= y*— loy + 25 


(A+B) = A +2A B+ B 


14. (2x + 3y)? = (2x)? + 2(2x)(3y) + (3y)? 
= Ay? + 12xy + Oy? 
15. (3x? + Sxy*)? = (3x)? + 2(3x7)(Sxy2) + (Sxy?)? 
9x* + 30x3y? + 25x7y4 
(5a’)? = 2(3a?) (b°) 4 (by 
= ja‘ — a’b? + b® 


16. (3a? — b°)? 


< Do Exercises 16-19. 
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| | PRODUCTS OF SUMS AND DIFFERENCES 


Another special case of a product of two binomials is the product of asum 
and a difference. Note the following: 


F O I Li 


(A + B)(A — B) = A — AB + AB — B? = & — B’. 


PRODUCT OF A SUM AND A DIFFERENCE 


The product of the sum and the difference of the same two terms is 
the square of the first term minus the square of the second term (the 


difference of their squares). 


(A+ B)(A- B) =A - B®  Thisis called a difference 
of squares. 


EXAMPLES Multiply. (Say the rule as you work.) 
(A+ B)(A—B) = # = B? 


Vy) vy 


17. (y+ 5)\(y-5) =y?-S =y? — 25 
18. (2xy? + 3x)(2xy? — 3x) = (2xy?)? — (3x)? = 4x*y* — 9x? 
19. (0.2t — 1.4m)(0.2t + 1.4m) = (0.2t)? — (1.4m)? = 0.04t? — 1.96m? 
20. ($n — m?)(2n + m?) = (3n)? — (m?)? = $n? — m4 
Do Exercises 20-23. > 


EXAMPLES Multiply. 
21. (5y + 4 + 3x)(5y + 4 — 3x) = (5y + 4)? — (3x)? 


= 25y? + 40y + 16 — 9x? 


Here we treat the binomial 5y + 4 as the first expression, A, 
and 3x as the second, B. 


22. (3xy* + 4y)(—3xy* + 4y) = (4y + 3xy?)(4y — 3xy’) 
(4y)? = Gay 
= 16y” = 9x*y4 


Do Exercises 24 and 25. D> 


Try to multiply polynomials mentally. When several types are mixed, 
first check to see what types of polynomials are to be multiplied. Then use 
the quickest method. Sometimes we might use more than one method 
to find a product. Remember that FOIL always works for multiplying 
binomials! 


Multiply. 
20. (x + 8)(x — 8) 


21. (4y — 7)(4y + 7) 


22. (2.8a + 4.1b)(2.8a — 4.1b) 


B 23 (sw _ 24?)( aw + 29") 
, 5 5 


Sour = | E- 


= 9w? — 


Multiply. 
24, (2x + 3 — 5y)(2x + 3 + 5y) 


25. (7x’y + 2y)(—2y + 7x*y) 


Answers 
20. x? -— 64 21. 16y? — 49 


9 
22. 7.84a? — 16.81b? 23. 9w* — —q' 
25 


24, 4x? + 12x + 9 — 25y? 
25. 49x*y? — 4y? 


Guided Solution: 


3,9 
23. —q’,—q' 
541954 
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EXAMPLE 23 Multiply: (s — 5f)(s + 5t)(s* — 25t7). 


We first note that s — 5t and s + 5t can be multiplied using the rule 
(A — B)(A + B) = 4 — B®. Then we have the product of two identical 
binomials, so we square, using (A — B)* = A? — 2AB + B?. 


(s — 5t)(s + 5é)(s* — 257) 


= (s* — 25%7)(s" — 257°) Using (A — B)(A + B) = 4 — B? 
26. Multiply: = (s* — 2517)? 
(3x + 2y)(3x — 2y)(9x? + dy”). = (s*)? — 2(s*)(2542) + (25t?)? Using (A — B)? = A? — 2AB + B? 
= s* — 50s*t? + 6251* 
Answer 
26. 81x’ — 16y! «@ Do Exercise 26. 


Checking Using Tables and Graphs _ A partial check of operations with polynomials in one 
variable can be done using tables or graphs. For example, a table set in AUTO mode can be used to check 
the addition (—3x? + 2x — 4) + (4x? + 3x? + 2) = x? + 3x? + 2x — 2. To do so, we enter 
Y, = (—3x? + 2x — 4) + (4x? + 3x? + 2) and y, = x? + 3x? + 2x — 2. If the addition has been 
done correctly, the values of y, and y, will be the same regardless of the table settings used. 

To check an operation graphically, we compare two graphs. This is often easier to do when two graph styles are used. To check 
the product (x + 3)(x — 2) = x? + x — 6, we first use @EBP to select the SEQUENTIAL mode. Next, on the Y= screen, we enter 
y, = (x + 3)(x — 2) andy, = x? + x — 6. We will select the line-graph style for y, and the path style for y>. To select these 
graph styles, we use @) to position the cursor over the icon to the left of the equation and press GBP repeatedly until the desired 
style of icon appears, as shown below. 


Y, = (& + 3)@ — 2), 
Jo =x? +x-6 
10 


SCI ENG Plot! Plot2 Plot3 
0123456789 \¥1 BB (X+3)(X—2) 
DEGREE Y2 BB X2+X-6 
PAR POL SEQ \Y3 = 

DOT \Y4 

SIMUL \Ys 

a+bi rei \Ye 

HORIZ G-T \Y7 = 


The graphing calculator will graph y, first as a solid curve. Then it will graph y> as the circular cursor traces the leading edge of the 
graph, allowing us to determine visually whether the graphs coincide. In this case, the graphs appear to coincide, so the multiplication 
is probably correct. 


EXERCISES: Use a table or graphs to determine whether each sum, difference, or product is correct. 

L. (x + 4)(x + 3) = x? + 7x + 12 2. (3x 2)(x — 1) = Sx" + x— 2 
3. (4x — 1)(x — 5) = 4x2 — 21x +5 4, (2x — 1)(3x — 4) = 6x? — 1lx-— 4 
5. (x = Die=1)=—27 +1 6. (x= 2)(x + 2)=—x? = 4 

7. (x° = 2x? + 8x — 7) + (8x? — 4 + 5) = a + x? — x — 2 

8. (2x? + 3x — 6G) + (5x? — 7x + 4) = 7x? + 4x — 2 

9. (7x° + 2x* = 5x) — (—x? — 2x* + 3) = ox? + ax* = 5x — 3 

10. (3x* — 2x? — 1) — (2x* — 3x? — 4) = x* +x? = 5 
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@ | USING FUNCTION NOTATION 


ALGEBRAIC GRAPHICAL CONNECTION 


Let’s stop for a moment and look back at what we have done in this 
section. We have shown, for example, that 


(= 2) 2) = a? = 4, 


that is, x? — 4 and (x — 2)(x + 2) are equivalent expressions. 
From the viewpoint of functions, if 


f(x) = (x — 2)(x + 2) 
and 


g(x) =a"? = 4, 


then for any given input x, the outputs f(x) and g(x) are identical. 
Thus the graphs of these functions are identical and we say that f 
and g represent the same function. Functions like these are graphed 
in detail in Chapter 7. 


Our work with multiplying can be used when manipulating functions. 


EXAMPLE 24 Given f(x) = x? — 4x + 5, find and simplify f(a + 3) 
and f(a + h) — f(a). 
To find f(a + 3), we replace x witha + 3. Then we simplify: 
fla+ 3) = (a+ 3) —4(a+3)+5 
=a’*+6at+9-4a-12+5=a'7 4+ 2a+ 2. 
To find f(a + h) — f(a), we replace x with a + h for f(a + h) and 
x with a for f(a). Then we simplify: 
f(a+h) — f(a) = [(a + h)? — 4(a + h) + 5] — [a — 4a + 5] 
a* + 2ah + h? — 4a - 4h+5-a%+4a-5 
= 2ah + h? — 4h. 


Do Exercise 27. > 


SECTION 4.2 


27. Given f(x) = x? + 2x — 7, 
find and simplify f(a + 1) 
and f(a + h) — f(a). 


Answer 
27. fla+1) =a? +4a—-4; 
f(a + h) — f(a) = 2ah + h? + 2h 
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[vf Reading Check 


Determine whether each statement is true or false. 


For Extra Help 


MyMathLab* 


RC1. We use the distributive law to multiply polynomials. 


RC2. The square of a binomial is a binomial. 


RC3. We can use FOIL to multiply any two binomials. 


RC4. The product of two monomials is always a monomial. 


1. 


> 


nN 


10. 


13. 


16. 


19. 


22. 


25. 
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Multiply. 
By” + 3y 2, 
—7ab*(4a*b?) 5. 
22z(7 — x) 8. 
2xy(2x — 3y) 11. 
(5x + 2)(3x — 1) 14. 
Vaal) 17. 
(x? + 8)(x* = 5) 20. 
(2m? — n*)(3m — 5n?) 23. 
(x + y)(x? — xy + y*) 26. 


—5x? + 6xy 


(5x°y*)(—2xy*) 


4a(a? — 3a) 


5cd(3c*d — 5cd*) 


(2a — 3b)(4a — b) 


(x — y)(x — y) 


(2x* = 7)(3x" 5) 


(x — 4)(x? + 4x + 16) 


(a — b)(a? + ab + b?) 
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MathXL’ 


PRACTICE 


WATCH 


oe) 


a 


12. 


15. 


18. 


21. 


24. 


27. 


P. 
J 


REVIEW. 


. 2x(—10x?y) 


. (2a*bc*)(—3ab*c*) 


. 6ab(a + b) 


a’(2a* — 5a?) 


(s + 3t)(s — 3t) 


(a + 2b)(a + 2b) 


(a? — 2b?) (a? — 3b?) 


(y + 3)(y? — ay + 9) 
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30. (2x° + y* = 2xy)(x* — 2y? = xy) 


|b | : ce | Multiply. 


37. (a + 8)(a + 5) 


40. (y — 2)(y + 3) 


43. (x — 2y)? 


46. (x — 3)(x — 3) 


49. (20a — 0.16b)? 


52. (2a — 3b)(2a — b) 


55. (2x? — 3y”)? 


58. (x°y — xy*)? 


35. 


38. 


Al. 


44, 


47. 


50. 


53. 


56. 


59. 


29. (4a’b — 2ab + 3b?)(ab — 2b + a) 


31. (x + 4)(x + 3) 


(1.3x — 4y)(2.5x + 7y) 


(x + 2)(x + 3) 


(3a + aye 


(2s + 3t)? 


(2x + 9)(x + 2) 


(10p? + 2.3y)? 


(ae? ay? 


(3s? + 422)? 


(0.1a” — 5b)? 
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36. 


39. 


42. 


45. 


48. 


51. 


54. 


57. 


60. 


(40a — 0.24b)(0.3a + 10b) 


(y + 7)(y — 4) 


(3b + 2)(2b — 5) 


(2x — 3y)(2x + y) 


=a) 


(a°b? + 1)? 


(6m + 0.45p’)" 
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61. 


Compound Interest. Suppose that P dollars is 
invested in a savings account at interest rate i, 
compounded annually, for 2 years. The amount 
Ain the account after 2 years is given by 


A= P(1 + i)”. 
Find an equivalent expression for A without 
parentheses. 


dd | Multiply. 


63 


66. 


69. 


72. 


75. 


78. 


81. 


84. 


340 


62. 


Compound Interest. Suppose that P dollars is 
invested in a savings account at interest rate i, 
compounded semiannually, for 1 year. The 
amount A in the account after 1 year is given by 


i\2 
ee) 
2 


Find an equivalent expression for A without 
parentheses. 


4) 


(d + 8)(d - 8) 64. (y — 3)(y + 3) 65. (2c + 3)(2c — 3) 

(1 — 2x)(1 + 2x) 67. (6m — 5n)(6m + 5n) 68. (3x + 7y)(3x — 7y) 

(x? + ye)(x* = yz) 70. (2a? + 5ab)(2a? — 5ab) 71. (—mn + m?)(mn + m?) 
(1.6 + cw)(—1.6 + cw) 73. (—3pt + 4p*)(4p” + 3pt) 74. (—10xy + 5x”)(5x* + 10xy) 
(3p — §n)(3p + 3n) 76. (3ab + 4c)(3ab — 4c) 77. (x + 1)(x — 1)(x? + 1) 

(y — 2)(y + 2)(y* + 4) 79. (a — b)(a + b)(a* — b*) 80. (2x — y)(2x + y)(4x* — y”) 
(a+ b+1)(a+b-1) 82. (m+ n+ 2)(m+n- 2) 83. (2x + 3y + 4)(2x + 3y 
(3a — 2b + c)(3a — 2b — c) 
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re | For each of the following functions, find f(t — 1), f(p + 1), f(a + h) — f(a), f(t — 2) + cand f(a) + 5. 


85. f(x) = 5x4 x? 


88. f(x) = 3x -— 4x +7 


91. f(x) = 4+ 3x— x? 


Skill Maintenance 


Solve. 
93. Auto Travel. 


Solve. 


95. 5x + Sy = 2, 
4x — 9y = 10 


Synthesis 


99. [MS Use the TABLE feature or the GRAPH feature of a 
graphing calculator to check your answers to 
Exercises 28, 40, and 77. 


89. f(x) = 5x — x? 


Rachel leaves on a business trip, 
forgetting her laptop computer. Her sister discovers 
Rachel’s laptop 2 hr later, and knowing that Rachel 
needs it for her sales presentation and that Rachel 
normally travels at a speed of 55 mph, she decides to 
follow her at a speed of 75 mph. After how long will 
Rachel’s sister catch up with her? 


96. x + 4y = 13, 
5x — 7y = —16 


86. f(x) = 4x + 2x? 


92. f(x) = 2 — 4x — 3x? 


94. 


87: fix) = 3x = 748 + 8 


90. f(x) = 4x — 2x? 


Air Travel. An airplane flew for 5 hr against a 
20-mph headwind. The return trip with the wind took 
4 hr. Find the speed of the plane in still air. 


97. 2x — 3y = 1, 98. 9x — By = —2, 
4x — 6y = 2 3x + 2y = 3 
100. Aw! Use the TABLE feature or the GRAPH feature of a 


graphing calculator to determine whether each 
of the following is correct. 

a) (x- 1? =x?-1 

b) @-2)(¢43)=2x°4+x—6 

o (e-— 1) = « — 34? + Se — 1 

d) (x+ 1)*=x4+1 


Multiply. Assume that variables in exponents represent natural numbers. 


101 


103 


105. 


107. 


109. 


. (Pret 


2 GF ae Sr ois 


Cie ee =a ay) 


102. 


104. 


106 


108. 


110 


year(s _ Ayz?") 
(a1 yard" 
(4x? + 2xy + y”)(4x? — 2xy + y?) 


(x 7) (x? 7x 4 a) 


(ge Byer? 
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Introduction to Factoring 


OBJECTIVES 


B Factor polynomials whose 
terms have a common 
factor. 


| Factor certain polynomials 
with four terms by grouping. 


SKILL TO REVIEW 


Objective R.Sd: Use the distributive 
laws to find equivalent expressions 
by factoring. 
Factor. 
1. 2y — 2 
2. 15y — 10x + 25 


1. Consider 


a= 44 = 5= (x= 5) (4+ 1), 
a) Whatare the factors of 

x? — 4x — 5? 
b) What are the terms of 

x? — Ax — 5? 


ween e eee ee ee nene Caution! tanec eee eeeeees 


Be careful not to confuse terms 
with factors! The terms of x? — 9 
are x” and —9. Terms are used to 
form sums. Factors of x? — 9 are 
x — 3and.x + 3. Factors are used 
to form products. 


Answers 
Skill to Review: 
1. 2(y — 1) 
Margin Exercise: 

1. (a) x — 5andx + 1; (b) x’, —4x, and —5 


2. 5(3y — 2x + 5) 


Factoring is the reverse of multiplication. To factor an expression is to 
find an equivalent expression that is a product. For example, we can factor 
x? — 9: x? — 9 = (x + 3)(x — 3). Wesaythatx + 3andx — 3 are factors 
of x* — 9and that (x + 3)(x — 3) isa factorization. 


FACTOR AND FACTORIZATION 


To factor a polynomial is to express it as a product. 


A factor of a polynomial P is a polynomial that can be used to express 
P as a product. 


A factorization of a polynomial P is an expression that names P asa 
product of factors. 


< Do Margin Exercise 1. 


E TERMS WITH COMMON FACTORS 


To multiply a monomial and a polynomial with more than one term, we 
multiply each term by the monomial using the distributive laws. To factor, 
we do the reverse. We express a polynomial as a product using the distribu- 
tive laws in reverse. Compare. 
Multiply Factor 
5x(x” — 3x + 1) 5x° — 15x” + 5x 
= Shox = Sx 3x4 Gee 1 =Ge* 2° = by? ax + Gye 
= 5x — 15x? + 5x = 5x(x? — 3x + 1) 


EXAMPLE 1 
4y>—-8=4-y?—4-2 
= 4(y* — 2) 


Factor: 4y? — 8. 


4 is the largest common factor. 
Factoring out the common factor4 © 


In some cases, there is more than one common factor. In Example 2 
below, for instance, 5 is a common factor, x° is a common factor, and 5x? 
is acommon factor. If there is more than one common factor, we generally 
choose the one with the largest coefficient and the largest exponent. 


EXAMPLES Factor. 

2. 5x* — 20x° = 5x? +x — Sx? +4 
= 5x7(x — 4) 

3. 12x"y — 20x*y = 4x?y(3 — 5x) a 


Multiply mentally to check your answer. 


The polynomials in Examples 1-3 have been factored completely. 
They cannot be factored further. The factors in the resulting factorization 
are said to be prime polynomials. 
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EXAMPLE 4 Factor: 10a°b* — 4a°b* + 2a*b’. 
First, we look for the greatest positive common factor in the coefficients: 


10, —4, 2 ——® Greatest common factor = 2. 
Second, we look for the greatest common factor in the powers of a: 
a®, a°’, a’ ——*» Greatest common factor = a‘. 
Third, we look for the greatest common factor in the powers of b: 
b’, b?, bt ——®» Greatest common factor = b’. 
Thus, 2a*b? is the greatest common factor of the given polynomial. Then 
10a°b? — 4a°b® + 2a*b* = 2a*b? - 5a* — 2a*b® + 2ab + 2a*b? « b? 
= 2a‘b?(5a” — 2ab + b?). 
Do Exercises 2-5. D> 


When the leading coefficient is a negative number, we generally factor 
out a negative coefficient. 
EXAMPLES Factor out acommon factor with a negative coefficient. 
5. —4x — 24 = —4(x + 6) 
6. —2x? + 6x — 10 = —2(x? — 3x + 5) 


Do Exercises 6 and 7. > 


EXAMPLE 7 Height of a Rocket. A water rocket is launched upward 
with an initial velocity of 96 ft/sec. Its height h, in feet, after t seconds is 
given by the function h(t) = —16t? + 96¢. 


a) Find an equivalent expression for h(t) by factoring out a common factor 
with a negative coefficient. 


b) Check your factoring by evaluating both expressions for h(t) at t = 2. 


a) We factor out —16¢ as follows: 

h(t) = —16t? + 96t = —16t(t — 6). 
b) We check as follows: 

h(2) = —16 « 2° + 96-2 = 128; 


h(2) = —16 + 2(2 — 6) = 128. Using the factorization 


150 h(t) = —16t? + 96t 


Height (in feet) 


Lt | 
3.94 5 6 7 


> 
t 


Do Exercise 8. > 


Factor. 


2. 3x7 -— 6 
3. 4x° — 8x3 
4, 9y* — 15y? + 3y’ 


5. 6x2y — 21x3y? + 3x7y3 


Factor out a common factor with a 
negative coefficient. 


6. —8x + 32 


7. —3x2 — 15x +9 


8. Height ofa Softball. Suppose 
that a softball is thrown 
upward with an initial velocity 
of 64 ft/sec. Its height h, in 
feet, after f seconds is given by 
the function 


h(t) = —16¢? + 64¢. 


a) Find an equivalent 
expression for h(t) by 
factoring out acommon 
factor with a negative 
coefficient. 

b) Check your factoring by 
evaluating both expressions 
for h(t) att = 1. 


h 
80 
h(t) = =16t 
_~ 70 (t) 16t* + 64t 
3 
8 60 
£ 50 
=z 40 
2 30 
= 20 
10 
> 
1 2 3 4 t 
Seconds 
Answers 


2. 3(x2-— 2) 3. 4x3(x? — 2) 

4. 3y?(3y? — 5y +1) 5. 3x°y(2 — 7xy + y*) 
6. —8(x — 4) 7. —3(x? + 5x — 3) 

8. (a) h(t) = —16t(t — 4); (b) h(1) = 48 in 
each expression 
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Factor. 
9. (p + q)(x + 2) 4 
(p + q)(x + y) 


1D; (jp se Sy = Bil) se 
(y + 3)(y + 10) 


The common binomial factor 
is 


€ 


(y+ 3)(y— 21) + (y+ 3)(y + 10) 


= ( \Gp = Bil 4p sy +e 10) 
=o J (ep 


Factor by grouping, if possible. 


Misys 2) ye 
- E> 
(Es - 2) 


12. x° + 5x? + 4x — 20 


Answers 

9. (p+q)(2x+y+2) 10. (y+ 3)(2y — 11) 
11. (5y + 2)(y? — 2) 

12. Cannot be factored by grouping 

Guided Solutions: 

10. y+ 3,y + 3,2y — 11 

ll. 5y + 2,5y + 2,5y + 2 


cs 


Gi} FACTORING BY GROUPING 


In expressions of four or more terms, there may be a common binomial 
jactor. We proceed as in the following examples. 


EXAMPLE 8 Factor: (a — b)(x + 5) + (a — b)(x — y?). 


(a — b)(x + 5) + (a — b)(x — y*) = (a — b)[(x + 5) + (x —y’)] 
= (a — b)(2x + 5 — y”) 


< Do Exercises 9 and 10. 
In Example 9, we group before we factor. 


EXAMPLE 9 Factor: y? + 3y? + 4y + 12. 
y> + 3y? + 4y + 12 = (y? + 3y?) + (4y +12) Grouping 


= y*(y + 3) + 4(y + 3) Factoring each binomial 
= (y + 3)(y? + 4) Factoring out the 
common factor y + 3 
e 


EXAMPLE 10 Factor: 3x° — 6x” — x + 2. 
First, we factor out the greatest common factor in the first two terms: 
ax? = be = Sx" (e = 2). 
Next, we look at the third and fourth terms to see if we can factor them in 
order to have x — 2.asa factor. We see that if we factor out —1, we get x — 2: 
—x+2=-1-(x— 2). 
Finally, we factor out the common factor x — 2: 
(3x° — 6x?) + (—x + 2) 
= 3x?(x — 2) + (—x + 2) 
a(s=2)=—1(e=2) ‘Check 
1lg— 2) = =e +2. 


= {x — 2)(3x” — 1). Factoring out the common 
factor x — 2 


3x3 — 6x2 —x + 2 


EXAMPLE 11 Factor: 4x° — 15 + 20x? — 3x. 


4x3 — 15 + 20x” — 3x = 4x3 + 20x” -— 3x-— 15  Rearranging 


4x*(x-+5)—3(x+5) Check: 
3(x +5) = —3x—15 
= (x + 5)(4x® — 3) Factoring out x + 5 


Notall polynomials with four terms can be factored by grouping. An exam- 
pleisx* + x” + 3x — 3. Note that in a grouping like x?(x + 1) + 3(x — 1), 
the expressions x + 1 and x — 1 are not the same. No grouping allows us to 
factor out acommon binomial. 


< Do Exercises 11 and 12. 
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For Extra Help 


MyMathLab* 


Ra Reading Check 


Choose from the column on the right the word that best completes each statement. 


RC1. To factor a polynomial is to express it as a(n) 


RC2. Inthe expression x(x — 2),xandx — 2are 


RC3. The expression x(x — 2) is a(n) 


of x? — 2x. 


RC4. A polynomial that cannot be factored is said to be 


RC5. The expression 4x is a(n) 
terms of the polynomial 8x + 12x°. 


RC6. When we factor by grouping, we look for a common 


a | Factor. 


1. 6a” + 3a 
4, y> + By" 
7, Ax?y = laxy" 


10. 5x2 — 5x + 15 


. 5x2y3 + 15x3y? ay? = ay = 9 


. 4ab — 6ac + 12ad 


. 8xy + 10xz — 14xw 


. 124° — 20t4 + 8t? — 16 


13. 10a* + 15a? — 25a — 30 


eToys” = 12x 


. 14a*b3c® + 21a*b*c* — 35a*b*c? 


16. 21a°b'c’ — 14a“b®c? 


Factor out a common factor with a negative coefficient. 


19. —5x — 45 


22. —8t + 40 


25. —3y” + 24y 


. —2x? + 2x — 24 . —2x? + 16x — 20 


28. —m? — m2 +m 


Introduction to Factoring 


31. Volume of a Propane Gas Tank. A propane gas tank 
is shaped like a circular cylinder with half of a sphere 
at each end. The volume of the tank with length h 
and radius r of the cylindrical section is given by the 
polynomial 

anh + 3ar°. 

Find an equivalent expression by factoring out a 
common factor. 


32. Triangular Layers. The stack of truffles shown 
below is formed by triangular layers of truffles. The 
number N of truffles in the stack is given by the 
polynomial function 

N(x) = gx? + 3x? + bx, 


where x is the number of layers. Find an equivalent 


expression for N(x) by factoring out a common factor. 


33. Height ofa Baseball. A baseballis popped up with 
an upward velocity of 72 ft/sec. Its height h, in feet, 
after ¢ seconds is given by 

h(t) = —16¢? + 72t. 
a) Find an equivalent expression for h(t) by factoring 
out a common factor with a negative coefficient. 
b) Perform a partial check of part (a) by evaluating 
both expressions for h(t) at t = 2. 


35. Total Revenue. Perfect Sound is marketing a new 
kind of home theater chair. The firm determines that 
when it sells x chairs, the total revenue R is given by 
the polynomial function 

R(x) = 280x + 0.4x? dollars. 
Find an equivalent expression for R(x) by factoring 
out 0.4x. 


Factor. 


37. a(b — 2) + c(b — 2) 


39. (x — 2)(x + 5) + (x — 2)(x + 8) 


Ay = Ty y= 7 
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34. Number of Diagonals. The number of diagonals of 
a polygon having n sides is given by the polynomial 
function 

P(n) = 3n? — 3n. 
Find an equivalent expression for P(n) by factoring 
out a common factor. 


36. Total Cost. Perfect Sound determines that the total 
cost C of producing x home theater chairs is given by 
the polynomial function 

C(x) = 0.18x + 0.6x?. 
Find an equivalent expression for C(x) by factoring 
out 0.6x. 


38. a(x”? — 3) — 2(x? — 3) 


40. (m — 4)(m + 3) + (m— 4)(m — 3) 


42, b° — 3b4++ b— 3 
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43. ac + ad + bc + bd 44, xy + xz + wy + wz 45. b® — b? + 2b- 2 


46. y>—y? + 3y-3 47, y>? + 8y* — 5y — 40 48. 2° + Gf? — 2¢— 12 
49. 24x° + 72x — 36x” — 108 50. 10a° + 50a — 15a? — 75 5l.at+-at+ata 
52. po + p — pet p 53. 2y’ + 6y” — 5y? — 15 54, 2xy + x*y — 6 — 3x 


Skill Maimtemance oc cccccececcecccecceccecceeccseveseseevevsevstvstvesvsttstvsevitvtevseeeeeee, 


Solve. 

55. |x — 3| = 10 [1.6c] 56. |2a — 3| = |3a + 5|_ [16d] 57. |2-—x| <= 12 [1.6e] 

58. |3y-—7| +2>8 [1.6e] 59.8<x—7<10 [1.5al 60. —2 < -3x +1<0 [L.5a] 

61. 2x — 7 > 6or3x +1 <2 [1.5b] 62. —-m+3 5 20rm+5>5m—1 ([1.5b] 
MNES cence icine re maytag nigel osspiapp inde tp Rasa bsncetcnaese satan nGebiuied Reo ectdndaa neste sian tenes 
Complete each of the following. 

63. x°y* + = ey + xy°) 64. a®b’ — = (ab* — c”) 

Factor. 

65. rx? — re + Sr + sx? — sx + 5s 66. 3a* + 6a + 30 + 7a*b + 14ab + 70b 


67. a’x* + atx? + 5a* + a®x* + a?x? + 5a2 + 5x4 + 5x? + 25 (Hint: Use three groups of three.) 


Factor out the smallest power of x in each of the following. 
68. x1/? + 5x3/2 69.5" = 72" 


70. x3/4 + V2 — xV/4 71. x3 — 5x? + 3x3/4 


Factor. Assume that all exponents are natural numbers. 
72. 2% a: Bx + A 73. 3a") Ga" = 15a" 


74. 4xath ate 74-6 75. we? _ 5yttP +4 ayer’ 
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OBJECTIVE 


a | Factor trinomials of the type 
x? + bx + ¢. 


SKILL TO REVIEW 


Objective R.2a: Add real numbers. 


Add. 
1-5 +11 
2. 18 + (-3) 
S$, =F (=) 
4. 9 + (-9) 


Factor. Check by multiplying. 
1. x? + 5x +6 


2. y? + 7y + 10 res 


Because both 7 and 10 are 
positive, we need consider only 
factors of 10. 


PAIRS OF SUMS OF 
FACTORS FACTORS 


1,10 
2, 5 


The numbers we need are 2 and 
. Thus, 
Vo ty 10 — (yt 2) » 


Answers 

Skill to Review: 

16 2.15 3..-9 4.0 
Margin Exercises: 
De (ae 4:2) +23) 
Guided Solution: 
2. positive, 11,7,5,y + 5 


2. (y + 2)(y + 5) 


Factoring Trinomials: 


x°+ bx +c 


EE} FACTORING TRINOMIALS: x?+ bx + c 


We now consider factoring trinomials of the type x” + bx + c. We usea 
refined trial-and-error process that is based on the FOIL method. 


Constant Term Positive 
Recall the FOIL method of multiplying two binomials: 
F O I L 
(x + 3)(x + 5) = x? + 5x + 3x + 15 
=x? +8x +15. 


The product is a trinomial. To factor x* + 8x + 15, we think of FOIL in 
reverse. Since the first term of the trinomial is x”, the first term of each bi- 
nomial factor is x. We want to find numbers p and g such that 


x? + 8x + 15 = (x + p)(x + q). 


We now look for two numbers whose product is 15 and whose sum is 8. 
Those numbers are 3 and 5. Thus the factorization is 


(x + 3)(x+ 5), or (x + 5)(x + 3). 
Thus we can factor using the following general form in reverse: 
(x + p)(x + q) =x° + (p + q)x + pa. 


EXAMPLE 1 Factor: x? + 9x + 8. 


Think of FOIL in reverse. The first term of each factor is x. We are 
looking for numbers p and q such that 


| y 
x? + 9x+ 8 = (x + p)(x + gq) = x? + (p+ q)x + pg. 


We look for two numbers p and g whose product is 8 and whose sum is 9. 
Since both 8 and 9 are positive, we need consider only positive factors. 


PAIRS OF FACTORS SUMS OF FACTORS 


2, 4 6 
1,8 9 


The numbers we 
need are 1 and 8. 


The factorization is (x + 1)(x + 8). We can check by multiplying: 
(x + 1)(x + 8) = x? + Ox + 8. 


< Do Margin Exercises 1 and 2. 


When the constant term of a trinomial is positive, we look for two 
factors with the same sign (both positive or both negative). The sign 
is that of the middle term. 
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EXAMPLE 2 Factor: 20 — 9y + y’. 
We begin by writing the trinomial in descending order: 
y? — Sy + 20. 


Since the constant term, 20, is positive and the coefficient of the middle 
term, —9, is negative, we look for a factorization of 20 in which both factors 
are negative. Their sum must be —9. 


PAIRS OF FACTORS SUMS OF FACTORS 


—1, —20 —21 
—2, —10 -12 
=A, 5 =o 


The numbers we need 
are —4and —5. 


The factorization is (y — 4)(y — 5). 


Do Exercises 3 and 4. D> 


Constant Term Negative 


When the constant term of a trinomial is negative, we look for two 
factors whose product is negative. One of them must be positive 
and the other negative. Their sum must be the coefficient of the 
middle term. 


EXAMPLE 3 Factor: x? — x? — 30x. 


Always look first for the largest common factor. This time x is the 
common factor. We first factor it out: 


x = 2? — 30x = x(x? — x — 30). 


Now consider x? — x — 30. Since the constant term, —30, is negative, we 
look for a factorization of —30. One factor will be positive and one factor 
will be negative. The sum of the factors must be —1, the coefficient of the 
middle term, so the negative factor must have the larger absolute value. 
Thus we consider only pairs of factors in which the negative factor has the 
larger absolute value. 


_—————— 
PAIRS OF FACTORS SUMS OF FACTORS 


1; =30 =29 

2, =15 =13 

3; = 10 =F 

5; -=6 —] + —_+— The numbers we need are 
5 and —6. 


The factorization of x” — x — 30 is (x + 5)(x — 6). But do not forget the 
common factor! The factorization of the original trinomial is 


x(x + 5)(x — 6). 


Do Exercises 5-7. > 


Factor. 
3. m’ — 8m + 12 


4. 24 -1lt+ t? 


5. a) Factor: x? — x — 20. 


b) Explain why you would 
not consider these pairs 
of factors in factoring 
4° = 2 = 20. 


PAIRS OF PRODUCTS 

FACTORS OF FACTORS 
1, 20 
, 10 
A 5 

—1, —20 

=—2,.=10 

—4, —5 

Factor. 


6. x° — 3x? — 54x 


7. 2x3 — 2x? — 84x 


Answers 

3. (m—2)(m—6) 4. (tf — 3)(t — 8), or 
(3 —t)(8—t) 5. (a) (x — 5)(x + 4); 
(b) The product of each pair is positive. 

6. x(x — 9)(x +6) 7. 2x(x — 7)(x + 6) 
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Factor. 
8. x3 + 4x? — 12x 


9. y? — 4y— 12 


10. x7 - 110 -x 


ll. Factor: x? + x — 5. 


Factor. 
12. x? — 5xy + 6y” 


13. p? — 6pq — 16q* 


Answers 

8. x(x + 6)(x-— 2) 9 (y— 6)(y + 2) 

10. (x + 10)(x—11) 11. Not factorable 
12. (x — 2y)(x — 3y) 13. (p — 8q)(p + 24) 


EXAMPLE 4 Factor: x? + 17x — 110. 


Since the constant term, —110, is negative, factorizations of —110 will 
have one positive factor and one negative factor. The sum of the factors 
must be 17, so the positive factor must have the larger absolute value. 


PAIRS OF FACTORS SUMS OF FACTORS We consider only pairs of 


factors in which the positive 


=H NG 109 term has the larger absolute 

—2, 55 53 value. 

=§, 22 17 <——_, The numbers we need are 
—10, ll 1 =f and 22, 


The factorization is (x — 5)(x + 22). 
< Do Exercises 8-10. 
Some trinomials are not factorable. 


EXAMPLE 5 Factor: x? — x — 7. 


There are no factors of —7 whose sum is —1. This trinomial is not 
factorable into binomials. 


< Do Exercise 11. 


To factorx? + bx +c: 


1. First arrange in descending order. 


2. Use a trial-and-error procedure that looks for factors of c 
whose sum is b. 


e Ifcis positive, then the signs of the factors are the same as the 
sign of b. 

e Ifcis negative, then one factor is positive and the other is 
negative. (If the sum of the two factors is the opposite of b, 
changing the signs of each factor will give the desired factors 
whose sum is b.) 


3. Check your result by multiplying. 


The procedure considered here can also be applied to a trinomial with 
more than one variable. 


EXAMPLE 6G Factor: x” — 2xy — 48y”. 
We look for numbers p and q such that 
x* — 2xy — 48y? = (x + py)(x + qy). 


Our thinking is much the same as if we were factoring x* — 2x — 48. We 
look for factors of —48 whose sum is —2. Those factors are 6 and —8. Then 


x? — Qxy — 4By? = (x + Gy)(x — By). 
We can check by multiplying. 


< Do Exercises 12 and 13. 
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EXAMPLE 7 Factor: x* + 2x? — 15. Factor. 


4 2 
We look for numbers p and q such that ee ee 


x* + 2x? — 15 = (x* + p)(x? + q). 


cs) ‘Say 17 1G 
The constant term is negative and the middle term is positive. Thus we rau b d 
look for pairs of factors of —15, such that the positive factor has the larger RES Tote tah alan peu Gg) 


absolute value and the sum of the factors is 2. Those factors are —3 and 5. poe ee 2 ‘ 

The desired factorization is We oe) eae DG ae 7) E 
The product of p and q is 

2 2 
aie + 7 
co i 2) The sum of p and q is 
Do Exercises 14 and 15. > The factors we want are —2 

and 


The factorization is 


Leading Coefficient of — 1 
(y? — 2)(y° + ). 


EXAMPLE 8 Factor: —x? + 5x + 14. 


Note that this trinomial has a leading coefficient of —1. Before factoring, 


in such a case, we can factor outa —1: 
Factor. 


—y2 =a 2 = 
x? + 5x + 14 = —1(x? — 5x — 14) ee pe? 
= —-l(x-—7)(x +2). Factoring x” — 5x — 14 


x2 _ 
We can also express this answer two other ways by multiplying through Me ae eee ee 


either binomial by —1. Thus each of the following is a correct answer: 
—x? + 5x + 14 = —-1(x — 7)(x + 2); Anes 
14, (x? — 2)(x?-— 7) 15. (y? + 3)(y? - 2) 
(—x + 7)(x + 2); Multiplying x — 7 by -1 16. —(x + 5)(x — 2), or (—x — 5)(x — 2), 


= (x — 7)(-x — 2). Multiplying x + 2 by -1 is oe : i ne Neh 


Guided Solution: 
Do Exercises 16 and 17. > 15. —6,1,3,3 


For Extra Help MathXL? Ee. = 
MyMathLab® _-ascrice waren _reao__eview 


[vf Reading Check 


Choose from the column on the right the phrase that best completes each statement. 


RC1. To factor x” + 19x — 20, we look for a factorization a) both factors are positive. 
pi eo whiels b) both factors are negative. 

RC2. To factor x? — 11x — 12, we look for a factorization c) the positive factor has the 
of —12 in which : greater absolute value. 


d) the negative factor has the 


2 . ‘< 
RC3. To factor x° + 7x + 12, we look for a factorization greater absolute value. 


of 12 in which . 


RC4. To factor x? — 12x + 20, we look for a factorization 
of 20 in which ; 
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a | Factor. 


1. x* + 13x + 36 
4, y* — l0y + 21 
7. 2y* — l6y + 32 
10. m? + m — 72 


2 1 
13. y ae 


16. y* — 14y + 45 
19. x7 + 5x +6 
22, 32 + 4y — y’ 
25. x’ + 11x? — 80 
28. x° + 12x + 13 


31. 2x? — 8x — 90 


2. x7 + 9x + 18 


5. x* — 8x — 33 


8. 2a” — 20a + 50 


Il. 12x + x? + 27 


2, 2 
14, p° + ~pt+ — 


17. 5x + x? - 14 


20. y? + 8y +7 


23. 32y + 4y? — y? 


26. y* + 5y* — 84 


29. x7 + 12xy + 27y? 


32. 3x? — 21x — 90 
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3. 22 — 8f + 15 


6. 1? — 15 — 2t 


9. p? + 3p — 54 


12. 10y + y? + 24 


15. t? — 4t+ 3 


18. x + x? — 90 


21.56 +x-— x? 


24. 56x + x? — x3 


27. x7 —3x+7 


30. p® — 5pq — 24q° 


33. —z* + 36 — 9z 
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34, 24 — a? — 10a 35. x* + 50x? + 49 
37. x° + 11x? + 18 38. x® — x3 — 42 
40. x® — 7x* + 10 4l. y* — 0.8y + 0.16 
43. 12 — bl? — p” 44,8 — 71 — 7° 


36. p* + 80p? + 79 


39. x® — 1llx* + 24 


42. a? + 14a + 0.49 


Skil] Maimtemanrce iii icccccccccccccccccccccecccecvecveeeseesvecveteeveevetvevsetsevesvatevtvetvatvatvststittstvstesvesveseeeee, 


Solve. [3.4a] 


45. Mixing Rice. Countryside Rice is 90% white rice and 
10% wild rice. Mystic Rice is 50% wild rice. How much 
of each type should be used to create a 25-lb batch of 
rice that is 35% wild rice? 


46. 


Determine whether each of the following is the graph of a function. 


47. y 48. y 


VN ; 


Find the domainof f.  [2.3al 
SL. f(x) =x? -2 52. f(x) = 3 — 2x 


49. 


53. 


Wages. Takako worked a total of 17 days last month 
at her father’s restaurant. She earned $50 per day 
during the week and $60 per day during the weekend. 
Last month Takako earned $940. How many weekdays 
did she work? 


[2.2d] 
y 50. y 


RV 


54. f(x) = 3 — |x| 


spc pets teer geese a on atheist tin Sana deintag dead Bete ce 


55. Find all integers m for which x* + mx + 75 canbe 
factored. 


57. One of the factors of x” — 345x — 7300is x + 20. Find 
the other factor. 


58. 


. Find all integers g for which x? + qx — 32 canbe 


factored. 


(ANA Use the TABLE feature and the GRAPH feature 
of a graphing calculator to check your answers to 
Exercises 1-6. 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 

1. The polynomial 5x + 2x? — 4x* canbe factored. [4.3a] 

2. The expression 17x *y*isamonomial. [4.1a] 

3. The degree of a polynomial is the same as the degree of the leadingterm. [4.1a] 
4. The opposite of —x* + xisx — x”. [4.1d] 
5. 


The binomial 144 — x? isa difference of squares. [4.2d] 
Guided Solutions 


Fill in each blank with the number or expression that creates a correct solution. 


6. Multiply: (8w — 3)(w—5). [4.2b] 


F O I Ib; 
(8w — 3)(w — 5) = (8w)( ) + (8w)(—5) + (—3)(w) + (—3)( ) 
= 8w* — w — 3w + = 8w? — w+ 


7. Factor: c? — 8c? — 48c. [4.3al, [4.4a] 

© — 8c? — 48c = c-c?—c- re 4g ce — 48) =c(c+ We ) 
8. Factor: x2? + 8xl°— 9. [4.4a] 

a) ae bet — G) 2 + 8( \)-9=( + 9)( = 1) 
9. Factor by grouping: 5y* + 20y?— y — 4. [4.3b] 

Sree 2 Ee - Rm - Re -» 


Mixed Review 


For each polynomial, identify the terms, the degree of each term, and the degree of the polynomial. Then identify the 
leading term, the leading coefficient, andthe constantterm. [4.1a] 


10. —a’ + a*-a+8 11. 3x7 + 2x3w° — 12x?w + 4x7 - 1 


12. Arrange in ascending powers of y: —2y +5 — y?> + y 


2y*. [4.1a] 
13. Arrange in descending powers of x: 2qx — 9qr + 2x° — 4qx*. [41a] 


Evaluate each polynomial function for the given values ofthe variable. [4.1b] 


Ve he) = Se = se & AG), =O) cue n 5) 15. f(x) = 5x Be fo) fan) andy) 
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16. Given f(x) = x” + 2x — 9, find and simplify f(a — 2) andf(a + h) — f(a). [4.2e] 

Add, subtract, or multiply, 

tke (Gee = Wb ae ah ae @) ae (ing ce BS Se = Sel 

18. (x? + 10x — 4) + (9x — 2x +1) + (x? -—x-5) [4.1c] 

19. (b— 12)(b+1) [4.2b] 20 ca(ee. tc) |a2a] 

aby — Gyo ee eeh| 22 Gy ey oy sy ay ela] 
23. (8x — 11) —- (-x +1) [4.1d] 24, (4x — 5)? [4.2c] 

25. (2x + 5)? [4.2c] 26. (0.01x — 0.5y) — (2.5y — 0.1x) [4.1d] 

27. 13x 10x) [4-24 HEY, (Gece VG — Poa eae Sy ae 

29, (5x — 7)(2x +9) [4.2b] 30. (9x — 4)(9x + 4) [4.2d] 

Factor. 

31. 52 + 7h [4.3a] 32. x7 + 8x — 20 [4.4a] 33. 21 - 4b — b? [4.4al 
34, m? + “m *h os [4.4a] 35. 2xy — x*y— 5x +10 [4.3b] 36. 3w? —- 6W +3 [4.4al 
37. 2+ 3t?+t+3 [4.3b] 38. 24xy®z* — 16x*y3z [4.3al 39. x7 + 8x +6 [44a] 


Understanding Through Discussion and Writing 


40. Explain in your own words why —(a — b) = b— a. 
[4.1d], [4.3a] 


42. Isit true that ifa polynomial’s coefficients and exponents 


are all prime numbers, then the polynomial itself is 


prime? Why or why not? [4.3a] 

44. Explain the error in each of the following. 
aa 3) =a 9 4 2c 
b) (a— b)(a-b)=a-— b* [4.2c] 
Ox 3a — 4) — x1 — 12 (4-25) 
d)(p+7)(p— 7) =p’ +49 [4.2d] 
e) (¢-37 =2?-9 [4.2c] 


Al. Is the sum of two binomials always a binomial? Why 
or why not? [4.1c] 


43. Under what conditions would it be easier to 
evaluate a polynomial function after it has been 
factored? [4.1b], [4.4a] 


45. Checking the factorization of a second-degree 
polynomial by making a single replacement is only 
a partial check. Write an incorrect factorization and 
explain how evaluating both the polynomial and the 


factorization might catch a possible error. [4.4a] 
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STUDYING FOR SUCCESS 


{) Finda quiet place to study. 


As You Study 


(| Be disciplined in your use of electronics such as video games, the Internet, and television. Study first! 


{_) Pace yourself. It is usually better to study for shorter periods several times per week than 
to study in one marathon session each week. 


B Factor trinomials of the type 
ax? + bx + ca ¥ 1,by 
the FOIL method. 


|b Factor trinomials of the type 
ax? + bx + ca ¥ 1,by 
the ac-method. 


SKILL TO REVIEW 


Objective 4.2b: Use the FOIL 
method to multiply two binomials. 


Multiply. 
1. (8x — 7)(2x + 1) 
2. (6a — b)(3a + 5b) 


To the instructor: Here we 
present two ways to 

factor general trinomials: 
the FOIL method and the 
ac-method. You can teach 
both methods and let the 
student use the one he or 
she prefers or you can select 
just one for the student. 


Answers 


Skill to Review: 


1. 16x? — 6x —7 2. 18a? + 27ab — 5b? 
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Factoring Trinomials: 


ax? + bx +ca#l 


Now we learn to factor trinomials of the type ax” + bx + c,a # 1.Weuse 
two methods: the FOIL method and the ac-method. 


EQ THE FOIL METHOD 


We first consider the FOIL method for factoring trinomials of the type 
ax? + bx + c,a # 1. Consider the following multiplication. 


F O I L 
12x? + 15x + 8x + 10 
= 12x7 +23x +10 


(3x + 2)(4x + 5) 


To factor 12x” + 23x + 10, we must reverse what we just did. We look for 
two binomials whose product is this trinomial. The product of the First 
terms must be 12x’. The product of the Outside terms plus the product of 
the Inside terms must be 23x. The product of the Last terms must be 10. In 
general, finding such an answer involves trial and error. We use the follow- 
ing method. 


THE FOIL METHOD FOR FACTORING TRINOMIALS 


1. Factor out the largest common factor. The remaining trinomial is 
ax® + bx + c. 

2. Find two First terms whose product is ax”: 

(M™ix+ )(Mixt+ )=a@?+bxet+c. 


FOIL 


3. Find two Last terms whose product is c: 
( x+B)( x+ ee ere 
| FOIL 
4. Repeat steps (2) and (3), if necessary, until a combination is found 
for which the sum of the Outside and Inside products is bx: 
(Bix+ BD(Mix+ BM) =a’+ . tg, 


I FOIL 
O 


5. Check by multiplying. 
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EXAMPLE 1 Factor: 3x2 + 10x — 8. 


1. First, we factor out the largest common factor, if any. There is none 
(other than 1 or —1). 

2. Next, we factor the first term, 3x”. The only possibility is 3x - x. The 
desired factorization is then of the form (3x + [/])(x + 

3. We then factor the last term, —8, which is negative. The possibilities 
are (—8)(1), 8(—1), 2(—4), and (—2)(4). They can be written in either 
order. 


4. We look for combinations of factors from steps (2) and (3) such that the 
sum of the outside and the inside products is the middle term, 10x: 


ox =k 


Po] a 
(3x — 8)(x + 1) = 3x? — 5x - 8; (3x + 8)(x — 1) = 3x? + 5x — 8; 
[| |_| — L__| 


=8x Wrong middle term 8x Wrong middle term 
=e 12x 
ar | f- 
(3% + 2)(x— 4) = 3x7 = 10x— 8; (Sx — 2)(x + 4) = 3x? + lox — 8. 
= LJ} = = 
2x Wrong middle term —2x Correct middle term! Factor by the FOIL method. 
5. Check: (3x — 2)(x + 4) = 3x? + 10x — 8. 1. 3x? — 13x — 56 


Do Exercises 1 and 2. > 2. 3x7 + 5x + 2 


EXAMPLE 2 Factor: 18x° — 57x° + 30x’. 


1. First, we factor out the largest common factor, if any. The expression 
3x* is common to all terms, so we factor it out: 3x*(6x” — 19x + 10). 


2. Next, we factor the trinomial 6x? — 19x + 10. We factor the first term, 
6x’, and get 6x - x, or 3x - 2x. We then have these as possibilities for 
factorizations: (3x + [})(2x + [[)) or (6x + [])(x + [F)). 


3. We then factor the last term, 10, which is positive. The possibilities are 
(10)(1), (—10)(—1), (5)(2), and (—5)(—2). They can be written in 
either order. Since the middle term, —19x, is negative, we consider only 
(-10)(—1) and (—5)(—2). 

4. We look for combinations of factors from steps (2) and (3) such that the 
sum of the outside and the inside products is the middle term, —19x. 
We begin by using these factors with (3x + [])(2x + [_]). Should we 
not find the correct factorization, we will consider (6x + [_])(x + [)). 


=o —30xX 


eos. 4 PT 
(3x — 10)(2x — 1) = 6x? — 23x + 10; (3x — 1)(2x — 10) = Gx? — 32x + 10; 
== | 


—20x Wrong middle =2% Wrong middle 
term term 
=be =15e 
[ [ 
(3x — 5)(2x — 2) = Gx® — 16x + 10; (3x — 2)(2x — 5) = 6x” — 19x + 10 
[| |__| en) | 
10% Wrong middle —4x Correct middle 
term term! 
We have a correct answer. We need not consider (6x + [_])(x + [ J). Avswers 


1. (x — 7)(3x + 8) 2. (3x + 2)(x + 1) 
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Factor. 
3. 24y* — 46y + 10 


A. 20x° — 46x* + 24x3 


First, factor out the largest 
common factor: 


(10x” — 23x + 12). 


10x” can be factored as 2x + 5x or as 
° x. 

Since —23 is negative, the factors 

of 12 must be negative: 12 can be 

factored as (—1)(—12), (—2)(—6), 

or (=8))\( =). 

Next, list all possibilities with 2x 

and 5x as the first terms. If none of 

these is correct, we will check 10x 

and x. 

(2x — 1)(5x — 12), 

(Qe = 12)\(Sxe = 11), 

(Qe = 2) (Ge = 8), 


(Qe = ©)(Ge = ), 
(Be = S)(Ge = 2), 
(Qe = A)(az = ) 


Only two possibilities have no 
common factor: 


(2x — 1)(5x — 12) 


= 10x” — + 24, 
(Qe = 8)(Se = 2) 
= 10x? — + 12. 


The factorization of 
20x° — 46x? + 24x is 
(Be = BS) (Se — 4). 


5. 3x7 + 19x + 20 


6. 16x? — 12 + 16x 


Answers 


3. 2(4y — 1)(3y — 5) 
5. (3x + 4)(x + 5) 


4. 2x3(2x — 3)(5x — 4) 
6. 4(2x — 1)(2x + 3) 


Guided Solution: 
4, 2x3, 10x, 2, 3, 29x, 23x, 2x3 


358 


cs 


The factorization of 6x” — 19x + 10 is (3x — 2)(2x — 5). But do 
not forget the common factor! We must include it in order to get a com- 
plete factorization of the original trinomial: 


1ax° = 57x° + 30x* = 3x4(3x — 2)(2x — 5). 
5. Check: 3x*(3x — 2)(2x — 5) = 3x*(6x* — 19x + 10) 
= 18x° — 57x° + 30x". @ 


From Examples 1 and 2, we can make some observations that might 
speed up the factoring. 


e Note in Example 1 that changing the signs in the binomial factors 
changed the signs of the middle terms. 


e In Example 2, we examined the signs of the terms before forming pos- 
sible products. If a and c are both positive, the signs of the factors of c 
will match the sign of b. 


e In Example 2, look again at the possibility (3x — 1)(2x — 10). Without 
multiplying, we can reject such a possibility, noting that the expression 
2x — 10 has acommon factor, 2. But we removed the largest common 
factor before we began. If this expression were a factorization, then 2 
would have to be a common factor along with 3x*. 


Given that we factored out the largest common factor at the outset, we 
can now eliminate factorizations that have a common factor. 


TIPS FOR FACTORING ax? + bx + ¢ 
USING THE FOIL METHOD 


1. Ifthe largest common factor has been factored out of the original 
trinomial, then no binomial factor can have a common factor 
(other than 1 or —1). 


2. a) Ifthe signs ofall the terms are positive, then the signs of all 
the terms of the binomial factors are positive. 
b) Ifaand care positive and b is negative, then the signs of the 
factors of c are negative. 
c) Ifais positive and c is negative, then the factors of c will have 
opposite signs. 
3. Be systematic about your trials. Keep track of those you have 
tried and those you have not. 
4. Changing the signs of the factors of c will change the sign of the 
middle term. 


Keep in mind that this method of factoring trinomials of the type 
ax? + bx + c involves trial and error. As you practice, you will find that 
you will need fewer trials to arrive at the factorization. 


< Do Exercises 3-6. 


The procedure considered here can also be applied to a trinomial with 
more than one variable. 


EXAMPLE 3 Factor: 30m? + 23mn — 11n’. 


1. First, we factor out the largest common factor, if any. In this polynomial, 
there is no common factor (other than 1 or —1). 
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2. Next, we factor the first term, 30m”, and get the following possibilities: 
30m + m, 15m + 2m, 10m: 3m, and 6m: 5m. 
We then have these as possibilities for factorizations: 
(30m + )(m + BD, (15m + [)(2m + BD, 


(10m + [])(3m + [)), (6m + [_])(5m + [)). 


3. We then factor the last term, —11n’, which is negative. The possibilities 
are —lln+ nand11n: (—n). 


4. We look for combinations of factors from steps (2) and (3) such that the 
sum of the outside and the inside products is the middle term, 23mn. 
Since the coefficient of the middle term is positive, let’s begin our search 
using 11 + (—n). Should we not find the correct factorization, we will 


consider —1lln: n. 


30 + 1 — = 30 Di. 19 — 11 2, Note that chang- 
i ee =i) us a - ing the order of 11n 


30m — n)(m + 11n) = 30m? + 329mn — 11n?; 


and —n changes 
(15m + 11n)(2m — n) = 30m? + 7mn — 11n?, 

( 

( 


the middle term. 

15m — n)(2m + 11n) = 30m? + 163mn — 11n?; 

10m + 11n)(3m — n) = 30m? + 23mn — 11n? <— Correct middle term 
We have a correct answer: 30m? + 23mn — 11n?. The factorization of 
30m* + 23mn — 11n?is (10m + 11n)(3m — n). 

5. Check: (10m + 11n)(3m — n) = 30m* + 23mn — 11n?. 


Do Exercises 7 and 8. > 


G3} THE ac-METHOD 


The second method of factoring trinomials of the type ax” + bx + c, 
a ~ 1,is known as the ac-method, or the grouping method. 
We can factor x” + 7x + 10 by “splitting” the middle term, 7x, and 
using factoring by grouping: 
xo 7e+ 10 = x? + Oe +x + 10 
= x(x + 2) + 5(x + 2) 
(ee 2 eb). 


If the leading coefficient is not 1, as in 6x? + 23x + 20, we use a method for 
factoring similar to what we just did with x* + 7x + 10. 


THE ac-METHOD FOR FACTORING TRINOMIALS 


1. Factor out the largest common factor. The remaining trinomial is 
ax® + bx + c. 


2. Multiply the leading coefficient a and the constant c. 


3. Try to factor the product ac so that the sum of the factors is b. 
That is, find integers p and q such that pg = acandp + q = b. 


4. Split the middle term, writing it as a sum using the factors found 
in step (3). 

5. Factor by grouping. 

6. Check by multiplying. 


Factor. 
7. 21x? = Say = 4y* 


8. 60a? + 123ab — 27b? 


Answers 
7. (7x — 4y)(3x + y) 
8. 3(4a + 9b)(5a — b) 
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Factor by the ac-method. 


9. 


10. 
. There is no common factor. 


. Check: 


4x? + Ax — 3 


Ax? + 37x + 9 


. Multiply the leading 


coefficient and the constant: 
4(9) = 


. Look for a pair of factors of 36 


whose sum is 37. Both factors 
will be positive. 


SUMS OF 
FACTORS 


20 
15 
13 
12 


PAIRS OF 
FACTORS 


. Split the middle term, 37x: 


37x =x + 


. Factor by grouping: 


4x? + x + 36x + 9 

= x(4x + 1) + 9( ) 

= ( \(x +9). 

(4x + 1)(x + 9) = 
4x? + 37x + 9. 


Answers 


9. (2x + 3)(2x — 1) 


10. (4x + 1)(x + 9) 


Guided Solution: 
10. 36,37, 36x, 4x + 1,4x + 1 
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EXAMPLE 4 Factor: 6x? + 23x + 20. 


1. 


2. 
3. 


6. 


First, factor out a common factor, if any. There is none (other than 1 
or —1). 
Multiply the leading coefficient, 6, and the constant, 20: 6 - 20 = 120. 


Then look for a factorization of 120 in which the sum of the factors is the 
coefficient of the middle term, 23. Since both 120 and 23 are positive, 
we need consider only positive factors of 120. 


PAIRS OF SUMS OF PAIRS OF SUMS OF 
FACTORS FACTORS FACTORS FACTORS 


1, 120 121 5, 24 29 
2, 60 62 6, 20 26 
3, 40 43 8,15 23 
4, 30 34 10, 12 22 


. Split the middle term: 23x = 8x + 15x. 


. Factor by grouping: 
6x* + 23x + 20 = 6x? + Bx + 15x + 20 Substituting 8x + 15x 
for 23x 
= 2x(3x + 4) + 5(3x + 4) Factoring by grouping 


= (3x + 4)(2x + 5). 


We could also split the middle term as 15x + 8x. We still get the same 
factorization, although the factors are in a different order: 
6x" + 23x + 20 = 6x” + 15x + 8x + 20 
3x(2x + 5) + 4(2x + 5) 
= (2x + 5)(3x + 4). 


(3x + 4)(2x + 5) = Gx® + 23x + 20. 


Check: 


< Do Exercises 9 and 10. 


EXAMPLES Factor: 6x* — 116x° — 80x?. 


1. 


First, factor out the largest common factor, if any. The expression 2x? is 
common to all three terms: 2x*(3x? — 58x — 40). 


. Now, factor the trinomial 3x” — 58x — 40. Multiply the leading coeffi- 


cient, 3, and the constant, —40: 3(—40) = —120. 
Next, try to factor —120 so that the sum of the factors is —58. Since the 
coefficient of the middle term, —58, is negative, the negative factor of 


—120 must have the larger absolute value. 


SUMS OF SUMS OF 
FACTORS | FACTORS FACTORS | FACTORS 
1, -120 ~119 5, -24 ~19 
a =60 =58 6, -20 14 
3, —40 37 8, -15 =9 
4, —30 —26 10, 12 ~2 
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4. Split the middle term, —58x, as follows: —58x = 2x — 60x. 
5. Factor by grouping: 


3x° — 58x — 40 = 3x* + 2x — 60x — 40 Substituting 2x — 60x 
for —58x 


= x(3x + 2) — 20(3x + 2) Factoring by grouping 
= (3x + 2)(x — 20). 


The factorization of 3x? — 58x — 40is (3x + 2)(x — 20). But don't for- 
get the common factor! The factorization of the original polynomial is 


6x* = 116x° = 80x" = 2x°(3x + 2)(x — 20). 
6. Check: 2x*(3x + 2)(x — 20) = 2x?(3x* — 58x — 40) 
= 6x* = 116x° — 80x". 


Do Exercises 11 and 12. > 


For Extra Help 


MyMathLab® _rasctce 


[(V{ Reading Check 


Choose the word or expression shown under each blank that best completes the 


description of factoring 2x” — 3x + 1 using the FOIL method. 
RC1. The product of the First terms must be 


2x? /-3x/1 


RC2. The product of the Last terms must be 


2x?/—3x/1 


RC3. The sum of the Outside and the Inside products must be 


2x?/—3x/1 


RC4. Both Last terms must be ; 
positive/negative. 


Choose the word or expression shown under each blank that best completes the 
description of factoring 10x? + 21x + 2 using the ac-method. 


MathxL Lj 


RC5. Multiply the coefficient 10 and the 2. 
leading/largest constant/degree 
The product is 20. 
RC6. Find two integers whose is 20 and whose 
sum/product sum/product 


is 21. The integers are 20 and 1. 


RC7. Split the middle term, , writing it as the sum of 20x and x. 
10x? /21x/2 


RC8. by grouping: 
Factor/Add 


10x? + 20x + x + 2 = 10x(x + 2) + I(x + 2) 
= (x + 2)(10x + 1). 


Factor by the ac-method. 
11. 10y* — 7y? — 12y? 


12. 6a® — 7a” — 5a 


Answers 
ll. y*(5y + 4)(2y — 3) 
12. a(3a — 5)(2a + 1) 


S 
WATCH READ REVIEW 
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EB ‘ | b | Factor. 


1. 3x? — 14x — 5 

5. 3c” — 20c + 32 

9. 4t + 10t7 -— 6 

13. 18a” — 5la + 15 
17. 12x° — 31x? + 20x 
21. 3a7-a-4 
25. 3+ 35z — 122? 
29. 3x3 — 5x? — 2x 
33. —819 — 8t? + 30t 


37. 21x? + 37x + 12 


Al. 12a? — 17ab + 6b? 


10. 


14. 


18. 


22. 


26. 


30. 


34. 


38. 


42. 


. 8x? — 6x — 9 


. 12b7 — 8b + 1 


8x + 30x? — 6 


30a? — 85a + 25 


15x? — 19x? — 10x 


6a? — 7a — 10 


8 — 6a — 9a? 


18y? — 3y? — loy 


—36a? + 21a” — 3a 


10y? + 23y + 12 


20p* — 23pq + 6q? 
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11. 


15. 


19. 


23. 


27. 


31. 


35. 


39. 


43. 


. loy? + y? — 2ly 


. 35y? + 34y + 8 


8x" — 16 — 28x 


30t? + 85t + 25 


14x* — 19x> — 3x? 


9x* + 15x + 4 


—4t? — 4t+ 15 


24x* — 2 — 47x 


—24x3 + 2x + 47x? 


AOx* + 16x? — 12 


2x? + xy — by? 


12. 


16. 


20. 


24. 


28. 


32. 


36. 


40. 


44. 


. 6x? + x? — 12x 


. 9a" + 18a + 8 


18x? — 24 — 6x 


18y? + 5ly + 15 


70x* — 68x? + 16x? 


6y? -—y-2 


—l2a7 + 7a -1 


15y? — 10 — 15y 


—15y? + 10y + 47y? 


24y* + 2y? — 15 


8m? — 6mn — On? 
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45. 12x? — 58xy + 56y? 46. 30a” + 2lab — 36b? 47. 9x? — 30xy + 25y? 
y 


48. 4p? + 12pq + 9q* 49, 3x®° + 4x3 — 4 50. 2p? + 11p* + 15 
p pq q P Pp 


Suppose that a 52. Fireworks. Suppose that a bottle rocket is launched 


51. Height of a Thrown Baseball. 


Skill Maintenance 


baseball is thrown upward with an initial velocity 
of 80 ft/sec from a height of 224 ft. Its height h, in feet, 
after t seconds is given by the function 
h(t) = —16t? + 80t + 224. 
a) What is the height of the ball after 0 sec? 1 sec? 
3 sec? 4 sec? 6 sec? 
b) Find an equivalent expression for h(t) by 
factoring. 


h(t) = —16t? + 80¢ + 224 


224 ft 


Solve. [3.5a| 


upward with an initial velocity of 96 ft/sec and froma 
height of 880 ft. Its height h, in feet, after ¢t seconds is 
given by the function 
h(t) = —16t? + 96t + 880. 
a) Whatis the height of the bottle rocket after 0 sec? 
1 sec? 3 sec? 8 sec? 10 sec? 
b) Find an equivalent expression for h(t) by factoring. 


53. x + 2y—- z=0, 54. 2x+ yt 2z=5, 55. 2x + Sy + 6z = 5, 56. x — 3y + 2z = —8, 
4x + 2y + 5z = 6, 4x — 2y — 32 5, x- yr z=4, 2x + 3y+ Z= 17, 
2x—- yr2>=65 8x y a=) 3x + 2y + 3Z2=7 5x — 2y + 3z = 

Determine whether the graphs of the given pairs of lines are parallel or perpendicular. [2.5d] 

57. y — 2x = 18, 58. 21x + 7 = —3y, 59. 2x + Sy = 4, 60. y+ x= 7, 
2x-7=y yr 7x = —-9 2x — 5y = —3 y-x= 

Find an equation of the line containing the given pair of points. [2.6c| 


61. (—2, —3) and (5, —4) 62. (2, —3) and (5, —4) 63. (—10,3) and (7, —4) 
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65. ‘@s4 Use the TABLE feature and the GRAPH feature . awa Use the TABLE feature and the GRAPH feature 


of a graphing calculator to check your answers to 
Exercises 2, 17, and 28. 


of a graphing calculator to check your answers to 
Exercises 4, 11, and 32. 


Factor. Assume that variables in exponents represent positive integers. 


67. 7a°b? + 6 + 13ab 68. 2x*y® — 3x?y> — 20 69. 9x2y? — 4 + 5xy 
y y v 
70. jp? —2p+x 71. x74 + 5x% — 24 72, 4x74 — 4x* — 3 
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OBJECTIVES 


a | Factor trinomial squares. 
|b Factor differences of squares. 


C | Factor certain polynomials 
with four terms by grouping 
and possibly using the fac- 
toring of a trinomial square 
or the difference of squares. 


| Factor sums and differences 
of cubes. 


SKILL TO REVIEW 


Objective 4.2d: Use a rule to 
multiply a sum and a difference 
of the same two terms. 


Multiply. 
1. (y — 3)(y + 3) 
2. (5x — 7)(5x + 7) 


1. Which of the following are 
trinomial squares? 


a) x? + 6x +9 

b) x? — 8x + 16 

c) x7 + 6x 4+ 11 

d) 4x? + 25 — 20x 
e) 16x? — 20x + 25 
f) 16 + 14x + 5x? 
g) x? + 8x — 16 
h) x? — 8x — 16 


Answers 


Skill to Review: 
ly?-9 2, 25x? — 49 


Margin Exercise: 


1. (a), (), (d) 


Special Factoring 


In this section, we consider some special factoring methods. 


EE} TRINOMIAL SQUARES 


Consider the trinomial x? + 6x + 9. To factor it, we can look for factors of 
9 whose sum is 6. We see that these factors are 3 and 3 and the factorization is 


x? + 6x+ 9 = (x + 3) 4+ 3) = (x + 3)”. 


Note that the result is the square of a binomial. We also call x” + 6x + 9a 
trinomial square, or perfect-square trinomial. We now develop a faster 
procedure for factoring trinomial squares. 

How can we recognize when an expression is a trinomial square? Look 
at A? + 2AB + B? and A* — 2AB + B?. 


How to recognize a trinomial square: 


a) The two expressions A” and B* must be squares. 
b) There must be no minus sign before either A’ or B’. 


c) Multiplying A and B (expressions whose squares are A’ and B’) 
and doubling the result gives either the remaining term or its 
opposite. 


EXAMPLES Determine whether the polynomial is a trinomial square. 


1. x? + 10x + 25 
a) Two terms are squares: x* and 25. 
b) There is no minus sign before either x” or 25. 


c) Ifwe multiply the expressions whose squares are x* and 25, x and 5, 
and double the product, we get 10x, the remaining term. 


Thus this is a trinomial square. 


2. 4x + 16 + 3x? 


a) Only one term, 16, is a square (3x? is not a square because 3 is not a 
perfect square and 4x is not a square because x is not a square). 


Thus this is not a trinomial square. 
3. 100y” + 81 — 180y 
(It can help to first write this in descending order: 100y* — 180y + 81.) 
a) Two ofthe terms, 100y” and 81, are squares. 
b) There is no minus sign before either 100y? or 81. 


c) Ifwe multiply the expressions whose squares are 100y” and 81, 10y 
and 9, and double the product, we get 2(10y)(9) = 180y. This is the 
opposite of the remaining term, —180y. 


Thus this is a trinomial square. 


< Do Margin Exercise 1. 
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The factors of a trinomial square are two identical binomials. We use 
the following equations. 


TRINOMIAL SQUARES 


A’ + 2AB + B* = (A + B); 
A — 2AB + B? = (A — BY? 


EXAMPLE 4 Factor: x? — 10x + 25. 


x” — 10x + 25 = (x = 5)? We find the square terms and write 
| their square roots with a minus sign 
Note the sign! between them. ® 


EXAMPLE 5 Factor: 16y” + 49 + 56y. 


16y” + 49 + 56y = 16y? + 56y + 49 _— Rewriting in descending 
order 


(4y + 7)? We find the square terms 
and write their square 
roots with a plus sign 


between them. 
EXAMPLE 6 Factor: —20xy + 4y? + 25x?. 
We have 
—20xy + 4y? + 25x” = 4y? — 20xy + 25x” —- Writing descending 
order in y 


(2y — 5x)’. 
This square can also be expressed as 


25x? — 20xy + 4y”? = (5x — 2y)*. 
Do Exercises 2-5. D> 


In factoring, we must always remember to look first for the largest 
factor common to all the terms. 
EXAMPLE 7 Factor: —4y” — 144y® + 48y°. 
—4y? — 144y® + 48y° 
= —4y?(1 + 36y® — 12y%) _ Factoring out the common factor —4y? 
= —4y?(1 — 12y? + 36y°) Changing order 


= —Ay*(1 — 6y?)? Factoring the trinomial square 


Do Exercises 6 and 7. > 


GE} DIFFERENCES OF SQUARES 


The following are differences of squares: 
x?-9, 49-4y’, a* — 49b7. 


To factor a difference of squares such as x* — 9, we use the following 
special product: 


(A + B)(A — B) = A — B’. 


Factor. 
2. x7 + 14x + 49 


3. 9y* — 30y + 25 


4. 16x? + 72xy + 81y? 


)cs) 5. 16x? — 40x2y? + 25y° 


Factor as a trinomial square: 


16x* — 40x*y? + 25y® 
= (4x7)? — 2+ 4x? 
1: 


= (4x* — Ne: 


Factor. 
6. —8a* + 24ab — 18b? 


7. 3a” — 30ab + 75b? 


Answers 


+ 


2.(x+7)? 3. (3y—5)? 4. (4x + 9y)? 


5. (4x? — 5y3)? 6. —2(2a — 3b)? 
7. 3(a — 5b)? 

Guided Solution: 

5. 5y3, 5y°, sy? 
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Factor. 
8. y?-4 


9. 49x* — 25y!° 


il 
10. m? — = 
) 

Factor as a difference of 


squares: 


Answers 


8. (y + 2)(y — 2) 
9. (7x? + 5y®)(7x? — 5y>) 


(me eet) 


Guided Solution: 
111 


10. >> > 
333 


» 


Equations are reversible, so we have the following. 


FACTORING A DIFFERENCE OF SQUARES 


A — B* = (A+ B)(A — B) 


To factor a difference of squares A’? — B”, we find A and B, which are 
square roots of the expressions A” and B*. We then use A and B to form two 
factors. Oneis the sum A + B, and the other is the difference A — B. 
EXAMPLE 8 Factor: x? — 9. 


A — B* = (A+ B)(A-B) 
Vv Vv Y 


= 9= 2° — FY = (e+ 3)(x— 3) 8 


EXAMPLE 9 Factor: 25y® — 49x?. 


A — B = (A+ B)(A — B) 
V V Vv Y 
25y® — 49x? = (5y*)* — (7x)? = (5y® + 7x)(5y® — 7x) e 


EXAMPLE 10 Factor: x? is 


A-ha 2-H 


o 
+ 
le 
“ 
— 
o 
| 
le 
“ 


< Do Exercises 8-10. 
Common factors should always be factored out. 


EXAMPLE 11 Factor: 5 — 5x’y®. 
There is acommon factor, 5. 


5 = bx*y® = 51 — x*y®) Factoring out the common factor 5 


B[ 1? — (xy*)?] Recognizing the difference of 
squares; x?y® = (x!y?)* = (xy*/)? 
5(1 + xy*)(1 — xy?) __ Factoring the difference of squares 


EXAMPLE 12 Factor: 2x* — 8y*. 
There is acommon factor, 2. 


ax* — By* = 2(x* — 4y*) Factoring out the common factor 2 
= 2 (x*)* — (2y?)*] Recognizing the difference of squares 
= 2(x* + 2y”)(x* — 2y") Factoring the difference of squares 

e 

EXAMPLE 13 Factor: 16x*y — 81y. 

There is a common factor, y. 
16x*y — 8ly = y(16x* — 81) Factoring out the common factor y 


= yf (4x2 — 8 

= y(4x? + 9)(4x — 9) Factoring the difference of squares 

= y(4x? + 9)(2x + 3)(2x — 3) Factoring 4x” — 9, whichis 
also a difference of squares 
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In Example 13, note that 4x” + 9isasum of two squares, and it cannot 
be factored further. Also note that one of the factors, 4x? — 9, could be 
factored further. Whenever that is possible, you should do so. That way you 
will be factoring completely. 


SSE ay Oia ie Raw Sea ierei eg Bin valS Si ayal aris ieis we PLLA ns Relea Caution! PSCreerrie rr Tr Terre ere Teer eee eis 
We cannot factor a sum of squares as the square of a binomial. In particular, 


A? + B® # (A+ B). 


Do Exercises 11-14. D> 


(MORE FACTORING BY GROUPING 


Sometimes when factoring a polynomial with four terms, we get a factor 
that can be factored further using other methods we have learned. 


EXAMPLE 14 Factorcompletely: x? + 3x? — 4x — 12. 
x*(x + 3) — 4(x + 3) 

= (x + 3)(x? — 4) 

= (4-4 3) Get 2) xe = 2) 


x3 + 3x? — 4x — 12 


Do Exercise 15. > 


A difference of squares can have more than two terms. For example, 
one of the squares may be a trinomial. We can factor by a type of grouping. 


EXAMPLE 15 Factor completely: x? + 6x + 9 — y’. 


x? + 6x+9-y?=(x?+6x+9)—y? — Groupingasa 
trinomial minus y? 
to show a difference 
of squares 


= (x+ 3)? —y* 
= (93+ y)(a+ Sy) 


Do Exercises 16-19. D> 


fi} SuMs OR DIFFERENCES OF CUBES 


We can factor the sum or the difference of two expressions that are cubes. 
Consider the following products: 
(A + B)(& — AB + B*) = A(A’ — AB + B?) + B(# — AB + B?) 

= A’ — AB + AB? + AB — AB? + B° 
=A + B 

and (A — B)(A4? + AB + B?) = A(A’ + AB + B’) — B(A? + AB + B?) 
= A’ + A’B + AB? — A’B — AB? — B? 
= A — B, 

The above equations (reversed) show how we can factor a sum or a difference 

of two cubes. Each factors as a product of a binomial and a trinomial. 


Factor. 
11. 25xy” — 4a? 


12. 9x? — 16y? 
13. 20x? — 5y? 


14. 81x*y” — 16y? 


15. Factor: a? + a? — 16a — 16. 


Factor completely. 
16. x7 + 2x+1-p’ 


17. y* — 8y + 16 — 9m? 


18. x7 + 8x + 16 — 1002? 


19. 64p? — (x? + 8x + 16) 


Answers 


14. y?(9x? + 4)(3x + 2)(3x — 2) 
15. (a+ 1)(a + 4)(a — 4) 

16. (x + 1+ p)(x+1—-p) 

17. (y— 4 + 3m)(y — 4 — 3m) 
18. (x + 4 + 10f)(x + 4 — 108) 
19. [8p + (x + 4)][8p — (x + 4)], 
or (8p + x + 4)(8p — x — 4) 
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N N 
0.2 0.008 
0.1 0.001 
7 5 eallcpns = e 
: . 
: , 
6 | 216 
‘A : whe on a 
- : ales. = - 
- sills : 
Factor. 
20..x°— 8 
21. 64 - y® 
Factor. 


22. 27x3 + y3 


23. 8y° +2 


Answers 


3 


20. (x — 2)(x? 


21. (4 — y)(16 + 


SUM OR DIFFERENCE OF CUBES 


A + B? = (A + B)(# — AB + B?); 
A — B? = (A — B)(A? + AB + B?) 


Note that what we are considering here is a sum or a difference of 
cubes. We are not cubing a binomial. For example, (A + B)? is not the 
same as A’ + B®. The table of cubes in the margin is helpful. 


EXAMPLE 16 Factor: x° — 27. 
We have 


In one set of parentheses, we write the cube root of the first term, x. Then we 
write the cube root of the second term, —3. This gives us the expression x — 3: 


(x — 3)( ). 


To get the next factor, we think of x — 3 and do the following: 


Square the first term: x -* x = x’. 
Multiply the terms, x(—3) = —3x, and then 
change the sign: 3x. 


Square the second term: (—3)* = 9. 
| a (-3) 


(x — 3)(x2 F 3x + 9). 


Vvy 


(A—B)(# + 7 + B’) 


Note that we cannot factor x” + 3x + 9. Itis nota trinomial square nor can 
it be factored by trial and error. Check this on your own. 


< Do Exercises 20 and 21. 
EXAMPLE 17 Factor: 125x* + y’. 
We have 
125x3 + y? = (5x)3 + y*. 


In one set of parentheses, we write the cube root of the first term, 5x. Then we 
write the cube root of the second term, y. This gives us the expression 5x + y: 


(Sx + y)( ). 
To get the next factor, we think of 5x + y and do the following: 


Square the first term: (5x)(5x) = 25x. 


Multiply the terms, 5x - y = 5xy, and 
then change the sign: —5xy. 


—— Square the second term: y+ y = y’. 
(ae 7250" = aay 4P), 


(A + B)( A? — AB + B’) 


< Do Exercises 22 and 23. 
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EXAMPLE 18 Factor: 128y’ — 250x°y. 
We first look for the largest common factor: 
128y’ — 250x°y = 2y(64y® — 125x°) 
2y[(4y*)* — (5x*)?] 
2y(4y? — 5x°)(16y* + 20x*y? + 25x*). e 


EXAMPLE 19 Factor: a® — b°. 
We factor a difference of squares: 
a® _ b® = (ay = (b?)? = (a? a b*)(a? = b°). 


One factor is a sum of two cubes, and the other factor is a difference of two 
cubes. We factor them: 


a® — b® = (a + b)(a® — ab + b*)(a — b)(a? + ab + b?). 


We have now factored completely. @ 


In Example 19, had we thought of factoring first as a difference of two 
cubes, we would have had 


(a)? _ (b?)3 = (a? _ b?)(a* Ae ab? oe. b*) 
= (a+ b)(a — b)(a* + a®b* + b*). 
In this case, we might have missed some factors; a* + a”b” + b* can be 
factored as (a? — ab + b*)(a* + ab + b’), but we probably would not 
have known to do such factoring. 


When you can factor as either a difference of squares or a difference of 
cubes, factor as a difference of squares first. 


EXAMPLE 20 Factor: 64a° — 729b°. 
We have 
64a° — 729b° = (8a*)* — (276°)? 


= (8a? — 27b*)(8a* + 27b*) _ Factoringa difference 
of squares 


= [(2a)* — (3b)*][(2a)* + (3b)°]. 
Each factor is asum or a difference of cubes. We factor each: 


= (2a — 3b)(4a” + 6ab + 9b”)(2a + 3b)(4a? — 6ab + 9b). eS 


FACTORING SUMMARY 


Sum of cubes: A + B? = (A + B)(A — AB + B?); 
Difference ofcubes: | A® — B® = (A — B)(A’ + AB + B?); 
Difference of squares: A’ — B? = (A + B)(A — B); 


Sum of squares: A + B* cannot be factored as the square 
ofa binomial: A? + B? # (A + B). 


Do Exercises 24-27. > 


Factor. 


24. m® — n® 
25. 16x’y + 54xy" 
26. 729x° — 64y® 


27. x° — 0.027 


Answers 


2. 


. (m + n)(m? — mn + n?)(m — n)(m? + mn 4 


. 2xy(2x? + 3y*)(4x* — 6x?y? + 9y4) 


n’) 


. (3x + 2y)(9x? — Bxy + 4y?)(3x — 2y)(9x? + Bxy + 4y? 
y xy + 4y y xy 


. (x — 0.3)(x? + 0.3x + 0.09) 
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Visualizing 
for Success 


In each of Exercises 1-10, find two algebraic 
expressions from the following list for the 
shaded area of the figure. 


A. (5x + 2)¢ 
B. 13x 


C. 400 — 4x? 


. x” — (x — 2y)* 
. 25x? + 20x + 4 
» a(x — y*) 
nied ye 
» Ay(x — y) 
40 l0r ex) 
- 2(x — y)(x + y) 
~ ko + On +1 
n (eed abe = ey) = BigiGbecr 8) 
. x? + 9x + 20 
Le 22 

O. (x + 4)(x + 5) 


1 
Bice = &) sr (Ge = SH\Ge = B) ++ Be = 8) 


Q. x”? — 40 
Re oxic OX 
S7lox(55— 3) 


T. x7 -4x+4 


Answers on page A-16 


For Extra Help MathXL? fe. = (a 


MyM ath Lab” PRACTICE WATCH READ REVIEW 


[(V{ Reading Check 


Classify each of the following as a trinomial square, a difference of squares, a difference of cubes, 
asum of cubes, or none of these. 


RC1. x? — 100 RC2. x? — 20x + 100 
RC3. x? — 1000 RC4, 4x” + 49 
RC5. 16x” + 40x + 25 RC6. x? — 9x + 6 
RC7. 27x? + 1 RC8. 36x* — 1 
a | Factor. 
lx? - 4x +4 2. y* — 16y + 64 3. y? + 18y + 81 
4. x" > Oe + 16 5. x7 + 14 2x 6. x7 + 1 - 2x 
7. Oy? + l2y+4 8. 25x* — 60x + 36 9. —18y? + y> + Bly 
10. 24a? + a? + 144a 11. 12a? + 36a + 27 12. 20y? + 100y + 125 
13. 2x? — 40x + 200 14, 32x? + 48x + 18 15. 1 — 8d + 16d? 
16. 64 + 25y? — 80y 17. 3a° — 6a? + 3a 18. 5c> + 20c? + 20c 
19. 0.25x* + 0.30x + 0.09 20. 0.04x? — 0.28x + 0.49 21. p” — 2pq + q 
22. m? + 2mn + n? 23. a’ + 4ab + 4b? 24, 49x? — 14xy + y? 
25. 25a* — 30ab + 9b? 26. 49p* — 84pw + 36w? 27. y® + 26y? + 169 
28. p® — 10p* + 25 29. 16x'° — 8x° +1 30. 9x19 + 12x° + 4 
a. 2 ey sy 32,.2° = 2a°h* + bP 
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33. 
36. 
39. 


42. 


45. 


49. 


53. 


56. 
59. 


62. 


65. 


67. 
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Factor. 
p? — 49 34. m? — 64 35. y’ — 8y? + 16 
y* — 18y? + 81 37. p’q’ — 25 38. a’b* — 81 
6x" — 6y? 40. 8x” — 8y’ Al. 4xy* — 4xz* 
25ab* — 25az* 43. 4a® — 49a 44, 9x3 — 25x 
3x8 — 3y8 46. 2a° — 32a 47. 9a* — 25a7b* 48. 16x° — 121x’y4 
a — 2" 50. 360 — Y" 51. 0.04x? — 0.09y? 52. 0.01x” — 0.04y” 
Factor. 
m> — 7m? — 4m + 28 54, 4° + Ox* = x = 68 55. a? — ab? — 2a? + 2b? 
p’q — 25q + 3p? — 75 57. (a + b)? — 100 58. (p — 7)? — 144 
144 — (p — 8)? 60. 100 — (x — 4)? 61. a’ + 2ab + b? — 9 
x? — Ixy + y? — 25 63. r? — 2r+ 1 — 4s? 64. c* + 4cd + 4d? — 9p? 


2m? + 4mn + 2n? — 50b? 


9 — (a* + 2ab + b’) 


CHAPTER 4 Polynomials and Polynomial Functions 


66. 12x? + 12x + 3 - 3y? 


68. 16 — (x” — 2xy + y’) 
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73. 


77. 


81. 


85. 


89. 


93. 


97. 


101. 


8 — 27b° 


8x> + 27 


Q 
w 
+ 
cole 


2y> — 128 


rs? + 64r 


64x° — 8r% 


t® + 64y°® 


geo + a? 


70. 


74. 


78. 


82. 


86. 


90. 


94. 


98. 


102. 


a+s 


64 — 125x3 


27y3 + 64 


B+x 


3z° — 3 


ab® + 125a 


125c° — 8d°® 


71. 


75. 


79. 


83. 


87. 


91. 


95. 


99. 


103. 


xe- 1 72: 
8a° + 1 76. 
a — b 80. 
x? + 0.001 84. 
24a° + 3 88. 
5x° — 40x2z3 92. 
z°— 1 96. 
8w? — 2° 100. 
0.001x* — 0.008y3 104. 


ce — 64 


27x7 + 1 


y? + 0.125 


54x3 + 2 


Oy'z* = 54g! 


a? + 64b° 


0.125r> — 0.216s° 
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Solve. [3.2al], [3.3a] 


105. 7x — 2y = -11, 106. y = 3x — 8, 107. x-y=—12, 108. 7x — 2y = —11, 
2x + 7y = 18 4x — 6y = 100 xt+y=14 2y — 7x = —18 


Graph the given system of inequalities and determine coordinates of any vertices formed. [3.7c] 


109. x -—y=5, 110. x-—y=5, lll. x-—y=5, 112. x-y=5, 
x+ry=2=3 ery 3, Cy = 3, x+ys3 
x=6 x21 


Given the line and a point not on the line, find an equation through the point parallel to the given line, and find an 
equation through the point perpendicular to the givenline. [2.6d] 


113. x — y = 5;(—2,—4) 114. 2x — 3y = 6;(1,—7) 115. y = —hx + 3; (4,5) 116. x — 4y = —10; (6,0) 
REIN sacchari sae ccantpee vmstat gps tce gg asco botetgat ea acute oven cehnaticdenat nes aan mp seaadcaetiions 
117. Given that P(x) = x°, use factoring to simplify 118. Given that P(x) = x*, use factoring to simplify 
P(a + h) — P(a). P(a + h) — P(a). 
119. Volume of Carpeting. The volume ofa carpet that 120. Show how the geometric model below can be used to 
is rolled up can be estimated by the polynomial verify the formula for factoring a* — b®. 
mR*h — mr7h. 


a) Factor the polynomial. 

b) Use both the original form and the factored form 
to find the volume ofa roll for which R = 50 cm, 
r = 10cm, andh = 4m. Use 3.14 for 7. 


Factor. Assume that variables in exponents represent positive integers. 


121. 5c — g0d' 122. 9x2" — 6x" + 1 123. x® + y°? 124. a°x° — b*y? 
125. 3x34 + 24y%? 126. $x° + dy° 127. qx %y> + 423 128. 7x° — { 
129. (x + yP=—x° 130: (1 = 2)" + (2= 1)* 131. (a + 2)? — (a — 2)8 132. y*— sy? —y +8 
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Factoring: A General Strategy 


a | A GENERAL FACTORING STRATEGY 


Factoring is an important algebraic skill, used for solving equations and 
many other manipulations of algebraic symbolism. We now consider poly- 
nomials of many types and learn to use a general strategy for factoring. The 
key is to recognize the type of polynomial to be factored. 


A STRATEGY FOR FACTORING 
a) Always look for a common factor (other than 1 or —1). If there are 
any, factor out the largest one. 


b) Then look at the number of terms. 


Two terms: Try factoring as a difference of squares first. Next, try 
factoring as a sum or a difference of cubes. Do not try to factor a 
sum of squares: A” + B?. 


Three terms: Determine whether the expression is a trinomial 
square. If it is, you know how to factor. If not, try the trial-and-error 
method or the ac-method. 

Four or more terms: Try factoring by grouping and removing a 
common binomial factor. Next, try grouping into a difference of 
squares, one of which is a trinomial. 


— 


Always factor completely. If a factor with more than one term can 
be factored, you should factor it. 


c 


d) Always check by multiplying. 


EXAMPLE 1 Factor: 10a?x — 40b?x. 
a) We look first for a common factor: 


10x(a? — 4b”). _ Factoring out the largest common factor 


b) The factor a? — 4b? has only two terms. It is a difference of squares. We 
factor it, keeping the common factor: 10x(a + 2b)(a — 2b). 


c) Have we factored completely? Yes, because none of the factors with 
more than one term can be factored further using polynomials of 
smaller degree. 


d) Check: 10x(a + 2b)(a — 2b) = 10x(a? — 4b?) = 10xa* — 40xb?, or 
10a°x — 40b°x. @ 


EXAMPLE 2 Factor: 10x® + 40y?. 


a) We remove the largest common factor: 10(x® + 4y?). 


b) In the parentheses, there are two terms, a sum of squares, which cannot 
be factored. 


c) We have factored 10x® + 40y” completely as 10(x° + 4y?). 
d) Check: 10(x® + 4y?) = 10x® + 40y?. 8 


OBJECTIVE 


a. | Factor polynomials 
completely using any of the 
methods considered in this 
chapter. 


SKILL TO REVIEW 


Objective 4.1a: Identify types of 
polynomials. 


Determine whether the 
polynomial is a monomial, 
a binomial, a trinomial, or 
none of these. 

1. 49 — 64x? 


2. 5x7 + 3x” — 25x 


Answers 


Skill to Review: 
1. Binomial 2. Trinomial 
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Factor completely. 


Ds xy, 


a) Factor out the largest 
common factor: 


3) 2 yy — 


the parentheses. The 


expression is a difference 


of squares. 


Factor the 


difference of squares: 


3y(y* — 4x*) 
= 3y(y + 


or 


c) We have factored 
completely. 


d) Check: 


3y(y + 2x)(y — 2x) 
= 3y(y? — 4x”) 
= 3y? — 12x’y. 


2. 50x’ + 40x* + 8x 


3. 5y* + 20x® 


Answers 


1. 3y(y + 2x)(y — 2x) 
3. 5(y* + 4x) 
Guided Solution: 

1. 3y, 2x, 2x 


2, 2x(5x3 + 2)? 


Oe = Bees 
b) There are two terms inside 


). 


€ 


EXAMPLE 3 Factor: 2x? + 50a? — 20ax. 


a) We remove the largest common factor: 2(x? + 25a” — 10ax). 

b) In the parentheses, there are three terms. The trinomial is a square. We 
factor it: 2(x — 5a)?. 

c) None of the factors with more than one term can be factored further. 

d) Check: 2(x — 5a)? = 2(x? — 10ax + 25a”) = 2x” — 20ax + 50a”, or 
26 te G0” = 200%: 


< Do Exercises 1-3. 


EXAMPLE 4 Factor: 3x + 12 + ax? + 4ax. 


a) There is no common factor (other than 1 or —1). 


b) There are four terms. We try grouping to remove a common binomial 
factor: 


3(x + 4) + ax(x + 4) Factoring two grouped binomials 
= (x + 4)(3 + ax). Factoring out the common binomial factor 
c) None of the factors with more than one term can be factored further. 


d) Check: (x + 4)(3 + ax) = 3x + ax? + 12 + 4ax, or 
3x + 12 + ax® + 4ax. a 


EXAMPLE 5 Factor: x® — y®. 


a) We look for a common factor. There isn’t one (other than 1 or —1). 

b) There are only two terms. The binomial is a difference of squares: 
(x3)? — (y?)*. We factor it: (x? + y*)(x? — y). 

c) One factor is a sum of two cubes, and the other factor is a difference of 
two cubes. We factor them: 


oP owe tye =F) 
= (x + y)(x? — xy + y*)(x — y)(x? + xy + y’). 


We have now factored completely because none of the factors can be 
factored further using polynomials of smaller degree. 


d)} Check: (x + y)(x? — xy + y?)(x — y)(x? + xy + y’) 
Sr Tae =p) yy ary @ 


EXAMPLE 6 Factor: x* — xy? + x*y — y*. 


a) There is no common factor (other than 1 or —1). 
b) There are four terms. We factor by grouping: 
x(x” — y”) + y(x? — y’) Factoring two grouped binomials 
= (x? — y”)\(x + y). Factoring out the common binomial factor 
c) The factor x? — y? can be factored further, giving 
(x + y)(x — y)(x + y). Factoring a difference of squares 
None of the factors with more than one term can be factored further, so 
we have factored completely. 
d) Check: (x + y)(x — y)(x+y) = (x? -y’)(x + y) 
xo+ x?y = yu — a or 
xo — xy? + xy -— y?. @ 
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EXAMPLE 7 Factor: 6x? — 20x — 16. 


a) We remove the largest common factor: 2(3x” — 10x — 8). 
b) In the parentheses, there are three terms. The trinomial is not a square. 
We factor: 2(x — 4)(3x + 2). 
c) We cannot factor further. 
d) Check: 2(x — 4)(3x + 2) = 2(3x? — 10x — 8) = Gx? — 20x — 16. 
e 
Factor. 


a ee) 
EXAMPLE 8 Factor: y 9a° + 12y + 36. £36 8 She & obey 


a) There is no common factor (other than 1 or —1). 


3 
b) There are four terms. We try grouping to remove a common binomial ae = & 


factor, but that is not possible. We try grouping as a difference of squares: 
(y® + 12y + 36) — 9a* = (y + 6)? = (3a)? 


6. 6x? — 3x — 18 


= (y+ 6+ 3a)(y + 6 — 3a). Factoring the 7. a® — ab’ — a’b + b* 
difference of Z ‘ 
squares 8. 64x° — 729y 
c) No factor with more than one term can be factored further. 9. 2x2 — 20x + 50 — 18b2 


d) Check: (y+ 6+ 3a)(y + 6 — 3a) = [(y + 6) + 3a][(y + 6) — 3a] 
= (y + 6) - (3a)? 


> 3 Answers 
=y + l2y + 36 — 9a", or 4. (x—2)(3— bx) 5. 7(a-1)(a@2 +a +41) 
y? — 9a? + 12y + 36. 6. 3(x — 2)(2x +3) 7. (a — b)*(a + b) 


8. (2x + 3y)(4x” — 6xy + 9y”) x 
(2x — 3y)(4x? + 6xy + Oy”) 
Do Exercises 4-9. D> 9. 2(x — 5 + 3b)(x — 5 — 3b) 


For Extra Help MathXL’ i 
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[(V{ Reading Check 
Choose from the column on the right the word that best completes each step in the factoring strategy. 
RC1. Always look first for a factor. check 
RC2. Ifthere are two terms, determine whether the eae 
binomial is a of squares, a sum of completely 
cubes, or a difference of cubes. difference 
RC3. Ifthere are three terms, determine whether the eronpe 
trinomialisa . square 


RC4. Ifthere are four terms, try factoring by 


RC5. Always factor 


RC6. Always by multiplying. 
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fal Factor completely. 


1. y? = 225 


5. 5x* — 20 


9. 2x? — 10x — 132 


13. 4m* — 100 
17. 2xy? — 50x 
21. m® — 1 


25. 250x* — 128y" 


29. ac + cd — ab — bd 


33. —7x? + 2x3 4 


37. 16x° + 54y? 


41. a® — b® 


10. 


14. 


18. 


22. 


26. 


30. 


34. 


38. 


42. 


. x? — 400 


. 3xy” — 75x 


3y” — 15y — 252 


2x” — 288 
3a°b — 108ab 
64t° — 1 
27a° — 343b° 


XW — yW t+ XZ — yZ 


9m? + 3m? + 8m + 24 


250a° + 54b° 


2x* — 32 
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15. 


19. 


23. 


27. 


31. 


35. 


39. 


43. 


. 2x7 + llx + 12 


. p + 36 + 12p 


. 9x? — 25y? 


6w* + 12w — 18 


225 = (a= 3)" 


x? + 6x —y?+9 


8m? + m® — 20 


50b? — 5ab — a? 


2x3 + 6x? — 8x — 24 


6y — 60x?y — Oxy 


a*b — 16ab? 


12. 


16. 


20. 


24. 


28. 


32. 


44. 


8a? + 18a — 5 


a’ +49+4+ 14a 


16a? — 81b? 


8z* — 8z — 16 


625 — (t — 10)? 


t? + 10t — p? + 25 


—37x? + x4 + 36 


9c? + 12cd — 5d? 


. 3x3 + 6x? — 27x — 54 


. 2b — 28a"b + 10ab 


xy — 25a" 
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45. 


49. 42ab + 27a*b? + 8 


53. 


Skill Maintenance 


Solve. 
57. Exam Scores. 


Synthesis 


me aay ey 46. 36x? + 15x + 7 


a’ — b* -6b-9 54, m? — n? — 8n — 16 


[3.2b] 


There are 75 questions on a college 
entrance examination. Two points are awarded for 
each correct answer, and one half point is deducted 
for each incorrect answer. A score of 100 indicates 
how many correct and how many incorrect answers, 
assuming that all questions are answered? 


50. —23xy + 20x?y? + 6 


47. 5x? — 5x?y — 5xy? + Sy? 


51. 


55. 


58. 


48. a? — ab? + ab — b? 


8y* — 125y 


52. 64p* — p 


gq? — 10g + 25 — r? 56. y” — 1l4y + 49 — 2? 


Perimeter. A pentagon with all five sides the same 
length has the same perimeter as an octagon with all 
eight sides the same length. One side of the pentagon 
is 2 less than three times the length of one side of the 
octagon. Find the perimeters. 


a b 


Factor. Assume that variables in exponents represent natural numbers. 


59. 30y* — 97xy” + 60x? 

61. 5x3 — 3 

63. (x — p)* — p* 

65. (y — 1)*— (y— 1)* 

67. 4x? + 4xy + y? — r? + Grs — 9s? 
69. c7"F1 4+ ac¥t1 + ¢ 

Tl. 3{(x + 1) + O(e + 1) — 12 

73. x8 — 2x5 + x4 — x? + 2x - 1 
iy = y¥ 


60. 


62. 


64. 


66. 


68. 


70. 


72. 


74. 1 


76. 


3x*y2z + 25xyz” + 2823 


3 _9 
Sy 1000 


eae) a 
27x° + 64y* 
c'd‘ _ qi® 


24x74 — & 


64(a — 3) + 128 


~~ 1000 
(m= 1) = (m+ 17 
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Factoring: A General Strategy 


OBJECTIVES 


a | Solve quadratic and other 
polynomial equations by 
first factoring and then 
using the principle of zero 
products. 


|b | Solve applied problems in- 
volving quadratic and other 
polynomial equations that 
can be solved by factoring. 


SKILL TO REVIEW 


Objective 4.3a: Factor polyno- 
mials whose terms have a common 
factor. 


Factor. 
1. x? + 20x 
2. Sy? — Gy 


Answers 


Skill to Review: 


1. x(x + 20) 2. 3y(y — 2) 


Applications of Polynomial 


Equations and Functions 


Whenever two polynomials are set equal to each other, we have a polyno- 
mial equation. Some examples of polynomial equations are 

An? x + be = Gx — 3, 

?-x=6, 
and 3y* + 2y?+2=0. 
A second-degree polynomial equation in one variable is often called a 
quadratic equation. Of the equations listed above, only x? — x = 6isa 
quadratic equation. 

Polynomial equations, and quadratic equations in particular, occur 


frequently in applications, so the ability to solve them is an important skill. 
One way of solving certain polynomial equations involves factoring. 


a | THE PRINCIPLE OF ZERO PRODUCTS 


When we multiply two or more numbers, if either factor is 0, then the prod- 
uct is 0. Conversely, if a product is 0, then at least one of the factors must 
be 0. This property of 0 gives us a new principle for solving equations. 


THE PRINCIPLE OF ZERO PRODUCTS 


For any real numbers a and b: 
If ab = 0, thena = Oorb = 0 (or both). 
Ifa = Oorb = 0, thenab = 0. 


To solve an equation using the principle of zero products, we first write 
it in standard form: with 0 on one side of the equation and the leading 
coefficient positive. 


EXAMPLE 1 Solve: x2 — x = 6. 


In order to use the principle of zero products, we must have 0 on one 
side of the equation, so we subtract 6 on both sides: 
x7-x-6=0. Getting 0 on one side 
We need a factorization on the other side, so we factor the polynomial: 
(x — 3)(x+ 2) =0. Factoring 


We now have two expressions, x — 3 and x + 2, whose product is 0. Using 

the principle of zero products, we set each expression or factor equal to 0: 
x-3=0 or x+2=0. Using the principle of zero products 

This gives us two simple linear equations. We solve them separately, 
x=3 or x= -2, 


and check in the original equation as follows. 
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Check: x-x=6 x7 -x=6 


Th al Se 
eH=2.2.8 (—2) = (=2) 7 6 
9-3 4+ 2 

6 TRUE 6 TRUE 


The numbers 3 and —2 are both solutions. 


1. Obtain a 0 on one side of the equation. 
2. Factor the other side. 

3. Set each factor equal to 0. 

4. Solve the resulting equations. 


To solve an equation using the principle of zero products: 


Do Exercise 1. > 


When you solve an equation using the principle of zero products, you 


can always check by substitution as we did in Example 1. 


cece cece ccc e nese se saceseeeneceseecseeeesneees Caution! deeb eer eeesecesneasvenesnesnenens 


When we are using the principle of zero products, it is important to be sure 
that there is a 0 on one side of the equation. If neither side of the equation is 0, 


the procedure will not work. 
For example, consider x” — x = 6 in Example 1 as 


x(x — 1) = 6. 
Suppose we reasoned as follows, setting factors equal to 6: 
x=6 or x-1=6 This step is incorrect! 
x= 7. 


Neither 6 nor 7 checks, as shown below: 


x(x -— 1) =6 x(x -— 1) =6 
6(6-— 1) ? 6 7(7—1) 2? 6 
6(5) 7(6) 
30 FALSE 42 FALSE 


EXAMPLE 2 Solve: 7y + 3y? = —2. 


Since there must be a 0 on one side of the equation, we add 2 to get 0 on 
the right-hand side and arrange in descending order. Then we factor and 


use the principle of zero products. 


7y + 3y? = —2 


3y7 ++ 7y +2=0 Getting 0 on one side 


(3y + 1)\(y + 2) =0 Factoring 


3Sy+1=0 or y+2=0 Using the principle of zero 


products 
yr —} or y= -2 


The solutions are —3 and —2. 


Do Exercise 2. > 


pcs) 1. Solve: x? + 8 = 6x. 


x? + 8 = 6x 
x7 - 6x+8= 
(x — 2)( j= 
x-2=0 or = 


x=2 or x= 


Both numbers check. The 
solutions are 2 and 


2. Solve: 5y + 2y? = 3. 


Answers 
142 2-3 


Guided Solution: 
1. 0,x —4,x —4,4,4 
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3. Solve: 8b? = 16b. 


4. Solve: 25 


+x2= 


—10x. 


5. Solve: x? + x”? = 6x. 


6. Given that f(x) = 10x” + 13x, 
find all values of x for which 


f(x) = 3. 


Answers 
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EXAMPLE 3. Solve: 5b? = 10b. 


5b? = 10b 
5b? — 10b = 0 Getting 0 on one side 
5b(b — 2) = 0 Factoring 
5b=0 or b-2=0 Using the principle of zero products 
b=0 or b=2 


The solutions are 0 and 2. 
<« Do Exercise 3. 


EXAMPLE 4 Solve: x? — 6x +9 =0. 

x7 -6x+9=0 

(x — 3)(x - 3) =0 
x-32=0 or 


Getting 0 on one side 

Factoring 
x-3=0 
X= 3 


Using the principle of zero products 
x=3 or 


There is only one solution, 3. 
<« Do Exercise 4. 


EXAMPLE 5 Solve: 3x° — 9x? = 30x. 
3x3 — 9x? = 30x 
3x3 — 9x? — 30x = 0 
3x(x° — 32 — 10) = 0 
3x(x + 2)(x — 5) =0 
x+2=0 or 


Getting 0 on one side 
Factoring out a common factor 
Factoring the trinomial 

3x = 0 or x-5=0 Using the principle of zero 
products 

x=0 or x=—2 or x=5 


The solutions are 0, —2, and 5. 
<«@ Do Exercise 5. 


EXAMPLE 6 Given that f(x) = 3x? — 4x, find all values of x for which 
I(x) = 4. 

We want all numbers x for which f(x) = 4. Since f(x) = 3x* — 4x, we 
must have 


3x? — 4x = 4 Setting f(x) equal to 4 


3x° = 44 — 4 = 0 Getting 0 on one side 


(3x + 2)(x- 2) =0 Factoring 
3x + 2=0 or x—-2=0 
x= —3 or XS 2; 


We can check as follows. 


AA) = 3(-3P — 4-8) = 3-84 b= $45 = B= 4 
f(2) = 3(2)? — 422) =3-4-8=12-8= 


To have f(x) = 4, we must have x = —3 orx = 2. 


< Do Exercise 6. 
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= 2 
EXAMPLE 7 Find the domain of F if F(x) = z 


x? + 2x — 15° 
The domain of F is the set of all values for which 
G2 
x? + 2x - 15 


is areal number. Since division by 0 is undefined, F(x) cannot be calculated 
for any x-value for which the denominator, x? + 2x — 15,is 0. To make sure 
that these values are excluded, we solve: 
x? + 2x—- 15 = 0 
(x — 3)(x + 5) =0 
x-3=0 or x+5=0 
x=3 or x= =. 


Setting the denominator equal to 0 


Factoring 


These are the values to exclude. 


The domain of F is {x|x is areal number andx # —5andx # 3}. 


Do Exercise 7. > 


ALGEBRAIC GRAPHICAL CONNECTION 


We now consider graphical connections with the algebraic equation- 
solving concepts. 

The graph of the function f(x) = x? + 6x + 8 and its x-intercepts 
are shown below. 


f(x) =x? + 6x+ 8 YA 


=U=6:=5 


x-intercepts: 
(—4, 0), (2, 0) 


The x-intercepts are (— 4,0) and ( — 2,0). These pairs are also 
the points of intersection of the graphs of f(x) = x* + 6x + 8 and 
g(x) = 0 (the x-axis). 

Now let’s solve the equation x* + 6x + 8 = 0: 

x + 6x + 8=0 
(x + 4)(x + 2) =0 
x+4=0 or x+2=0 
x= -4 or y= 2, 


Factoring 
Principle of zero products 


We see that the solutions of 0 = x? + 6x + 8, —4and —2, are the 
first coordinates of the x-intercepts, (— 4,0) and ( — 2,0), of the 
graph of f(x) = x? + 6x + 8. 


Do Exercise 8. > 


7. Find the domain of the 
function Gif 
24 =9 


G(x) = ————_—_.. 
() x? — 3x — 28 


8. Consider solving the equation 
x? — 6x+8=0 
graphically. 
a) Belowis the graph of 
f(x) = x? -— 6x4 8. 
Use only the graph to find 
the x-intercepts of the graph. 


ya f(x) = x° - 6x + 8 


8 
ra (ens 
6]\.: 
5] Ae 
4 
3 
2 
1 
if 


—3-2-1 1 587 ix 


b) Use only the graph to 
find the solutions of 
x? — 6x + 8=0. 


c) Compare your answers to 
parts (a) and (b). 


Answers 


7. {x|xis areal number andx # —4andx # 7} 
8. (a) (2, 0) and (4, 0); (b) 2, 4; (c) The solutions 
of x? — 6x + 8 = 0,2 and 4, are the first coordi- 
nates of the x-intercepts, (2, 0) and (4, 0), of the 
graph of f(x) = x” — 6x + 8. 
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Solving Quadratic Equations To solve the equation x? — x = 6 graphically, we first write the equation with 0 on 
one side. We get x2 — x — 6 = 0. Next, we graph y = x* — x — 6 ina window that shows the x-intercepts. The standard window 
works well in this case. 

The solutions of the equation are the values of x for which x? — x — 6 = 0. These are also the first coordinates of the 
x-intercepts of the graph. To find the solution corresponding to the leftmost x-intercept, we first select the ZERO feature from the 
CALC menu. The prompt “Left Bound?” appears. We use the ( key or the (-) key to move the cursor to the left of the intercept and 
press GRE. Now, the prompt “Right Bound?” appears. We move the cursor to the right of the intercept and press G@Ugp. Next, the 
prompt “Guess?” appears. We move the cursor close to the intercept and press @UP again. We now see the cursor positioned at the 
leftmost x-intercept and the coordinates of that point, x = —2,y = 0, are displayed. Thus, x2 — x — 6 = Owhenx = —2. This is 
one solution of the equation. 

We repeat this procedure to find the first coordinate of the other x-intercept. We see that x = 3 at that point. Thus the solutions 
of the equation are —2 and 3. 


—10 


This equation could also be solved by entering y, = x? — x and y, = 6 and finding the first coordinate of the points of 
intersection using the INTERSECT feature. 


Intersection Intersection 
X=—2 X=3 


EXERCISE: 


1. Solve the equations in Examples 2-5 graphically. Note that, regardless of the variable used in an example, 
each equation should be entered on the equation-editor screen in terms of x. 


|b | APPLICATIONS AND PROBLEM SOLVING 


Some problems can be translated to quadratic equations. The problem- 
solving process is the same one we use for other kinds of applied problems. 


EXAMPLE 8 Prize Tee Shirts. During intermission at sporting events, 
team mascots commonly use a powerful slingshot to launch tightly rolled 
tee shirts into the stands. The height h(t), in feet, of an airborne tee shirt 
t seconds after having been launched can be approximated by 


h(t) = —15t? + 75 + 10. 
& After peaking, a rolled-up tee shirt is caught by a fan 70 ft above ground 


level. For how long was the tee shirt in the air? 
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1. Familiarize. We make a drawing and label it, using the information 
provided (see the figure at right). We could evaluate h(t) for a few val- 
ues of t. Note that t cannot be negative, since it represents time from 
launch. 


2. Translate. The function is given. Since we are asked to determine 
how long it will take for the shirt to reach someone 70 ft above ground 
level, we are interested in the value of ¢ for which h(t) = 70: 


—15t? + 75t + 10 = 70. 
3. Solve. We solve by factoring: 

—15f? + 75t + 10 = 70 
—15i + 75t — 60 = 0 Subtracting 70 
—15(¢? — 5t + 4) 
—15(t- 4)(t-1) = 
t-—4=0 or t-1=0 
t=4 or t=1 


0 
3} Factoring 


The solutions appear to be 4 and 1. 
4. Check. We have 


h(4) = -15°+ 4" + 75-4 + 10 = —240 + 300 + 10 = 70ft; 
h(1) = -15- 2? + 75-1+ 10 = -15 + 75 + 10 = 70ft. 


Both 1 and 4 check, as we can also see from the graph below. 


h(t) = —15t? + 75t +10 


However, the problem states that the tee shirt is caught on the way 
down from its peak height. Thus we reject the solution 1 since that 
would indicate when the height of the tee shirt was 70 ft on the way up. 


5. State. The tee shirt was in the air for 4 sec. 
Do Exercise 9. > 


The following example involves the Pythagorean theorem, which re- 
lates the lengths of the sides of a right triangle. A right triangle has a 90°, or 
right, angle, which is denoted by a symbol like I". The longest side, opposite 
the 90° angle, is called the hypotenuse. The other sides, called legs, form 
the two sides of the right angle. 


h(t), 


h(t) = —15t? + 75t+ 10 


oV 


9. Fireworks Displays. Fireworks 


are typically launched from 

a mortar with an upward 
velocity (initial speed) of about 
64 ft/sec. The height h(d), in 
feet, of a “weeping willow” 
display, t seconds after having 
been launched from an 80-ft 
high rooftop, is given by 

h(t) = —16t? + 64t + 80. 
How long will it take the 
cardboard shell from the 
fireworks to reach the ground? 


Answer 
9. 5sec 
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10. Triangle Dimensions. One 
leg of a right triangle has 
length 10 cm. The other 
sides have lengths that are 
consecutive even integers. 
Find these lengths. 


1. 


Familiarize. Let x and 

x + 2 represent the lengths 
of the unknown sides of the 
triangle. 


x+2 
10 


x 


. Translate. 


@e+P= ce 
SO Ne 


Solve. 
0 OO 
100 = 4x + 4 
= 4x 
=x 
. Check. Ifx = 24, then 


cb Q= . Then 
10? + 247 = 100 + 576 = 
= Ue, 


. State. The lengths are 


cm and 26 cm. 


Answer 
10. 24cm, 26 cm 


Guided Solution: 
10. x + 2,96, 24, 26, 676, 24 
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THE PYTHAGOREAN THEOREM 


The sum of the squares of the 

lengths of the legs of a right tri- a 
angle is equal to the square of the (a 
length of the hypotenuse: b 


a? + b* = Cc’. 


EXAMPLE 9 Carpentry. In order to build a deck at a right angle to her 
house, Geri places a stake in the ground a precise distance from the back 
wall of her house. This stake will combine with two marks on the house 
to form a right triangle. From a course in geometry, Geri remembers that 
there are three consecutive integers that can work as sides of a right tri- 
angle. Find the measurements of that triangle. 


1. Familiarize. Recall that x,x + 1,andx + 2can be used to represent 
three unknown consecutive integers. Since x + 2 is the largest num- 
ber, it must represent the hypotenuse. The legs serve as the sides of the 
right angle, so one leg must be formed by the marks on the house. 


2. Translate. Applying the Pythagorean theorem, we translate as 
follows: 


a+ b? = ¢? 
2 2 2 
aoe Gee DE) (es 2). 
3. Solve. We solve the equation as follows: 
x? + (x? + 2x+ 1) =x%+4x+4 Squaring the binomials 
2x7 + 2x+1=x2+4x+4 Collecting like terms 


x? —2x-3=0 Subtracting x” + 4x + 4 
(x — 3)(x +1) =0 Factoring 
x—-—3=0 or x+1=0 
x=3 or = 1, 


4. Check. The integer —1 cannot be a length ofa side because it is nega- 
tive. Forx = 3, wehavex + 1 = 4,andx + 2 = 5.Since3? + 47 = 5%, 
the lengths 3, 4, and 5 determine a right triangle. Thus, 3, 4, and 5 check. 

5. State. Ifthe marks on the house are 3 yd apart, Geri should locate 
the stake at the point in the yard that is precisely 4 yd from one mark 
and 5 yd from the other mark. 


<« Do Exercise 10. 
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Translating 
for Success 


. Car Travel. Two cars leave 6. Triangle Dimensions. The 


town at the same time going 
in different directions. One 
travels 50 mph and the other 
travels 55 mph. In how many 
hours will they be 200 mi 
apart? 


. Mixture of Solutions. 
Solution A is 27% alcohol and 
solution B is 55% alcohol. 
How much of each should 

be used in order to make 

10 Lofa solution that is 48% 
alcohol? 


. Triangle Dimensions. The 
base of a triangle is 3 cm less 
than the height. The area is 
27 cm’. Find the height and 
the base. 


. Three Numbers. The sum of 


three numbers is 38. The first 
number is 3 less than twice 
the second number. The sec- 
ond number minus the third 
number is —7. What are the 
numbers? 


. Supplementary Angles. Two 
angles are supplementary. 
One angle measures 27° more 
than three times the measure 
of the other. Find the mea- 
sure of each angle. 


Translate each word problem to an 
equation or a system of equations 
and select a correct translation from 
equations A-Q. 
A. x+y+t+z= 38, 

eS 2 — 3) 

Vr Z=-7 


B. 3x(x — 3) = 27 


Cc. x + y = 180, 
= Sy — 27 


x a6 — ae 4 )e 
E, x +(x +4)? = 36 


sear V7 = lO, 
0.27x + 0.55y = 4.8 


> ear yy = 46, 
10x — 7y = 402 


o dear War Z= ie, 
= 35> st =O, 
Nee — ar 


x+y= 90, 
a = SY se 10) 


De Doe = 8) = Bi 


o 6e9P Var B= 
= BY = 3; 
Gt ho al 


- x+y= 10, 
27x + 55y = 4.8 


M. 55x — 50x = 200 
a ade = 8) = 27 


b dear vy = 46, 
7x + 10y = 402 


. x + y= 180, 
se = Sy ae 27 


b Ske a> Sexe = 200) 


Answers on page A-17 


length of one leg of a right 
triangle is 6 m. The length of 
the hypotenuse is 4 m longer 
than the length of the other leg. 
Find the lengths of the hypot- 
enuse and the other leg. 


. Pizza Sales. Todd’s fraternity 


sold 45 pizzas over a football 
weekend. Small pizzas sold 
for $7 each and large pizzas for 
$10 each. The total amount of 
the sales was $402. How many 
of each size pizza were sold? 


8. Angle Measures. The second 


angle of a triangle measures 
38° more than three times 
the measure of the first. The 
measure of the third angle is 
7° less than the first. Find the 
measures of each angle of the 
triangle. 


. Complementary Angles. Two 


angles are complementary. 
One angle measures 10° more 
than three times the measure 
of the other. Find the measure 
of each angle. 


10. Rectangle Dimensions. The 


base of a rectangle is 3 cm 
less than the height. The area 
is 27 cm’. Find the height and 
the base. 


4.8 


[vf Reading Check 


Determine whether each sentence is true or false. 


RC1. If(x + 2)(x + 3) = 24,thenx + 2 = 24o0rx + 3 = 24. 
RC2. A quadratic equation always has two different solutions. 


RC3. The number 0 is never a solution of a quadratic equation. 


For Extra Help 


MyMathLab* 


MathXL? 


RC4. The Pythagorean theorem states that the sum of the lengths of the legs 


of a right triangle is equal to the length of the hypotenuse. 


a | Solve. 


lL. x? + 3x = 28 2. 
5. x? + 20x + 100 = 0 6. 
9. x7 + 8x = 0 10. 
13. z? = 144 14, 
17. 32 + 4x — x? =0 18. 
21. 8y? — l0y+3=0 22. 
25. 1277 +z=6 26. 


y* — 4y = 45 


y? + loy + 25=0 


7+ 9t=0 
y? = 64 
27+ 6t-= 


4x? + llx+6=0 


6x? — 7x = 10 
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11. 


15. 


19. 


23. 


27. 


. 9x + x7 + 20=0 


x7 -25=0 


y? + 2y = 63 


3b7 + 8b +4=0 


6z — 27 =0 


7x7 -7=0 


PRACTICE WATCH 


12. 


16. 


20. 


24. 


28. 


REVIEW. 


.8y+y?+15=0 


p?- 49 =0 
a’ + 3a = 40 
gy? + 1Iby+4=0 


by —y" = 0 


4y* — 36 =0 
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29. 


33. 


37. 


41. 


45. 


47. 


49. 


Find the domain of the function f given by each of the following. 


51. 


10-—r-21r?= 30. 28 + 5a — 12a” = 
14 = x(x — 5) 34. x(x — 5) = 24 

2x3 = 128x 38. 147y = 3y? 

(a — 4)(a+ 4) = 20 42. (t — 6)(t + 6) = 45 


Given that f(x) = x? + 12x + 40, find all values of x 
such that f(x) = 8. 


Given that g(x) = 2x? + 5x, find all values of x such 
that g(x) = 12. 


Given that h(x) = 12x + x’, find all values of x such 
that h(x) = —27. 


3 


35. 


39. 


43. 


46. 


48. 


50. 


. 15y? = 3y 32. 18x? = 9x 
2x3 — 2x” = 12x 36. 50y + 5y? = 35y” 
t* — 26¢7 + 25 =0 40. x* — 13x? + 36 = 0 
x(5 + 12x) = 28 44, a(1 + 21a) = 10 
Given that f(x) = x” + 14x + 50, find all values of x 


such that f(x) = 5. 


Given that g(x) = 2x? — 15x, find all values of x such 
that g(x) = —7. 


Given that h(x) = 4x — x?, find all values of x such 
that h(x) = —32. 


x 

x) = 52. f(x) = ——_— 53. f(x) = —~—— 
f(x) x*-— 4x -—5 ie) x*-— 7x +6 f(x) 6x? — 54 

2x x— 5 1+x 
x)= 55. x)= 56. x)= 
Fx) 5x? — 20 Fx) 25x* — 10x + 1 Fx) 9x* + 30x + 25 

7 3 

x)= 58. x)= 
f(x) 5x° — 35x? + 50x f(x) 2x — 2x? — 12x 
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In each of Exercises 59-62, an equation ax” + bx + c = Ois given. Use only the graph of f(x) = ax* + bx + cto find the 
x-intercepts of the graph and the solutions of the equation gx? + bx + c = 0. 


59. x2 — 4x — 45 = 0 60. —x? — 3x + 40 = 0 61. 32 + 4x — x7 =0 62. 3x” — 12x = 0 


YA YA 


50 


= 
x 
—60 —50 
f(x) =x? -— 4x - 45 f(x) = -x? - 3x + 40 f(x) = 32+ 4 -—x? Sf (x) = 3x? - 12x 
[2] Solve. 
63. Book Area. Abookis 5 cm longer than it is wide. 64. Area ofan Envelope. Anenvelope is 4cm longer than it 
The area is 84 cm”. Find the length and the width. is wide. The area is 96 cm”. Find the length and the width. 
65. Tent Design. The triangular entrance to a tent is 2 ft 66. Sailing. A triangular sail is 9 m taller than it is wide. 
taller than it is wide. The area of the entrance is 12 ft”. The area is 56 m”. Find the height and the base of the 
Find the height and the base. sail. 


Area = 56 m? 


67. Geometry. If each of the sides of a square is 68. Geometry. If each of the sides of a square is 
lengthened by 6 cm, the area becomes 144 cm’. Find lengthened by 4 m, the area becomes 49 m”. Find 
the length of a side of the original square. the length of a side of the original square. 

69. Consecutive Even Integers. Three consecutive even 70. Consecutive Even Integers. Three consecutive 
integers are such that the square of the third is 76 even integers are such that the square of the first 
more than the square of the second. Find the three plus the square of the third is 136. Find the three 
integers. integers. 
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71. Framing a Picture. 


73. Workbench Design. 


75. Antenna Wires. 


77. Ladder Location. 


by 20 cm, and 84 cn’ of picture shows. Find the width 
of the frame. 


A picture frame measures 12 cm 


72. Flower Bed Design. Arectangular flower bed is to 
be 3 m longer than it is wide. The flower bed will have 
an area of 108 m”. What will its dimensions be? 


The length of the top ofa 
workbench is 4 ft greater than the width. The area is 
96 ft”. Find the length and the width. 


Awire is stretched from the ground 
to the top of an antenna tower, as shown. The wire 

is 20 ft long. The height of the tower is 4 ft greater 
than the distance d from the tower’s base to the end 
of the wire. Find the distance d and the height of the 
tower. 


The foot of an extension ladder is 
9 ft from a wall. The height that the ladder reaches on 
the wall and the length of the ladder are consecutive 
integers. How long is the ladder? 


74. Framing a Picture. 


76. 


78. 


A picture frame measures 14cm 
by 20 cm, and 160 cm’ of picture shows. Find the width 
of the frame. 


Parking Lot Design. Arectangular parking lot is 
50 ft longer than it is wide. Determine the dimensions 
of the parking lot ifit measures 250 ft diagonally. 


a Oa 
:” © & 


Child’s Block. The lengths of the sides ofa right 
triangle formed by a child’s wooden block are such 
that one leg has length 5 cm. The lengths of the other 
sides are consecutive integers. Find the lengths of the 
other sides of the triangle. 
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79. Triangle Dimensions. The lengths of the sides ofa 80. Triangle Dimensions. The lengths of the hypotenuse 
right triangle are consecutive even integers. Find the and one leg of a right triangle are consecutive odd 
lengths of the sides. integers. The other leg is 9 ft shorter than the 

hypotenuse. Find the lengths of the sides 


81. Fireworks. Suppose that a bottle rocket is launched 82. Safety Flares. Suppose that a flare is launched 
upward with an initial velocity of 96 ft/sec and from upward with an initial velocity of 80 ft/sec and from 
a height of 880 ft. Its height h, in feet, after t seconds a height of 224 ft. Its height h, in feet, after t seconds is 
is given by given by 
h(t) = —16t? + 96t + 880. h(t) = —16¢? + 80¢ + 224. 
After how long will the rocket reach the ground? After how long will the flare reach the ground? 
y y 
h(t) = —162? + 96t + 880 h(t) = —160° + 80¢ + 224 


h(t) 
880 ft 


aV 


SkaNE Maimtemance oiiiiiicicccccccccccccccccccscsevscsevecsevevsevevsevevsevevatsevavsevevsevevsevevsevevatievavitvavsevevsevevitvevaveevseee, 


Find the distance between the given pair of points onthe number line. __[1.6b] 


#a,-=3, 4 84. 3.6, 4.9 5.22 86. 0, —1023 
Find an equation of the line containing the given pair of points. —[2.6c] 
87. (—2, 7) and (—8, —4) 88. (—2,7) and (8, —4) 89. (—2,7) and (8, 4) 90. (—24, 10) and 
(—86, —42) 

SO NGM «sacs tsetse vedueesepitien Sood du pdbetsoninreetctgdvve asst irepnostsistnbalearsecBesiercsea'avdegealy tea pdevstnstrsonestbacdetobeepietelaptanteectoet™: 
91. Following is the graph of f(x) = —x* — 2x + 3. 92. Following is the graph of f(x) = x* — 3x°. Use only 

Use only the graph to solve —x* — 2x + 3 = Oand the graph to solve x* — 3x? = 0,x* — 3x° < 0, and 

a2 SS 5. = Se > 0. 
y fla) = x4 - 3x° 


> 
—5—4-3-2-1 45 x 
93. fmea Use a graphing calculator to solve each equation. 94. Solve each of the following equations. 
a) x* — 3x? — x? +5=0 a) (8x + 11)(12x? — 5x — 2) =0 
b) 3 = 3? +55 b) (3x? — 7x — 20)(x — 5) =0 
c) x* — 3x3 — x7 +5 = -8 c) 3x° + 6x? — 27x — 54 = 0 
d) x? = 14+ 3x9 + x? (Hint: Factor by grouping.) 
d) 2x3 + 6x” = 8x + 24 
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CHAPTER 


Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the 
right. Some of the choices may be used more than once and some may not 


be used at all. 
1. When the terms of a polynomial are written such that the exponents product 
increase from left to right, we say that the polynomial is written in differance 
order. [4.1a] 
factor 
2. To a polynomial is to express itasa product. [4.3a] factorization 
3. A(n) of a polynomial P is a polynomial that can be grouping 
used to express Pas aproduct. [4.3a] secending 
4. A(n) of a polynomial is an expression that names descending 
that polynomial asa product. [4.3a] : 
monomial 
5. When factoring a polynomial with four terms, try factoring by binomial 
4.7a 
wi trinomial 
6. A trinomial square is the square of a(n) [4.6a] — 
7. The principle of products states that ifab = 0, then 
a=0Oorb=0. [4.8a] 
8. The factorization of a(n) of squares is the product of 
the sum and the difference of two terms. [4.6c] 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. According to the principle of zero products, ifab = 0,thena = Oandb=0. [4.8a] 
2. The binomial 27 — ft? is adifference of cubes. [4.6d] 
3. The expression 5x* — 6y ‘isabinomial. [4.1a] 


Study Guide 


Objective 4.1a Identify terms, degrees, and coefficients in polynomials; identify types of polynomials; 


and arrange polynomials in ascending order or descending order. 


Example _ Identify the terms, the degree of each term, Practice Exercise 


and the degree of the polynomial. Then identify the lead- 
ing term, the leading coefficient, and the constant term: 
x° + 3x4 — 7x3 — 2x? + x — 10. 
x°, 3x4, —7x3, —2x?, x, 
5, 4, 3,2, 1,0 : 6x + Sx = 2 + 10x — 1, 


1. Identify the terms, the degree of each term, 

and the degree of the polynomial. Then identify 
: the leading term, the leading coefficient, and the 
10 : constant term: 


Terms: 


Degree of each term: 
Degree of polynomial: 5 


Leading term: =. 
Leading coefficient: —l 
Constant term: —10 
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Objective 4.1d Find the opposite of a polynomial and subtract polynomials. 


Example Subtract: (407 — ¢ — ¢°) — (7t? — t° — St). : Practice Exercise 
(4t2 — ¢ — t3) — (70? — #3 — 52) : 2, Subtract: 
= (407 — t — #3) + (-72? + £3 + 52) (3y” — 6y? + 7y) — (y? — loy — 8y? + 8). 
=4?-1-28- 7+ 0+ 5t : 
= —3t? + 4t 
Objective 4.2b Use the FOIL method to multiply two binomials. 
Example Multiply: (7a — b)(4a + 9b). Practice Exercise 
F O I L : 3. Multiply: (3x — 5y)(x + 2y). 
(7a — b)(4a + 9b) = 28a? + 63ab — 4ab — 9b? 
= 28a + 59ab — 9b* 
Objective 4.2c Usearule to square a binomial. 
Example Multiply: (3q — 4)’. Practice Exercise 
(A — B)? = A? — 2AB + B? : 4, Multiply: (2y + 7). 
(3q — 4)° = (3g)* — 2(3q)(4) + 4 
= 9q* — 24q + 16 
Objective 4.2d Use arule to multiply a sum and a difference of the same two terms. 
Example Multiply: (8x + 5)(8x — 5). Practice Exercise 
(A + B)(A — B) = A? — B? : 5, Multiply: (5d + 10)(5d — 10). 
(8x + 5)(8x — 5) = (8x)? — 5? 
= 64x? — 25 
Objective 4.2e For functions f described by second-degree polynomials, find and simplify 
notation like f(a + h) and f(a + h) — f(a). 
Example Given f(x) = 2x — x?, find f(x — 1) and Practice Exercise 
f(a + h) — f(a). 6. Given f(x) = 3x” — x + 2, find 


fH’) S29 1. dye) = Ge eee) f(x + 1) and f(a + h) — f(a). 


= 2x -2-—4x% + 2x -1 = -x? + 4x - 3; 
fla + h) - fla) = [2(a + h) - (a + hy] - [2a - a] : 
= [2(¢ +h) — (a? + 2ah + )) = [2a— a?) : 
= 2a + 2h — a? — 2ah — h? — 2a+ a? 
= —h? — 2ah + 2h 


Objective 4.3b Factor certain polynomials with four terms by grouping. 


Example Factor: x* — 6x* + 3x — 18. : Practice Exercise 
x3 — 6x? + 3x — 18 = (x3 — 6x”) + (3x — 18) | 7, Factor: y? + 3y” — By — 24. 
= x?(x—6)+3(x-6) : 
= (x — 6)(x? + 3) 
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Objective 4.5a Factor trinomials of the type ax* + bx + c,a ¥ 1, bythe FOIL method. 


Example Factor 15x* — 4x — 3 by the FOIL method. 

The terms of 15x” — 4x — 3 donot have acommon 
factor. We factor the first term, 15x”, and get 15x + x and 
5x + 3x. We then have 

(15x + [-])(x + [-]) and (5x + [/])(3x + (J) 

as possible factorizations. We then factor the last 
term,—3. The possibilities are (—3)(1) and (3)(—1). 
We look for combinations of factors such that the sum 
of the outside product and the inside product is the 
middle term, —4x. 


(15x — 3)(x +1); (5x — 3)(3x + 1); —> Correct middle 


term, —4x 
(15x + 3)(x — 1); (5x + 3)(3x — 1); 
(15x + 1)(x— 3); (5x + 1)(3x — 3); 
(15x — 1)(x + 3); (6x — 1)(3x + 3); 
Thus, 15x? — 4x — 3 = (5x — 3)(3x + 1). 


Practice Exercise 
8. Factor 3x? + 19x — 72 by the FOIL method. 


Objective 4.5b Factor trinomials of the type ax” + bx + c,a # 1, by the ac-method. 


Example Factor 6x” — 19x — 36 by the ac-method. 


Note that there are no common factors. We mul- 
tiply the leading coefficient, 6, and the constant, —36: 
6(—36) = —216. Next, we try to factor —216 so that 
the sum of the factors is —19. Since —19 is negative, 
the negative factor of —216 must have the larger 
absolute value. 


PAIRS OF 
FACTORS SUM 


1, —216 —215 6, —36 —30 
2, —108 —106 8, —27 =o 
3, —72 —69 9, —24 —15 
4, —54 —50 12, —18 —6 


PAIRS OF 
FACTORS 


Next, we split the middle term using the factors 8 
and —27: 


6x? — 19x — 36 = 6x? + 8x — 27x — 36 
= 2x(3x + 4) — 9(3x + 4) 
(3x + 4)(2x — 9). 


Practice Exercise 
9. Factor 10x” — 33x — 7 by the ac-method. 


Objective 4.6a Factor trinomial squares. 


Example Factor: 4x? — 44x + 121. 
A = 2AB > BP = (A — BY 
Ax? — 44x + 121 = (2x)? — 44x + 17 = (2x — 11)? 


Practice Exercise 
10. Factor: 81x” — 72x + 16. 


Summary and Review: Chapter 4 


395 


Objective 4.6b Factor differences of squares. 


Example Factor: 64y” — 9. 
A? — B? = (A+ B)(A — B) 
G4y? — 9 = (By)? — 3? = (8y + 3)(8y — 3) 


Practice Exercise 
11. Factor: 100¢7 — 1. 


Objective 4.6d Factor sums and differences of cubes. 


Example Factor: 8w* + 125. 
A? + B® = (A + B)(A’ — AB + B?) 
8w> + 125 = (2w)? + 5° = (2w + 5)(4w? — 10w + 25) 


Example Factor: 125x° — 8. 
A’ — B® = (A — B)(A* + AB + B?) 
125x* — 8 = (5x)? — 23 = (5x — 2)(25x” + 10x + 4) 


Practice Exercises 
12. Factor: 216x? + 1. 


13. Factor: 1000y* — 27. 


Objective 4.8a Solve quadratic and other polynomial equations by first factoring 


and then using the principle of zero products. 


Example Solve: 5x? + 11x = 12. 
5x* + 1lx-—12=0 
(5x — 4)(x + 3) = 0 
5x -4=O0o0rx+3=0 


Getting 0 on one side 
Factoring 
Using the principle 
of zero products 
5x =4 or x =—3 
x= 4 or x= -3 
The solutions are —3 and 3. 


Review Exercises 


1. Given the polynomial [4.1a] 
3x%y — 7x®y? + 2x3 — 3y*: 

a) Identify the degree of each term and the 
degree of the polynomial. 

b) Identify the leading term and the leading 
coefficient. 

c) Arrange in ascending powers of x. 

d) Arrange in descending powers of y. 


Evaluate the polynomial function for the given values. 
[4.1b] 


2. P(x) = x? — x? + 4x; P(0) and P(—1) 


3. P(x) = 4 — 2x 


x*; P(—2) and P(5) 


Collect like terms. [4.1c] 
4. 8x + 13y — 15x + 10y 


Practice Exercise 
14. Solve: 3x? — x = 14. 


5. 3ab — 10 + 5ab? — 2ab + Tab? + 14 


6. Youth Football. The number of children ages 
7 to 17 who played football in a given year can 
be estimated by 

f(t) = 0.25t? — 0.81¢ + 5.54, 


where f(t) is the number of participants, in 
millions, ¢ years after 2008. Use the follow- 
ing graph to estimate the number of children 
participating in football in 2010. [4.1b] 


Source: National Sporting Goods Association 


f(t) 


f(t) = 0.250? -0.81t + 5.54 


Number of children 
participating in 
football (in millions) 


1 2 3 4 5 
Number of years after 2008 


oV 
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Add, subtract, or multiply. [4.1c, d], [4.2a, b, c, d] Factor. [4.3a, b], [4.4a], [4.5a, b], [4.6a, b, c, d], [4.7a] 
T< (Gn? = An? > Bx st ) (Ga? > Qe > 6x? eT) 24. 9y* — 3y’ 
: 4 34 2 
8. (4x3 — 2x2 — 7x + 5) + (8x? — 3x3 — 9 + 6x) 25. 15x" — 18x" + 21x" — 9x 
, ; , : : 26. a2 — 12a + 27 
9. (—9xy" — xy + 6x*y) + (—-5x“y — xy + 4xy*) 4 
(12x2y — 3xy? + 6xy) : 
27. 3m" + 14m + 8 
10. (3x — 5) — (—6x + 2) 28. 25x? + 20x + 4 
11. (4a — b + 3c) — (6a — 7b — 4c) : 29. 4y? — 16 
31. 4x* + 4x” + 20 
13.. (6x7 = 4xy + y*) — (2x7 + Sxy — 2y?) 
32. 27x° — 8 
14. (3x*y)(—6xy") 
33. 0.064b° — 0.125c? 
IH 2 aie ee a 1) 


16. (4ab + 3c)(2ab — c) 
17. (2x + 5y)(2x — 5y) 
18. (2x — 5y)? 
19. (5x7 — 7x + 3)(4x? + 2x — 9) 


20. (x? 4? ? 


21. (x — 5)(x* + :Sx-+ 25) 


23. Given that f(x) = x? — 2x — 7, find and simplify 
f(a — 1)and f(a +h) — f(a). 


[4.2e] 


34. y°—y 


35. 2z° — 16z° 
36. 54x°y — 2y 


3721+ a° 


38. 36x — 120x + 100 


39. 6t? + 17pt + 5p 
40. x° + 2x? — 9x — 18 


Al. a* — 2ab + b? — 4t? 


Solve. [4.8a] 


42, x? — 20x = —100 


43. 6b? — 13b +6 =0 
44, 8y? = 14y 


45. r7 = 16 


46. Given that f(x) 
x such that f(x) 


x” — 7x — AO, find all values of 
4. [4.8a] 


47. Find the domain of the function f given by 
ee 


f(x) = : 


. [4.8a 
3x? + 19x — 14 aba 


Summary and Review: Chapter 4 
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Solve. [4.8b] 51. Which of the following is a factor of t? — 64? 


48. Photograph Dimensions. A photograph is 3 in. [4.6d] 
longer than it is wide. When a 2-in. matte border A. t-—4 B. t? — 4t + 16 
is placed around the photograph, the total area of C. t? + 8t+ 16 D. t+ 4 


the photograph and the border is 108 in’. Find the 
dimensions of the photograph. 


52. Which of the following is a factor of 
hm + 5hn — gm — 5gn? [4.3b] 


A.m-—n B. h+g 
C. m+ 5n D. m— 5n 
49. The sum of the squares of three consecutive odd 
integers is 83. Find the integers. z 
Synthesis 20. 


Factor. [4.6d] 


53. 128x° — 2y® 
50. Area. The number of square units in the area of 


a square is 7 more than six times the number of : BA. (x + 1)? - (x - 1)8 

units in the length of a side. What is the length ofa — : ; : 

side of the square? : 55. Multiply: [a — (b— 1)|[(b- 1)" + a(b—- 1) + a’). 
: [4.6d] 


56. Solve: 64x° = x. [4.8a] 


Understanding Through Discussion and Writing 


1. Under what conditions, if any, can the sum of two 5. (mwa Explain how you could use factoring or graph- 
squares be factored? Explain. [4.3a], [4.6b] ing to explain why x? — 8 4 (x — 2)°. [4.6d] 
: 6. Emily has factored a particular polynomial as 
2. Explain how to use the ac-method to factor trino- (a — b)(x — y). George factors the same polyno- 
mials of the type ax? + bx + c,a #1. [4.5b] mial and gets (b — a)(y — x). Who is correct and 
: why? = [4.3a], [4.7a] 
3. Annie claims that she can add any two polyno- 7. Explain how one could write a quadratic equation 
mials but finds subtraction difficult. What advice that has 5 and —3 as solutions. Can the number of 
would you offer her? = [4.1d] solutions of a quadratic equation exceed two? Why 


or why not? =‘ [4.8a] 


4. Suppose that you are given a detailed graph of : 8. In this chapter, we learned to solve equations that 
y = P(x), where P(x) isa polynomial. Howcould — : we could not have solved before. Describe these 
you use the graph to solve the equation P(x) = 0?__: new equations and the way we go about solving 
P(x) = 4? [4.8a] : them. How is the procedure different from those 


we have used before now? =‘[4.8a] 
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CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youff) (search “BittingerInterm” and click on “Channels”). 


1. Given the polynomial 2. Given that P(x) = 2x? + 3x? — x + 4, find P(0) 
3xy> — 4x?y + 5x5y4 — ax4y: and P(—2). 
a) Identify the degree of each term and the degree of 
the polynomial. 
b) Identify the leading term and the leading 
coefficient. 


c) Arrange in ascending powers of x. 
d) Arrange in descending powers of y. 


3. Solid-Waste Generation. The amount of municipal m(t) 
solid waste m(¢) generated in the United States, in mil- » 300 
lions of tons, can be estimated by the polynomial func- g g 250 
tion given by Sz 20 
ow i i i i i i 
m(t) = —0.133¢? + 7.304¢ + 150.694, 3 z § WEES 0.133024 73040 + 150.694. 
where t is the number of years after 1980. Use the graph 2 Ue ieecaliees a ee ed: me bet ce 
to estimate the amount of municipal solid waste gener- Ae fe gs Ce ee a 
ated in 2010. 5 1015 20. 25 30 35 7% 
Source: United States Environmental Protection Agency Number of years since 1980 


4. Collect like terms: 5xy — 2xy* — 2xy + 5xy?. 


Add, subtract, or multiply. 
Bh SA Se Si Sa ea = Dy Gh A pe ae ir | a aye Sip i) 


th (Si? = 4G = Ge = Sr) Ge = Way) = (ie ap aia) 
(9mn? — 4n? + 2m? + 6m?n) 


Dy A = Be te) = (Ge Ge ie = 5) OMG 12) 5) ay Gy 
11. (—4x’y)(—16xy’) 12. (6a — 5b)(2a + b) 

WE (Ge Ne sg ar 2) re) 
15. (4y — 9)? 165(% — 2y jx + 2y) 


17. Given that f(x) = x” — 5x, find and simplify f(a + 10) and f(a + h) — f(a). 


Test: Chapter 4 : 399 


Factor. 


18. 9x? + 7x 19. 24y? + 16y” 205) oy ty — 20 
21. p’ — 12p — 28 22. 12m” + 20m + 3 23. 9y* — 25 
oi 3) 8 25790 2004 DAS eae TE a ye 
Oey 28. y? + 8y + 16 — 1002? 29. 20a? — 5b? 
30. 24x” — 46x + 10 31. 16a"b + 54ab’ 
Solve. 
32. x? — 18 = 3x 33. 5y* — 125 = 0 34, 2x? + 21 = -17x 
35. Given that f(x) = 3x? — 15x + 11, find all values of x 36. Find the domain of the function f given by 
such that f(x) = 11. ee 
= 
Fx) x? +2x+1 
Solve. 
37. Photograph Dimensions. A photograph is 3 cm 38. Ladder Location. The foot of an extension ladder 
longer than it is wide. Its area is 40 cm’. Find its length is 10 ft from a wall. The ladder is 2 ft longer than the 
and its width. distance that it reaches up the wall. How far up the 


wall does the ladder reach? 


39. Number of Games in a League. If there are n teams 40. Factor: 8x? — 1. 

in a league and each team plays every other team once, A Oe= Nee — iNian 1) 

the total number of games played is given by the poly- B. (2x — 1)(2x + 1) 

nomial function f(n) = $n? — 3n. Find an equivalent C. (2x — 1)(4x? + 2x + 1) 

expression for f(n) by factoring completely. D. (2x + 1)(4x? — 2x + 1) 
SVM INC SES Feet eae sc at oe asec ar ee aaa gaged nes cea Eco NG oa ae dae ea AON a the Pees RR NE 
Al, Factor 64-7 = (x = 20 42. Ifpq = 5and(p + q)? = 29, find the value of p” + q’. 

Pq prq Pq 
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CHAPTERS 


1—4 | Cumulative Review 


Simplify. 17. Given that f(x) = 3x* + 4x, find all values of x such 
1. (x? + 4x — xy — 9) + (-3x? — 3x + 8) that f(x) = 4. 


18. Find the domain of the function F given by 


2. (6x2 — 3x + 2x3) — (8x2 — Ox + 2x3 x47 
yi ) : aoe . 
Bia at testa ALS) 
Bh Ue = Sh) Oe te i = 2) : Factor. 
E95 3x0 — 112 PAV PE ae ee oe I] 
4. (x + 4)(x + 9) > 21. x? + 5x- 14 22. 20a” — 23a + 6 
Pe Ae — 242) — 2a 98 
Solve. 
5. 8 — 3x = 6x — 10 6. 3x-3=5 
25. a* + 1000 26. 644° — 1 
7. A=th(a+ b),forb i, Ge = ll = Baie se 2 
Zh( ) ( ) 27. 4a* + a® — 12 28, 4x*y? — x?y* 
©, de = 9 < Dep 10. |2x — 3|< 7 29. Photo Prices. Greg ordered two 8 X 10 prints and 
= 3 5 il : one 11 X 14 print from the college photo services 


department. The total cost was $41.40. Sara ordered 
one 8 X 10 print, one 11 X 14 print, and one 24 X 36 
print for a total cost of $101.20. Austin ordered two 

11 X 14 prints and two 24 X 36 prints for a total cost 


ID, Sear ae 4 = Soy 1, Pse ae Sy = 7, : of $184. How much did each size print cost? 
55 —* ra 1K), 5x + 3y = 14 : 
Yroe= 


lk}; abe = 1) = 4k sear By— w=) 
Dear Ay = § Shear y= Qe= =I, 


Sara Austin 


15. llx + x? + 24=0 16. 2x? — 15x = —7 $41.40 $101.20 $184.00 


Cumulative Review: Chapters 1-4 : 401 


Graph. 
Sh se = Op? = 2 


Bille 7 = S285 32. 6y + 24 = 0 
y YA 
S 5) 
4 4 
3 
2 2 
1 i 


+2 ee 
0) =o: 
+4 +4 
=f. =o 
33.y>x+6 off) — ax 8 
Jy y 
5 5 
4 4 
3 S} 
2 2, 
il i 


er ee 


29) 2 
13 83 
=A) i -4 
=o = 


36. 2x + 3y <6, 


= 
-5-4-3-2-1,| 12345 | 


y bee = By == Ie, 
0) 
5 ‘ 
i Label the vertices. 
3 Vy 
2 
1 5 
= 4 
Te eee lee oa ene 3 
9 2 
3 1 
ae -5-4-3-2-1 Ios) 45 
a5 3 =] zi 2 
-2 


37. Find an equation of the line containing the point (3, 7) 


and parallel to the line x + 2y = 6. 


38. Find an equation of the line containing the point 


(3, —2) and perpendicular to the line 3x + 4y = 5. 
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39. 


40. 


41. 


42. 


Synthesis 
43. 


44. 


Find an equation of the line containing the points 
(1,4) and (—2, 0). 


Find an equation of the line with slope —3 and 
through the point (2, 1). 


Mother’s Day Spending. n 2009, consumers spent 
an average of $123.89 for gifts for Mother’s Day. This 
amount rose to $152.52 in 2012. Find the rate of 
change in spending for Mother’s Day with respect to 
time, in years. 


Source: National Retail Foundation 


Games in a Sports League. Ina sports league of n 
teams in which each team plays every other team 
twice, the total number N of games to be played is 
given by the function 


N(n) = n? — n. 


a) A women’s college volleyball league has 6 teams. 


If we assume that each team plays every other 
team twice, what is the total number of games 
to be played? 

b) Another volleyball league plays a total of 72 
games. If we assume that each team plays every 
other team twice, how many teams are in the 
league? 


Display of a Sports Card. A valuable sports card is 


4 cm wide and 5 cm long. The card is to be sandwiched 


by two pieces of Lucite, each of which is 55 times the 
area of the card. Determine the dimensions of the 
Lucite that will ensure a uniform border. 


4+ 2x 
A 


yar exe 


Solis eae || == [ge 23), 
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CHAPTER 


Rational 
a _ Expressions, 
sreurenaore ~~ Equations, and 


5.2 LCMs, LCDs, Addition, 


and Subtraction Fu Nn cti O n S 


5.3 _ Division of Polynomials 


5.4 | Complex Rational Expressions 


Mid-Chapter Review 
5.5 Solving Rational Equations 
5.6 = Applications and Proportions 


Translating for Success 
5.7. Formulas and Applications 
5.8 Variation and Applications 


Summary and Review 
Test 
Cumulative Review 


STUDYING FOR SUCCESS Working Exercises 


(_] Don’t begin solving a homework problem by working backward from the answer given at the back 
of the text. Remember: Quizzes and tests have no answer section! 


{_} Check answers to odd-numbered exercises at the back of the book. 


{| Work some even-numbered exercises to practice doing exercises without answers. Check your 
answers later with a friend or your instructor. 


a | Find all numbers for which 
a rational expression is not 
defined or that are not in 
the domain of a rational 
function, and state the 
domain of the function. 


|b | Multiply a rational 
expression by 1, using an 
expression like/A. 


C | Simplify rational expressions 


| Multiply rational expressions 
and simplify. 


G Divide rational expressions 
and simplify. 


Objective 2.3a: Find the domain 
and the range of a function. 


Find the domain. 
lL. f(x) = 3x +7 


x= 7 


a N= Ses 


Answers 


Skill to Review: 
1. All real numbers 


3 
2. {+|xisareal number and # -3, 


o(=-2)o(44) 


Rational Expressions and Functions: 


Multiplying, Dividing, and Simplifying 


a | RATIONAL EXPRESSIONS AND FUNCTIONS 


An expression that consists of the quotient of two polynomials, where the 
polynomial in the denominator is nonzero, is called a rational expression. 
The following are examples of rational expressions: 
7 Z a 8 Lot 
-6 b’ yt+5’ #2 — 3t- 28’ 


x? + Txy — 4 
x3 a y? . 
Note that every rational number is a rational expression. 
Rational expressions indicate division. Thus we cannot make a replace- 


ment of the variable that allows a denominator to be 0. (For a discussion of 
why we exclude division by 0, see Section R.2.) 


x XM Find all numbers for which the rational expression 
2x 47 1 
x—- 3 


is not defined. 

When x is replaced with 3, the denominator is 0, and the rational expres- 
sion is not defined: 

axt+1 2-3+1 


x-3 3-3 


. <— Division by 0 is not defined. 


You can check some replacements other than 3 to see that it appears that 3 
is the only replacement that is not allowable. Thus the rational expression 
is not defined for the number 3. a) 


You may have noticed that the procedure in Example 1 is similar to one 
that we have performed when finding the domain of a function. 


x XM Find the domain of f if f(x) = 

The domain is the set of all replacements for which the rational expres- 
sion is defined (see Section 2.3). We begin by determining the replacements 
that make the denominator 0. We can do this by setting the denominator 
equal to 0. Solving x — 3 = 0 for x, we get x = 3. The domain of f is {x|x is 
areal number and x # 3}, or, ininterval notation, (—~,3) U (3, ©). 
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Do Exercises 1 and 2.» 1. Find all numbers for which the 
rational expression 


x? -—4x4+9 
ALKEBRAIC XRAPHCAL CONNECTION ox 5 


Let’s make a visual check of Example 2 by looking at the following : is not defined. 
graph. : 
2. Find the domain of f if 
x? — 4x +9 
f(x) = 2x + 5 
Write both set-builder notation 
and interval notation for the 
answer. 
4 6 8 10 12 14 16 x 
Domain of f is 
(—~, 3) U (3, ). 
x=3 
Note that the graph consists of two unconnected “branches.” If 
a vertical line were drawn at x = 3, shown dashed here, it would not 
touch the graph of f. Thus 3 is not in the domain of f. 
x XM Find all numbers for which the rational expression 
= = 5h 
St = 28 
is not defined. 
The rational expression is not defined for a replacement that makes 
the denominator 0. To determine those replacements to exclude, we set the 
denominator equal to 0 and solve: 
2_— 3t- 28=0 Setting the denominator equal to 0 3. Find a numbers for which the 
(t—7(t+ 4) =0 Factoring rationa — 
t—7=0 or t+4=0 Using the principle of zero products ~=9= 1p 
bt “OF va a is not defined. 
Thus the expression is not defined for the replacements 7 and —4. e 
4. Find the domain of gif 
x XM Find the domain of g if (i) = r?—9 
4_ 54 : PS Tide 
a(t) = 2 — 3t — 28° Write both set-builder notation 
and interval notation for the 
We proceed as we did in Example 3. The expression is not defined for answer. 


the replacements 7 and —4. Thus the domain is {¢|t is a real number and 
t # 7andt # —A4}, or, in interval notation, (—*, —4) U (—4,7) U (7, ©). 
Answers 
Do Exercises 3 and 4.> 5 


5 
2. 4 x|xisareal number andx # -31 


-f 
(-2)o($4 


3. 
4. {t|tisareal number andt # 2 andt # 5}; 
—, 2) U (2,5) U (5, *) 
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FINDING EQUIVALENT 
RATIONAL EXPRESSIONS 


Calculations with rational expressions are similar to those with rational 
numbers. 


MULTIPLYING RATIONAL EXPRESSIONS 


To multiply rational expressions, multiply numerators and multiply 
denominators: 

a eee 

B D- BD 


For example, we have the following: 
BS 2. 3°26 3x 5x (3x)(5x) — 15x? 
5 7 5:7 35° 4 7 4:7 28 


, 


wre. a ee a Multiplying numerators and 
y-4 yt5 ~ (y — 4)(y + 5)’ multiplying denominators 


and 


For purposes of our work in this chapter, it is better in the example above 
to leave the numerator (x + 3)x* and the denominator (y — 4)(y + 5) in 
factored form because it is easier to simplify if we do not multiply. 

Before discussing simplifying rational expressions, we first consider 
multiplying by 1. 


Any rational expression with the same numerator and denominator 
is asymbol for 1: 
1 ay 4x? — 5 =I £5 


=i : i = 
73 x—y 4x° — § =] Kaeo 


We can multiply by 1 to get equivalent expressions—for example, 
7 2. Fa 28 


5 xX 5:x 5x 
9 4 9:4 36 


6 xX 6x 6x 


and 


As another example, let’s multiply (x + y)/5 by 1, using the symbol 
(x — y)/(x — y): 
x + i x x - = 
ae = ( Y)( y) Multiplying by a which is 1 
5 x-y 5(x — y) a= y 
We know that the expressions 


xty (x + y)(x — y) 
—— and —WJH 
5 5(x — y) 
are equivalent. This means that they will name the same number for all 
replacements that do not make a denominator 0. 
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XXX X Multiply to obtain an equivalent expression. 


x2 + 3 P43 xt (x? + 3)(x4+ 1) | Multiply. 
5. pe eo . = Using for 1 
cae | K-11 Bel wee +1) x4 1 i 3x + 2y x 
“5xt+ 4y x 


x-4 -1 x—4 —1*(x-A4) a | 
= . a Using —— for 1 

x-y 1 x-y 1+(x—y) “4 ax? -—y 3x+2 

“x t4_ 47% 3x +4 3x +2 

—x+ty yx 


6. 1: 


DoExe rci sesKR > =. @=% 


kel SIMPLIFYING RATIONAL EXPRESSIONS 


We simplify rational expressions using the identity property of 1 (see Section 
R.5b) in reverse. That is, we “remove” factors that are equal to 1. We first factor 
the numerator and the denominator and then factor the rational expression, so 
that a factor is equal to 1. We also say, accordingly, that we “remove a factor of 1.” 


120 
KXXXX & simplify: ET 


120 _ 40-3 Factoring the numerator and the denominator, 
320 40:8 looking for common factors 
40 3 ' : sy 
= eo Factoring the rational expression; — is a factor of 1 
8 40 
3 40 
— 1 a —=]1 
8 40 
3 
= 3 Removing a factor of 1 
128 
8. Simplify: ——. 
Do Exercise 8. > a 
XXX! Xi Simplify. 
5x? Bx x 
8. “— i Factoring the numerator and the denominator 
*x 
5x XxX : : ise 
= a . *) Factoring the rational expression; ; is a factor of 1 
x 
= ox ert ae | 
x 
= 5x Removing a factor of 1 


In this example, we supplied a 1 in the denominator. This can always be Simplify. 


done, but it is not necessary. (eg 


4a+8 2(2a + 4) x 
= Factoring the numerator and the denominator 
: pe 6a + 9 
10. 
2 2a+4 =: 5 
= 2 : 1 Factoring the rational expression; = is a factor of 1 
ars : f. f Answers 
= i Removing a factor of 1 nen pete 
= “(5x + 4y)x (3x + 4)(3x + 2) 
a 7, 2a +5 5 — 2a a2 oie 
ope Bl! Baa E Fare 4 
Do Exercises 9 and 10.» 10. 2a + 3 
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x Simplify. 


a 2x* + 4x 2x(x + 2) Factoring the numerator and 
, oe * 6x? 7 the denominator 
Checking Multiplica- 6x" + 2x 2x(3x + 1) 

tion and Simplification We _ 2x x+2 emma oeieauional F 
can use the TABLE feature as a Ox 3x +] a aaa acai 
partial check that rational expres- 
sions have been multiplied and/or av ; 
ee p a Removing a factor of 1 
simplified correctly. To check the 3x LL 
simplification in Example 11, 

c e xY-1  _ (x*—1)(* +1) Factoring the numerator and 

Mee al x +1 ll. - 5 = : 

= i 2x? —x—-—] (x4 1)(%= 1) the denominator 
ae =e ete 4 
GL. Sed : : . 

we first enter = : Factoring the rational expression 

72 2 2 We 
yy = (x* — 1)/(2x° — x — 1)and 
yo = (x + 1)/(2x +1) ae 

2 = Removing a factor of 1 
Then, using AUTO mode, we look at ax + 1 
a table of values of Yi she You (See On” + Gay = Sy" _ 3(x + y)(3x — y) Factoring the numerator 
p. 162.) If the simplification is correct, 12. : = ded : 
the values should be the same for all 12x° — lay 3(4)(x + y)(x — y) PRTG Cen OM EATOE 
peeaaa eels _ 3(x + y) _ 3x7 y Factoring the rational 
expression is defined. The = rs _ axneacclont 
messages indicate that —0.5 and 1 ee yy Any) . 
are replacements in the first rational _ sx7y : 
: = —— Removing a factor of 1 

expression for which the expression A(x — y) 
is not defined and —0.5 is a replace- 
ment in the second rational expres- For purposes of later work, we generally do not multiply out the numer- 
sion for which the expression is not ator and the denominator after simplifying rational expressions. @ 
defined. For all other numbers, we 
see that y, and y» are the same, so : 
the simplification appears to be cor- Canceling 
rect. Remember, this is only a partial Canceling is a shortcut that you may have used for removing a factor of 1 
check since we cannot check all when working with fraction notation or rational expressions. With great 
possible values of x. concern, we mention it here as a possible way to speed up your work. 


Canceling can be done for removing factors of 1 only in products. It can- 
not be done in sums or when adding expressions together. Our concern is 
that canceling be done with care and understanding. Example 12 might 
have been done faster as follows: 


9x7 + 6xy — 3y* _ B(x) (3x — y) When a factor of 1 is noted, it is 
12x? = 127 3(4) (x+y) (x — y) “canceled” as shown. 


EXERC KEK Use the TABLE feature 


to determine whether each of the _ 3x—7y ; 3(x + y) 
et = a a. Removing a factor of 1: ————~ = 1 
following is correct. 4(x — y) 3(x + y) 
5x? 
1. — = 5x 
oT Tree reer eee ie erie ec Caution! ee Monirer errr er ene reer) 
The difficulty with canceling is that it can be applied incorrectly in situations 
such as the following: 
Z2+3_, A#+1_1 _] 
z "  A+2 2 BA 4 
Wrong! Wrong! Wrong! 


In each of these situations, the expressions canceled are not factors of 1. 
Factors are parts of products. For example, in 2 - 3, 2 and 3 are factors, but 
in2 + 3,2 and 3 are not factors. If you can’t factor, you can’t cancel! If in 
doubt, don’t cancel! 
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Do Exercises 11-13 Simplify. 


ia 6x? + 4x 
Opposites in Rational Expressions Ax* + 8x 
Expressions of the form a — band b — aare opposites, or additive inverses, ay? + by + 4 
of each other. When either of these binomials is multiplied by —1, the result 2 —_. 
is the other binomial: ae 
—l(a- b)=-at+b=b-—a; Multiplication by —1 reverses the : 20a* — 80b* 
-l(b-—a)=—-bt+a=a-—b. order in which subtraction occurs. 16a? — 64ab + 64b? 
Consider 
x— 8 
8— x Simplify. 
At first glance, the numerator and the denominator do not appear to have 
any common factors other than 1. But x — 8 and 8 — x are opposites of v= S 
each other. Therefore, we can rewrite one as the opposite of the other by 14. oe 
factoring outa —1. 
eee 
: . x— 8 = ) 
XXX =X simplify: aa 2 Ge 3) 
= ees) 
v= Ss x— 8 
= Rewriting 8 — x as —(x — 8).See Section R.6. 1 
8- x —(x — 8) 24 yas 
_ ee = 8) = as 
eee ce: 
-_ &=8 
1 = 
=—] +] Note that —- = —1,not1. 15. sia 
=s q-pP 
=-] 
16 t+ 8 
Do Exercises 14-16. > *-t-8 
(4) MULTIPLYING AND SIMPLIFYING 
After multiplying, we generally simplify, if possible. That is one reason why 
we leave the numerator and the denominator in factored form. Even so, we 
might need to factor them further in order to simplify. 
XXX XI Multiply and simplify. 
a de. Sh a | (x + 2)(x? -— 4) seaneaLe pac : 
“4 = _ 2 _ numerators and the 
a2 2S eS 2. Ye Sere 2) deneminators 
(2) + 2) = 2) Factoring the 
— _ = numerator and the 
sie 2) 1) denominator 
(x + 2)(*%-+2)(x — 2) Removing a factor 
(x — 3)(x+2)(x — 1) of 1: an 1 Answers 
—s 1, #2. yo 20+?) 
_, (e+ 2)(x— 2) ee * 2(x + 2) "yl 
(x = 3)(x = 1) seal je 13. a 14.-1 15.-1 16-1 


4(a — 2b) 
Guided Solution: 
1A. y= By — 3,4, —1 
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a®—b® a* + 2ab + b? 
ab a+ ab+P 
_ (A= BY + 2ab- +b") 
(a2 — b?)(a? + ab + b?) 
(a — b)(a2 + ab+b’)(at+ b)(a +b) Factoring the 
= (a — b)(a + b)(a2 + ab + b’) +1 numerator and 


the denominator 
_ (a—b) (a? +-ab + b*)(a-+b)(a + b) 
(a—b)(a+b) (a2 +ab+b7) +1 

(a — b)(a* + ab + b*)(a + b) 


Multiply and simplify. Removing a factor of 1: = Le 2s ree 1 


15. 


(x—y)? 3x +4 3y 
17. : a+b 


try Loy aan +b Simplifying 


a+b a’—2ab+ b? 
Pee fae < Do Exercises 17 and 18. 


@ | DIVIDING AND SIMPLIFYING 


Two expressions are reciprocals (or multiplicative inverses) of each other if 
their product is 1. To find the reciprocal of a rational expression, we inter- 
change the numerator and the denominator. 


18. 


Find the reciprocal. 


+3 
19, ~~ 3.7 
x— 5 The reciprocal of = is ry The reciprocal of y — 8 a = 
20.x +7 Kt 2y Syed 
The reciprocal of is : 
1 xt y— 1 Ko By 
2. 3 
- <« Do Exercises 19-21. 
We divide rational expressions in the same way that we divide fraction 
notation in arithmetic. For a review, see Section R.2. 
DIVIDING RATIONAL EXPRESSIONS 
To divide by a rational expression, multiply by its reciprocal: 
A.C _A D_ AD 
BD B CRBC 
Then factor and simplify if possible. 
For example, 
2.4 2 5_ 2:5 5 2 5 ,_5 
3°56 8 4&2 32292 322 2° 6 6 
KXXXX §=6X Divide and simplify. 
K=2 4S £=2 2=39_. 4 2)e— 9) s 
xt1l ox-3 x+1 «+5 (x+1)(x+5) 
Answers 
EE fee de 
xt+y xa 


1 3 
20. —— _ 2L.y°-9 
x+7 
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x XM sd Divide and simplify. 


md = Weed 


a-l- at+1 


a1 atl 


Multiplying by the reciprocal of 


a-1l a—-2a+1 
(a = 1)(a + 1) 


the divisor 


Multiplying the numerators and 


~ (a— 1)(a? — 2a + 1) 
_ (a+ 1)(a-—1)(a +1) 


the denominators 


Factoring the numerator and the 


- (o-lia= Iiia—1) denominator 

= Coa ase aa Removing a factor of 1: ae 1 
(a — 1)(a—T)(a — 1) ‘@=1 
a+ l1\(at+1 

= saa aie Simplifying 


ae 


1)(a — 1) 


Do Exercises 22 and 23.» 


XXX =X Perform the indicated operations and simplify: 


fom _ a 
(c+ a? ~(c—d)-(ct+d). 
Using the rules for order of operations, we do the division first: 
e- d cd 1 
“ ° + = ° ° + 
(c + dy? (c d) (c d) (c oe d)? a d (c d) 


= d)(c? + cd + d*)(c + d) 7 (oa) (c? + cd + d*)\e-+ay 


(c+ diet diie= d) 


ce+cd+a 
ct+d 


Do Exercise 24. > 


For Extra Help 


MyMathLab” 


(c + d)(e+a)le—ad) 


MathxXL’ 


Divide and simplify. 


pcs) xe+ix+10 x2 —3x—10 
22. : 


> nt se 2 
x? + 7x + 10 
ax—-4 x2 3x—10 
_ (+5 )@e-2) 
D(xe = Zi ee s 2) 
(Gear DiGeseZ)\(e=—B) 
Ase 2) (Gk = S)\Gese 2) 


a(x — 8) 


a@—b a —2ab+ b’ 


23. : 
ab 2a*b? 


24. Perform the indicated 
operations and simplify: 


3 
a+é8 2 2 
- (a 24+ 4) * (a= 2)"; 
ak pen?) 
Answers 
x+5 2ab(a + b) 
* 2(x — 5) “ a-b 


24. (a + 2)(a — 2) 


Guided Solution: 
22... % = 2,042, 5,4.4b 5S 


— 
= P 
Seite JZ 

WATCH READ REVIEW 


Choose from selections (a)-(h) below an expression that is equivalent to the given expression. 


Ral Reading Check 
x 1 
ar ar 
1 1 
RCL. ==> 
x 8 
1 
RC5. — + 8 
x 


x+1 K-83 
e) 


8 x 
e) 3 8 8 


RC2. The opposite 


ofx — 8 8 
of 
x— 8 
. x 8 
RC6. The reciprocal RC7. —-— 
ofx — 8 a 


RC3. The reciprocal 


1 
8 - h 
8) x Loe 
1 8 
RC4, — + — 
x Xx 
x 8 
RC8. —- 
Sse 
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a | Find all numbers for which the rational expression is not defined. 


5t? — 64 x? +x+ 105 3, ae tet 2 ‘4 x? - 3x-4 
3¢ +17 “5x — 45 "x2 + 12x + 35 * x? — 18x + 77 


Find the domain. Write both set-builder notation and interval notation for the answer. 


4x — 5 5r + 3 7 
5. f(x) = 6. f(r) = 7 g(x) = ——_, 8. g(x) = ——, 
fx) = fr) =" a(x) = a(x) = 
5t” — 64 ao er 105 PSs rere ete | Soe 
x. ff) = — 10. f(x) = —— ll. f(x) = 12. f(x) = 
fg) 3t+ 17 Fx) 5x — 45 Fx) x? + 12x + 35 Fix) x? — 18x + 77 
i) Multiply to obtain an equivalent expression. Do not simplify. 
7 +2 2-y -1 —-5 g+5 +1 p-4 
13, ~.= 14. _ ig. 7 et a 
7x xt+8 &-y =! q+3 qt+5 pt+4 p-4 
re] Simplify 
15y° Tw? 16p" 48t° 
17. —; 18. — 19. —; 20. —; 
5y 28w 24p 56t 
9a — 27 6a — 30 12x — 15 18a — 2 
21. —— 22. ——— 23. ————_ 24, ——— 
9 6 21 22 
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4y — 12 8x + 16 P= 16 p= 25 
y = p 


25, ———__ <<. 27, —— 28, = 
4y + 12 8x — 16 t? — 8 + 16 p? + 10p + 25 
x? — 9x + 8 y? + By- 9 w — 23 Mata 

23. > 30. >——___| 31. >. 7a 32. 3a 
xO 3X 4 y' — 5y +4 wi — Z a+b 


| d | Multiply and simplify. 


be 10 10t  20¢ — 40 S16. sae 
33. -—_ 34. : 3 35. -——- 5 
3x + 6 5x 6t — 12 30t x x >= Ke 12 
ae y? + 1l0y + 25 y? — 3y ; y>-16 y+3 an n-ne mtn 
. y?>-9 yts5 : 2y+6 y-4 “4m+4n m-n 
x? —2x— 35 4x3 — 9x y - 1y +3 y+4 +8 c-—4c+4 
39, ——,—_: 40. 5 mS al. = 5 
2x: = 3% 7x — 49 yo - 1 y — 5y — 36 c-—4 co—2c+4 
i x3— 27 x?-6x+9 Pe vr-—y xw+xty’ a 4x* — Qy* 4x? + Gxy + Qy? 
“x? -9 x? + 3x49 “x38 — y3 x? + Qxy + y? ” 8x3 — 27y3 4x? + 12xy + 9y? 
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re | Divide and simplify. 


12x? . 16x° 9a’ 12a? Sy4+15 ytS 
45. — + 16. — + —— 47. 

3y 6y 8b? 24b y y 

6x +12 x+2 y=9 yss x-4 x-2 
48. = 49. + —— 50. + 

x x y yt2 x x+4 

4a = 1 2a = 1 = 4 Sx = 2 x? = 16 ae 2 
Se ee ake 2. 5, * 53. =— 1 a 
a 4 GQ-— 2 x 9 x+3 x 10x+ 25 x 3x — 10 
ee y=386  sy— 18 og Yt 3y yt oy- 4 5g, 7 144. wt Bat 15 
"y—-B8y+16 y?-y-12 “ y-9  y? + 4y- 21 “@-16 0 a +a-— 20 
ag a =ci6 - By +27 2 Ay? = 9 

“x3 +64 x? -— 4x + 16 * 64y3 -—1  16y? + 4y4+1 

Biry? 27x Ay” > Ox" x*y — 64y — x*y* = 16y? 
59. 3.3" <3 2.42, 2. 2 60. 3 : a 2 2 

64x°y 16x“y* + 4x*y + x xy + 64y x*y 4xy“ + 16y 
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Perform the indicated operations and simplify. 


r? — 4s” 2s d—d d-2 5d 
61. ~ (r+ Qs) > 62. seers eer 
r+ 2s r — 2s d-—6d+8 d°+5d d°—-—9d+ 20 
y? — 2y yo y+ aya 9x? 1 x — Ay 
63. — i A 64. > 27 2 : 
yoty-2 yr4y+4 y x — loy x° + Axy 3x 


ORE C2 IEE TUR TRIE. csi slxtencetoveve Servet ee Po vacralvsas as Exleincrea entra See nadie eis actubirnsneoeieotileissnaerasdeadentate 


In Exercises 65-68, the graph is that of a function. Determine the domain andthe range. [2.3a] 
65. 66. 67. 68. 
YA VA y y: 
5 5 
4 e 4 
® 3 3 
2 
@ 1 dl, 
> = 
5747-37271) 123 45 x 574737271) 123 4 5 ba 
ay) e 2 
36. 3: 
—4 4 
=—5 —5 
Factor.  [4.7a] 


10x? — 80x + 70 72. 10x? — 13x + 4 


69. 6a” + 5ab — 25b? 


70. 9a? — 30ab + 25b? 71. 


73. 21p? + p— 10 74, 12m? — 26m — 10 


77. Find an equation of the line with slope —3 and 


. 2x° — 16x” — 66x 


76. 10y* + 80y — 650 


. Find an equation of the line having slope —3 and 


y-intercept (0,—5). — [2.6al containing the point (—4, 8). [2.6b] 
NS ace cece han hecatatd chee Aud esletllnete iS cetciPadtinepceceBaar cenetee neesePoe 
Simplify. 
x(x + 1) — 2(x + 3) oe 2x — 5(x + 2) — (x — 2) 
"(x + 1)(x + 2)(x + 3) . x4 
tee a =2a" + 24—4 
81. 82. 
m+t?+m+t+ 2mt a® — 2a? — 3a + 6 
83. Let 
2x + 3 
B(x) = 4x1 


Find g(5), g(0), g(3), and g(a + h). 
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OBJECTIVES 


a | Find the LCM of several 
algebraic expressions 
by factoring. 


| Add and subtract rational 
expressions. 


G Simplify combined additions 
and subtractions of rational 
expressions. 


SKILL TO REVIEW 


Objective 4.1d: Find the opposite 
of a polynomial and subtract 
polynomials. 


Subtract. 


1. (2y — 5) — (y — 6) 
2. (3x? + x — 4) - 
(Sx" = 2+ 10) 


Find the LCM by factoring. 
1. 18, 30 


2. 12, 18, 24 


Answers 


Skill to Review: 
ley+1 2, —2x?+2x- 14 


Margin Exercises: 
1.90 2. 72 


LCMs, LCDs, Addition, 


and Subtraction 


a | FINDING LCMs BY FACTORING 


To add rational expressions when denominators are different, we first find 
a common denominator. Let’s review the procedure used in arithmetic 
first. To do the addition 

5 7 

— + ae) 

42 12 
we find a common denominator. We look for the least common multiple 
(LCM) of 42 and 12. That number becomes the least common denominator 
(LCD). 

To find the LCM, we factor both numbers completely (into primes). 


42 = 2-3-+7<— Anymultiple of 42 has these factors. 
12 = 2+ 2+ 3<— Any multiple of 12 has these factors. 


The LCM is the number that has 2 as a factor twice, 3 as a factor once, and 7 
as afactor once: LCM = 2: 2:3: 7, or 84. 


FINDING LCMs 


To find the LCM, use each factor the greatest number of times that it 
occurs in any one prime factorization. 


x X Find the LCM of 18 and 24. 


Vv 
18 = 3-3-2 


The LCM is 3:3: 2:2°2,or72. 


24 = ieee ° 3 


« Do Margin Exercises 1 and 2. 


Now let’s return to adding 3, and j: 


5 . 5 7 
42 12 2:37 2:+2:3 


Factoring the denominators 


The LCD is the LCM of the denominators, 2 - 2 - 3 - 7. To get this LCD in 
the first denominator, we need a factor of 2. In the second denominator, we 
need a factor of 7. We multiply by 1, as follows: 
5 . = 7 . 7 _ 10 4 49 
Dery ae. 2 22S. 6 PCy A ica | 2°2°3°7 
59 «59 
2+2+3-7 84 
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Multiplying the first fraction by 3 gave us an equivalent fraction with a de- Add, first finding the LCD of the 
nominator that is the LCD. Multiplying the second fraction by 4 also gave denominators. 

us an equivalent fraction with a denominator that is the LCD. Once we had 5 11 

a common denominator, we added the numerators. a 12. 30 


Do Exercises 3 and 4.> 


We find the LCM of algebraic expressions in the same way that we find 
the LCM of natural numbers. 

Our reasoning for learning how to find LCMs is so that we will be able 
to add rational expressions. For example, to do the addition 


t 8 


+ , 
laxy?-15xy 


we first need to find the LCM of 12xy? and 15x*y, which is 60x°y?. 


\/ 


x 


2. Find the LCM of 12xy? and 15x’y. 
We factor each expression completely. To find the LCM, we use each factor 
the greatest number of times that it occurs in any one prime factorization. 
12? = em F 
Factoring 


15x°y = 3 - eee * y 


12xy? is a factor. 
15x°y is a factor. 


The LCM of 12xy? and 15x*y is 60x*y”. 
3. Find the LCM of x? + 2x + 1, 5x” — 5x, and x? — 1. 


x?+2x+ 1 = [n: 
5x? — 5x = Ean: Factoring 


x?—1= (x+ 1)(x - 1) Both factors of x? — 1 are 
already present in the 
previous factorizations. 


LCM = 5x(x + 1)(x + 1)(x — 1) 

4, Find the LCM of x? — y?,x? + y3,andx? + 2xy + y?. 
x — y= (x>y) (x+y); 
x? + y? 


(x + y) cen: Factoring 
(x + y)(x + y) = [ie 
LCM = (x — y)(x + y)*(x? — xy + y’) 8 


x? + Ixy + y? 


Answers 
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Find the LCM. 
5. a’b?, 5a°b 


6. y? + 7y + 12, y? + By + 16, 
yta4 


7. x? — 9, x3 — x? — 6x, 2x? 


8. a* — b*, 2b — 2a 


Answers 

5. 5a°b> 6. (y + 3)(y + 4)(y + 4) 

7. 2x?(x — 3)(x + 3)(x + 2) 

8. 2(a + b)(a — b), or (a + b)(b — a) 


Recall that —(x — 3) = -l(x — 3) = 3— x. If (x — 3)(x + 2) isan 
LCM, then —1(x — 3)(x + 2) = (3 — x)(x + 2) is also an LCM. 

If, when we are finding LCMs, factors that are opposites occur, we do 
not use both of them. For example, ifa — b occurs in one factorization and 
b — aoccurs in another, we do not use both, since they are opposites. 


x M Find the LCM of x? — y* and 3y — 3x. 


xi — y= (xt yey) We can use (x — y) or(y — x), 
3y — 3x =|3 (y — x),or—3(x — y) but we do not use both. 


LCM = 3(x + y)(x — y), or3(x + y)(y — x), or —3(x + y)(x — y) 


In most cases, we would use the form 3(x + y)(x — y). 


<«@ Do Exercises 5-8. 


|b | ADDING AND SUBTRACTING 
RATIONAL EXPRESSIONS 


ADDITION AND SUBTRACTION 
WITH LIKE DENOMINATORS 


To add or subtract when denominators are the same, add or subtract 
the numerators and keep the same denominator. 
A B_A+B A B_A-B 


+= an 
G € €¢ G £& € 


, WwhereC = 0. 


Then factor and simplify if possible. 


V 3X 4 
VA XK Add: = 
x x 
3 +x nm 4 3+x+4 Adding numerators and 
x x x keeping the same denominator 
Ov rsek sees Caution! Scblaws Reece cea 
7+x This expression does 
= = 7+x 
x not simplify to 7: — ats 
Ne TS nee ee ner eT me e 
Example 6 shows that 
3+x 4 7+xXx 
+ and 
x x x 


are equivalent expressions. They name the same number for all replace- 
ments for which the rational expressions are defined. 
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4x? — 5 2xy — y? 
i WM Add: ca A a 


oy xy! 
4x? — 5 2xy—y? 4x? — 3xy — y? 
5 = + = a = 5 es 3 us Adding the numerators 
x" y x" y xy 
_ (4x + y)(x — y) Factoring the numerator 
(x + y)(x - y) and the denominator 
(4x + y)(x—y) — Removinga factor of 1: 
— x — 
(x + yay) — =] 
_ 4axty 4 
7 Koy 
DoExe rci se sWand KO. > 
4x +5 x-2 
X X Subtract: 


x+3 «+3 


4Ax+5 x—-2 4x+5-(x-2)<q ; 
= Subtracting numerators 
x +3 x+3 x3 


a eee A common error: forgetting 


P lia mars} these parentheses. If you 
forget them, you will be 
= ont subtracting only part of the 
x+ 3 numerator, x — 2. 


Do Exercises 11 and 12.» 


When denominators are different, we find the least common denomi- 
nator, LCD. The procedure we will use is as follows. 


ADDITION AND SUBTRACTION WITH 
DIFFERENT DENOMINATORS 


To add or subtract rational expressions with different denominators: 
1. Find the LCM of the denominators. This is the least common 
denominator (LCD). 


2. For each rational expression, find an equivalent expression with the 
LCD. To do so, multiply by 1 using an expression for 1 made up of 
factors of the LCD that are missing from the original denominator. 


3. Add or subtract the numerators. Write the result over the LCD. 
4. Simplify, if possible. 


2 
Ni a ada oe, 
5 2a 


5 
We first find the LCD: } LCD = 5: 2a, or 10a. 
a 


Now we multiply each expression by 1. We choose symbols for 1 that will 
give us the LCD in each denominator. In this case, we use 2a/(2a) and 5/5: 


2a 2a 3b 5 _ 4a? 15b _ 4a* + 15b 
5 2a 2a 5 10a 10a 10a 


Multiplying the first term by 2a/(2a) gave us a denominator of 10a. Multi- 
plying the second term by 2 also gave us a denominator of 10a. O 


+ 
y y 


a eS. a = ee 


X= 5 3 5 


Subtract. 


Answers 
12+y 


y 


a—b yt 12 
12. 
b+2 KP phy? 


9. 


10. 3x + 1 


ll. 
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3x2 + 3xy 2 — 3x 
5 aa te : 
ey x-y 
We first find the LCD of the denominators. To do so, we first factor: 
x? — y? = (x + y)(x — y) 
x-y=x-y 
The first expression already has the LCD. We multiply by 1 to get the LCD 
in the second expression. Then we add and simplify if possible. 


x M Add: 


LCD = (x + y)(x — y). 


ax? tg 2 or. ae 
a a ud Multiplying by 1 to get the LCD 
(x+y)(x-y) x-y x+y 
OE Bay (2 — 3x)(x + y) 
(x+y)(x-y) (x—y)(x« t+ y) 
Add. = 3x” + 3xy 2x + 2y — 3x? — 3xy Multiplying in the 
(x + y)(x — y) (x — y)(x + y) DuEratee 
4 3x? + Say + 2x + 2y — 3x? — 3 
13. au ap a res = = ud aus Adding the numerators 
1 && (x + y)(x — y) 
= 2, eee - ax + 2y bee 7s 
7 3x ee = Geo Combining like terms 
9x? 2(x + 
i 7 a eee Factoring the numerator 
es atx (x + y)(x — y) 
a 248} 2 + 
oS = ee _ Removing a factor of 1: a ey 
(4-+-¥)(x — y) x+y 
_ 2 
x—y 
= 2xy— 2x* ax +3 
"yey? ox ty < DoExe rci se skand XX. 
2y + 1 a 
X M Subtract: — 7 5 us ; 
y— 7y+6 y—5y-6 
2y+ 1 yt 3 
yy so yom sp 6 
ee ee LCD = (y — 6)\(y— 1)ly+ 1) 
= = ‘a ve 
P= Bip ly) y= by) 
_ 2ay+1 ye I yr 3 y-1 Multiplying 
O=00>) #4 GHOG4) 7-1 Te 
2y+ 1 ae) + 3 ae | 
= (2y My )=0 My ) Subtracting the numerators 
(y — 6)(y — 1)(y + 1) 
ey? tS 2) ay ay 3) Multiplying. Note the use 
(y— 6)(y—-D(y+V of parentheses. 
_ ay aye by aye Ss 
(y — 6)(y— 1)(y + 1) 
2 
= yas The numerator cannot be factored. 
v= S)(y—-Dy+ 1) The rational expression is simplified. © 
Answers 
9x? + 28y 3 
13. 


21x “x+y 
Guided Solution: 
13. 3x, 7, x, 28y, 9x”, 21x 
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We generally do not multiply out a numerator or a denominator if it has 


Subtract. 


three or more factors (other than monomials). This will be helpful when we i a—4 
i 15. = 
solve equations. oe a 
Do Exercises 15 and 16.» e ay — 5 py 
: ‘ ae 2 = 
Denominators ThatAre Opposites ae eee Me ie 
When one denominator is the opposite of the other, we can first multiply 
either expression by 1 using —1/—1. 
a a 
x M Add: — + —. 
2a = 2a 
G2 Multiplying by 1, using —— = 
= . ultiplyin , using — 
2a —2a 2a —2a —1 i ll ha di e4 
=i caus 
Oa Oa This is equal to 1 (not —1). 
3 
a-a 
= Adding numerators 
2a 
a(1 + a)(1 — a) 
= Factoring 
rs Add 
a(1 + a)(1— a) ; a ; > 
a Od Removing a factor of 1: te 1 ie b ie b 
"3b  —3b 
_ (1+ a)(1 - a) 
~ 2 3x7 +4 x7?-7 
18. 5 a 
Do Exercises 17 and 18.> * - 
’ 2 Subtract. 
x x 
X XM = Subtract: — — — 
Sy —S5y 19 3 _ 7x 
x? x3 x? xe] 22. =] ay AY 
= . Multiplying by — 
Sy —Sy 5y —5y —1 =1 
= x ax pcs) any Ax? ae 
2_ (+3 , 4x? Be 
_* (—x")<——_ Don’t forget these parentheses! — : 
= By 235 = Be 1 
2453 (1 + x) ae —7x? 
== , a : S 2x — y 
. . ax*-(_) 
5x aed 7g = Wy) 
x XM = Subtract: ud 2 
x—2y 2wy-x = ae 
5x By - 7 bx By -7 1 BES) 
x-2y 2y-x x-2y 22x 1 
5x —3y +7 Remember: (2y — x)(—1) = 
= 2y x — 2y —2y +x =x -— 2y. Answers 
5x — (—3y + 7) ie: 12 - 3(y? + 4y + 1) 
= Subtracting numerators nes - 5) (y~ Aly ayy + 8) 
x — 2y 17. 5 ii, as 
as 
_ ox t sy 77 ig ee 1x? 
x — 2y "ay 2x— y 
Guided Solution: 


DoExe rci se sKXand KO. 


20. —1,2x — y, -7x’,11 
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es COMBINED ADDITIONS AND SUBTRACTIONS 


x M = Perform the indicated operations and simplify. 
2x 5 1 
2 ++ 
Heo A ODS Ke 2K 
Checking Addition = 2x a 1 
and Subtraction Use the (C= 2a 2) 2a Bex 
TABLE feature, as described on 2x 5 = Tl 


p. 162, to check the sums and + Multiplying b = 
. 162, u = ultiplying by — 
differences in Examples 6, 8, 11, (x— 2)(x+2) 2-x -1 x+2 —1 
and 15. Then check your answers 2x —5 1 


to Margin Exercises 15 and 21. (x — 2)(x + 2) + x-2 x+2 
2x ff “5 xt2 1 x72 Multiplying by 1 

(x—2)(xn+2) x-2 x+2 x+2 x-2  togettheLCD 

_ 2x— B(x + 2) — (x — 2) 


LCD = (x — 2)(x + 2) 


Adding and subtracting the numerators 


(x — 2)(x + 2) 
2x. =" bx = 10 = xe 2 : 

= Removing parentheses 
(x — 2)(x + 2) 
—4x — 8 —A(x+-2) R ; be ppt? , 

= = emoving a factor of 1: ——~ = 
- - +2 

21. Perform the indicated eee) lee) : 
operations and simplify: = —4 sir 4 


8x 2 4 R= 2 Ko 2 
5 + 
= 1 Le ae 


4 
Another correct form of the answer is 5 . Itis found by multiplying by 

—x 
Answer —1/-1. 


“x-1 <« Do Exercise 21. 


For Extra Help MathXL° —| a 


MyM ath Lab” PRACTICE WATCH cms REVIEW 


Ra Reading Check 


When we are subtracting rational expressions, parentheses are important to make sure that we subtract the entire 
numerator. In Exercises RC1-RC3, complete each numerator by (a) filling in the parentheses, (b) removing the 
parentheses, and (c) collecting like terms. 


(a) (b) (c) 
10x 3x+5 10x—( ) 

RC1. = = = 
x-7 x-—T7 x—7 xe x= ; 
(a) (b) ©) Fi 
7 4-9a 7-( ) E 
RC2. = = = & 
4+a 4+a 4t+a 4A+a 4+a g 
(a) (b) (c) E 
9y — 2 yr+l Sy = 2= ) 2 
RC3. 2 10 2_ = 2_ a 2_ 2 2 
y y 10 y 10 y 10 y 10 2 
8 


422 CHAPTER 5 Rational Expressions, Equations, and Functions 


EE Find the LCM by factoring. 


1. 15, 40 


5. 30, 105 


Add. Find the LCD first. 


Find the LCM. 
15. 21x’y, 7xy 


18. r2 — s*, rs + 8? 


21. 5y — 15, y* - 6y + 9 


23. y? — 25,5-y 


2. 12, 32 


6. 24, 60 


10. 


13. 


16. 


19. 


25. 2r? — 5r — 12, 3r? — 137 + 4, r? — 16 


27. x° + 4x3, x3 — 4x? + 4x 


29. x° — 2x4 + x3, 2x3 + 2x, 5x +5 


3. 18, 48 4, 45, 54 
7. 9, 15, 5 8. 27, 35, 63 
5 13 7 1 
— + — ll. — + — 
12 18 3624 
3. 7.1 5 7 
4+ + — 4, —+—4+— 
4 30 16 8 12 40 
18a7b, 50ab* 17. y* — 100, 10y + 100 
15ab?, 3ab, 10a*b 20. 6x7y?, 9x%y, 15y? 


22. x° + 10x + 25, x7 + 2x — 15 


24, x? — 36,6-—x 


26. 2x — 5x — 3, 2x7 —x- 1, x7 - 6x +9 


28. 9x? + 9x” — 18x, 6x° + 24x* + 24x3 


30. x° — 4x4 + 4x3, 3x? — 12, 2x + 4 
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ia Add or subtract. Then simplify. Ifa denominator has three or more factors (other than monomials), leave it in factored form. 


R= 2 x+9 
31. a y 
x+y x+y 
3t + 2 t—4 
34. = 
{—A4 t—<4 
6 7 
31. 
Jy ~y 
2y-—3 4 — 
40. — - 
bee l1-y 
= 2 +3 
43. 2 +2 
ya os 
4 Pl 
45. et y 
x= y x+y 
9x + 2 % 
47. 5 t 5 
3x" 2x — 8 3x° +x-—4 
4 M2 3 
49. Py 
x+1 co =", x= 
424 


32. 


a— 8b _a+t13b 
a+b a+b 
az b2 
+ 
a-—-b b-a 
4 9 
38. — — — 
x =x 
a b? 
+ 
a-—-b b-a 
44. 
46. 
48. 
50. 


4y+3 y-2 


33. —— 
y-2 y-2 
r2 s2 
36. + 
r=. S— fF 
4a — 2 5 + 3a 
39. 5 
a“ — 49 49 —a 
3 3 
x 
42. a = ; 
x" — y youTx 
= 2. Ke 2 
+ 
Pla waar x-A4 
Sab at+b 
@2—-b a-—b 
3y + 2 8 
2y7-y-10 2y*-—7y+5 
=o 5 y+ 3 
y+2 y-2. y2-4 
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= KES 
1. 52. 
3x + 15 5x + 25 
6 x t+ 
54, aa y 55. 
xy x-y 
2 
57. 5 y t 58. 
y° — y— 20 ya 
3y + 2 2 
60. — y a y 6l. 
yore ry 10° ye = "ey 15 


| Perform the indicated operations and simplify. 


63. 


65. 


67. 


69. 


1 x x7 +2 
xt+1 x-2 x?-x-2 
y= S yr2. y-—7 
y-4 yt4 y?—16 
yt2. yor y=3 
y+4 y?-16 y-4 

4x 3x 4 
x?-1 l-x x-1 


y—2 y+ 6 53, 02h a—b 
4y+8 5y+ 10 “ab atb 
3y 2y 5G 5x 3x 
y?>—7y+10 y?— 8y+15 “x? -6x+8 x?-—x- 12 
6 5 = 3y + 2 « 
yt+b6yt+9 y2-9 "yy? + 5y— 24 y? + ay — 32 
3x -— 1 x+A4 a 3p — 2 p-3s 
x?+2x-3 x?-9 "p> +2p-24 p*— 16 
2 242 
64. ae = 
yt3 y-1l yr+2y-3 
5 eal Xo I x= 6 
66. 
x-2 x+2 x?-4 
x= '6 x= 1 XE 1 
68. — 
xO 4A = 2 B+2 
5 2 3 
0, z 
1-—2y 2y+1 4y?-1 
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x+5 5 ie a 6x + 10 
“x-3 x+1 x?-2x-3 


SNAIL WA UEC TVA CE cscs sedis sericea sansceciconnblsis coacaisenstiqnsdhana'Veianllaedadsasisadosacasapinatsdlonnslasdccesassnaiestjlonteeimerata 


Graph.  [3.7b] 

75. 2x — 3y > 6 76. y—-—x>3 
Factor. [4.6d] 

79. 2° -— 8 80. g? + 125 


83. Find an equation of the line that passes through 
the point (4, —6) and is parallel to the line 
3y + 8x = 10. [2.6d] 


BI Oca Mktg s hele d ees deeec a depeche Pen gelcbe eo tteefedestaw etree eaten 


85. Determine the domain and the range of the 
function graphed below. 


= 
-5 -4-3-2-1 123 4 5 x 


Perform the indicated operations and simplify. 


x+ytl x+y-1 x= y= 1 
89. | 
y—(xt+1) x-(-1) 1-(~x) 


72. 


13x + 2 x+ 2 GH 3 
74. > + 
XO oF Bx = 10 GH 2 Ke 5 


77. 5x + 3y = 15 78. 5x — 3y = 15 


B1. 23x* + 23x 82. 64a? — 27b° 


84. Find an equation of the line that passes through 
the point (—2,3) and is perpendicular to the line 
5y + 4x = 7. [2.6d] 


Find the LCM. 
86. 18, 42, 82, 120, 300, 700 


88. The LCM of two expressions is 8a*b’. One of the 
expressions is 2a°b’. List all possibilities for the 
other expression. 


90. 


x? 2x 1 


92. 5 : 
3x" = 5x -— 2 3x+1 x-2 
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Division of Polynomials 


A rational expression represents division. “Long” division of polynomials, 
like division of real numbers, relies on our multiplication and subtraction 
skills. 


EE} ‘DIVISOR A MONOMIAL 


We first consider division by a monomial (a term like 45x’° or 48a*b°). 
When we are dividing a monomial by a monomial, we can use the rules of 
exponents and subtract exponents when the bases are the same. (We stud- 
ied this in Section R.7.) For example, 

45 48a°b° 48 


5 = ya 'b? ? = —16ab’. 
—3ab —3 


45x'° 
3x4 


x04 = 15x® and 


When we divide a polynomial by a monomial, we break up the division 
into a sum of quotients of monomials. To do so, we reverse the rule for add- 
ing fractions. That is, since 
A B A+B 
+= , 
G --¢ Gc 


A+B _ 
C 


we know that = , 
Cc 
XXXXXM = Divide 12x3 + 8x2 + x + 4by 4x. 
12x°7 + 8x7 +x4+4 


Writing a fraction expression 


4x 
ion. Oe. 4 Dividing each term of the 
= - + —+ ; 
Ax 4x 4x 4x numerator by the monomial 


1 1 
3x? + 2x + er Doing the four indicated divisions 


Do Margin Exercise 1.> 


XXX «= Divide: (ax*ty® — 3x3y? + 5x2y3) + (x?y3). 


8xty° — 3x%y* + Sx7y? — axty® = Sx5y* Sx? y? 
x3 _ xy3 xy3 xy3 
= 8x*y? — 3xy + 5 | 
DIVIDING BY A MONOMIAL 


To divide a polynomial by a monomial, divide each term by the 
monomial. 


Do Margin Exercises 2 and 3> 


D DIVISOR NOT A MONOMIAL 


When the divisor is not a monomial, we use a procedure very much like 
long division in arithmetic. 


OBJECTIVES 


B Divide a polynomial by a 
monomial. 


Divide a polynomial by 

a divisor that is not a 
monomial, and if there is a 
remainder, express the result 
in two ways. 


Use synthetic division to 
divide a polynomial by a 
binomial of the type- a. 


SKILL TO REVIEW 


Objective R.7a: Use exponential 
notation in division. 
Divide and simplify. 
15w® 

3w* 

36x8y'® 

—4x3y10 


1. 


x? + 16x? + 6x 
2x , 


1. Divide: 


Divide. 
2. (15y® — 6y* + 18y%) + (3y7) 


3. (xy + 10x"? + 16x*y) = 
(2x*y) 


Answers 

Skill to Review: 

1. 5w? = 2, —9x5y5 

Margin Exercises: 

L 5 beets 2. 5y? — 2y? + 6y 
xy? 

3. a + 5xy + 8 
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A. Divide x? + 7x + 9 


loyyae a A, 
Mar 
x4 2) x? Vaan) 
x? + EG 
se ar §) 
Bye ar IO 


The answer is 
Nite pl = 15 Or 


Se ap 5) sr ; 
ae ap 2 


5. Divide and check: 
x- 2)x2 + 3x — 10. 


6. Divide and check: 


(298 Bx = = Te 8) S 


(x + 4). 


Answers 


-1 
4.x + 5,R—-1lporx% +5 + Sie 4 
+ 2 


6. 2x° — 5x? + 19x — 83, R341; 


341 
or 2x3 — 5x? + 19x — 83 + 
x+4 


Guided Solution: 
4, 2,5,5,—1,5, -1 
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bcs 


KXXXX & Divide x? + 5x + 8byx + 3. 
We have 
x <——__——_ Divide the first term by the first term: x”/x = x. 
x + 3)x? + 5x+8 
Pe 9 F ae 
x° + 3x <— Multiply x above by the divisor, x + 3. 


2x <— Subtract: (x* + Sx) — (2° 4 3x) = e+ OZ = Se 
=i: 


We now “bring down” the next term of the dividend—in this case, 8. 


x + 2 <——— Divide the first term by the first term: 2x/x = 2. 


x + 3)x? + 5x + 8 


a ak 
2x + 8 <— The 8has been “brought down.” 

2x + 6 <— Multiply 2 above by the divisor, x + 3. 

2 <= Subtract: (2% + 8) = (2% 4 6 


The answer is x + 2, R2; or 


> 


This expression is the remainder 
over the divisor. 


KA 2. 


Note that the answer is not a polynomial unless the remainder is 0. 
To check, we multiply the quotient by the divisor and add the remain- 
der to see if we get the dividend: 


Divisor Quotient Remainder Dividend 
ae ————1 _ ne 
(x + 3) (x+2) + 2 = (x°+5x+6)+2 


= x°4+5x4+ 8. 


The answer checks. 
< Do Exercise 4. 
KXXXX & Divide: (5x* + x3 — 3x? — 6x — 8) + (x — 1). 


5x3 + 6x2 + 3x — 3 
x — 1)5x4 + x? — 3x7 — 6x — 8 


5x* — 5x3 < Subtract: 
pas 52 (x? + 2°) = (Ge = 5x°) = Gx", 
6x? — 6x? — Subtract: 
<“6y (ee? = Ber (he =) = Sa, 
ax? =e = 3x — Subtract: 
2g g © (Gr? = Oe) = Gr = 2) = oe 
—3x + 3 Subtract: 


= 11 ( OX 8) 
The answer is 5x? + 6x” + 3x — 3,R-ll;or 


= 
x- 1 


5x3 + 6x2 + 3x-34+ 


<«@ Do Exercises 5 and 6. 
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When dividing polynomials, remember to always arrange the polyno- 
mials in descending order. In a polynomial division, if there are missing 
terms in the dividend, either write them with 0 coefficients or leave space for 
them. For example, in 125y* — 8, we say that “the y?-terms and the y-terms 
are missing.” We could write them in as follows: 125y* + Oy? + Oy — 8. 


KXXXX & Divide: (125y? — 8) + (5y — 2). 


25y* + logy + 4 When there are missing terms, 
sy < 2)125y3 4 oy? + oy—8 we can write them in. 
125y? — 50y Subtract: 
«Oy? oy 125y? — (125y? — 50y”) = 50y”. 
50y? — 20y primed 50y? — (50y? — 20y) = 20y. 
20y — 8 


20y — B-< Subtract: (20y — 8) — (20y — 8) = 0. 


The answer is 25y* + 10y + 4. 


Do Exercise 7. > 


Another way to deal with missing terms is to leave space for them, as 
we see in Example 6. 


XXX §=6 Divide: (x* — 9x2 — 5) + (x — 2). 
Note that the x?-terms and the x-terms are missing in the dividend. 


x3 + 2x? — 5x — 10 


x — 2)x4 — 9x? - 5 We leave spaces for missing terms. 
x = Dy < Subtract: x* — (x* — 2x3) = 2x°. 
ae = Oe" 
Dx? — Ax? ee 
— 5x? (ae = 94") = (28 = 20) = =e". 
=e 5 eae + 10x) = —10x. 


— 10x + 20 = Subtract: 
— 25 ( 10x 5) ( 10x 4+ 20) = 25. 


The answer is x? + 2x” — 5x — 10, R —25; or 


x3 + 2x? — 5x — 10+ 


Do Exercises 8 and 9.> 


7. Divide and check: 
(9y* + 14y? — 8) + (3y + 2). 


Divide and check. 
8. (y* — lly’ + 6) + (y — 3) 


9. (x? + 9x? — 5) + (x - 1) 


Answers 
7. 3y> — 2y? + 6y—4 
—66 


8. y? — 8y — 24,R—66; or y? — By — 24+ - 
y- 


5 
9. x? + 10x + 10,R5; orx? + 10x + 10 + er 
ps 
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When dividing, we may “come out even” (have a remainder of 0) or we 
may not. If not, how long should we keep working? We continue until the 
degree of the remainder is less than the degree of the divisor, as in the next 
example. 


KXXXX & Divide: (6x? + 9x2 — 5) + (x? — 2x). 


6x + 21 
x? — 2x)6x3 + 9x7+ 0x—5  Wehaveamissing term. 
6x3 — 12x? We can write it in. 
21x* + Ox 
21x? — 42x 


42x — 5 The degree of the remainder, 1, 
is less than the degree of the 
divisor, 2, so we are finished. 


The answer is 6x + 21,R (42x — 5); or 


42x — 5 
6x + 21 + ———. 
Xx” = 2x 
10. Divide and check: 
(y> — lly? + 6) + (y? — 3). « Do Exercise 10. 


ie SYNTHETIC DIVISION 


To divide a polynomial by a binomial of the type x — a, we can streamline 
the general procedure by a process called synthetic division. 

Compare the following. In A, we perform a division. In B, we also divide 
but we do not write the variables. 


A. 4x? + 5x + 11 B. 4+5+411 
x— 2)4x5— 3x2 + x+ 7 l= 3 17 
Ax? — 8x? 4-8 
5x7 ++ Ox ar 1 
5x” — 10x 5 — 10 
llx + 7 ll+ 7 
llx — 22 ll — 22 
29 29 


InB, there is still some duplication of writing. Also, since we can subtract by 
adding the opposite, we can use 2 instead of —2 and then add instead of 
subtracting. 


Answer 
3y — 27 
4 
y—3 


10. y — 11,R(3y — 27); ory — 11 
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C. Synthetic Division 


a) 2|4 -3 1 7 Write the 2, the opposite of —2 in the divisor 
x — 2,and the coefficients of the dividend. 


4 Bring down the first coefficient. 


b) 2/4 -3 1 7 


q 8 Multiply 4 by 2 to get 8. Add 8 and —3. 
ia 
4 5 
c) 2/4 -3 1 7 
8 10 Multiply 5 by 2 to get 10. Add 10 and 1. 
4 o. tl 
d)2|/4 -3 17 
8 10 22 Multiply 11 by 2 to get 22. Add 22 and 7. 
4 5° 11/29 
eas 


Quotient Remainder 


The last number, 29, is the remainder. The other numbers are the coeffi- 
cients of the quotient with that of the term of highest degree first, as fol- 
lows. Note that the degree of the term of highest degree is 1 less than the 


degree of the dividend. 
4 5 11 | 29 <— Remainder 
N 
t Zero-degree 


coefficient 


First-degree 
coefficient 


Second-degree 
coefficient 


The answer is 4x7 + 5x + 11, R29; or 4x? + 5x + 11+ 


X= 2 


It is important to remember that in order for synthetic 
division to work, the divisor must be of the form x — a, 
that is, a variable minus a constant. The coefficient of 
the variable must be 1. 


Do Exercise 11. > 


XXX & Use synthetic division to divide: 
Get Gy =a = 80) = = 2), 


We have 
2) & =1.-=30 
2 16 30 
1 8 15 0 


The answer is x” + 8x + 15, RO; orjust x? + 8x + 15. 


Do Exercise 12. > 


pcs) 1. 


Use synthetic division to divide: 
(2x3 — 4x? + 8x — 8) + (x — 3). 
i | 2A OO 

6 42 


The answer is 2x? + x+14,R ; 


Or2x2 2014! 


12. Use synthetic division to divide: 
he = 40n — 24S e = 3, 


Answers 
11. 2x? + 2x + 14, R34; or 


2x? + 2x + 14 + 


oe 
12. x? + 9x + 8,RO;orx? + 9x + 8 


Guided Solution: 
11. 3,2, 6,34, 2,34,x — 3 
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When there are missing terms, be sure to write 0's for their coefficients. 


KXXXX KX Use synthetic division to divide. 
9. (2+ = 6) Se + 3) 


There is no x-term, so we must write a 0 for its coefficient. Note that 
x +3 =x — (3), so we write —3 at the left. 


=3/2 7 0 =5 
—§ =3 46 
an a oe 


4 
x+3 


The answer is 2x? + x — 3,R4;or2x7 +x—-3+ 


10. (2° + 4x? =x — 4) + (x + 4) 
Note that x + 4 = x — (—4), so we write —4 at the left. 
=—4|1 4 <-L =a 
—4 0 4 
1 0 -1 | 0 


The answer is x” — 1. 


Use synthetic division to divide. Lee = 1) ee 1 
1g. (Ge = oe" Se A) See 2) The divisor is x — 1, so we write 1 at the left. 
14, (y? +1) + (y+ 1) 1]1 000 -1 

111 1 


Answers 


13. x? — 4x + 13, R —30; 


orx? — 4x + 13 + 


1114110 


a The answer is x° + x7 +.x+ 1. 


x+2 
uy -ytl «@ Do Exercises 13 and 14. 


For Extra Help : MathXL’ [3 = 
MyMathLab PRACTICE WATCH READ REVIEW 


[V Riba XOXID 


In order for synthetic division to work, the divisor must be of the form x — a; that is, a variable minus a constant. 
The coefficient of the variable must be 1. For each divisor in Exercises RC1-RC6, determine the constant a. 


RCL. GQ? 344-3) (x= 4) ROD. (4? 2x? th 6) > (x 6) 
RCS. (ay? 42> 7) SG = 7) RCL. (40 =x" + a? =a) = (x= 6) 
ROS. Ge = Ge = «¢4) =e 4) RC6. (10x? — 6) + (x + 7) 
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EE Divide and check. 


; 24x® + 18x° — 36x? 


6x? 


: 45y’ — 20y* + 15y* 


5y 


2 


5. (32a'b® + 14a°b? — 22a*b) + (2a”b) 


by Divide. 


19. 


(x? 10x + 21) > (44 3) 

(a* — 8a — 16) + (a + 4) 

(a? 4 Tat se 14) eS) 

. (4y? + 6y? + 14) + (2y + 4) 

. (10y? + 6y? — 9y + 10) + (Sy — 2) 
Qe == bx a= 6) es 
(De? = 9 sb Og? =) 4 (a = Bx) 


10. 


12. 


14. 


16. 


18. 


20. 


30y® — 15y® + 40y* 


5y* 


60x® + 44x5 — 28x3 


4x3 


. (7x*y* — 21x2y? + 28xy?) + (7xy) 


ly = By > Tey yr 4) 


(P= WE 9) = (F— 3) 


(Gx* = 2? = 10) =:(3x + 4) 


(Gx? = Tia =p dix 2) 2126 = 3) 


(Sx" x" = Da = axe + 6) ex" = 2) 


(a ae = 4) Se ae) 
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ie Use synthetic division to divide. 


21. (x? — 2x? + 2x — 5) + (x - 1) 22, (x° — 2x? + 2x — 5) + (x +1) 23. (a* + llw= 19) = (a+ 4) 


24, (a* + lla — 19) + (a— 4) 95..(° = Fe" = We 3) (2) 26. Fe = ae OS ee) 


O77. (ae 2 n* = 4623) ee 8) 28 Oe eS) Se a8) BS GP = Sy S 10) = = 2) 


30. (x — 2x? + 8) + (x + 2) 31. (x = ax? = 18) = (= 3) 32. (6y* + 15y> + 28y + 6) + (y + 3) 
33. Go = 6) = @= 2) 34, (y? + 125) + (y + 5) a5. (y° = 16) = 2) 

36. (2? = 32) = (= 2) a7. (yy? = 1) = & +1) 38. (y= 2) 2 = 1) 

SPMD De ce aniee cick a scltscn eth a nue oceans Retest ll sh tari Ste Dns a oh capensis 
Graph.  [3.7b] 

39. 2x — 3y < 6 40. 5x + 3y = 15 41. y>4 42.x = -2 


Graph. [2.2c] 


43. f(x) = x? 44, g(x) =x? -— 3 45. f(x) =3— x? 46. f(x) =x? + 6x +6 

Solve. [4.8a] 

47, x* — 5x =0 48. 25y* = 64 49. 12x? = 17x + 5 50. 12x? + llx+2=0 

BU aise ee ee avon arcsec a tence ceroe te td Gunte ene hres a 

51. Let f(x) = 4x* + 16x* — 3x — 45. Find f(—3) and 52. Let f(x) = 6x? — 13x? — 79x + 140. Find f(4) and 
then solve f(x) = 0. then solve f(x) = 0. 

53. When x* — 3x + 2kis divided by x + 2, the 54. Find k such that when x* — kx? + 3x + 7kis divided 
remainder is 7. Find k. by x + 2, the remainder is 0. 

Divide. 

55. (4a°b + 5a°b? + a‘ + 2ab*) + (a + 2b* + 3ab) 56. (a’ + b’) + (a+ b) 
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Complex Rational Expressions 


A complex rational expression is a rational expression that contains 
rational expressions within its numerator and/or its denominator. Here are 
some examples: 


2 5 x— y 3k 2 , : 

= 1+ The rational expressions 
3 ad avy 9 - within each complex 

4’ 4x’ x= yy 4x 7° rational expression 

5 * are red 

5 3X + y 3 6x . 


There are two methods that can be used to simplify complex rational 
expressions. We will consider both of them. 


Method 1: Multiplying by thé.CM of All the Denominators 


Method 1. To simplify a complex rational expression: 


1. First, find the LCM of all the denominators of all the rational 
expressions occurring within both the numerator and the 
denominator of the (original) complex rational expression. 

2. Multiply by 1 using LCM/LCM. 


3. If possible, simplify. 


1 

x+— 

KXXXX =X Simplify: i 
Pees 

3 


We first find the LCM of all the denominators of all the rational expres- 
sions occurring in both the numerator and the denominator of the com- 
plex rational expression. The denominators are 3 and 5. The LCM of these 
denominators is 3 - 5, or 15. We multiply by 15/15. 


1 1 
bo XPS 
2 Multiplying by 1 
= — iplyin 
1 15 ultiplying by 
P Seams x= 
3 3 
1 
(« + +) 1s) 
_ 5 Multiplying the numerators 
1 and the denominators 
x | 
3 
1 
ISX oS 
_ 5 Carrying out the multiplications 
1 using the distributive laws 
15x = 2 15 
3 
15x+3 3(5x +1) 


, Or No further simplification is possible. 
15x -—5  5(3x — 1) 


OBJECTIVE 


a | Simplify complex rational 
expressions. 


SKILL TO REVIEW 


Objective 5.1e: Divide rational 
expressions and simplify. 


Divide and simplify. 
5x- 10 . x-—2 
1. -— 
x x 
a@-49 at+7 


a+3  at+3 


To the instructor and the 
student: Students can be 
instructed to try both 
methods and then choose 
the one that works best for 
them, or one method can be 
chosen by the instructor. 


Answers 


Skill to Review: 
1. 5x* 2.a-7 
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1. Simplify. Use method 1. 


1 
yo 
1 
y-5 


2. Simplify. Use method 1. 


1 
1-- 
x 
ae) 
x2 


Answers 
l4y+7 7(2y +1) 


x 


: , Or 
l4y — 2° 2(7y — 1) 


“x41 


In Example 1, if you feel more comfortable doing so, you can always 
write denominators of 1 where there are no denominators written. In this 
case, you could start out by writing 


<«@ Do Exercise 1. 


1 

ae 
KXXXX & simplify: i 
I ee 

age 


We first find the LCM of all the denominators of all the rational expres- 
sions occurring in both the numerator and the denominator of the com- 
plex rational expression. The denominators are x and x*. The LCM of these 
denominators is x”. We multiply by x?/x?. 


1 1 
1+ # 1+ x 2 The LCM of the denominators is x’. 
— i x2 
1 1 a" We multiply by 1: ~. 
=e 1 emery x 
x x 
1 
(: + 1) x“ 
= x Multiplying the numerators 
1 and the denominators 
DS ae oa 
x 
1 
lee eee 
_ ue Carrying out the multiplications 
i 1 j using the distributive laws 
xX" 5° x 
x 
eee 
x? 1 
x(x + 1) 
Factoring 
(x + 1)(x — 1) 
x(x-4+-T) x+1 
a = a Removing a factor of 1: ——— = 1 
(x+-3)(x — 1) ° xt 
_ x 
x, =] 


<«@ Do Exercise 2. 
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x X Simplify: ———— Simplify. Use method 1. 


=| = ae 


The denominators are a, b, a°, and b®. The LCM of these denominators cs) i ns u 
is a*b*. We multiply by a*b?/(a*b*). ¢ BY 
il 1 
1 Ps 1 1 é 1 ; a is 
ab | a Pale The LCM of the oe a 
3p3 is a°b°. i rae = ob 
1 n 1 1 4 1 a’b is a’b’. We multiply by 1 2b a) Be 
a b? a? b3 — 1 1 — 
(4+4)- an’ a b 
- a b Multiplying the numerators and il il 
a al 1 the denominators ae bo) 
( + ) a = 
3 3 
a b ee 
1 (5) 
—-@p+—- ap’ a ‘i 
_ a Carrying out the multiplications ae = 0 git 
~ y using a distributive law a b 
4° ab? + 3 arp a 1 1 
a b AE by eee 
a’b® + a®b? a’b*(b + a) Factori i ; 
= = actorin 
b? + a3 (b + a)(b? — ba + a”) . om 
casa] Meee “=i = 
= emoving a factor of 1: = 
(b-+a)(b? — ba + a?) . b+a 
_ wh 1 
b? — ba + a? 4 24 
a 
Do Exercises 3 and 4.» a BF 
Method 2: Adding or Subtracting in the Numerator 
and the Denominator 
Method 2. To simplify a complex rational expression: 
1. Add or subtract, as necessary, to get a single rational expression 
in the numerator. 
2. Add or subtract, as necessary, to get a single rational expression 
in the denominator. 
3. Divide the numerator by the denominator. 
4. If possible, simplify. 
We will redo Examples 1-3 using this method. 
Answers 
‘ bt+a ab? 
“b-a ~~ + ab+a? 


Guided Solution: 
3. ab, ab, ab, ab, a,b 
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Simplify. Use method 2. 


a0 
y 2 


Lod | 


Answers 
l4y+7 7(2y +1) 


5 , Or 
l4y — 2’ 2(7y — 1) 

Guided Solution: 

6. x, x2,x7 —1,x2,x+ 1x 


438 


“x41 


To get a single rational expression 
in the numerator, we note that the 
LCM in the numerator is 5. We 
multiply by 1 and add. 


To get a single rational expression 
in the denominator, we note that 
the LCM in the denominator is 3. 


1 
. 
x X Simplify: —F 
a 
3 
5 5x + 1 
x + x4 
_ 5 5 5 
1 1 
x x x 
3 3 
5x + 1 5x I 
= 5 _ Ss 
3 1 3x-1 
x: 
3. 3 3 
_ 5x41 3 
5 3x — 1 
Isx+3 3(5x+ 1) 


1 
cs ae 
x 
KXXXX &X simplify: ; 
1-— 
x? 
1 . 1 
1+= 1-S+- 
aan x xX 
1 x? 41 
1 2 1 4 2 
x - x 
x 1 
—+ — 
_ x xX 
xo 
x? x? 
x+1 
__* 
x7-1 
2 
_xt1. x 
x x7 -]1 


, Or 
15x — 5’ 5(3x — 1) 


<«@ Do Exercises 5 and 6. 
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We multiply by 1 and subtract. 


Multiplying by the reciprocal 
of the denominator 


No further simplification is possible. 


Finding the LCM in the numerator 
and multiplying by 1 


Finding the LCM in the denominator 


and multiplying by 1 


Adding in the numerator and 
subtracting in the denominator 


Multiplying by the reciprocal 
of the denominator 


Factoring and removing a factor of 1: 


a(x 1) 


x(x +1) ' 


1 
a 
x x Simplify: 7. i 
a B® 
The LCM in the numerator is ab, and the LCM in the denominator is 
arb®. 
1 1 1b 1a b a 
+ -—$—- ~ 
a b= a b ba __ ab_ ab 
1 1 ip ie Fr a’ 
37 73 a"5a7 33" 3 3,3 1 3,3 
a b a’ b boa ab a’b 
bt+a 
= ab Adding in the numerator and the 
b+ a denominator 
arb? 
_bta_ a*b® Multiplying by the reciprocal of the 
~~ qb p+ @ denominator 


_ (b+ ajab? (hb +a@) + ab- a’b’ 

~ ab(b? + a?) ab(b-+-a)(b? — ba + a?) 
ap 

b? — bat a 


Do Exercises 7 and 8. > 


Simplify. Use method 2. 


1 1 
a b 
‘ro 
a b 
iol 
a b 
8. 
iA od 
a pb 
Answers 
% bt+a a’b? 
“b-a * b? + ab+ a? 


For Extra Help 


MyMachLab® _rscne 


(| Ra XX 


Mathxl [$8 == 


WATCH READ REVIEW. 


least common denominator 


ae 
x 3 
Consider the expression . Choose from the column on the right the term that best completes the statement. 
x 
RC1. The expression given above is a(an) numerator 
rational expression. denominator 
7 2 opposite 
RC2. The expression — — —is the of the ; 
x 3 reciprocal 
above expression. complex 
RC3. The of the rational expressions 


7 2 4 
—,-, and — above is 3x. 
x 3 x 


RC4. After subtracting in the numerator, we multiply the numerator 


4 
by the of the denominator, 
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3 
24+ 
5 
1. 
1 
4-— 
2 
x 
y 
5. = 
yo 
x? 
=e 
a 
9. 
1 
—-1 
a 
3 4 
—+— 
x 
13. y 
4_3 
x y 
Lt 
i a b 
* qt — pb? 
ab 
x7-x-12 
2 
— 2x - 15 
oe 
x? + 8x+ 12 
x? -— 5x —- 14 


10. 


14. 


18. 


11. 


15. 


19. 


23. 


2 4 
‘Sa + = 
35 
4. 
3_t 
4 2 
9x? — y? 
xy 
8. 
3x -—y 
y 
1 
fos 
x 
12. 
1 
Ke 
x 
3a 
po 
p 16 
b 
b a 
a 
1 = 
xth x i 
i i. 
It may help you 
. h 
to write h as T 
1 4 
Ko 2 eo 3 
24. 
2 7 
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v—-4 xt+2 x7-1 x%-—5x+4 
25. 26. 
7 4 1 2 
x-4 x-2 x-1 x24 3x42 
3 1 
24 Ox — 2 _ 3x — 1 
ag, * xD x OX 0 
3 1 
x7-6x+5 x%+5x+6 


SkiUL Maite mare icc ccccccccccccccccececececeseseveseeeeveveveveveseevevsveveverereavevevevsereiesvevevevereieeveveveveveees 


Solve. [1.3a] 


31. Tax Code. The 1984 publication explaining the 
federal tax code contained 26,300 pages. The 2012 
publication contained 5292 fewer pages than three 
times the number of pages for 1984. How long was the 
tax code for 2012? 


Source:CCH Inc. 


Factor. [4.3al, [4.4al], [4.6d] 


33. 4x? + 20x? + 6x 34. y+ 8 


37. 1000x? + 1 38. 1 — 1000a° 


res 
3 


41. Solve for s: T = 


[1.2a] 


43. Given that f(x) = x” — 3,find f(—5). [2.2b] 


seer cecheeeysrc ear tc dn ceased et tne veranda cena pebd nett saaesenar eae qatenearacetegnassestces 


For each function in Exercises 45-48, find and simplify 
3 5 
45. f(x) => 46. f(x) = — 
x x 
Simplify. 


5x1 — 5y 1 + 10x'y! 
6x = by Pia yp 


49. 


Find the reciprocal and simplify. 


1 
1 Da 
51. x7 — — 52. 
x a-l 


Les Bag 
2 2 2 2 
27,2 og, 2 © 
ia Tot 
2 ap ee 
1 . 1 
@+7a+12 a@t+a-6 
30. 
1 . 1 
a@+2a—-8 at+5at+4 
32. Moving Freight. Most freight in the United States is 
moved by truck. The total percent of freight moved by 
truck and rail is 84%. If the percent of freight moved 
by truck is 9% more than four times the percent 
moved by rail, what percent is moved by truck? 
Source:U.S. Freight Transportation Forecast to 2020 
3 3 2 
35. y 8 36. 2x 32x° + 126x 
39. y? — 64x3 40. 3a° — 343 
42. Graph: f(x) = —3x + 2. [2.2c] 
44, Solve: |2x —5| = 7. [1.6c] 
47. f(x) 48. f(x) = 7 
° x) = - ee) 
LX ae 
eS 8 
+ 1 
x= 3 
50. 
x +3 
-—1 
e=3 
gore 54. x? Pee 
. ee oe ea t t 
a+b ae 


f(a t+ h) — f@) 
ji ; 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. For synthetic division, the divisor must be inthe formx — a. [5.3c| 


2. The sum of two rational expressions is the sum of the numerators over the 
sum ofthe denominators. [5.2b] 


(ce = BGs ae 4h) 
—4 


3. The domain of f(x) = is {x|x # 5andx # —4andx # 4}. [5.la] 


Guided Solutions 


B Fill in each blank with the number or expression that creates a correct solution. 


m—-2 x+ 
4. Subtract: ad - [5.2b] 
x-—A4 38 
(ee— 7, ee or Il OX ee agar di 
x-4 xa Ss x-A4 x% 3S 
ec oa co = 
( — )(x + 3) (is) 
- (19016 | + 4 
(  — )(x + 3) 
7 x? + x - 
(x—4)() 
il 
—+3 
m 
5. Simplify: i [5.4a] 
== 5 
m 
1 1 
—+3 —+3 
m _m ar 8 
1 1 7) 
Sah SS 5 
m m 


Mixed Review 


Find the domain ofeachfunction. [5.1a| 


x+5 -3 x7-9 & 

a A) = = 2 ac) = —= i Ao) = z 
fx) x”? — 100 8%) x-—7 (2) x? + 8x — 9 § 
Simplify. [5.1c] z 
2p? Wp 5 x2 — 2 E 

: i ‘fi, ae th, = = é 
36p 33 ety E 
(2) 

ea = oD 9a — 18 ott = 
2, =—$———— i h, =——— 5. 
se = bg = I 9a + 18 bale O 8 
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Find the LCM. 


[5.2a] 


1S. x le ys foxy 


Perform the indicated operations and simplify. 


Divide and if there is a remainder, express it in two ways. Use synthetic division in Exercises 28-30. 
26. 


28. 


30. 


32. 


34. 


36. 


AB a ar [5.le] 18 be = 
= 1e . 
x —- 1 x—1 x+6 
ee 
23 Sy? ar Al b 
5 L = [5.2b] 21. 
Wap Ay = 3 Ve Se 1 
= ae. 
e-8 2°+t-3 5c 2a 
[5.1d] 24, — + — 
OXF ap 3 i= 2 3 


(Gx ox ee oe) 


(OS = Ge de Be ae) 


Explain how synthetic division can be useful when 
factoring a polynomial. [5.3c] 


Is it possible to understand how to simplify rational 
expressions without first understanding how to 
multiply? Why or why not? — [5.1c] 


Nancy incorrectly simplifies (x + 2) /x as follows: 
sear 2 a6 op 
= ie 
i x 


She insists that this is correct because when x is 
replaced with 1, her answer checks. Explain her 
error. [5.1c] 


16. x? — 25, x7 — 10x + 25, x2 + 3x — 40 


[5.2b] 19. 


27. 


29. 


31. 


33. 


35. 


37. 


22. 5 Id 


x? -— 4x x? — 8x + 16 
DR, ov [5.1e] 
5e> sp BBE 3° sp Alge ae al 
[5.3b, c] 


(Ge = 1) (Geb 1) 


Do addition, subtraction, multiplication, and division 
of polynomials always result in a polynomial? Why or 
why not? = [5.1d], [5.2b], [5.3b] 


Janine found that the sum of two rational expressions 
was (3 — x)/(x — 5), but the answer at the back of 
the book was (x — 3)/(5 — x). Was Janine's answer 
correct? Why or why not? = [5.2b] 


Explain why it is easier to use method 1 than method 2 
to simplify the following expression. [5.4a] 

@, @ 

ae + = 

bo @ 

fo 

Db @ 
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STUDYING FOR SUCCESS Applications 


{| Ifyou find applied problems challenging, don’t give up! Your skill will improve with each 


problem that you solve. 


{| Make applications real! Look in newspapers, in magazines, and online for applications 
of the math that you are studying. 


OBJECTIVE 


a | Solve rational equations. 


SKILL TO REVIEW 


Objective 4.8a: Solve quadratic 
and other polynomial equations 
by first factoring and then using 


the principle of zero products. 


Solve. 
1. x? — 3x - 18 =0 
2. 3x? — 12x = 0 


Answers 


Skill to Review: 
1. —-3,6 2. 0,4 


Solving Rational Equations 


EE} RATIONAL EQUATIONS 


In Sections 5.1-5.4, we studied operations with rational expressions. These 
expressions do not have equals signs. Although we can perform the opera- 
tions and simplify, we cannot solve them. Note the following examples: 
x7-6x+9 x-2 ey wey at+7 5 
2 : , r 2 g an 2 ; 
x“ — 4 <a ie aie: aa 


Operation signs occur. There are no equals signs! 


Most often, the result of our calculation is another rational expression that 
is not cleared of fractions. 

Equations do have equals signs, and we can clear them of fractions 
as we did in Section 1.1. A rational, or fraction, equation is an equation 
containing one or more rational expressions. Here are some examples: 

2 5 1 6 2x 6 18 


SSS 25... and = : 
3 al x x—- 3 ee 


There are equals signs as well as operation signs. 


SOLVING RATIONAL EQUATIONS 


To solve a rational equation, the first step is to clear the equation of 
fractions. To do this, multiply all terms on both sides of the equation 
by the LCM of all the denominators. Then carry out the equation- 
solving process as discussed in Chapters 1 and 4. 


2 5 al 
KXXXM WW Solve: = - == — 
3 6 Xx 
The LCM of all the denominators is 6x, or 2 + 3 + x. Using the multi- 
plication principle of Chapter 1, we multiply all terms on both sides of the 
equation by the LCM. 
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Multiplying, we have 


2 5\ _ Multiplying both sides 
(2°82) (2 ~ *) = (2°3°x)" 5 bythe LCM 
2 5 1 Multiplying to remove 
2°3°x 3 i id 6 ie i x parentheses 
When clearing fractions, be sure to multiply 


every term in the equation by the LCM. 


ee Nes) 
=e x 1 


= -6 
- 22924 
Check: §-—%= % 
a 
2 5 1 
a6) =e 
al 
6 6 6 
1 
-} ro 


The solution is —6. 


Do Exercise 1. > 


+ 1 = 3 
XXXXX Solve: ar = 3. 


The LCM ofall the denominators is 2 - 3, or 6. We mul- 
tiply all terms on both sides of the equation by the LCM. 


+1 = 3 iplvyi 
2a-(4 _ x )a2-ses Multiplying 


2 3 both sides by the LCM 
x+1 x-3 _ Multiplying to 
ate et Bo aa remove parentheses 
Sia + 1) = 2le=— 3) = 18 Simplifying 
x+9= 18 collecting like terms 
x=9 
Rete SS se tetssseted Ton! eve 
Check: — = Caution! 
2 Clearing fractions is a valid 
9+1.3=3 l 3 procedure only when solving 


2 3 | equations, not when adding, 
subtracting, multiplying, or 
dividing rational expressions. 


The solution is 9. 


Do Exercise 2. 


LCM = 6x, 0r2:3°x 


2  § il 
2-ax(243)=2. “Xe 
3} 6 AG 
5 1 
BO) 0 BY Oe ab) 0 610 500 = == Do Sosa 
3 6 5g 
BO 58 EOE ies 
Abe oe bye = (6) 
x=6 
6 
= 
9 
oS 
3 


The number § checks and is the solution. 


4 ned 
ee 2. Solve: y y = 5, 
2 
Answers 
> 
2 
1 2, -31 
3 


Guided Solution: 
1. 3,2,2,9,2 
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3. Solve: 
4x 20 100 
x+5 x x24 5x 
Answer 


3. No solution 


in the original equation. 


CHECKING POSSIBLE SOLUTIONS 


When we multiply all terms on both sides of an equation by the LCM, 
the resulting equation might yield numbers that are not solutions of 
the original equation. Thus we must always check possible solutions 


1. Ifyou have carried out all algebraic procedures correctly, you 
need only check to see whether a number makes a denominator 
0 in the original equation. Ifit does, it is not a solution. 

2. To be sure that no computational errors have been made and 


that you indeed have a solution, a complete check is necessary, 
as we did in Examples 1 and 2. 


The next example illustrates the importance of checking all possible 


solutions. 


2 6 
XXXKXM & Solve: x = 


18 


R= 3 x 


x2 


— 3x 


The LCM of the denominators is x(x — 3). We multiply all terms on 


both sides by x(x — 3). 


18 ) Multiplying 


2x 6 : 
x(x 3)( ) =Kx = (see both sides by 
i x" ~ 3x the LCM 
Multiplying 
2x 6 18 
a= 3) > — x2 =3)°— =a = »(=",) TOT eve 
x-— 3 x x 3x parentheses 
2x° = 6(x — 3) = 18 Simplifying 
2x” — 6x + 18 = 18 
2x* — 6x = 0 
2x(x — 3) = 0 Factoring 
24= 0. or xX- 3.0 Using the principle 


x=0 or 


of zero products 
x= 3 


The numbers 0 and 3 are possible solutions. We look at the original equa- 
tion and see that each makes a denominator 0, so neither is a solution. We 


can carry out a check, as follows. 


Check: 
For 0: 
2% 6 ~=—_:18 
x-3 x x? —- 3x 
2(0) 6 l 18 
0-3 0; © —3(0) 
6 | 18 
—— | — DD AXE 
010 


The equation has no solution. 


<«@ Do Exercise 3. 
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For 3 
2x 6 18 
x-3 x x?-—3x 
23) 6! 18 
a22. 3 ie =30) 
os = DD AXE 


2 
x 4 

x X Solve: = : 
eH 2 x= 2 


The LCM of the denominators is x — 2. We multiply all terms on both 
sides by x — 2. 


a 4 
= er ae ee 
=A Simplifying 
x*>-4=0 
(x + 2)(x — 2) =0 
x+2=0 or x-2=0 Using the principle of zero products 
x= -2 or x=2 
Check: For 2: For —2: 
xr 4 x 4 
x-2 x-2 x-2 x-2 
e 3. (—2)? ! 4 
2.— 25 | 2 2 Zo 2 Bee 
4 4 4 4 
=1 = XxX 


The number —2 is a solution, but 2 is not (it results in division by 0). 


Do Exercise 4. > 


2 3 
KXKXX W& Solve: = 


Si Aer I 
The LCM of the denominators is (x — 1)(x + 1). We multiply all terms 
on both sides by (x — 1)(x + 1). 


2 3 
— 1)(x + 1) + —— = (x — 1)(x + 1)- —— _ Multiplyi 
(x— Yet IST @- Det) SG ultiplying 
2(x + 1) = 3(x - 1) 
ax+2=3x-3 


5=x 


Simplifying 


The check is left to the student. The number 5 checks and is the solution. 
@ 


x 
4. Solve: 
~ 


Checking Solutions of 
Rational Equations We can 
use a table to check possible solu- 
tions of rational equations. Consider 
the equation in Example 4, 


mG 
x-2 x-2’ 


and the possible solutions 

that were found, —2 and 2. 

To check these solutions, 

we enter y; = x*/(x — 2) 

and yy = 4/(x — 2) onthe 
equation-editor screen. Then, 
with a table set in ASK mode, we 
enter X = —2. (See p. 81.) Since 
y, and y> have the same value, we 
know that the equation is true 
when x = —2,and thus —2 isa 
solution. Now we enter x = 2. The 
ERROR messages indicate that 2 is 
not a solution because it is not an 
allowable replacement for x in the 
equation. 


EXERC KEK 


1. Use a graphing calculator 
to check the possible 
solutions found in 
Examples 1, 2, and 3. 


2. Use a graphing calculator 
to check the possible 
solutions you found in 
Margin Exercises 1-4. 


Answer 
4. —3 
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2 3 
5. = 
se = Il sep 2 
LCM = (x — 1)( ) 
2} 
1 iP Ai) © 
= NGS) 
3 
= + 2)- 
(ee 
2(x + 2) = 3( ) 
ar 4l = oh = 
7=xXx 
The number 7 checks and is the 
solution. 
2 5 3 
6. S = 
x 9 X= 3 x 
A | 
| 


Let’s make a visual check of 
Example 7 by looking ata 
graph. We can think of the 
equation 


6 
0a = 9 
x 
as the intersection of the 
graphs of 
| 6 | 
: f(x) ee as and g(x) = 5. : 


We see in the graph that there 
are two points of intersection, 
atx = 2andatx = 3. 


VY f(x) =x+ s 


Answers 


Answers for Margin Exercises 5 and 6 are on 
p. 449. 


2 al 
x X Solve: + 


16 


x+5 x-5 x? — 25° 
The LCM of the denominators is (x + 5)(x — 5). We multiply all terms 


on both sides by (x + 5)(x — 5). 


(4 + S)(% = 5) | 


= Ae BG 8) oe 


erele@ a) 


ANE O) ee oe 


2(x — 5) + (x + 5) = 16 
2x -10+x+5= 16 


Sci to 


3x —5 = 16 
3x = 21 
x=7 
1 16 
Check: =e 
x+5 x-—5 x* — 25 
2 1 16 
7+5 7-5 | 7-25 
2 1 16 
12 2 49 — 25 
8 16 
12 | 24 
2 2 
3 3 


The solution is 7. 


«@ Do Exercises 5 and 6. 


| 
+ 
x 5 


16 
25 
1 


+ (x + 5)(x — 5) *——— 


x5 
16 
25 


XXKXXM & Given that f(x) = x + 6/x, find all values of x for which 


f(x) = 5. 


Since f(x) = x + 6/x, we want to find all values of x for which 


6 
x+-=5. 
x 


The LCM of the denominators is x. We multiply all terms on both sides by x: 


(+2) 
Bl | See 5 
x 


6 
X° Kt et = Ox 
x 


x7 +6 = 5x 

x? — 5x+6=0 

(x — 3)(x — 2) =0 
x-3=0 or x-2=0 


x=3 or x = 2. 


448 CHAPTER 5 Rational Expressions, Equations, and Functions 


Multiplying by x on both sides 


Simplifying 
Getting 0 on one side 
Factoring 


Using the principle of zero products 


6 
Check: Forx = 3, f(3) Se ee 
6 
For x = 2, f(2) = 24+ 5 =24+3=5. 
The solutions are 2 and 3. 7. Given that f(x) = x — 12/x, 
find all values of x for which 
Do Exercise 7. > f(x) = 1. 
Spal Sib ean Gne Share & Saale Slane aia PEs ba Sima he paie noe Caution! eer cere eee eer er eee re er TT 
In this section, we have introduced a new use of the LCM. Before, you used 
the LCM in adding or subtracting rational expressions. Now we are working 
with equations. There are equals signs. We clear the fractions by multiply- 
ing all terms on both sides of the equation by the LCM. This eliminates the Answers 
denominators. Do not make the mistake of trying to “clear the fractions” 5.7 6-13 7. 4,—3 
when you do not have an equation! Guided Solution: 


iosa35sg gb bog e)ahdesharSonicengs Shaiavs vd Veta: S/R6gra2e as Faya%a a) asGs615)0 209 aD htoca: gidhcb.auaeayd al seacsa baTOCD. aubse ded) Georacw gua. dd biased aswibnn Gagsees nse iaubaretaIN Slant 5. ¥ 24-14 1,263 


For Extra Help : — > 
, Mathxy [i == 
MyMath Lab PRACTICE WATCH READ REVIEW 


[vf Reading Check 


One of the common difficulties with studying the material in this chapter is being sure about the task at hand. Are you 
combining expressions using operations to get another rational expression, or are you solving equations for which the 
results are numbers that are solutions of an equation? To practice making these decisions, determine for each of the 
following exercises the type of answer you should get: “Rational expression” or “Solutions.” You need not complete the 


mathematical operations. 


6w Ww 30 
RC1. Add: —, = ? RC2. Solve: 5 = 
we-l we-w a3 preg 
1 ae x+A4 6x 
RC3. Subtract: = : RC4. Divide: ar . 
@-2 ar2 x= 2 xo a 
- 1 10 
RC5. Solve: = ; RC6. Solve: — + y = —2. 
£21 x= 1 y 
ae? tt? + 10 + 25 7 2 1 
RC7. Multiply: > : - : RC8. Solve: = : 
Ey =25 t x-4 x+4 x*-16 
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Ey Solve. Don’t forget to check! 


y 2 3 3. 1 t 1 5 1 5 2 1] 
loa SSS 2.2 >>> 3.-- >= 4,.--=->=- 
10 5 8 8 3 12 4 6 a 8 5 y 
x: y y 22 
5.---—=12 6 —~->=15 72x+—-=-9 8 y+ —=—-13 
3. 4 5 3 x y 
3.7 4 3 10 I. . 2:5 x-6 2 
9 —-+—-=5 10. — --=— ll. - = 12. =r 
y y Sy y 3 2 yal | ¥+ 9 7 
3 2 4 3 y-1 2 x—- 2 2 
13. = — 14. = 15. —— = — 16. = 
y+t1l y-3 x-1l x+2 y-3 y-3 x-4 x-4 
x+1 3 yt2 5 1 4 4 1 
17. =— 18. = 19. = 
% 2 y 3 2 9x 9 6x 
1 5 3 1 60 60 2 50 50 4 
20. = 21, — —- =— 22, — — ——_=— 
3 4y 4 = 6by x ZS 5 1X y yoru ¥ 
% 5 5 3 x x x3 
23. = — 24. = — 25. I = 
5x —-—2 4x yt4 y-2 BQ KOS A ge 2. 
3 2y 5 6 1 1 1 8 2 
26. | 5 27. > = 28. =i 
y-2 4-y yr2 x*—-4x+3 %x%x-3 4x—-4 2x+10 x°-—25 %x-5 
5 1 2 4 8 1 a 3 a-2 
29. = a5 30. = 75 31. a = 
yt3 4y°-36 y-3 KO? KES 2x4 6x = 20 2a-6 a~-—6a+9 3a-—9 
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1 2 2x —-— 1 2x + 3 10 2x= 3 y Sy +5 2 
32. T 2 33. =o t 34. T = 
x-2 x+4 x74 2x-8 x-1l x*-1 xt+1 yt1l y?+4y+3 yt3 
3x 72 24 4 7 108 5x 35 490 
35. ae =5 36. ar = 9 37. = 
RE? EB Xo = De bod x3 x° — 3x +9 x” + 27 X= 7 MET x“ — 49 
3x 6 12 x x 2x 
38. t PA 39. = 
Be? x Kt 2% x° —A4 Kobe? 2G 


For the given rational function f, find all values of x for which f(x) has the indicated value. 


40. f(x) = 2x =; fix) =1 


al. f(x) = 2x ; ‘faye 


a2. f(x) = ==; fx) = 3 


43. f(x) =; fn) = 5 


44. f(x) = - $5 fix) =8 


45. f(x) = 2-525 fix) =5 


UGLY Een ot Cs) 0 Ce: ca a ee ce ne 


Factor. [4.6d] 
46. 4t° + 500 


Solve. [4.8a] 


50. x7 — 6x + 9=0 51. (x — 3) (x + 4) =0 


[2.4c] 


54. Counterfeit Money. During January 2003 in 
Indiana, the amount of counterfeit money removed 
from circulation was $11,492. This amount increased 
to $54,548 for the month of January 2013. Find the 
rate of change in the amount of counterfeit money 
removed with respect to time in years. Round the 
answer to the nearest dollar. 


Solve. 


Source:U.S. Secret Service 


Synthesis 


vw 

NT 

a) Use the INTERSECT feature of a graphing calculator 
to find the points of intersection of the graphs of 


1 x 1 x 
= ag! bog, OY BO tee bee 
b) Use the algebraic methods of this section to check 


your answers to part (a). 
c) Explain which procedure you prefer. 


56. 


52. 


55. 


a> + 8b? 49. a® — 8b° 
x7 -49=0 53. 12x7 - llx+2=0 
New Housing Permits. Inthe Indianapolis 


metropolitan area, 15,054 new housing permits were 
issued in 2001. By 2012, this number had dropped to 
approximately 4100 permits. Find the rate of change 
in the number of new housing permits issued with 
respect to time in years. 


SourcesBuilders Association of Greater Indianapolis; Market Graph- 
ics Research Group; Metropolitan Indianapolis Board of Realtors 


a) Use the INTERSECT feature of a graphing calculator 
to find the points of intersection of the graphs of 
xXx+3 xt 5 x+6 
Fix) x+2 <x+ A x+5 
b) Use the algebraic methods of this section to check 
your answers to part (a). 
c) Explain which procedure you prefer. 


and g(x) = 
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OBJECTIVES 


6 Solve work problems and 
certain basic problems using 
rational equations. 


b Solve applied problems 
involving proportions. 


C | Solve motion problems 
using rational equations. 


SKILL TO REVIEW 


Objective 1.1d: Solve equations 
using the addition principle 
and the multiplication principle 
together, removing parentheses 
where appropriate. 


Solve. 


Answers 


Skill to Review: 
1,5 2,12 


Applications and Proportions 


[EQ WORK PROBLEMS 


ea X Filling Sandbags. The Sandbagger Corporation sells 
machines that fill sandbags at a job site. The Sandbagger™ can fill an order 
of 8000 sandbags in 5 hr. The MultiBagger™ can fill the same order in 8 hr. 
If both machines are used together, how long would it take to fill an order 
of 8000 sandbags? 


1. Familiarize. We familiarize ourselves with the problem by consid- 
ering two incorrect ways of translating the problem to mathematical 
language. 


a) A common incorrect way to translate the problem is to average the 
two times: 
5 + 8 
2 


13 1 
hr = —hr, or 6—hr. 
2 2 


Let’s think about this. Using only the Sandbagger, the job is com- 
pleted in 5 hr. Ifthe two baggers are used together, the time it takes to 
complete the order should be less than 5 hr. Thus we reject 6 3 hr as 
a solution, but we do have a partial check on any answer we get. The 
answer should be less than 5 hr. 


b) Another incorrect way to translate the problem is as follows. Suppose 
the two machines are used in such a way that half of the job is done 
by the Sandbagger and the other half by the Multibagger. Then 


the Sandbagger fills } of the bags in 3(5 hn), or 25 hr, 
and 
the Multibagger fills 4 of the bags in 3(8 hn), or 4 hr. 


But time is wasted since the Sandbagger completed its part 14 hr 
earlier than the Multibagger. In effect, the machines were not used 
together to complete the job as fast as possible. If the Sandbagger is 
used in addition to the MultiBagger after completing its half, the entire 
job could be finished in a time somewhere between 2 hr and 4 hr. 


We proceed to a translation by considering how much of the job is fin- 
ished in 1 hr, 2 hr, 3 hr, and so on. It takes the Sandbagger 5 hr to fill 8000 
bags alone. Then in 1 hr, it can do } of the job. It takes the MultiBagger 8 hr 
to complete the job alone. Then in 1 hr, it can do } of the job. Both baggers 
together can complete 

1 1 13 

— + -—, or — of the job in 1 hr. 

5 8 40 
In 2 hr, the Sandbagger can do 2(2) of the job and the MultiBagger can do 
2(3) of the job. Both baggers together can complete 


1 1 13 
(=) + (2), or — of the job in 2 hr. 
5 8 20 
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Continuing this reasoning, we can FRACTION OF JOB COMPLETED 
form a table like the one at right. From 
the table, we see that if the baggers 
work together for 4 hr, the fraction of 1 1 
the job that will be completed is 1;5, cu : $ 
which is more of the job than needs to She 2(2) 2() 
be done. We also see that the answer is ° 
somewhere between 3 hr and 4 hr. 1 1 
What we are looking for is a number ahr 3(5) 3(3) 
t such that the fraction of the job ; ; 
that is completed is 1; that is, the job is 4hr 4(5) 4(3) 
just completed—not more (13) and not 
less (73). thr (5) 18) 


2. Translate. From the table, we see 
that the time we are looking for is some number ¢ for which 


1 1 t of 
(=) at (=) = 1), ON Sr a, 
5 8 5 8 


where 1 represents the idea that the entire job is completed in time t¢. 


3. Solve. We solve the equation: 


t t 
~}+-=] 
5 8 
t t\ _ The LCM is5 + 2+ 2- 2, or 40. 
wo( 4 ” *) = aed We multiply by 40. 
t t 
40: . + 40: ‘a 40 Using the distributive law 
8t + 5t = 40 Simplifying 
13t = 40 
40 1 
t = —,or3——hr. 
13 13 


4, Check. The check can be done by using 4 for ¢ and substituting into 


the original equation: 


“(2) “(2) 8 5 13 

+ =—4+—=—=], 

13\5 13\8 13°13 13 

We also have a partial check in what we learned from the Familiarize 


step. The answer, 35 hr, is between 3 hr and 4 hr (see the table), and it 
is less than 5 hr, the time it takes the Sandbagger to do the job alone. 


5. State. It takes 3;4 hr for the two baggers to complete the job working 
together. @ 


THE WORK PRINCIPLE 


Suppose that a is the time it takes A to do a job, bis the time it takes 
B to do the same job, and t is the time it takes them to do the job 
working together. Then 


t 
“+ 
a 


= 1, 


rl 


Do Exercise 1. > 


. Building a Playground. Ina 


recent year, a city development 
group set a goal of building 
playgrounds within walking 
distance of every child in 

the city. The city provides 

the plans and assigns the 
construction to volunteer 
groups. Volunteer group A can 
build a playground in 20 hr. 
Volunteer group B can build 
the same playground in 25 hr. 
How long will it take them, 
working together, to build the 
playground? 


Answer 


1 
1. 11—hr 
9 
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Gracie and Phillip Ramos of San 


bg XM Catering a Business Luncheon. A convention planner 
is organizing a business luncheon for 2300 guests in San Antonio, Texas. 
The chosen menu will include tacos and tamales. To complete the order, 
two food caterers are needed. Reading that Gracie’s Kitchen won the 2013 
Annual Twisted Taco Truck Throwdown, the organizer wants to hire Gracie 
as one of the caterers. Gracie and a second caterer together can complete 
the order in 12 hr. If the second caterer would take 10 hr longer than Gracie 
to complete the order alone, how long would it take each, working alone, to 
prepare the luncheon? 


1. Familiarize. Comparing this problem to Example 1, we note that we 
do not know the times required by each caterer to complete the task 
had each worked alone. We let 


h = the amount of time, in hours, that it would take Gracie 
working alone. 


Antonio, Texas, own and operate Then 
Gracie’s Kitchen food truck. 


454 


h + 10 = the amount of time, in hours, that it would take the 
second caterer working alone. 


We also know that t = 12 hr = total time. Thus, 
12 : ’ ; ka 
a the fraction of the job that Gracie could finish in 12 hr 


and 


12 _ the fraction of the job that the second caterer could 
h+ 10 ~ finish in 12 hr. 


2. Translate. Using the work principle, we know that 


t t 

a + b =1 Using the work principle 
12 2 12, ¢ = : 
% + ee, =i], Substituting h for and ai 


3. Solve. We solve the equation: 


12 12 
a — 
h h+10 
h(h + 10)( 2 + 12 ) =h(h+10)+1 We multiply by the LCM, 
h h+ 10 which is h(h + 10). 
12 12 P ee 
h(h + 10) - ; + h(h + 10): 6 h(h + 10) Using the distributive law 
(h + 10)*12+h-12 =F? + 10h Simplifying 


12h + 120 + 12h = h* + 10h 
0 = h® — 14h — 120 Getting 0 on one side 
0 =(h—- 20)(h+6) Factoring 


or h+6=0 Using the principle of 
zero products 


h — 20 


I 
—) 


h = 20 or h= —6. 
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4. Check. Since negative time has no meaning in the problem, we reject 2. Filling a Water Tank. Two 


—6 as a solution to the original problem. The number 20 checks since if pipes carry water to the same 
Gracie takes 20 hr alone and the second caterer takes 20 + 10, or 30 hr tank. Pipe A, working alone, 
alone, in 12 hr, working together, they would have completed can fill the tank three times 
as fast as pipe B. Together, the 
a + ea + eae , or 1 job. pipes can fill the tank in 24 hr. 


Find the time it would take 
each pipe to fill the tank alone. 


20 30 5 #5 5 


5. State. It would take Gracie 20 hr and the second caterer 30 hr to com- 
plete the task alone. 


Do Exercise 2. > 


|b | APPLICATIONS INVOLVING PROPORTIONS 


Any rational expression a/b represents a ratio. Percent can be considered 
a ratio. For example, 67% is the ratio of 67 to 100, or 67/100. The ratio of 
two different kinds of measure is called a rate. Speed is an example of a 
rate. For example, Usain Bolt, from Jamaica, completed the 100-m run in 


the 2012 Summer Olympics in London with a time of 9.63 sec. His speed, or ¢ 
rate, was 
100m m 
—— 10.4 —. Rounded to the nearest tenth 
9.63 sec sec 


He also holds the world record for this event with a time of 9.58 sec, which 
he raced on August 16, 2009, in Berlin, Germany. 


PROPORTION 


An equality of ratios, A/B = C/D, read “A is to Bas C is to D,.” is 
called a proportion. The numbers named in a true proportion are 
said to be proportional to each other. 


We can use proportions to solve applied problems by expressing a ratio 
in two ways, as shown below. For example, suppose that it takes 8 gal of gas 
to drive for 120 mi, and we want to determine how much will be required 
to drive for 550 mi. If we assume that the car uses gas at the same rate 
throughout the trip, the ratios are the same, and we can write a proportion. 
We let x represent the number of gallons it takes to drive 550 mi. 


Miles—> 120 _ 550 <— Miles 


Gallons—> 8 “x < Gallons 


To solve this proportion, we note that the LCM is 8x. Thus we multiply by 8x. 


120 550 bes 
8x ° - = 8e°-—_— Multiplying by 8x 
x- 120 = 8- 550 Simplifying 
120x = 8 + 550 
8 + 550 
x= Dividing by 120 
120 
x ~ 36.67 


Thus, 36.67 gal will be required to drive for 550 mi. 


Answer 
2. Pipe A: 32 hr; pipe B: 96 hr 
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3. Calories Burned. Mia, who 
weighs 120 Ib, will burn 110 
calories in 20 min during an 
aerobics class. How many 
calories will she burn in 35 min? 
Let c = the number of calories 
burned in 35 min. 


20 SS 
. 
20c = 110° 
20c = 3850 
c= 
Answer 


3. 192.5 calories 


Guided Solution: 
3. 110, 35, 192.5 


ss 


It is common to use cross products to solve proportions, as follows: 


120m.<¢550) 


Pe 
If — = —, then AD = BC. 
8 x ee 
120 - x = 8: 550 120 - xand 8 - 550 are called cross products. 
Note that this is the equation that results from 
clearing fractions above. 


8 + 550 
fw —- 
120 
x =~ 36.67. 


XXXXX X Calories Burned. Jayden, who weighs 170 lb, will burn 
345 calories in 45 min while hiking. How many calories will he burn if he 
hikes for 2 hr? 


Source:The American Dietetic Associatiofésnplete Food & Nutrition Guide 


1. Familiarize. We let c = the number of calories burned in 2 hr. 


2. Translate. Next, we translate to a proportion. We make each side the 
ratio of number of minutes to number of calories, with number of 
minutes in the numerator and number of calories in the denominator. 
We substitute 120 min for 2 hr. 

Minutes—> 45 — 120 <— Minutes 
Calories —> 345 c <—Calories 


3. Solve. We solve the proportion: 


45 _ 120 
345 Cc 
45c = 345: 120 Equating cross products 
345 - 120 
C= Dividing by 45 
45 
c = 920. Multiplying and dividing 
4. Check. We substitute into the proportion and check cross products: 
45 _ 120 
345 920’ 


45 - 920 = 41,400; 345 - 120 = 41,400. 


Since the cross products are the same, the answer checks. 
5. State. In 120 min, or 2 hr, Jayden will burn 920 calories. 


<«@ Do Exercise 3. 


XXKXX Wk Estimating Wild Burro Population. Wild burros still 
exist in at least five U.S. states. To estimate the number in Arizona, a ranger 
catches 383 wild burros, tags them, and releases them. Later, 103 burros 
are caught, and it is found that 11 of them are tagged. Estimate how many 
wild burros there are in Arizona. 


Source:U.S. Department of the Interior Bameof Land Management, The Wild Horse 
and Burro Program 
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1. Familiarize. We let B = the number of wild burros in Arizona. For 
the purposes of this example, we assume that the tagged burros mix 
freely with others in the state. We also assume that when some bur- 
ros have been captured, the ratio of those tagged to the total number 
captured is the same as the ratio of burros originally tagged to the total 
number of wild burros in the state. For example, if 1 of every 3 burros 
captured later is tagged, we would assume that 1 of every 3 burros in 
the state was originally tagged. 


2. Translate. We translate to a proportion, as follows: 


Burros tagged originally —> 383 _ 11 <— Tagged burros caught 
Burros in Arizona —> B 103° <— Burros caught 


3. Solve. We solve the proportion: 


383 - 103 = B- 11 Equating cross products 


383 > 103 
— a Dividing by 11 
11 
3586 ~ B. Multiplying and dividing and approximating 
4. Check. We substitute into the proportion and check cross products: 
383 11 
a ; 383° 103 = 39,449; 3586-11 = 39,446. 
3586 103 


The cross products are close but not exact because we rounded the total. 
5. State. We estimate that there are about 3586 wild burros in Arizona. 


Do Exercise 4. > 


(MOTION PROBLEMS 


We considered motion problems earlier in Sections 1.3 and 3.4. To translate 
them, we know that we can use either the basic motion formula, d = rt, 
or either of two formulas r = d/t, or t = d/r, which can be derived from 
d = rt. 


MOTION FORMULAS 


The following are the formulas for motion problems: 


d = rt ——> Distance = Rate - Time; 


d Distance d ; Distance 
r = ———> Rate = ——; t = ——>Time = —— 
t Time r Rate 


XXXXX & Bicycling. Araceris bicycling 15 km/h faster than a person 
on a mountain bike. In the time it takes the racer to travel 80 km, the person 
on the mountain bike has gone 50 km. Find the speed of each bicyclist. 


1. Familiarize. Let’s guess that the person on the mountain bike is 
going 10 km/h. The racer would then be traveling 10 + 15, or 25 km/h. 
At 25 km/h, the racer will travel 80 km in $2 = 3.2 hr. Going 10 km/h, 
the mountain bike will cover 50 km in 3} = 5 hr. Since 3.2 # 5, our 
guess is wrong, but we can see that ifr is the rate, in kilometers per 
hour, of the slower bike, then the rate of the racer, who is traveling 
15 km/h faster, is r + 15. 


. Estimating Wild Horse 


Population. To estimate 
the number of wild horses 
in Nevada, a ranger catches 
560 wild horses, tags them, 
and releases them. Later, 
133 horses are caught, and 
it is found that 4 of them are 
tagged. Estimate how many 
wild horses there are in 
Nevada. 


Source:U.S. Department of the Interior 
Bureau of Land Management, The Wild 
Horse and Burro Program 


Answer 
4, About 18,620 wild horses 
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Making a drawing and organizing the facts in a chart can be helpful. 


DISTANCE 


MOUNTAIN BIKE 50 r e  hehtedtetee: = 
: 


80 


RACING BIKE 80 r+ 15 t > 80 = (r t 15)t >t= 
r+15 


5. Four-Wheeler Travel. Olivia’s 
four-wheeler travels 8 km/h 
faster than Emma’s. Olivia 
travels 69 km in the same time 
it takes Emma to travel 45 km. 
Find the speed of each person’s 
four-wheeler. 


Answer 
5. Olivia: 23 km/h; Emma: 15 km/h 


2. Translate. The time isthe same for both bikes. Using the formula d = rt 
and then t = d/r across both rows of the table, we find two expressions 
for time and can equate them as 

50 80 


r r+15° 


3. Solve. We solve the equation: 


50 ~—-80 
rr orti15 
fra Ts) ” = ar + 15) * - = one ee ek 
(r+ 15) +50 = r- 80 Simplifying. We can also obtain 
this by equating cross products. 
50r + 750 = 80r Using the distributive law 
750 = 30r Subtracting 50r 
OW r Dividing by 30 
30 
25 = fr. 


4. Check. If our answer checks, the mountain bike is going 25 km/h 
and the racing bike is going 25 + 15, or 40 km/h. 
Traveling 80 km at 40 km/h, the racer is riding for = 2hr. 
Traveling 50 km at 25 km/h, the person on the mountain bike is riding 
for 32 = 2 hr. Our answer checks since the two times are the same. 


5. State. The speed of the racer is 40 km/h, and the speed of the person 
on the mountain bike is 25 km/h. 


<«@ Do Exercise 5. 
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x X Transporting by Barge. A river barge travels 98 mi down- 
stream in the same time it takes to travel 52 mi upstream. The speed of the 
current in the river is 2.3 mph. Find the speed of the barge in still water. 


1. Familiarize. We first make a drawing. We let s = the speed of the 
barge in still water and t = the time, and then organize the facts ina 
table. 


The current increases 
the speed of the barge 
through the water. 


ps \ 
The current decreases ~ 
the speed of the barge 
through the water. 


ns a 
98 
DOWNSTREAM > 98 = + 2.3)t>t= 
e423 t (s ) rer 
} ursrazam | po 23 . eat. tego 
=| $= 23 
2. Translate. Using the formula t = d/r across both rows of the table, 
we find two expressions for time and equate them as 
98 52 
st23° £- 23° 
3. Solve. We solve the equation: 
98 52 
s+2.3  s— 2.3 
98 52 
$F ZS Ss = 23)) —_— — | = is a 2S = 2.3) (.— 
( i \(; =F 5) ( i (= 5) 
(s — 2.3)98 = (s + 2.3)52 
98s — 225.4 = 52s + 119.6 
46s = 345 
$= 7.5. 
4. Check. Downstream, the speed of the barge is 7.5 + 2.3, or 9.8 mph. 
Dividing the distance, 98 mi, by the speed, 9.8 mph, we get 10 hr. Up- 6. Riverboat Speed. riverboat 
stream, the speed of the barge is 7.5 — 2.3, or 5.2 mph. Dividing the cruise line has a boat that can 


travel 76 mi downstream in the 
same time that it takes to travel 
52 miupstream. The speed of the 


distance, 52 mi, by the speed, 5.2 mph, we get 10 hr. Since the times are 
the same, the answer checks. 


5. State. The speed of the barge in still water is 7.5 mph. current in the river is 1.5 mph. 
Find the speed of the boat in 
Do Exercise 6. > still water. 
Answer 
6. 8mph 
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Translating 
for Success 


1. Sums of Squares. The 6. Sides ofa Square. Ifeach 


sum of the squares of two 
consecutive odd integers is 
650. Find the integers. 


. Estimating Fish Population. 
To determine the number 

of fish in a lake, a conser- 
vationist catches 225 of them, 
tags them, and releases them 
back into the lake. Later, 

108 fish are caught, and it 

is found that 15 of them are 
tagged. Estimate how many 
fish are in the lake. 


. Consecutive Integers. The 
sum of two consecutive even 
integers is 650. Find the 
integers. 


. Sums of Squares. The 
sum of the squares of two 
consecutive integers is 685. 
Find the integers. 


. Hockey Results. A hockey 
team played 81 games ina 
season. They won 1 fewer 
game than three times the 
number of ties and lost 8 
fewer games than they won. 
How many games did they 
win? lose? tie? 


Translate each word problem to an 
equation or a system of equations 
and select a correct translation from 
equations A-O. 


IX. x6 ar (Ge a> 2) = GEC 


225 5 
B= a 
EX 108 


C. x? + (x + 1)? = 685 
30. 40 
“x+3 «x 
EX ch Vaaez — 8, 
x= Sy = Il, 
B= io — fs} 
ser War 2 = Bll, 
B= I= Sy, 
ip = So — fa} 
. x* + (x + 5)* = 650 
H. x + y+ z= 650, 
x+y = 480, 
War B= Gets) 
40 30 
sear 3 5€ 


15 _ 108 
Se 225 

6 66 or Var 4 = Cele, 
x+y = 480, 
War B= (5,0) 

ee ed 2p — 1685 
x x 


.=+==1 
5 16 


ee oy Ge 2) — 650 


O, 36 = Par 3) 
se se i) = {ill 


Answers on page A-20 


side of a square is increased 
by 5 ft, the area of the original 
square plus the area of the 
enlarged square is 650 ft’. 
Find the length ofa side of 
the original square. 


. Bicycling. The speed of one 


mountain biker is 3 km/h 
faster than the speed of 
another biker. The first biker 
travels 40 km in the same 
amount of time that it takes the 
second to travel 30 km. Find 
the speed of each biker. 


- PDQ Shopping Network. 


Sarah, Claire, and Maggie 
can process 685 telephone 
orders per day for PDQ 
shopping network. Sarah 
and Claire together can 
process 480 orders per day, 
while Claire and Maggie 
can process 650 orders. 
How many orders can each 
process alone? 


. Filling Time. Aspacan be 


filled in 3 hr by hose A alone 
and in 8 hr by hose B alone. 
How long would it take to 
fill the spa if both hoses are 
working? 


. Rectangle Dimensions. The 


length ofa rectangle is 3 ft 
longer than its width. Find 
the dimensions of the 
rectangle such that the 
perimeter of the rectangle is 


Choose from the column on the right the word that best completes the statement. 
Some words may be used more than once, and some words may not be used. 


RCl. 


RC2. 


RG3. 


RC4. 
RC5. 
RC6. 
RC7. 


1. Painting a House. 


If two triangles are similar, then their 
angles have the 
corresponding sides are 


A ratio of two quantities is their 


A C 
An equality of ratios, . = a is called a(n) 


Distance equals times time. 
Rate equals divided by time. 
Time equals divided by rate. 


The numbers named in a true proportion are said 
to be to each other. 


Solve. 


Jose can paint a house in 28 hr. His 


For Extra Help 


MyMath Lab” PRACTICE LA =p 


measures and their 


brother, Miguel, can paint the same house in 36 hr. 
Working together, how long will it take them to paint 
the house? 


. Printing Tee Shirts. 1In30 hr, one machine can print 
tee shirts honoring the winning team in a national 
championship sporting event. Another machine 

can complete the same order in only 24 hr. If both 
machines are used, how long will it take to print the 
order? 


. Placing Wrappers on Canned Goods. Machine A 
can place wrappers on a batch of canned goods in 
4 fewer hours than machine B. Together, they can 
complete the job in 1.5 hr. How long would it take 
each machine working alone? 


MathXL’ 


REVIEW 


same 
different 
product 


quotient 


distance 


rate 


proportion 


proportional 


similar 


corresponding 


2. 


. Washing Elephants. 


Filling a Pool. Anin-ground backyard pool can be 
filled in 12 hr if water enters through a pipe alone, or 
in 30 hr if water enters through a hose alone. If water 
is entering through both the pipe and the hose, how 
long will it take to fill the pool? 


Leah can wash the zoo’s 
elephants in 3 hr. Ian, who is less experienced, needs 
4 hr to do the same job. Working together, how long 
will it take them to wash the elephants? 


L 


. Cutting Firewood. Tomcancutand split a cord of 


firewood in 6 fewer hours than Henry can. When they 
work together, it takes them 4 hr. How long would it 
take each of them to do the job alone? 
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7. Clearing a Lot. 


. Skimming a Swimming Pool. 


Acommercial contractor needs to 
clear a plot of land for a new bank. Ryan can clear the lot 
in 7.5 hr. Ethan can do the same job in 10.5 hr. How long 
will it take them, working together, to clear the land? 
(Hint: You may find that multiplying by j5 on both 
sides of the equation will clear the decimals.) 


Cole can skima 
swimming pool with a leaf net three times as fast as 
Jim can. Together they can skim the pool in 6 min. 
How long would it take each to skim the pool alone? 


Db | Solve. 


11. 


13. 
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Three-Point Field Goals. After 15 games of an NBA 
season, a player had scored 9 three-point field goals. 
Assuming that he would continue to score at the same 
rate, how many three-point field goals would he score 
in the entire 82-game season? 


Models of Indy Cars. Mattel, Inc., recently added 
some made-to-scale models of Indy Cars to their Hot 
Wheels® product line. The length of an IRL car is 15 ft. 
Its width is 7 ft. The width of the die-cast replica is 

3.5 in. Find the length of the model. 


Source: Mattel, IndyCar.com 


8. 


10. 


12. 


14. 


Sorting Donations. At the neighborhood food pantry, 
Grace can sort a morning’s donations in 4.5 hr. Caleb 
can do the same job in 3 hr. Working together, how 
long would it take them to sort the food donations? 


Pressing Shirts. Karla and William press shirts for 


Perfection Laundry. Each week an amusement park 
drops off 320 shirts to be laundered and pressed. 
Karla can press shirts twice as fast as William. 
Together they can press 320 shirts in 11 hr. How 
long would it take each to press this order alone? 


Touchdown Pace. After 5 games of a recent NFL 
season, a quarterback had passed for 12 touchdowns. 
Assuming that he would continue to pass for touch- 
downs at the same rate, how many touchdown passes 
would he throw in the entire 16-game season? 


USS Constitution. Fora woodworking class, Alexis 
is building a scale model of the USS Constitution, 
known as “Old Ironsides.” The length of the ship at 
the water line is 175 ft; the beam (or width) is 43.5 ft. 
The width of the model is 6.75 in. Find the length of 
the model. 
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15. 


17. 


19. 


21. 


23. 


Weight on Moon. The ratio of the weight of an object 
on the moon to the weight of an object on Earth is 0.16 
to 1. How much will a 180-lb astronaut weigh on the 
moon? 


Coffee Consumption. Coffee beans from 14 trees 

are required to produce 7.7 kg of coffee. (This is the 
average amount that each person in the United States 
drinks each year.) The beans from how many trees are 
required to produce 638 kg of coffee? 


Wine Production. Inarecent year, a winery 
produced 4320 bottles of wine from 8 tons of grapes. 
They expect the demand to reach 7850 bottles next 
year. How many tons of grapes will they need? 


Source:www.napanow.com/ wine/statistics.html 


Estimating Wildlife Populations. To determine the 
number of trout in a lake, a conservationist catches 
112 trout, tags them, and releases them back into the 
lake. Later, 82 trout are caught; 32 of them are tagged. 
How many trout are in the lake? 


Rope Cutting. A rope is 28 ft long. How can the rope 
be cut in such a way that the ratio of the resulting two 
segments is 3 to 5? 


16. Weight on Mars. 


18 


20 


22. Estimating Wildlife Populations. 


24 


The ratio of the weight of an object 
on Mars to the weight of an object on Earth is 0.378 

to 1. How much will a 120-lb astronaut weigh on 
Mars? 


Human Blood. 10 cm? of anormal specimen of 
human blood contains 1.2 g of hemoglobin. How 
many grams does 32 cm’ of the same blood contain? 


Wind Turbines. As of 2013, Indiana had 923 wind 
turbines on 5 wind farms. Data show that when 
operating at full capacity, 15 300-ft tall wind turbines 
can power 5250 homes. How many homes can be 
powered by 923 wind turbines? 


Source:Indiana Office of Energy Development, E.ON Climate X 
Renewables 


To determine the 
number of deer in a game preserve, a conservationist 
catches 318 deer, tags them, and lets them loose. 
Later, 168 deer are caught; 56 of them are tagged. How 
many deer are in the preserve? 


Consider the numbers 1, 2, 3, and 5. If the same 
number is added to each of the numbers, it is found 
that the ratio of the first new number to the second is 
the same as the ratio of the third new number to the 
fourth. Find the number. 
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25. Retaining Wall. 


On average, a retaining wall 
requires approximately 1017 kg of stone for each 
3.2 m*. The area includes the face of the wall and its 
upper surface. How many kilograms of stone are 
needed for 65 m?? Round the answer to the nearest 
kilogram. 


Source:Reed, Davidfhe Art and Craft of Stonescaping WSterling 
Mublishing Co. Mc. New YorkX 2000K 


cS Solve. 


27. Jet Travel. 


29 


31 


464 


A Boeing 747 flies 2420 mi with the wind. 
In the same amount of time, it can fly 2140 mi against 
the wind. The cruising speed (in still air) is 570 mph. 
Find the speed of the wind. 


Source:Boeing 


The wind pushes the plane and 
increases the speed over the ground. 


csi 0) 
i The wind slows down the plane and 


decreases the speed over the ground. 


ie te de nal 


Kayaking. The speed of the current in the Wabash 
River is 3 mph. Brooke’s kayak can travel 4 mi up- 
stream in the same time that it takes to travel 10 mi 
downstream. What is the speed of Brooke’s kayak in 
still water? 


Tour Travel. Adventure Tours has 6 leisure-tour 
trolleys that travel 15 mph slower than their 3 express- 
tour buses. The bus travels 132 mi in the time it takes 
the trolley to travel 99 mi. Find the speed of each 
mode of transportation. 


26. 


28. 


30. 


32. 


Corona Arch. The photograph below shows Corona 
Arch in Moab, Utah, one of the favorite hiking places 
of one of your authors, Marv Bittinger. He appears at 
the bottom of the photograph. Assume that an 83 -in. 
by 11-in. photograph has been printed from a digital 
file and that in that photo Marvis or 0.34375 in. 
tall, and the height of the arch in the photo is 7 3, or 
7.625 in. Given that Marvis 73 in. tall, find the actual 
height H of the arch. 


Transporting Cargo. Boeing has a jumbo jet that is 
used to transport cargo. This jet flies 1430 mi with the 
wind. In the same amount of time, it can fly 1320 mi 
against the wind. The cruising speed (in still air) is 
550 mph. Find the speed of the wind. 


Source:Boeing 


peess 


Boating. The current inthe Animas River moves at 
arate of 4 mph. Sydney’s dinghy motors 6 mi up- 
stream in the same time that it takes to motor 12 mi 
downstream. What is the speed of the dinghy in still 
water? 


Hiking. Vanessa hikes 2 mph slower than Xavier. In 


the time it takes Xavier to hike 8 mi, Vanessa hikes 5 mi. 


Find the speed of each person. 
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33. Moving Sidewalks. A moving sidewalk at an airport 34. Moving Sidewalks. Amoving sidewalk moves ata 


moves at a rate of 1.8 ft/sec. Walking on the moving rate of 1.7 ft/sec. Walking on the moving sidewalk, 
sidewalk, Thomas travels 105 ft forward in the time Hunter can travel 120 ft forward in the same time it 
it takes to travel 51 ft in the opposite direction. How takes to travel 52 ft in the opposite direction. How 
fast would Thomas be walking on a nonmoving fast would Hunter be walking on a nonmoving 
sidewalk? sidewalk? 


Skil] Maintenance oii cccccccccccccccccccececevevevevevevevevevevevevevevevevevevseieetiessreserssesevsvevsveveveveveveveveveee 


In Exercises 35-38, the graph is that of a function. Determine the domain andthe range. [2.3a] 


35. YA 36. YA 37. YA 38. YA 
5 e 
4 e 
3 
2)--@ 
1 
> 
x ~5-4-3—2-1) 12345 x 
e @.--2 
=3 
—4 
<5 

Graph.  [3.7b] Graph. [2.2c] 

39. x -—4y=4 40. x =3 Al. f(x) = |x + 3] 42, f(x) =5— |x| 

43. Three trucks, A, B, and C, working together, can move a 44. Escalators. Together, a 100-cm wide escalator 
load of mulch in ¢ hours. When working alone, it takes and a 60-cm wide escalator can empty a 1575-person 
A 1 extra hour to move the mulch, B 6 extra hours, auditorium in 14 min. The wider escalator moves 
and C ¢ extra hours. Find t. twice as many people as the narrower one does. How 

many people per hour does the 60-cm wide escalator 
move? 

45. Gas Mileage. An automobile gets 22.5 miles per 46. Travel by Car. Mackenzie drives to work at 50 mph 
gallon (mpg) in city driving and 30 mpg in highway and arrives 1 min late. She drives to work at 60 mph 
driving. The car is driven 465 mi on a full tank of and arrives 5 min early. How far does Mackenzie live 
18.4 gal of gasoline. How many miles were driven from work? 
in the city and how many were driven on the 


highway? 
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VY 


OBJECTIVE 


a | Solve a formula for a letter. 


SKILL TO REVIEW 


Objective 1.2a: Evaluate formulas 
and solve a formula for a speci- 
fied letter. 


Solve for the given letter. 


1. Dx + Ey = z, fory 
2. C =ja(x + y+ z),forz 


1. Combined Gas Law. The 
formula 
PV _ 
T 
relates the pressure P, the 
volume V, and the tempera- 
ture T of a gas. Solve the 
formula for T. (Hint: Begin by 


k 


clearing the fraction.) 
Answers 
Skill to Review: 
=— D 2C —ax—- @ 
Ly 7 7 2.2 = af 
E a 


Margin Exercise: 
PV 


L.. FSS 
k 


Formulas and Applications 


Ej FORMULAS 


Formulas occur frequently as mathematical models. 


To solve a rational formula for a given letter, identify the letter, and: 


1. Multiply on both sides to clear fractions or decimals, if that is needed. 
2. Multiply ifnecessary to remove parentheses. 


3. Get all terms with the letter to be solved for on one side of the 
equation and all other terms on the other side, using the addition 
principle. 

4. Factor out the unknown if it appears in more than one term. 


5. Solve for the letter in question, using the multiplication principle. 


L 


x X Optics. The formula f = L/d defines a camera’s “f-stop,” 
where L is the focal length (the distance from the lens to the film) and d is 
the aperture (the diameter of the lens). Solve the formula for d. 


We solve this equation as we did 
the rational equations in Section 5.5: a E —~ 


_ b We want the 
f= d letter d alone. 
_ L The LCM is d. 
al ~ d _Wemultiplybyd. AI 
df= L Simplifying 
L 
= f Dividing by f 


The formula d = L/f can now be used to find the aperture if we know the 
focal length and the f-stop. 


< Do Margin Exercise 1. 


dR 
x x Astronomy. The formula L = Dd where D is the 


diameter of the sun, d is the diameter of the earth, R is the earth’s distance 
from the sun, and L is some fixed distance, is used to calculate when lunar 
eclipses occur. Solve the formula for D. 


dR 
= We want the letter D alone. 
D-d 
= dR The LCM is D — d. 
(D—d)-L=(D—4d)- D—d_ WemultiplybyD - d. 
D-—d)L=dR Simplifyin 
plitying 
DL — dL = dR 
DL = dR + dL Adding dL 
dR + dL 
= an Dividing by L 
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Since D appears by itself on one side and not on the other, we have 
solved for D. 


Do Exercise 2. > 


x X Solve the formula L = 


D— qt. 


We proceed as we did in Example 2 until we reach the equation 
DL — dL = aR. We want d alone. 
We must get all terms containing d alone on one side: 
DL — dL = dR 
DL = dR + dL Adding dL 


DL = d(R + L) Factoring out the letter d 
DL 


= d. Dividing by R + L 


We now have d alone on one side, so we have solved the formulaford. © 


cece eee eee n eee teen n ne seneneeseenneenene Caution! acne eee e esac nee s en enessenaneseneeeesenes 


If, when you are solving an equation for a letter, the letter appears on both 
sides of the equation, you know the answer is wrong. The letter must be alone 
on one side and not occur on the other. 


Do Exercise 3. > 


x XM Resistance. The formula @ 
$23 — 
R rn 1 (») 

involves the resistance R of two resistors 7, 

and r, connected in parallel.* Solve the (R) 


formula for 74. 
We multiply by the LCM, which is Rnr: 


1 ] 1 
Rnhhrh* R = RM ° (2 + +) Multiplying by the LCM 
rt Ip 
1 1 1 iplvi 
ie Sa + ee Multiplying to remove 
R i iC parentheses 
Tylo = Rr + Rn. Simplifying by removing factors of 1 


We might be tempted at this point to multiply by 1/7, to get 7, alone on the 
left, but note that there is an 7, on the right. We must get all the terms in- 
volving r, on the same side of the equation. 


Nl, — Rn = Rr Subtracting Rr, 
1(%) — R) = Rn Factoring out r; 
Rr eee 
n= R Dividing by 7, — R to get 7, alone 
1 — 


Do Exercise 4. > 


*Note that R, 4, and 7, are all different variables. It is common to use subscripts, as in 7 
(read “r sub 1”) and 7, to distinguish variables. 


pcs) 2. Solve the formula 
ae 
M + pn 
for n. 
__ Pt 
~ M+ pn 
I + pn) = pT 
IM + = pl 
a = jar = 
pl — IM 
n= 


3. The Doppler Effect. The 
formula 


S§ 
sy 


r= 


is used to determine the 
frequency F of a sound that is 
moving at velocity v toward a 
listener who hears the sound as 
frequency g. Here s is the speed 
of sound in a particular medium. 
Solve the formula for s. 


4. Work Formula. The formula 
ae 
a b 
involves the total time tf for 
some work to be done by two 
workers whose individual 
times are a and b. Solve the 
formula for t. 


Answers 


pT — IM Fv 
2n= 3.5 = 

Ip g-F 
_ ab 
bta 


4. t 


Guided Solution: 
2. M, Ipn, IM, Ip 
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For Extra Hel é — 
P| MathXL = 
MyMath Lab PRACTICE WATCH READ REVIEW 
(vf Reading Check 
Solve each equation for y. Choose from the column on the right an equivalent equation. 
x w 4w — xt 
RCI. — = — = —__— 
y ¢ a) y t 
x+ y)t =, au 
Rc2. w = @ +9 My 
4 
t 
| a ee | = 
RC3. a = = + 7 
4w 
d) y= 
(x + thy x+t 
RC4. w = —— 
4 Ave wx 
x-—wW 
xw 
f = 
Vy ae 
a | Solve 
Wa Wd i 4 
La = aie W, 2.— = —,f oS Se SS 
Ww, dy or W, Ww, dy or d, 3 RF : for 1 
(Electricity formula) 
1 1 1 Vy + Vo)t Vy + Vo)t 
4. — =—+-—,forR oe Lae 6. = ET ieee, 
R n To 2 2 
(Electricity formula) 
gs 2V 1 1 1 
R a = .— + a — 
7 ae 8 V4 9,7r¥ 9 a a gue 
(An optics formula) 
1 1 1 t t 
10. — + — = —, for f 11. —+ —=1,fora 12) = tatard 
pq f a b a b 
(Optics formula) (Work formula) (Work formula) 
E E 704.5W 
13, 1=— ,forE 14. [= | forn 15. [= s : , for H? 
E+ nr E+ nr H 
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r r 
16. S= for ty 17. —= ,forr 18. — = , fore 
e f e r 


m(t, — te)’ 


21. S = 2arh + 2a’, forh 


1 
19. V = —7h?(3R — h), forR 
2 (Surface area of a cylinder) 


20. A = P(1 + rt), forr 
(Interest formula) 


22. Escape Velocity. The formula 23. Average Speed. The formula 
Vv? 2g d, = d, 
y= 


R Rt+h tb - 


is used to find a satellite’s escape velocity V, where R 
is a planet’s radius, h is the satellite’s height above 
the planet, and g is the planet’s acceleration due to 


gives an object’s average speed v when that object has 
traveled d, miles in t, hours and d, miles in ft, hours. 
Solve the formula for f5. 


gravity. Solve the formula for h. 


24. Earned Run Average. The formula 


A=9 as 
I 
gives a pitcher’s earned run average A, where R is the 
number of earned runs, and J is the number of innings 
pitched. How many earned runs were given up ifa 
pitcher’s earned run average is 2.4 after 45 innings? 
Solve the formula for J. 


SRN TCS CC i csiesecsccovsisiciaiicousnvscosadasvwce'stiad sossvoncnostuntoedissscucasnevsasvivbensduraeiassanbioteorwtoesnnecdivnntoudustoxiess 


Solve. [3.6a] 


25. Coin Value. There are 50 dimes in a roll of dimes, 40 nickels in a roll of nickels, and 40 quarters in a roll of quarters. 
Rob has 12 rolls of coins with a total value of $70.00. He has 3 more rolls of nickels than dimes. How many of each roll of 
coin does he have? 


Given that f(x) = x* — x, find each ofthe following. [2.2b] 
26. f(—2) 27. f(2) 


30. Find the slope of the line containing the points 
(—2,5) and (8,—3). [2.4b] 


28. f(0) 


31. Find an equation of the line containing the points 
(—2,5) and (8,—3). [2.6c] 


29. f(2a) 


PE Mie Re es. nce agate eve ca seat gated dae 


32. Escape Velocity. (Refer to Exercise 22.) A satellite’s escape velocity is 6.5 mi/sec, the radius of the earth is 3960 mi, 
and the acceleration due to gravity is 32.2 ft/sec”. How far is the satellite from the surface of the earth? 
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Variation and Applications 


OBJECTIVES 


Find an equation of direct 
variation given a pair of 
values of the variables. 


Db | Solve applied problems 
involving direct variation. 


¢ | Find an equation of 
inverse variation given 
a pair of values of the 
variables. 


| Solve applied problems 
involving inverse variation. 


e | Find equations of other 
kinds of variation given 
values of the variables. 


 £ | Solve applied problems 
involving other kinds of 
variation. 


We now extend our study of formulas and functions by considering appli- 
cations involving variation. 


EI EQUATIONS OF DIRECT VARIATION 


A substitute teacher earns $65 per day. For 1 day, $65 is earned; for 2 days, 
$130 is earned; for 3 days, $195 is earned; and so on. We plot this informa- 
tion on a graph, using the number of hours as the first coordinate and the 
amount earned as the second coordinate to form a set of ordered pairs: 


(1, 65), (2, 130), 
(3,195), (4,260), 
and so on. 


EA 
$400 
300 


200 


Earnings 


100 


Time (in days) 


Note that the ratio of the second coordinate to the first coordinate is the 
same number for each point: 
65 130 195 260 


65, ——= 65, andsoon. 
1 2 3 4 


, , 


Whenever a situation produces pairs of numbers in which the ratio is 
constant, we say that there is direct variation. Here the amount earned 
varies directly as the time: 


E 
- = 65(aconstant), or E = 65t, 


or, using function notation, E(t) = 65t. The equation is an equation of 
direct variation. The coefficient, 65 in the situation above, is called the vari- 
ation constant. In this case, it is the rate of change of earnings with respect 
to time. 


DIRECT VARIATION 


If a situation gives rise to a linear function f(x) = kx, ory = kx, 
where k is a positive constant, we say that we have direct variation, 
or that y varies directly as x, or that y is directly proportional to x. 
The number k is called the variation constant, or the constant of 
proportionality. 
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\/ 


VA X Find the variation constant and an equation of variation in 
which y varies directly as x, and y = 32 when x = 2. 


We know that (2, 32) is a solution of y = kx. yy 
Thus, er 
60 ++ 
y = kx pa Se 
40 -- 
32 =k-2 Substituting + 
32 wal 
—=kork = 16. Solving for k 0 
2 123456 %* 


The variation constant, 16, is the rate of change of y with respect to x. The 


equation of variation is y = 16x. 0 
The graph of y = kx,k > 0, always goesthrough = 
the origin and rises from left to right. Note that as 
x increases, y increases. The constant k is also the y=ky, 
slope of the line. k>0 
x 
RRKEMMA > 


|b | APPLICATIONS OF DIRECT VARIATION 


X X Water from Melting Snow. The number of centimeters W 
of water produced from melting snow varies directly as S, the number of 
centimeters of snow. Meteorologists have found that, under certain condi- 
tions, 150 cm of snow will melt to 16.8 cm of water. To how many centime- 
ters of water will 200 cm of snow melt? 


We first find the variation constant using the data and then find an 
equation of variation: 
W=ks W varies directly as S. Ww 
16.8 = k- 150 Substituting 


7 W = 0.112S 


16.8 20 4 
——_=k Solving for k 4 
150 10 
0.112 = k. This is the variation 4 


constant. 0 a ma a ee a a a 


The equation of variation is W = 0.1128. 
Next, we use the equation to find how many centimeters of water will 
result from melting 200 cm of snow: 
W = 0.112S 
0.112(200) Substituting 
= 22.4. 


Thus, 200 cm of snow will melt to 22.4 cm of water. 


Xo Exercises 3 and 4. (Exercise 4 is on the following page.» 


XS 


2 
1. 20,8,5,—— 
55 


1. Find the variation constant 


and an equation of variation 
in which y varies directly as x, 
and y = 8whenx = 20. 


y= k 
8=k- 
——=k 
20 
2) 
———_=k 


The variation constant is 
The equation of variation is 


y= 0 5 


Find the variation constant 
and an equation of variation 
in which y varies directly as x, 
and y = 5.6 when x = 8. 


3. Ohm’s Law. Ohm’s Law 


states that the voltage V in an 
electric circuit varies directly 
as the number of amperes J of 
electric current in the circuit. 
If the voltage is 10 volts when 
the current is 3 amperes, what 
is the voltage when the current 
is 15 amperes? 


Answers 
2 2 
1. ail = Pod 2. 0.7;y = 0.7x 3. 50 volts 


Guided Solution: 


2 
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oe ens The oun [) EQUATIONS OF INVERSE VARIATION 


of honey H produced varies 
directly as the number of bees 
who produce the honey. It 
takes 15,000 bees to produce 


A bus is traveling a distance of 20 mi. At a speed of 5 mph, the trip will take 
4 hr; at 20 mph, it will take 1 hr; at 40 mph, it will take 5 hr; and so on. We plot 


25 Ib of honey. How much this information on a graph, using speed as the first coordinate and time as 
honey is produced by the second coordinate to determine a set of ordered pairs: 
40,000 bees? 


(5,4), (10, 2), 
(20,2), (40,3), 
and so on. 


Time (in hours) 


Speed (in miles per hour) 


Note that the products of the coordinates are all the same number: 
5°4=20, 20-1=20, 40-4 = 20, andsoon. 


Whenever a situation produces pairs of numbers in which the product 
is constant, we say that there is inverse variation. Here the time varies in- 
versely as the speed: 


20 
rt = 20(aconstant), or t= 7 


The equation is an equation of inverse variation. The coefficient, 20 in 
the situation above, is called the variation constant. Note that as the first 
number (speed) increases, the second number (time) decreases. 


INVERSE VARIATION 


If a situation gives rise to a function f(x) = k/x, or y = k/x, where 
kis a positive constant, we say that we have inverse variation, or 
that y varies inversely as x, or that yis inversely proportional to x. 
The number k is called the variation constant, or the constant of 
proportionality. 


x XM Find the variation constant and an equation of variation in 
which y varies inversely as x, and y = 32 when x = 0.2. 


We know that (0.2, 32) is a solution of y = k/x. We substitute: 


k y 

- = gil 

k ay 

32 = — Substituting oh 

0.2 ral 

(0.2)32 = k Solving for k + 
6.4 =k. ° 

ae ‘ F fe pid 6.4 
The variation constant is 6.4. The equation of variation is y = x @ 


Answer 


2 
4. 66—Ib 
3 
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It is helpful to look at the graph of y = k/x, 

k > 0. The graph is like the one shown at right 
for positive values of x. Note that as x increases, 
y decreases. 


MX Ke KXXXe KX 


id APPLICATIONS OF INVERSE VARIATION 


i X Musical Pitch. The pitch P of a musical tone varies in- 
versely as its wavelength W. One tone has a pitch of 550 vibrations per sec- 
ond and a wavelength of 1.92 ft. Find the pitch of another tone that has a 
wavelength of 3.2 ft. 


We first find the variation constant using the data given and then find 
an equation of variation: 


k 

PS P varies inversely as W. 
WwW 

k sous 
550 = —— Substituting 
1.92 
1056 = k. Solving for k, the variation constant 
; es 1056 
The equation of variation is P = “ae 


Next, we use the equation to find the pitch of a tone that has a wave- 
length of 3.2 ft: 


1056 ; os ai 
P= Ww. Equation of variation 600 
_ 1056 ous ae) 
meres Substituting ele 
= 330. 300 + 
200 |- 
100 - 

! | | 1 | | 1 Lis, 

0 1 2 2 4 5 6 7 8WwW 


The pitch of a musical tone that has a wavelength of 3.2 ft is 330 vibrations 
per second. 


Xo Exercise 6. > 


5. Find the variation constant 
and an equation of variation in 
which y varies inversely as x, 
and y = 0.012 when x = 50. 


si 
y x 
k 
0.012 = —— 
-50=k 
=k 


The variation constant is 
The equation of variation is 


6. Cleaning Bleachers. Thetime 
t to do a job varies inversely as 
the number of people P who 
work on the job (assuming 
that all work at the same rate). 

It takes 4.5 hr for 12 people to 
clean a section of bleachers after 
a NASCAR race. How long would 
it take 15 people to complete the 
same job? 


Answers 
0.6 
5. 0.6;y=—— 6. 36hr 


Guided Solution: 
5. 50, 0.012, 0.6, 0.6, 0.6 
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@ | OTHER KINDS OF VARIATION 


We now look at other kinds of variation. Consider 
the equation for the area of a circle, in which A and 
r are variables and 7 is a constant: 


A=ar*, or,asafunction, A(r) = ar’. 


We say that the area varies directly as the square of the radius. 


y varies directly as the nth power of x if there is some positive 
constant k such that 


y = kx". 
7. Find an equation of variation ~ 
Raeiich, ; varies directly as res 4 X Find an equation of variation in which y varies directly as 
the square of x, and y = 175 the square of x, and y = 12 when x = 2. 
when x = 5. We write an equation of variation and find k: 
_ fa 
y=kx yee 
=k: 5? _ 2 
12=k-+2 
175 = k- 25 oe ee 
a 3=k. 
The equation of variation is Thus, y = 3x2 
y= Me 


<«@ Xo Exercise 7. 


From the law of gravity, we know 
that the weight W ofan object varies 
inversely as the square of its distance d 
from the center of the earth: 

k 


Laer’ 


y varies inversely as the nth power of x if there is some positive 
constant k such that 


Answer 
7 y= 7x? 
Guided Solution: 
7. 175, 7,7 
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x XM Find an equation of variation in which W varies inversely 
as the square of d, and W = 3whend = 5. 


_k 
0 eB 
_k ee 
> 2 Substituting 
k 
a= 
25 
75=k 
75 
Thus, W = z 


Xo Exercise 8. > 


Consider the equation for the area A of a triangle with height h and 
base b: A = 5bh. We say that the area varies jointly as the height and 
the base. 


y varies jointly as x and z if there is some positive constant k such that 


y = kxz. 
x X Find an equation of variation in which y varies jointly as x 
and z, and y = 42 whenx = 2andz = 3. 
y = kxz 
42 =k-2°+3 Substituting 
42=k-6 
7=k 
Thus, y = 7xz. 


Do Exercise 9. > 


Different types of variation can be combined. For example, the equation 


2 
XZ 
ee a, 


asserts that y varies jointly as x and the square of z, and inversely as w. 
x Find an equation of variation in which y varies jointly as x 


and zand inversely as the square of w,and y = 105whenx = 3,z = 20,and 
w = 2. 


XZ 
= k — 
y ie 
3°20 
105 =k: Pe] Substituting 
105 = k- 15 
7=k 
XZ 
Thus, y = 7 > —>. 
w 


Do Exercise 10. > 


8. 


10. 


Find an equation of variation 
in which y varies inversely 

as the square of x, and y = } 
when x = 6. 


. Find an equation of variation 


in which y varies jointly as 
x and z, and y = 65 when 
x = 1l0andz = 13. 


y = kxz 
65=k- © 1s} 
65 = k- 130 
65 


The equation of variation is 
eS XYZ. 


Find an equation of variation 
in which y varies jointly as 

x and the square of z and 
inversely as w, and y = 80 
when x = 4,z = 10, and 

Ww = 25. 


Answers 
8 = 2 9 = oe 10 = Sxa? 
‘f= ESS Deer 


Guided Solution: 


1 
9. 10, 130, —— 
22 


1 
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11. 


12. 


Distance of a Dropped 

Object. The distance s that 
an object falls when dropped 
from some point above the 
ground varies directly as the 
square of the time ¢ that it falls. 
If the object falls 19.6 min 2 sec, 
how far will the object fall in 

10 sec? 


Electrical Resistance. At 

a fixed temperature, the 
resistance R of a wire varies 
directly as the length / and 
inversely as the square of its 
diameter d. If the resistance is 
0.1 ohm when the diameter is 
1mm and the length is 50 cm, 
what is the resistance when 
the length is 2000 cm and the 
diameter is 2 mm? 


Answers 
11. 490m 12. lohm 
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fe OTHER APPLICATIONS OF VARIATION 


x XM Volume ofa Tree. The volume of wood V ina tree varies 
jointly as the height h and the square of the girth g (girth is distance around). 
If the volume of a redwood tree is 216 m? when the height is 30 m and the 
girth is 1.5 m, what is the height of a tree whose volume is 960 m? and girth 
is 2m? 


hd 


We first find k using the first set of data. Then we solve for h using the 
second set of data. 


V = khg? 
216 = k+ 30° 1.5 
ee 


Then the equation of variation is V = 3.2hg?. We substitute the second set 
of data into the equation: 
960 = 3.2-h> 2? 
75 = h. 
Therefore, the height of the tree is 75 m. ® 


x X= = TVSignal. The intensity I of a TV signal varies inversely 
as the square of the distance d from the transmitter. If the intensity is 
23 watts per square meter (W/m7”) at a distance of 2 km, what is the inten- 
sity at a distance of 6 km? 


We first find k using the first set I 
of data. Then we solve for J using the 80, 
second set of data. Pl 
_ k | 
LS z 40 -- 
k 20 +- 
23 = 5 + 

2 0 

92 =k 


Then the equation of variation is J = 92/d*. We substitute the second dis- 
tance into the equation: 
_ 92 92 | 
2 ee 2.56. 


Therefore, at 6 km, the intensity is about 2.56 W/ m. 


Rounded to the nearest hundredth 


< Do Exercises 11 and 12. 


CHAPTER 5 Rational Expressions, Equations, and Functions 


For Extra Help MathXL° EJ Z 


MyMath Lab” PRACTICE WATCH =p REVIEW 


[VW { Ra 


Match each description of variation with the appropriate equation of variation listed on the right. 


RC1. avaries directly as z. RC2. yis inversely proportional to b. ja ips 
RC3. yvaries jointly as zandb RC4. xis directly proportional to c. k 
and inversely as c. ec) b=kz d) y=— 
b 
RC5. b varies directly as z. RC6. a varies inversely as z. e) x=ky f)ha=kz 

RC7. cvaries inversely as x. RC8. yvaries jointly as c and x. g)c=— h) y= kzb 
BS c 

. : kbc 

i) x= ke py= — 


a | Find the variation constant and an equation of variation in which y varies directly as x and the following are true. 


1. y = 40 when x = 8 2. y = 54whenx = 12 3. y = 4whenx = 30 
4, y = 3whenx = 33 5. y = 0.9 when x = 0.4 6. y = 0.8 when x = 0.2 
(p Solve. 

7. Shipping by Semi Truck. The number of semi 8. Shipping by Rail Cars. The number of rail cars R 
trucks T needed to ship metal varies directly as the needed to ship metal varies directly as the weight W 
weight W of the metal. It takes 75 semi trucks to ship of the metal. It takes approximately 21 rail cars to ship 
1500 tons of metal. How many trucks are needed for 1500 tons of metal. How many rail cars are needed for 
3500 tons of metal? 3500 tons of metal? 
Source:www.scrappy.com/bargepage05.htm Source:www.scrappy.com/bargepage05.htm 


9. Fat Intake. The maximum number of grams of fat 10. Relative Aperture. The relative aperture, or f-stop, 
that should be in a diet varies directly as a person’s of a 23.5-mm diameter lens is directly proportional 
weight. A person weighing 120 lb should have no to the focal length F of the lens. Ifa 150-mm focal 
more than 60 g of fat per day. What is the maximum length has an f-stop of 6.3, find the f-stop of a 23.5-mm 
daily fat intake for a person weighing 180 lb? diameter lens with a focal length of 80 mm. 
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11. 


13. 


Mass of Water in Human Body. The number of 
kilograms W of water in a human body varies directly 
as the mass of the body. A 96-kg person contains 64 kg 
of water. How many kilograms of water are in a 60-kg 
person? 


Aluminum Usage. The number N of aluminum 
cans used each year varies directly as the number 

of people using them. If 250 people use 60,000 cans 

in one year, how many cans are used each year in 

St. Louis, Missouri, which has a population of 318,172? 


12. 


14. 


Weight on Mars. The weight M ofan object on Mars 
varies directly as its weight E on Earth. A person who 
weighs 95 lb on Earth weighs 38 lb on Mars. How 
much would a 100-lb person weigh on Mars? 


Hooke’s Law. Hooke’s law states that the distance d 
that a spring is stretched by a hanging object varies 
directly as the weight w of the object. Ifa spring is 
stretched 40 cm by a 3-kg barbell, what is the distance 
stretched by a 5-kg barbell? 


[cs Find the variation constant and an equation of variation in which y varies inversely as x and the following are true. 


15. 


18. 


y = 14whenx = 7 


y = 12whenx = 5 


dd | Solve. 


21. 


23. 


25. 
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Work Rate. Thetime T required to do a job varies 
inversely as the number of people P working. It takes 
5 hr for 7 bricklayers to build a park wall. How long 
will it take 10 bricklayers to complete the job? 


Current and Resistance. The current / in an elec- 
trical conductor varies inversely as the resistance R 
of the conductor. If the current is ; ampere when the 
resistance is 240 ohms, what is the current when the 
resistance is 540 ohms? 


Beam Weight. The weight W that a horizontal beam 
can support varies inversely as the length L of the 
beam. Suppose that a 12-ft beam can support 1200 lb. 
How many kilograms can a 15-ft beam support? 


16. y = 1 whenx = 8 


19. y = 0.1 whenx = 0.5 


22. 


24. 


26. 


17. y = 3whenx = 12 


20. y = 1.8whenx = 0.3 


Pumping Rate. The time ¢t required to empty a tank 
varies inversely as the rate r of pumping. If a pump 
can empty a tank in 45 min at the rate of 600 kL/min, 
how long will it take the pump to empty the same tank 
at the rate of 1000 kL/min? 


Wavelength and Frequency. The wavelength W ofa 
radio wave varies inversely as its frequency F. A wave 
with a frequency of 1200 kilohertz has a length of 300 
meters. What is the length of a wave with a frequency 
of 800 kilohertz? 


Musical Pitch. The pitch P ofa musical tone varies 
inversely as its wavelength W. One tone has a pitch of 
440 vibrations per second and a wavelength of 2.4 ft. 
Find the wavelength of another tone that has a pitch 
of 275 vibrations per second. 


CHAPTER 5 Rational Expressions, Equations, and Functions 


Copyright © 2015 Pearson Education, Inc. 


27. 


/e | Find an equation of variation in which the following are true. 


29. 


31. 


33. 


35. 


37. 


Rate of Travel. The time t required to drive a fixed 
distance varies inversely as the speed r. It takes 5 hr 
at a speed of 80 km/h to drive a fixed distance. How 
long will it take to drive the same distance at a speed 
of 70 km/h? 


y varies directly as the square of x, and y = 0.15 when 
x= 0.1 


y varies inversely as the square of x, and y = 0.15 
when x = 0.1 


y varies jointly as x and z, and y = 56 when x = 7 and 
z=8 


y varies jointly as x and the square of z, and y = 105 
when x = 14andz = 5 


y varies jointly as x and z and inversely as the product 
of wand p, and y = 3 when x =3,z= 10,w = 7, 
and p = 8 


fe Solve. 


39. 


Intensity of Light. The intensity J of light from 


a light bulb varies inversely as the square of the 
distance d from the bulb. Suppose that I is 90 W/m? 
(watts per square meter) when the distance is 5 m. 
How much further would it be to a point where the 
intensity is 40 W/m’? 


28. 


30. 


32. 


34. 


36. 


38. 


40. 


Volume and Pressure. The volume V ofa gas varies 
inversely as the pressure P upon it. The volume of a gas 
is 200 cm? under a pressure of 32 kg/cm*. What will be 
its volume under a pressure of 40 kg/cm”? 


y varies directly as the square of x, and y = 6 when 
x=3 


y varies inversely as the square of x, and y = 6 when 
i=s3 


y varies directly as x and inversely as z, and y = 4 
when x = 12andz = 15 


y varies jointly as x and z and inversely as w, and 
—3 a _ = 
y = ;whenx = 2,z = 3,andw = 4 


y varies jointly as x and z and inversely as the 
square of w, and y = 2 when x = 16,z = 3, and 
w=5 


Stopping Distance ofa Car. The stopping distance 
d of a car after the brakes have been applied varies 
directly as the square of the speed r. If a car travel- 
ing 60 mph can stop in 200 ft, how fast can a car 
travel and still stop in 72 ft? 
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Al. Weight ofan Astronaut. The weight W ofan object 42. Combined Gas Law. The volume V ofa given mass 


varies inversely as the square of the distance d from of a gas varies directly as the temperature T and 

the center of the earth. At sea level (3978 mi from the inversely as the pressure P. If V = 231 cm’ when 
center of the earth), an astronaut weighs 220 lb. Find T = 42° and P = 20kg/cm”, what is the volume when 
his weight when he is 200 mi above the surface of the T = 30° and P = 15kg/cm?? 


earth and the spacecraft is not in motion. 


43. Earned-Run Average. A pitcher’s earned-run 44. Atmospheric Drag. Wind resistance, or atmospheric 
average E varies directly as the number R of earned drag, tends to slow down moving objects. Atmospheric 
runs allowed and inversely as the number J of innings drag varies jointly as an object’s surface area A and 
pitched. In 2013, Jon Lester of the Boston Red Sox had velocity v. Ifa car traveling at a speed of 40 mph with 
an earned-run average of 3.75. He gave up 89 earned a surface area of 37.8 ft? experiences a drag of 222 N 
runs in 213.1 innings. How many earned runs would (Newtons), how fast must a car with 51 ft” of surface 
he have given up had he pitched 235 innings with the area travel in order to experience a drag force of 430 N? 


same average? Round to the nearest whole number. 


Source:Major League Baseball 


45. Water Flow. The amount Q of water emptied by a 46. Weight ofaSphere. The weight W ofasphere ofa 
pipe varies directly as the square of the diameter d. given material varies directly as its volume V, and its 
A pipe 5 in. in diameter will empty 225 gal of water volume V varies directly as the cube of its diameter. 
over a fixed time period. If we assume the same kind a) Find an equation of variation relating the weight W 
of flow, how many gallons of water are emptied in to the diameter d. 
the same amount of time by a pipe that is 9 in. in b) Aniron ball that is 5 in. in diameter is known to 
diameter? weigh 25 lb. Find the weight of an iron ball that is 


8 in. in diameter. 


ol 0 LS EUG. (sin: Ui © anh nee a nn eT on nn oer een eve 
Write interval notation for the given set. 
47. {y|y = —8} [1.4b] 48. {x|xisarealnumber}  [1.4b] 49, {t|-5 <t< 15} [1.4b] 
50. {al|a < —4o0ra = 0} [1.5b] 51. {qiq< —3} [1.4b] 52. {x|x > 2orx =< —8} [1.5b] 
Solve. 
53. 3x —-y = 7, 54. 6x — 2y = 12, 
y=1-~x [8.2a] 3x + 2y = 24 [3.3a] 
BAAN Nakata estes operated eho aatepe ened eas lale eager ders bacenn ane omen oenonenseaime pew ameter eet 
55. In each of the following equations, state whether y 56. Area ofa Circle. The area ofa circle varies directly 
varies directly as x, inversely as x, or neither directly as the square of the length of a diameter. What is the 
nor inversely as x. variation constant? 
a) 7xy = 14 b) x — 2y = 12 
c) —2x + 3y=0 d) x=iy 
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CHAPTER 


5 Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the right. positive 
Some of the choices may be used more than once, and some may not be used. negative 
1. An equality of ratios, A/B = C/D, is called a(n) . [5.6b] proportional 
2. An expression that consists of the quotient of two polynomials, where the proportion 


polynomial in the denominator is nonzero, is called a(n) 


: rational 
expression. [5.1a] 
complex 
3. A(n) equation is an equation containing one or more 
: ; constant 
rational expressions. [5.5a] 
. : : : ; ; inverse 
A. Ifa situation gives rise to a function f(x) = k/x, or y = k/x, where kis a(n) di 
constant, we say that we have Irect 
variation. [5.8c] joint 


5. A(n) rational expression is a rational expression that contains 
rational expressions within its numerator and/or its denominator. [5.4a] 


6. Ifa situation gives rise to alinear function f(x) = kx, or y = kx, where kis 
a(n) constant, we say that we have 
variation. The number k is called the variation . [5.8a] 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. If yis inversely proportional to x, then the rational function f(x) = k/x 
can model the situation. [5.8c] 


2. Clearing fractions is a valid procedure only when solving equations, 
not when adding, subtracting, multiplying, or dividing rational expressions. 


[5.5a] 


Study Guide 


Objective 5.1a Find all numbers for which a rational expression is not defined or that are not in the 
domain of a rational function, and state the domain of the function. 


2 
x° — 12x + 27: Practice Exercise 
Example Find the domain of f(x) = —————__.._:: 
x” + 6x — 16 : |. Find the domain of 
The rational expression is not defined for a : a oe = 2 
replacement that makes the denominator 0.Wesetthe  : f(x) = go Seer 


denominator equal to 0 and solve for x. 
x” + 6x — 16 =0 
(x + 8)(x — 2) =0 
x+8=0 or x-2=0 
x= -—8 or x= 2 
The expression is not defined for replacements —8 and 2. 
Thus the domain is 


{x|xisareal number andx # —8andx # 2}, 
or (—%, —8) U (—8, 2) U (2, ~). 
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Objective 5.1c Simplify rational expressions. 


Example Simplify: aol 

a’ +7a-8 
@-1 _(@+1)(@-1)_at1 a-1_at1 
a+7a—-8 (at+8)\(a-1) at+8 a-1 8 


Practice Exercise 
2. Simplify: 
p= so 
bP = 5b = 24 


Objective 5.1e Divide rational expressions and simplify. 


- te LPL PKs 
Example Divide and simplify: Lee aoe 
Prod P= P+ 26b4 P42? 
3+ 6t tf + 2f? ae +6 OU 8 
_ + are aa) E+?) 
3f(t+ 2) (t — Eee) 
7 t 
~ 3(t — 2) 


Practice Exercise 
3. Divide and simplify: 


w® — 125 w—5 


w? + 8w2 + 15w 


w® — 25w 


Objective 5.2a Find the LCM of several algebraic expressions by factoring. 


Example Find the LCM of x", 16x? — 25, and 
4x? — 15x? — 25x. 


We factor each expression completely: 


x= XOX; 

16x? — 25 = (4x + 5)(4x — 5); 

Ax? — 15x” — 25x = x(4x + 5)(x — 5). 

LCM = x-x-° (4x + 5)(4x — 5)(x — 5); 
= x7(4x + 5)(4x — 5)(x — 5) 


Practice Exercise 


4. Find the LCM of x*, x° — 9x°, and 
2x? + 1lx + 15. 


Objective 5.2b Add and subtract rational expressions. 


Example Subtract: 
x—y 3y 
2 2 2 2- 
x“ + 3xy + 2y x" + 6xy + 5y 
First, we factor the denominator of each term. 


Practice Exercise 
5. Subtract: 
r+s 


re+rs— 2s? r 


ay ay The LCM is 
(x + 2y)(x+y) (x + Sy)(x + y) (x + 2y)(x + y)(x + Sy). : 
x—-y x + 5y 3y xt 2y 
(x + 2y)(x+y) x+5y (xt Sy)(x+y) x + 2y 
7 (x — y)(x + 5y) 3y(x + 2y) 
(x + 2y)(x + y)(x + Sy) (x + Sy)(x + y)(x + 2y) 
__ (x? + 4xy — 5y*) — (3xy + 6y*) 
(x + 2y)(x + y)(x + 5y) 
eo Any = by? = Say Gy" x? + xy -— lly’ 
(x + 2y)(x + y)(x + 5y) (x + 2y)(x + y)(x + 5y) 
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Objective 5.3b Divide a polynomial by a divisor that is not a monomial, and if there is a remainder, 
express the result in two ways. 


Example Divide: (y? — 2y + 13) + (y + 2). Practice Exercise 
v4 : 6. Divide: 
y + 2)y? — 2y + 13 (y* — 5y + 9) + (y— 1). 
y + 2y The answer is y — 4,R21; : 
—4y + 13 21 
—4y — —4+—. 
4y 8 ory yee 
21 


Objective 5.3c Use synthetic division to divide a polynomial by a binomial of the type x — a. 


Example Use synthetic division to divide: Practice Exercise 


(x? = Bk? — 6) = (+ 2). : 7, Use synthetic division to divide: 
There is no x-term, so we write 0 for its coefficient. (x3 — 5x? — 1) + (x + 3). 


Note that x + 2 = x — (—2),so we write —2 on the left. 


=2]1-2 0 -6  qheansweris x? — 4x + 8, R —22; : 
—2 8 —16 _22 : 


2 
_ = Or x 4x + 84 2 
1-4 8 22 x+2 


Objective 5.4a Simplify complex rational expressions. 


2 5 : Practice Exercise 
x implify: 
Example Simplify: - Ge Simapliey; 
5. 12 : 2 8 
tt : vets 
x y ab 
The LCM of all denominators is xy. 8 2° 
2.8 2,8 2,,_8, | ab 
x y_x yu x” yo 25x 
2 5 2 3 2 5y + 2 
Pee 2a We 2: xy t+ ales 
xX y xX y x y 
Objective 5.5a Solve rational equations. 
Example Solve: : Practice Exercise 
12 S.- _, A : 9. Solve: 
x-—6e-7 x-7 x41 5 _ 4 
The LCM of the denominators is (x — 7)(x + 1). We multiply =f BES f° +e =20 
all terms on both sides by (x — 7)(x + 1). : 
12 3 1 
7 age! Z ge 
ene (= —6x-7 x- 5) oer th x+1 


12 —-3(x+1)=x-7 
12 = 34 S347 
9-3x=x-7 
—4x = —-16 
x=4 
We must always check possible solutions. The number 4 checks 
in the original equation. The solution is 4. 


S 
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Objective 5.8a Find an equation of direct variation given a pair of values of the variables. 


Example Find the variation constant and an equa- : Practice Exercise 
tion of variation in A hich y varies directly as x, and > 10. Find the variation constant and an equation 
y = 44whenx = 5. of variation in which y varies directly as x, and 
y=kx Direct variation y = 62 when x = 3. 
44=k-*% — Substituting 
n’44=k 

20=k 
The variation constant is 20. The equation of variation 
is y = 20x. 


Objective 5.8c Find an equation of inverse variation given a pair of values of the variables. 


Example Find the variation constant and an equa- : Practice Exercise 


one of veanaedn as which y varies inversely as x, and : 11, Find the variation constant and an equation of 
y = yg when x = 2. variation in which y varies inversely as x, and 
k es : y = jwhenx = 15. 
a Inverse variation 
5 k 
—_—=— Substituting 
18 2 
5 
2-—=k 
18 
5 
== k 
9 
The variation constant is 3. The equation of variation is 
9 
= >ory=—. 
y x y 9x 
Review Exercises 
1. Find all numbers for which the rational expression Perform the indicated operations and simplify. [5.1d, e], 
x? — 3x+2 : [5.2b, c] 
x2-9 gf eos 
is not defined. [5.la] 2y+10 yt+8 
2. Find the domain of fwhere : 3 2 
2 4,49 : ,o x* + 10x + 25 
x : . ° 
f(x) = —3———... [5. 1a] : x7 - 25 x7 +2x+4 
x = 9 : 
Simplify. [5.1c] : ia 6g? = 1 Badd 
ier =e 2 4 oat D * @-9 ° at3 
" 12x? + lx + 2 © GSB 
Find the LCM. [5.2a] yy, % 7 84, eet Bx t+ 6 
5. 6x? 16x? : x? — 16 x? — 3x — 18 
6. x7 — 49, 3x +1 7 2 


12. > 5 
9 7 x Poe Oe oxo Sx 2 
Ts" FX — 20, x° + 3x — 10 
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yg 2y* 
13. ai ad 
X-y xry 
3 243 
14. Z + Z 
y+4 y-1 y?+3y-4 
Divide. 
15. (16ab%c — 10ab’c* + 12a*b*c) + (4ab) [5.3a] 
16. (y? — 20y + 64) + (y— 6) [5.3b] 
17. (6x* + 3x7 + 5x + 4) Ge? +2) [6.35] 
Divide using synthetic division. Show your work. [5.3c] 


18, (oe ae = 7) = ee 4) 


19. (3x* — 5x? + 2x — 7) + (x +1) 
Simplify. [5.4a] 
3 
3 Pe | epee 
20, — 
4 
4 ores 
y 
2,2 
a b 
21, 
24>. 
a Ob 
x? — 5x — 36 
2) = 
a, ae 
x7 +x—- 12 
x? — 12x + 36 
4 2 
+ B= Oa 
23. x+3 Xx Sx 2. 
f), 1 
x-2 x°+2x-3 


Solve. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


[5.5a] 


x x 
-+ l=] 
47 


x-3 4x+20 x24 2x-—15 


Given that 
6 4 
f(x) =-=+7-, 


eX 
find all x for which f(x) = 5. 


House Painting. David can paint the outside of 
a house in 12 hr. Bill can paint the same house in 
9 hr. How long would it take them working 

[5.6a] 


together to paint the house? 


Boat Travel. The current of the Gold River is 

6 mph. A boat travels 50 mi downstream in the 
same time that it takes to travel 30 mi upstream. 
Complete the table below and then find the speed 
of the boat in still water. [5.6c] 


DISTANCE | SPEED | TIME 
DOWNSTREAM | 
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32. Travel Distance. Fred operates a potato-chip 
delivery route. He drives 800 mi in 3 days. How far 
will he travel in 15 days? [5.6b] 


Solve for the indicated letter. [5.7] 


d 
33. W = = , for d; for c 
Cc 


+d 


34. S = Es 2 eh tovd 
a b 


35. Find an equation of variation in which y varies 
directly as x, and y = 100 when x = 25. [5.8a] 


36. Find an equation of variation in which y varies 
inversely as x, and y = 100 when x = 25. [5.8c] 


37. Pumping Time. The time f required to empty a 
tank varies inversely as the rate r of pumping. If 
a pump can empty a tank in 35 min at the rate of 
800 kL per minute, how long will it take the pump 
to empty the same tank at the rate of 1400 kL per 
minute? [5.8d] 


38. Test Score. The score Nona test varies directly as 
the number of correct responses a. Ellen answers 
28 questions correctly and earns a score of 87. What 
would Ellen’s score have been if she had answered 
25 questions correctly? [5.8b] 


39. Power of Electric Current. The power P expended 
by heat in an electric circuit of fixed resistance var- 
ies directly as the square of the current Cin the 
circuit. A circuit expends 180 watts when a current 
of 6 amperes is flowing. What is the amount of heat 
expended when the current is 10 amperes? 

[5.8f] 


2 
40. Find the domain of f(x) = — [5.1a] 
Ke 2X S39 


Al. Find the LCM of x°, x — 4, x? — 4, and x? — 4x. 
[5.2a] 
A. ee = a)? 
B. (x — 4)(x + 4) 
C. x(a 4)(x— 2) (a + 2) 


Dix (¢> Ay 

Oy CI a oseaccsecctesncnsisea nti nietedeinan: 

: : ar a—b 
42. Find the reciprocal and simplify: aE [5.1c, e] 

a 
5 6 
43. Solve: = 5 . . [5.5a] 
R= 13 & xX = 13x 


Understanding Through Discussion and Writing 


1. Discuss at least three different uses of the LCM 
studied in this chapter. [5.2b], [5.4a], [5.5a] 


2. You have learned to solve a new kind of equation 
in this chapter. Explain how this type differs from 
those you have studied previously and how the 
equation-solving process differs. [5.5a] 


3. Explain why it is sufficient, when checking a 
possible solution of a rational equation, to verify 
that the number in question does not make a 
denominator 0. [5.5a] 


4. Ify varies directly as x and x varies inversely as z, 
how does y vary with regard to z? Why? [5.8a, c, e] 


5. Explain how you might easily create rational equa- 
tions for which there is no solution. (See Example 4 
of Section 5.5 for a hint.) [5.5a] 


6. Which is easier to solve for x? Explain why. [5.7] 
a ee | a oe 
38. 47~—~=COx ab «x 
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CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youffi) (search “BittingerInterm” and click on “Channels’). 


1. Find all numbers for which the rational expression 
Seo ll 
x? — 3x +2 
is not defined. 


Simplify. 
12x? + llx + 2 
4x? — 7x — 2 


5. Find the LCM of x? + x — 6andx? + 8x + 15. 


Perform the indicated operations and simplify. 
F Ox 20K 00 eve 
‘ el ode 


Divide. 


W2(20725° 4 157-5 — 107 sors) 


TA oN oy 2 cel) 


Divide using synthetic division. Show your work. 
Hs, (Ge se Sie ss Dp iy =) 


Simplify. 
ee 
2 

EG 

17. 

1 
il Ss 
x 


19. Given that 
2 2 


NC Ng ea naar 


find all x for which f(x) = 1. 


11. 


13. 


16. 


18. 


Find the domain of f where 


2 

ae = ANG 
y) == — 
Ae) x? — 3x + 2 


jr te Tl 
pe 


58 5 
x? + 1lx+30 x? + 9x + 20 


a b 2 
a-b @t+ab+h a-b 


Gy 125) (7) 


(Ge ae Bea = TG) (a2 ae 2) 


Test: Chapter 5 487 


2 3 
20. = 
se = Il se ap & 
2x 5 
22s = 


24. Completing a Puzzle. Working together, Rachel and 
Jessie can complete a jigsaw puzzle in 1.5 hr. Rachel 
takes 4 hr longer than Jessie does when working alone. 
How long would it take Jessie to complete the puzzle? 


23. 


25. Bicycle Travel. David can bicycle at a rate of 12 mph 
when there is no wind. Against the wind, David bikes 
8 mi in the same time that it takes to bike 14 mi with the 
wind. What is the speed of the wind? 


26. Predicting Paint Needs. Logan and Noah run a summer painting company to defray their college expenses. They 
need 4 gal of paint to paint 1700 ft? of clapboard. How much paint would they need for a building with 6000 ft? of 


clapboard? 


Solve for the indicated letter. 


27. T= ap , for a; for b 
(ih = 1 


29. Find an equation of variation in which Q varies jointly 
as x and y, and Q = 25 when x = 2andy = 5. 


31. Income vs. Time. Kaylee’s income I varies directly as 
the time ¢ worked. She gets a job that pays $550 for 40 hr 
of work. What is she paid for working 72 hr, assuming 
that there is no change in pay scale for overtime? 


33. Area ofa Balloon. The surface area of a balloon varies 
directly as the square of its radius. The area is 314 cm” 
when the radius is 5 cm. What is the area when the 
radius is 7 cm? 


SUED LI CES TS ne eee ee eer ae en tee a eee er Oe eer ee ee ea 


6 
35. Solve: == : 
Xx — 15 as ap~ = Iie 


28. Q= 7 — jy fora 


30. Find an equation of variation in which y varies 
inversely as x, and y = 10 when x = 25. 


32. Time and Speed. The time t required to drive a fixed 
distance varies inversely as the speed r. It takes 5 hr at 
60 km/h to drive a fixed distance. How long would it 
take to drive that same distance at 40 km/h? 


34. Find the LCM of 6x?, 3x” — 3y?, and x” — 2xy — 3y?. 
Ny Gee (rg te iba = eh) 
1, Gsd(ee > Ge = Ge = Sy) 
Ones Co) a) 
D. 6x°(x + y)(x — y)(x — 3y) 


36. Find the x- and y-intercepts of the function f given by 
5 3 


flo = 7S 


4 = B 
w= 8 ge ap Al 
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CHAPTERS 


Cumulative Review 


Simplify. 
8) (6m — 7i)- 9. (3a — 4b)(5a + 2b) 
yo =a ye 9x2 -25 3x45 
10. . i, = : 
SV ar 38) Yar 2 se = 1G x—A4 
2 
1 2 Soe 
2x + — 
123 = 13. 
4x—12 5x —-15 1 
ache) 
y 


Hee Gy = Dp de 5) = filer ae ip se 5) 


15. 


G2 ren ee) 


: Solve. 
5. Given that g(x) = |x — 4| + 5, find g(—2). sigs Sy — (by — 3) — 33 


6. Given that ; Aree ie ay aa ee 
= 

x) = > 

fix) x? — 25 


find the domain. e 3x 6 24 


7. Find the domain and the range of the function 


graphed below. 
3a 9) 
20. P= , fora Pil, JF = C6 4 $Y, lor C 
Ge iD 5 
6 D 
22 0x2 ae: =— 
og 6) 2x 
24. 8x = 1+ 16x? 25. 14 + 3x = 2x? 


Cumulative Review: Chapters 1-5 489 


Solve 

26. 4x — 2y = 6, 27. 4x + 5y = —3, 
Ce— ay = 9) so = ll = Shp 

28. x + 2y — 2z— 9, Pah 30 ar WY ar aig = 2), 
Poe = ayy ar 4g = aL 4x + 4y == 
Gye = 45 ap eg = ©) See ar QV = ae = 

Factor. 

30. 4x° + 18x? 31. 8a° — 4a? — 6a + 3 

32. x7 + 8x — 84 33. 6x? + llx — 10 

S47 16) — Bll S50 Gr 64 

36. 64x° + 8 37. 0.027b* — 0.008c? 

38. x® — x? 39. 20x? + 7x — 3 


43. 


44, 


Waste Generation. The amount of waste generated 
by a fast-food restaurant varies directly as the number 
of customers served. A typical restaurant that serves 
2000 customers per day generates 238 lb of waste daily. 
How many pounds of waste would be generated daily 
by a restaurant that serves 1700 customers per day? 


36 4 28 
Solve: = 3 : 
x= 4 39 ar 8 Ky SES 12: 
A. No solution B. 0 
C =4433 ID, 4 = 83 


40. Find an equation of the line with slope —5 passing . 
through the point (2, —2). 45. Solve: x° — x — 6 = 6. 
A. 4,9 B. 3,8 
C. 4, -3 D. 0,1 
41. Find an equation of the line that is perpendicular to 
the line 2x + y = 5 and passes through the point 
(3, =), 
46. Tank Filling. An oil storage tank can be filled in 
10 hr by ship A working alone and in 15 hr by ship B 
42. Hockey Results. A hockey team played 81 games ina working alone. How many hours would it take to 
season. They won 1 fewer game than three times the fill the oil storage tank if both ships A and B are 
number of ties and lost 8 fewer games than they won. working? 
How many games did they win? lose? tie? A. 8hr B. 6hr 
C. 12}hr D. 25 hr 
SN MILELE S19) is seat deme base settee 
47. The graph of y = ax? + bx + ccontains the three 
points (4, 2), (2,0), and (1, 2). Find a, b, and c. 
Solve. 
48. 16x° = x 
18 10 28x 
49. =3 
Ki SAO) Xt eo SAy AG 
490 CHAPTER 5 Rational Expressions, Equations, and Functions 


Copyright © 2015 Pearson Education, Inc. 


CHAPTER 


Radical 
-——_,-: Expressions, 
6.2 Rational Numbers as Exponents Eq uati on S, an d 


6.3 Simplifying Radical Expressions 

6.4 Addition, Subtraction, and More : . 
Mulpcaton - Functions 

Mid-Chapter Review 


6.5 More on Division of Radical 
Expressions 


6.6 Solving Radical Equations 
6.7. Applications Involving Powers 
and Roots ~ — 


Translating for Success ' 


6.8 |The Complex Numbers 


Summary and Review 
Test 
Cumulative Review 


STUDYING FOR SUCCESS 


Quiz and Test Follow-Up 


{} Immediately after completing a chapter quiz or test, write out a step-by-step solution of each 


question that you missed. 


{_) Visit your instructor or tutor for help with problems that are still giving you trouble. 


{] Keep your tests and quizzes, along with their corrections, to use as a study guide for the final 


examination. 


OBJECTIVES 


Find principal square 

roots and their opposites, 
approximate square roots, 
identify radicands, find out- 
puts of square-root functions, 
graph square-root functions, 
and find the domains of 
square-root functions. 


Simplify radical expressions 
with perfect-square radicands. 


Find cube roots, simplifying 
certain expressions, and 
find outputs of cube-root 
functions. 


Simplify expressions involving 
odd roots and even roots. 


SKILL TO REVIEW 


Objective 2.3a: Find the domain 


of 


a function. 


Find the domain. 


l. f(x) = —— 


6 


K=38 


2. f(x) =x? +3 


Find the square roots. 


1.9 


2. 36 3. 121 


Answers 


Skill to Review: 
1. {x|xisarealnumber andx # 8} 
2. All real numbers 


Margin 


Exercises: 


1.3,-3 2.6,-6 3. 11,-11 
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Radical Expressions 
and Functions 


In this section, we consider roots, such as square roots and cube roots. We 
define the symbolism and consider methods of manipulating symbols to 
get equivalent expressions. 


SQUARE ROOTS AND 
SQUARE-ROOT FUNCTIONS 


When we raise a number to the second power, we say that we have squared 
the number. Sometimes we may need to find the number that was squared. 
We call this process finding a square root of a number. 


SQUARE ROOT 


The number c is a square root of aif c” = a. 


For example: 
5 is a square root of 25 because 5° =5-5 = 25; 
—5 is a square root of 25 because (—5)” = (—5)(—5) = 25. 


The number —4 does not have a real-number square root because 
there is no real number c such that c? = —4. 


PROPERTIES OF SQUARE ROOTS 


Every positive real number has two real-number square roots. 
The number 0 has just one square root, 0 itself. 
Negative numbers do not have real-number square roots.* 


EXAMPLE 1_ Find the two square roots of 64. 
The square roots of 64 are 8 and —8 because 8” = 64 and (—8)” = 64. 


< Do Margin Exercises 1-3. 


*In Section 6.8, we will consider a number system in which negative numbers do have 
square roots. 
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PRINCIPAL SQUARE ROOT 


The principal square root of a nonnegative number is its 
nonnegative square root. The symbol Va represents the principal 
square root of a. To name the negative square root of a, we can 


write — Va. 


EXAMPLES Simplify. 


v Remember: V indicates the principal 
2. V25=5 (nonnegative) square root. 


3. -—-V25 = —-5 
81 9 (2) 9 9 81 
— = —because Se SS 
64 8 8 8 8 64 
. V0.0049 = 0.07 because (0.07)? = (0.07) (0.07) = 0.0049. 
- —V0.000001 = —0.001 
, VO=H= 6 
- V-25 Does not exist as a real number. Negative numbers do not 
have real-number square roots. 


on om ol 


Do Exercises 4-13. D> 


We found exact square roots in Examples 1-8. It would be helpful to 
memorize the table of exact square roots at right. We often need to use 
rational numbers to approximate square roots that are irrational. Such 
expressions can be found using a calculator with a square-root key. 


EXAMPLES Use acalculator to approximate each of the following. 


Using a calculator with Rounded to three 
Number a 10-digit readout decimal places 

9. V1l 3.316624790 3.317 

10. V 487 22.06807649 22.068 

ll. —V 7297.8 —85.42716196 — 85.427 
463 

12...) .9117229728 0.912 
557 


Do Exercises 14-17. > 


RADICAL; RADICAL EXPRESSION; RADICAND 


The symbol V is called a radical. 


An expression written with a radical is called a radical expression. 


The expression written under the radical is called the radicand. 


These are radical expressions: 
V5, Va, —V5x, Vy? +7. 


The radicands in these expressions are 5, a, 5x, and y” + 7, respectively. 


SECTION 6.1 


Simplify. 


4. a) V16 5. a) V49 
b) —V16 b) —V/49 
c) V—-16 c) V—49 
6. V1 7. —-V36 
“81 
8. ,./—— 9. 0.0064 
100 
25 ‘16 
10. —,/— i. ,/— 
64 9 
12. —V0.81 13. V1.44 


TABLE OF SQUARE ROOTS 


VI=1 V196 = 14 
V4=2 V225 = 15 
V9 =3 V/256 = 16 
V16 = 4 V/289 = 17 
V25 = 5 V/324 = 18 
V36 = 6 V361 = 19 
V49 = 7 V/400 = 20 
V64 = 8 V44l = 21 
V8l = 9 V484 = 22 
V100 = 10 V529 = 23 
V121 = 11 V576 = 24 
V144 = 12 625 = 25 
169 = 13 


Use a calculator to approximate 
each square root to three 
decimal places. 


14. V17 15. V1138 


22 
16. — 867.6 I.) 35 


Answers 


4. (a) 4; (b) —4; (c) does not exist as a real number 
5. (a) 7; (b) —7; (c) does not exist as a real number 
9 5 
6.1 %=-6 8. 10 9. 0.08 10. 8 
4 
11. 5 12. —0.9 13.1.2 14. 4.123 


15. 33.734 16. —29.455 = 17. 0.793 
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Identify the radicand. 
18. 5V28 + x 


For the given function, find the 
indicated function values. 


20. g(x) = Véx +4; 2(0),g(3), & 
and g(—5) 


g(0) = V6- +4 
= / 
=V4= 

g(3) = V6- tA 
=V +4 
= V22 


—26isa 

negative/positive 
radicand. No real-number 
function value exists. 


21. f(x) = -Vx; f(4),f(7), 
and f(—3) 


Answers 


18. 28+x 19. 


er 20. 2; V22 ~ 4.690; 
y 


does not exist as a real number 
21. —2;—\/7 ~ —2.646; does not exist as a 
real number 


Guided Solution: 
20. 0, 0, 2; 3, 18; —5, —30, negative 


EXAMPLE 13 Identify the radicandinxV x” — 9. 
The radicand is the expression under the radical, x* — 9. 


< Do Exercises 18 and 19. 


Since each nonnegative real number x has exactly one principal square 
root, the symbol Vx represents exactly one real number and thus can be 
used to define a square-root function: 


fy. = ve 
The domain of this function is the set of nonnegative real numbers. In 
interval notation, the domain is [0, ©). 
EXAMPLE 14 _ For the given function, find the indicated function values: 
f(x) = V3x = 2; f(1),f(5), and f(0). 
We have 
fi) = vV3-1-2 Substituting 1 for x 
= V9 —2= V1 = 1; Simplifying and taking the square root 
f(5) = V3-5-—2 Substituting 5 for x 
= V13 ~ 3.606; Simplifying and approximating 
f(0) = V3-0-—2 — Substituting 0 for x 
= V=2. Negative radicand. No real-number function 


value exists; 0 is not in the domain of f 


< Do Exercises 20 and 21. 


EXAMPLE 15 _ Find the domain of g(x) = Vx + 2. 


The expression Vx + 2is areal number only when x + 2 is nonnega- 
tive. Thus the domain of g(x) = Vx + 2is the set of all x-values for which 
x + 2 = 0. We solve as follows: 


x+220 
x= -2, Adding —2 
The domain of g = {x|x = —2} = [—-2, 0). @ 


EXAMPLE 16 Graph: (a) f(x) = Vx; (b) g(x) = Vx + 2. 


We first find outputs as we did in Example 14. We can either select in- 
puts that have exact outputs or use a calculator to make approximations. 
Once ordered pairs have been calculated, a smooth curve can be drawn. 


a) YA 
x f(x) = Vx (x, f(*)) 
0 0 (0, 0) 
1 1 (1,1) 
3 L7 (3, 1.7) 
4 2 (4, 2) -3-2-1 123 45 67 8 9 P 
7 2.6 (7, 2.6) x 
9 3 (9, 3) 


We can see from the table and the graph that the domain of fis [0, ©). 
The range is also the set of nonnegative real numbers [0, ~). 
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b) Yh 
x g(x) = VEZ (x B(x) 


: g(x)=Vx+2 — (10,3.5) 
= 0 (—2, 0) ; 
=" 1 (=4, 1) 2 
0 14 (0, 1.4) 
3 2.2. (3, 2.2) ~2-i | 12345 67 8 9 10 a 
5 2.6 (5, 2.6) (2,0), 
10 3.5 (10, 3.5) 


Find the domain of each function. 


22. f(x) = Vx-—5 
We can see from the table, the graph, and Example 15 that the domain 


of gis [—2, ©). The range is the set of nonnegative real numbers [0, ©). 23. g(x) = V2x + 3 
Do Exercises 22-25. > Graph. 
24, g(x) = —Vx 


GR FINDING Va? 


In the expression Va, the radicand is a perfect square. It is tempting to 
think that Va? = a, but we see below that this is not always the case. 
Suppose a = 5. Then we have V5, which is V 25, or 5. 
Suppose a = —5. Then we have V (—5)’*, which is V‘25, or 5. 
Suppose a = 0. Then we have V02, which is V0, or 0. 


The symbol Va? never represents a negative number. It represents the 
principal square root of a”. Note the following. 


SIMPLIFYING Va? 


If ais positive or 0, the principal square root of a’? is a. 


a<0—> V@=-a 
If a is negative, the principal square root of a’ is the opposite of a. 


In all cases, the radical expression represents the absolute value of a. 


PRINCIPAL SQUARE ROOT OF a? 
Answers 


For any real number a, Va? = |a|. The principal (nonnegative) 22, {ule > 5}, or[5, -) 


> 3 —3 

square root of a” is the absolute value of a. 7 a = alee ae) 
4 
2 

The absolute value is used to ensure that the principal square root is RR BE BE Em )4 
nonnegative, which is as it is defined. ie 
<4 
g(x) = -Vx 
25. y 


f(x) = 2V¥x +3 
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Find each of the following. Assume 
that letters can represent any real 


number. 


26. Vy? 


28. V(5y)? 


27. V(—24)? 


30. V(x + 7) 


31. V4(x — 2)? 


32. V49(y + 5)? 


33. Vn = Gx 9 


[= 


| 


29. V16y? 


Find each of the following. 


34. W/-64 


36. Wa(x+ 2) 37. 


Answers 


35. 


26. |y| 27. 24 28. 5ly| 29. 4|y| 
31. 2|x— 2| 32. 7|y + 5] 


30. |x + 7| 
33. |x — 3| 
7 


37. —— 
4 


34. -4 35. 3y 


Guided Solution: 


33. 3,x 
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36. 2(x + 2) 


EXAMPLES _ Find each of the following. Assume that letters can represent 
any real number. 


17. V (-16)? = |-16], or 16 
18. V (3b)? = |3b| = |3| - |b] = 3D 


|3b| can be simplified to 3|b| because the absolute value of any product is 
the product of the absolute values. That is, |a - b| = |a| - |b]. 


sae te oe) Caution! ~~ 
20. Vx* + 8x + 16 = V(x + 4)? let aGewotthe 


= |x + 4| <——sameas |x| + 4. 


< Do Exercises 26-33. 


— cuBeE ROOTS 


CUBE ROOT 


The number c is the cube root of a, written Wa, if the third power of 
cis a—that is, ifc? = a, then Wa = c. 


For example: 


2 is the cube root of 8 because 2° = 2+ 2-2 = 8; 
—4 is the cube root of —64 because (—4)* = (—4)(—4)(—4) = —64. 


We talk about the cube root of a number rather than a cube root because of 
the following. 


Every real number has exactly one cube root in the system of real 
numbers. The symbol Wa represents the cube root of a. 


EXAMPLES _ Find each of the following. 
21. \/8 = 2 because 2° = 8. 22, W-27 = -3 


216 6 
ay ee 24. V/0.001 = 0.1 
125 5 
25. Wx8 = x 26. \/—-8 = -2 
a7. 0. 20 28. W/—8y? = W/(-2y)2 = -2y @ 


When we are determining a cube root, no absolute-value signs are needed 
because a real number has just one cube root. The real-number cube root of a 
positive number is positive. The real-number cube root of a negative number 
is negative. The cube root of 0 is 0. That is, a> = awhethera > 0, a < 0, 
ora = 0. 


< Do Exercises 34-37. 
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Since the symbol Wx represents exactly one real number, it can be 
used to define a cube-root function: f(x) = Wx. 


EXAMPLE 29 For the given function, find the indicated function values: 


f(x) = Wx; f(125), f(0), f(—8), and f(—10). 


We have 
f(125) = W125 = 5; a 
f(0) = Wo = 0; fx) = Ve 4 
3 
1) = VS 2 
f(-10) = W-10 ~ —2.154. (0,0) 2 


(8, 2) 


The graph of f(x) = x is shown above for reference. Note that both 
the domain and the range consist of the entire set of real numbers, (—~, ~). 


Do Exercise 38. > 


ER ODD AND EVEN kTH ROOTS 


In the expression Wa, we call k the index and assume k = 2. 


Odd Roots 


The 5th root of anumber a is the number c for which c? = a. There are also 
7th roots, 9th roots, and so on. Whenever the number k in a is an odd 
number, we say that we are taking an odd root. 

Every number has just one real-number odd root. If the number is 
positive, then the root is positive. If the number is negative, then the root 
is negative. If the number is 0, then the root is 0. For example, Vi = 2, 
W-8 = —2,and W/0 = 0. Absolute-value signs are not needed when we 
are finding odd roots. 


If k is an odd natural number, then for any real number a, 


Vak = a. 


EXAMPLES Find each of the following. 


30. \/32 = 2 


31. \/—32 = -2 
32. —W/32 = -2 33, —W/-32 = -(-2) =2 
$4. x! =a 35. V/128 = 2 

36. W/—128 = -2 37. W/0 = 0 


38. Va =a 39. W(x -— 1) =x-1 


Do Exercises 39-45. D> 
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> 
x 


38. For the given function, find the 
indicated function values: 


g(x) = Vx - 4; g(—23), 


g(4),g(—1), andg(11). 


Find each of the following. 


39. V/243 40. \/—243 
Al. W/x5 42, Wy’? 
43. V/0 44, W/—32x5 


45. W/(3x + 2)" 


Answers 


38. —3;0; \/—5 ~ —1.710; W7 ~ 1.913 
39.3 40.-3 41x 42y 43.0 
44, —-2x 45. 3x+2 
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Even Roots 


When the index k in Wis an even number, we say that we are taking 
an even root. When the index is 2, we do not write it. Every positive real 
number has two real-number kth roots when k is even. One of those roots 
is positive and one is negative. Negative real numbers do not have real- 
number kth roots when k is even. When we are finding even kth roots, 
absolute-value signs are sometimes necessary, as we have seen with square 
roots. For example, 


Vei=8, W64=2, —W/64=—2, W64x® = W/(2x)8 = |2x| = 2lx. 
Note that in W/64x°, we need absolute-value signs because a variable is 


involved. 


EXAMPLES Find each of the following. Assume that variables can rep- 
resent any real number. 


40. \/16 = 2 41. —W/16 = —2 


42. \/-16 43. W/81x* = W(3x)* = |3x| = 3|x| 
Does not exist as a real 
number. 
Find each of the following. Assume 6/7... NG ay a ee Oo ee _ 
that letters can represent any real 44. V(y + 7)° = |y +7] 45. V8ly* = V (9y)° = |9y| = oly 
number. 
4/ oy _ 4 
46. V'81 si et The following is a summary of how absolute value is used when we are 
48. W/—81 49. W/o taking even roots or odd roots. 
50. W16(x — 2)* 51. Wx8 
( ) SIMPLIFYING 
52. W(x + 3) 
( ) For any real number a: 
——- 
53. Vix + 3)" a) Wak = |a| when k is an even natural number. We use absolute 
pa one value when k is even unless a is nonnegative. 
° Xx 
b) Wa* = awhen kis an odd natural number greater than 1. We do 
not use absolute value when k is odd. 

Answers 


46.3 47. —3 48. Does not exist asa real 
number 49.0 50. 2|x—2| 51. |x| 


52. |x +3| 53.x+3 54. 3x <€@ Do Exercises 46-54. 


For Extra Help 


' M at hx Ie EE 
MyMathLab” ol) mB 


Ra Reading Check 


Choose from the columns on the right the domain of the given function. Some of the choices may not be used, and some 


may be used more than once. 5 
RCl1. f(x) = V9-—x RC2. f(x) = Vx +9+3 a) [-3,”) b) [-9, ©) : 
RC3. g(x) = Vx— 3 RC4. h(x) =x +9 O12) Ow E 
e) (=o, 3] f) [9 oo ) & 
RCS. f(x) =3-—x RC6. g(x) =3- V3 -x g) (—~,3] h) [3, ©) ; 
i) (—6,@) j)) (—©,9] & 
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fay Find the square roots. 


1. 16 2. 225 3. 144 
Simplify. 
7. is 8. — nee 
36 9 
11. V0.0036 12. V0.04 


Use a calculator to approximate to three decimal places. 


15. V347 16. —V 1839.2 
Identify the radicand. 
19. 9\V/y? + 16 20. —3V/p? — 10 


For the given function, find the indicated function values. 


23. f(x) = V5x — 10; f(6),f(2),f(1), and f(—1) 
25. g(x) = Vx* — 25; g(—6),g(3),g(6), and g(13) 
27. Find the domain of the function f in Exercise 23. 


29. Parking-Lot Arrival Spaces. The attendants ata 
parking lot park cars in temporary spaces before 
the cars are taken to long-term parking stalls. The 
number N of such spaces needed is approximated by 
the function 


N(a) = 2.5Va, 


where ais the average number of arrivals in peak hours. 
What is the number of spaces needed when the average 
number of arrivals is 66? 100? 


21. 


24. 


26. 


28. 


30. 


ae) 5. 400 6. 81 
- V196 10. V441 
« V—225 14. V—64 


285 {839.4 
—- 18. ,./—_ 
74 19.7 


2 
vy = 2B. att /4 f 
youl b 


t(x) = —V2x +1; (4), t(0), t(—1), and ¢(—3) 
F(x) = Vx? + 1; F(0),F(—1), and F(—10) 
Find the domain of the function f in Exercise 24. 


Body Surface Area. Body surface area Bcan be 
estimated using the Mosteller formula 


B= |h X a 
3600 


where B is in square meters, h is height, in 
centimeters, and w is weight, in kilograms. Estimate 
the body surface area of (a) a woman whose height 
is 165 cm and whose weight is 63 kg and (b) aman 
whose height is 183 cm and whose weight is 100 kg. 
Round to the nearest tenth. 
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Graph. 
31. f(x) = 2Vx 


y YA YA yA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> 
~S7473r201) 123 45 % ~574-3-2-1) 123.4 5 x ~574737271) 123 45 x 7574-37271) 123 45 x 
—2 —2 —2 =2 
=3 -3 3 —3 
—4 —4 —4 —4 
a —5 —5 —5 
35. f(x) = Vx 36. g(x) = -—Vx 37. f(x) = Vx — 2 38. g(x) = Vx + 3 
y yA y YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
= = 
7574-37271) 12345 % 574737271) 12345 x. ~5747372-1, 123 45 x ~574-3-2-1) 12345 x 
+2 —2 —2 -2 
3 =3 =3 -3 
—4 —4 —4 —4 
—5 —5 =—5 —5 
39. f(x) = V12 — 3x 40. g(x) = V8 — 4x Al. g(x) = V3x +9 42. f(x) = V3x —- 6 
YH YA YA YA 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
iL 1 1 1 
= > ~ 
~o74r37271) 123 45 x ~574-37-2-1) 123 45 x ~574737271, 123 45 x ~5747-3-2-1) 123 45 x 
—2 2 —2 —2 
—3 —3 -3 —3 
—4 —4 —4 —4 
—5 —5 5 —5 


15) Find each of the following. Assume that letters can represent any real number. 


43. V 16x? 


47. V(p + 3)? 
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44, \/2502 


48. V(2 — x)? 


45. \/(—12c)? 


49. Vx2 — 4x + 4 
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46. \/(—9d)* 


50. V 90? — 30t + 25 
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51. W/27 52. —\/64 53. V/—64x3 54. W/—125y3 
55. /—216 56. — V/—1000 57. W/0.343(x + 1)3 58. V/0.000008(y — 2) 


For the given function, find the indicated function values. 


59. f(x) = Wx +1; f(7),f(26),f(—9), and f(—65) 60. g(x) = Va 1; g(—62), g(0), g(—13), and g(63) 
61. f(x) = —VW3x +1; f(0),f(—-7),f(21), and f(333) 62. g(t) = Wt-— 3; g(30),g(—5), g(1), and g(67) 


| Find each of the following. Assume that letters can represent any real number. 


63. —/625 64. —V/256 


66. —32 O%5. 4.) =— = 
243 


69. V/x® 70. ¥/y® 
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65. V/-1 


71. W(5a)* 
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72. (7b)! 73. “/(-6)*° 74, N/(—10)!2 


75. \Y(a + by 76: “7 (aby 77. Wy" 


78. W/(-6)3 79. W/(x — 2)5 80. W/(2xy) 


Skill Maimtemance iii cccccccecceccccccccceccecccvceveecseveseveevetveevisvitvsevesvssvisviserevtevesvisvtvistvttvsevsveseseess 
Solve. [4.8a] 


81. x? +x-2=0 82. x7 +x=0 
83. 4x2 — 49 = 0 84, 2x7 — 26x + 72 = 0 
85. 3x7 + x = 10 86. 4x? — 20x + 25 = 0 
87. 4x° — 20x? + 25x = 0 88. x? — x? =0 
Simplify. 
89. (a°b’*c°)?  [R.7b] 90. (5a’b®)(2a°b)  [R.7a] 
SIE S1S ci ics larsnin tae pan Soncssebc doves weds pl So adhe Hanya Shean ained ace behinds anneal anaboteasbasiods 
91. Find the domain of 92. ASI Use a graphing calculator to check your answers 
Pe Vea to Exercises 35, 39, and 41. 
x) = ————. 
V2= xX 
93. Use only the graph of f(x) = Vx, shown below, to 94. Use only the graph of f(x) = Wx, shown below, 
approximate V3, V5, and V/10. Answers may vary. to approximate V/4, V6, and W/—5. Answers may 
vary. 
y 
YA 
5 
- f(x) = Ve fQ) = We 4 
2 3 
2 2 
1 1 
~ > 
eee 123 45 67 8 9 a0 =8:=7 -—6 —5 =4.=3: =2 =1 123 4 567 8 x 
—2 
—3 
—4 


95. Use the TABLE, TRACE, and GRAPH features of a graphing calculator to find the domain and the range of each of the 


following functions. 
a) f(x) = Wx b) g(x) = V4 —5 
c) g(x) =2-— Vx4+3 d) h(x) = Wx 


e) t(x) = Vx — 3 
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Rational Numbers as Exponents 


In this section, we give meaning to expressions such as a'/*,7~/?, and 
(3x)°**, which have rational numbers as exponents. We will see that using 
such notation can help simplify certain radical expressions. 


EB RATIONAL EXPONENTS 


Expressions like a!/?,5-/4, and (2y)*/ ° have not yet been defined. We will 
define such expressions so that the general properties of exponents hold. 

Consider a” + a'/?. If we want to multiply by adding exponents, it must 
follow that a”? + a\/? = ere or a‘. Thus we should define a!” to be a 
square root of a. Similarly, qs gif. gi? = gQerlerts or a', so als 
should be defined to mean Wa. 


1jn 


a 


For any nonnegative real number a and any natural number index n 
(n ¥ 1), 


1/n 


al” means Wa (the nonnegative nth root of a). 


With rational exponents, we assume that the bases are nonnegative. 


EXAMPLES Rewrite without rational exponents, and simplify, if possible. 
LS V7 =s 2. (abc)'/> = Wabe 
3. 2478 = Ax An index of 2 is not written. 


Do Margin Exercises 1-5. D 


EXAMPLES Rewrite with rational exponents. 


4, Wixy = Cixy)” 


5. 8\/xy = 8(xy)!/9 


We need parentheses around the radicand. 


5. fee = (22) 
: 9 9 


Do Margin Exercises 6-9. > 


How should we define a”/*? If the general properties of exponents are 
to hold, we have a7/> = (a), or (a”)", or (Wa), or \/a2. We define this 
accordingly. 


For any natural numbers m andn(n # 1) and any nonnegative real 
number a, 


a™/" means Wa", or (Wa)”. 


SECTION 6.2 


OBJECTIVES 


a | Write expressions with or 
without rational exponents, 
and simplify, if possible. 


|b | Write expressions without 
negative exponents, and 
simplify, if possible. 


Cc | Use the laws of exponents 
with rational exponents. 


Use rational exponents to 
simplify radical expressions. 


SKILL TO REVIEW 


Objective R.3b: Rewrite expressions 
with or without negative integers 
as exponents. 


Express with positive 
exponents. 


1. 3x? 2. cd~ 


Rewrite without rational expo- 
nents, and simplify, if possible. 


1. y/4 2. (3a)? 


3. 16/4 4, (125)'/8 


5. (a°b*c)/5 


Rewrite with rational exponents. 


6. W/19ab 7. 19W/ab 


2. 
x 
8. 9 a 9. 7W2ab 


Answers 


Skill to Review: 
3 c 
1. 2 . e 


Margin Exercises: 


lL Wy 2 V3a 3.2 45 5. Waib’c 


x2y\ 1/5 
6. (19ab)'/3 7. 19(ab)"9_— 8. (2) 


9. 7(2ab)'/4 
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Rewrite without rational exponents, 
and simplify, if possible. 


10. x?/5 11. 32/8 


12. 49/2 


Rewrite with rational exponents. 
13. (W7abce)4 14. We 


Rewrite with positive exponents, 
and simplify, if possible. 


15. 161/4 16. (3xy) 7!" 
1 i 
17. sr 3/4 = a 
a4 (Wai) 
1 il 
= BI = 
11lm\~2/3 
18. 7p3/4q-6/5 ae (4) 
Pp’ | 7n 
Answers 
10. Wx? 11. 412, 3213. (7abe)*? 
14.675 15. 16. : - 17. ! 
2 (3xy)/* 27 
7p3/4 7n \2/3 
F Tne 
6/5 (4) 


Guided Solution: 
17;, 3,:3,.27 


cs 


EXAMPLES Rewrite without rational exponents, and simplify, if possible. 
7. (27/73 = W27? 8. 48/2 = W748 

(27)? = (Wa)? 

— 32 —= 23 

= 9 = 8 


< Do Exercises 10-12. 


EXAMPLES Rewrite with rational exponents. 
The index becomes the denominator of the rational exponent. 


| 
V Y 
2. Vor = 98 10. (ray)? = (7ay)" 


< Do Exercises 13 and 14. 


|b | NEGATIVE RATIONAL EXPONENTS 


Negative rational exponents have a meaning similar to that of negative 
integer exponents. 


For any rational number m/n and any positive real number a, 


a" means 


1 . 
qnin’ 


that is, a”/" and a!" are reciprocals. 


EXAMPLES Rewrite with positive exponents, and simplify, if possible. 


1 1 1 
11. gve- ==} 
= 1 
12. (5xy) 4/5 _ aL 
1 1 a 
18. A gh (Wea)? #16 
14, 4x79 y'9 = 4- oa ys = se 


3r \3/2 75 \5/2 ay bye 
15. (=) = (2) Since (2) = (2) 
7s 3r b a 


< Do Exercises 15-19. 
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Rational Exponents We can use a graphing calculator to approximate rational roots of real 
numbers. To approximate 7/3, note that the parentheses around the exponent are necessary. If they are 
not used, the calculator will read the expression as 77 + 3. To approximate 14 |’, note that parentheses 
are not required when the exponent is expressed in a single decimal number. The display indicates that 


3.65930571 
-006642885 


72/3 = 3.659 and 147! = 0.007. 


EXERCISES: Approximate each of the following. 
1. 53/4 2, 84/7 3,29 °° 
Of ie a ia 6. :32"" 


() LAws OF EXPONENTS 


The same laws hold for rational-number exponents as for integer exponents. 
We list them for review. 


For any real number a and any rational exponents m and n: 


La ea a In multiplying, we add exponents if the 
bases are the same. 
a™ 
2 = ae In dividing, we subtract exponents if the 
ss bases are the same. 
3. (a”)" = a™" To raise a power to a power, we multiply the 
p p ply 
exponents. 
4. (ab)” = a™b™ To raise a product to a power, we raise each 


factor to the power. 


To raise a quotient to a power, we raise both 
the numerator and the denominator to the 
power. 


a 
a, 
SES 
Sa 

= 

II 
= 8 

a et 


EXAMPLES Use the laws of exponents to simplify. 


16, 31° 2 FP = get = Be Adding exponents 
71/4 l Use the laws of exponents to 
i= ee a cai a a 74 Subtracting exponents simplify. 
cs to Na da ca 
1 GPP aH 7 ere 7 = aoe Multiplying exponents 
1 (¢ OPP? = ges pe Raising a product toa 21. Be 
ps power and multiplying 59/6 
= q'/6p1/5 = —_ exponents 
1/6 P 
a 22, (972\2" 
Do Exercises 20-23. > Bp Pay 


dl | SIMPLIFYING RADICAL EXPRESSIONS 


Rational exponents can be used to simplify some radical expressions. The 
procedure is as follows. Ansiines 
gl 


20. 714/15 21. 53 22, 97/5 = a3, — 
pis 
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Use rational exponents to simplify. 


24, Wa? 25. Wx! 


26. V/s 27, N/x3y6 
28. Wap 29. W/a5p? 


30. Use rational exponents to write 
a single radical expression for 


W7- V3. 


Answers 


24. Va = 25.x 26. V2 27. Waxy’ 
28. a2Vb 29. ab?—-30. W/63 


SIMPLIFYING RADICAL EXPRESSIONS 


1. Convert radical expressions to exponential expressions. 

2. Use arithmetic and the laws of exponents to simplify. 

3. Convert back to radical notation when appropriate. 
Important: This procedure works only when we assume that a 


negative number has not been raised to an even power in the radi- 
cand. With this assumption, no absolute-value signs will be needed. 


EXAMPLES Use rational exponents to simplify. 


20. ¥/x3 = x3/6 Converting to an exponential expression 


= gil? Simplifying the exponent 
=x Converting back to radical notation 
21. W/4 = 4¥/6 Converting to exponential notation 
= (27)/6 ~— Renaming 4 as 2? 
=e? Using (a”)” = a™", multiplying exponents 
= ols Simplifying the exponent 
=e Converting back to radical notation 
22. Wa’b* = (a’b*)¥8 Converting to exponential notation 


= ges pie Using (ab)” = a"b” 
= qi/4. pi/2 Simplifying the exponents 


= grep" Rewriting 5 with a denominator of 4 
=a yt" Using a"b” = (ab)” 
= Wab? Converting back to radical notation 


<€ Do Exercises 24-29. 


We can use properties of rational exponents to write a single radical 
expression for a product or a quotient. 


EXAMPLE 23 Use rational exponents to write a single radical expres- 


sion for 1/5 + V2. 
W5 es ee Converting to exponential notation 


= 57 « ge Rewriting so that exponents have a 
common denominator 


=(5°- 2°)" Usinga”b" = (ab)" 


= W5? <2? Converting back to radical notation 
= V/200 Multiplying under the radical 


< Do Exercise 30. 


EXAMPLE 24 Write a single radical expression for a!/*b-"/2c/®, 


@ry Vee = gl*p ser Rewriting so that exponents have a 
common denominator 


= (ab %c)/* Usinga"b" = (ab)" 


= Wap e Converting to radical notation @ 
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Write a single radical expression. 
31. x2/3y1/2z5/6 


x5/6 . y3/8 
EXAMPLE 25 Write a single radical expression for —,, 
x4/9. yl/4 
5/6. y3/8 
ue. ya = gaa s pote Subtracting exponents 
= x15/18—8/18 , ¥3/8-2/8 ~~ Finding common denominators so 
that exponents can be subtracted 
= gis yt . Carrying out the subtraction of 
exponents 
a Pe eg Rewriting so that the exponents 
have a common denominator 
Cy yt Using a"b” = (ab)” 
a ye Converting to radical notation 


Do Exercises 31 and 32. D 


EXAMPLES Use rational exponents to simplify. 


26. W/(5x)> = (5x)°/6 


Converting to exponential notation 


= (5x) ue Simplifying the exponent 
= V5x Converting back to radical notation 
27. Vet= Converting to exponential notation 


= f4 


Simplifying the exponent 


28. (V/pq’e)? = (pqrc)'?”° 


Converting to exponential notation 


= (pq’c)* Simplifying the exponent 
= pq'c* Using (ab)" = a"b” 
29. VW = Vxi3 Converting the radicand to exponential notation 
= (x3)/2 Try to go directly to this step. 
= gle Multiplying exponents 


= Wx 


Converting back to radical notation 


Do Exercises 33-36. D> 


For Extra Help 


MyMathLab*® 


[V{ Reading Check 


Match the expression with an equivalent expression from the columns on the right. 


2 
RC1. RC2. ¢ 2/5 a) c?*5 

c 
RC3. Vc RC4. c?/5 c) cl? 
RCS. Vc RG6. (c’)° e) 0? 

5 
RC7. —c?+ Cc? RC8. c?c° 8) (Wc)? 
SECTION 6.2 


Mathxl [§§ == 


PRACTICE 


qi/2p3/8 


BD, 


2. qai4pi/8 = a "b Pie 
= Sep 
= G19 


\4ab 


Use rational exponents to simplify. 


33. NY(5m)? 34. NY? 


6 5 
35. (Wa®b’c)* = 36. W Vx 
Answers 
31. Wxty3z5 32. Wab 33. W5m 
34. Wm 35. abc! 36, Nx 


Guided Solution: 
32. 1/4,3/8,2/4,1/4,1/4,4 


WATCH 


b) =; 
c 
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ia Rewrite without rational exponents, and simplify, if possible. 


1. yl? a as 3. 8i/8 4, 16)/? 5. (a°b*)"/5 


6. (2y")* 7 a" 8. 4"/ 9. 49°9/2 10. 274/3 


Rewrite with rational exponents. 


Ll. V7 12. Vx3 13. W/18 14. ¥/23 15. W/xy2z 
16. V/x3y?z? 17. (V3mn)3 18. (W/7xy)! 19. (V/8x*y)° 20. (W/2a°b)’ 


5) Rewrite with positive exponents, and simplify, if possible. 


21, 2771/8 22. 100°2/2 23. 1003/2 24. 16 °/4 25. 3x 1/4 
26. 8y 1/” D7.. (21s) 7" 28. (5xy) °/6 29. Bab 07s 30. 5x 2/3 y4/5z 
7x \~3/5 (y" 1 1 
31. ( — 32. | —— 33. 34. 35. 2 'U3x4y-2/7 
(s) 3c x 2/3 aos y 
7 6 5 2 
36. 3-°/2a3p-7/3 37. — 38, 39. —“ 40. —~ 
3 : AVA 3c71/2 5x 1/3 


ic Use the laws of exponents to simplify. Write the answers with positive exponents. 


41, 59/4. 51/8 42. 1 43 i 44 al 45 = 
. ° : 73/8 ° 3-1/8 . 4972/3 
2373/10 

46. sie 47. (6°/8)2/7 4g. (32/9)3/5 49. a2/3 + @d/4 50, 3/4 + 32/3 
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BL. (a%8 - p°/t)' Se a 53. (x%/3)-9! 54. (a-3?)2/9 


x3/4\-2/3 q3/2\ V3 1/4 . »-5/6\—12/5 3/8, 4,5/2)4/3 
55. yi 56. (oa 57. (m-'/" + n°) 58. (x+y) 


| d | Use rational exponents to simplify. Write the answer in radical notation if appropriate. 


59. W/a? 60. V/1! 61. Wx 62. Wa? 63. ¥/x78 
64. Va? 65. (Wab)! 66. (\/cd)" 67. \/128 68. V/81 
69. W/4x? 70. \/sy® 71. Vx'*y6 72. W/16x!y? 73. \/32cd' 


Use rational exponents to write a single radical expression. 


74, W/3V/3 75. W7-W5 76. Wil: W/13 77. W5-W7 78. WyW/3y 


79. Vx W/2x 80. (Wx?y5)” 81. (V/a?b*) 5 82. WVx 83. W/W/m 


48/15 é ye c4/55/9 3 = 

84, a2/3 - 53/4 85. x¥/3-yW/4. 7/6 gg, —___~ 87. ee 88. W/W. 

Jy x8. ys (3/10 qu/6 xy 
Skill Maite mance oii ccc cccecccccccecsesceevesevesevevevsvsvevsvevevevevevevevevevevevavevaveveveveveveveveveseeseseeeeees 
Solve.  [1.6c] 

1 
89. |7x —5| =9 90. |3x| = 120 91. 8 — |2x + 5| = -2 92. es =— 
SO SIAN MNS eats catn toh oes mcr ct oitge bw ltr ape easy Geka ial ak ade sage danse td eae 
93. mea Use the SIMULTANEOUS mode to graph 94. Simplify: 
Ji Pie Jo = on, y3-> ee, Va = ane ( YN x )?( ae xP), 


Then, looking only at coordinates, match each graph 
with its equation. 
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OBJECTIVES 


a | Multiply and simplify radical 
expressions. 


Db | Divide and simplify radical 
expressions. 
SKILL TO REVIEW 


Objective 6.1a: Find principal 
square roots and their opposites. 


Find the square roots. 
1. 81 2. 100 


Multiply. 
1 V19V7 2. V3pV7q 


3. W/403W/7 


Multiply. 
5. V5W/2 6. WxW/2y 
Answers 


Skill to Review: 
1.9,-9 2. 10,—10 


Margin Exercises: 


1. V133. 2. V21pq_ 3. W/2821 


4 
3 10 6, 12, 3,,4 
4. i 5. V500— «6. 16x"y 
p 


Simplifying Radical Expressions 


MULTIPLYING AND SIMPLIFYING 
RADICAL EXPRESSIONS 


Note that V4V/25 = 2-5 = 10. Also V4 - 25 = V/100 = 10. Likewise, 
Wo7\/8 = 3-2=6 and 27-8 = W216 = 6. 


These examples suggest the following. 


THE PRODUCT RULE FOR RADICALS 


For any nonnegative real numbers a and b and any index k, 


i J The index must 

be the same 
Wa: Wb = Va-+b, or al pk = (apy, throughout. 

(To multiply, multiply the radicands.) 
EXAMPLES Multiply. 
1 V3-V5 = V3°-5 = V15 
2. V5aV2b = V5a+ 2b = V10ab 
3. W4W5 = W4-5 = W/20 
achiaedashausraueigss daa Caution! Stead dpeted arate 


4. AEE - ft. C {2 Acommon error is to omit the 
5 Vx 5 Xx 5X 


index in the answer. 


< Do Margin Exercises 1-4. 


Keep in mind that the product rule can be used only when the indexes 
are the same. When indexes differ, we can use rational exponents as we did 
in Examples 23 and 24 of Section 6.2. 


EXAMPLE5 Multiply: V5x + Wy. 
V5x° W/3y = (5x)/2(3y)4/4 


Converting to exponential notation 


= (5x)?/4(3y)V/4 Rewriting so that exponents have 
a common denominator 

= [(Sx)°(3y) i" Using a"b” = (ab)” 

= [(25x7)(3y)]/4 Squaring 5x 


= V (25x?) (3y) 
= W75x’y 


Converting back to radical notation 
Multiplying under the radical 


< Do Margin Exercises 5 and 6. 
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We can reverse the product rule to simplify a product. We simplify the 
root of a product by taking the root of each factor separately. 


FACTORING RADICAL EXPRESSIONS 


For any nonnegative real numbers a and b and any index k, 
Wab = Wa- Wb, or (ab)* = al* = pV 
(Take the kth root of each factor separately.) 


Compare the following: 


V50 = V10-5 = V10V5; 
V50 = V25°-2 = V25V2 = 5V2. 


In the second case, the radicand is written with the perfect-square factor 25. 
If you do not recognize perfect-square factors, try factoring the radicand 
into its prime factors. For example, 


V50 = V2°5°5 = 5V2. 


Perfect square (a pair of the same numbers) 


Square-root radical expressions in which the radicand has no perfect-square 
factors, such as 52, are considered to be in simplest form. A procedure for 
simplifying kth roots follows. 


SIMPLIFYING kTH ROOTS 


To simplify a radical expression by factoring: 
1. Look for the largest factors of the radicand that are perfect kth 
powers (where k is the index). 
2. Then take the kth root of the resulting factors. 


3. A radical expression, with index k, is simplified when its radicand 
has no factors that are perfect kth powers. 


EXAMPLES Simplify by factoring. 
6. V50 = V25-2 = V25-V2= V5-5+ V2 = 5V2 
A 


This factor is a perfect square. 


V5 = V6 4 = V8 ONS = V9 2 2 2 2 =H 24 
A 


This factor is a perfect cube (third power). 


8. W/48 = W/16-3 = W16- W3 = W2-2-2-2- W3 = 23 


This factor is a perfect fourth power. 


Do Exercises 7 and 8. > 


Simplify by factoring. 
7. V32 8. V/80 


Answers 
7.4V2 8. 2W10 
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Frequently, expressions un- 
der radicals do not contain 
negative numbers raised to 
even powers. In such cases, 
absolute-value notation is 
not necessary. For this rea- 
son, we will no longer use 
absolute-value notation. 


Simplify by factoring. Assume 
that no radicands were formed by 
raising negative numbers to even 
powers. 


9. 300 10. V36y? 
Li. V272w? 12. W/16 


13. V12ab3c2 


14. W/81x4y? 


Answers 

9.10V3 10. 6y IL. 3wV3z 

12. 21/2 13. 2beV3ab 14. 3xy2W/3xy? 
Guided Solution: 

13. 4, b,3ab,b 


EXAMPLES Simplify by factoring. Assume that no radicands were formed 
by raising negative numbers to even powers. 


9. V br" = V5 Factoring the radicand 
= V5- Vx? Factoring into two radicals 
= Vax Taking the square root of x” 


Absolute-value notation is 


not needed because we 
assume that x is not negative. 


10. V 18x2y = V9-2-x?- y Looking for perfect-square factors 


and factoring the radicand 
V9°x?+2+y 
V9- Vx? + V2-y Factoring into several radicals 
= 3xV2y Taking square roots 


11. V216x5 i V'36 -6-x'+x- i? : Looking for perfect-square 
y y 
factors and factoring the 


radicand 
= V36+-x4+y*+6+xry 
= V36V xt V y2V6xy Factoring into several radicals 
= 6x*y V6xy Taking square roots 


Let’s look at this example another way. We do a complete factorization 
and look for pairs of factors. Each pair of factors makes a square: 


V216x°y? = V252+2°3°3°39x x KK XV Vy y Each pair 


of factors 
makes a 
perfect 
square. 
S293 9 ey V2°3°x-y 
= 6x*yV6xy. 
12. W16a’b"! = W/8-2-a°-a-b®- b? Factoring the radicand. 


The index is 3, so we look 
for the largest powers that 
are multiples of 3 because 
these are perfect cubes. 

= Ws» Wa®- Wb?» W/2ab? Factoring into radicals 

= 2a°b*W/2ab? Taking cube roots 


Let’s look at this example another way. We do a complete factorization 
and look for triples of factors. Each triple of factors makes a cube: 


W16a‘b!! 
=W/2-2-2+2-a-a-a‘a:a:a:‘a:b:b:b: bbb: b+ bb be b 
=2:a:a:b:b:b: W2:a-b-b 

= 2a2b3/ 2ab?. 


Each triple of factors makes a cube. 


< Do Exercises 9-14. 
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Sometimes after we have multiplied, we can simplify by factoring. 


EXAMPLES Multiply and simplify. Assume that no radicands were formed 
by raising negative numbers to even powers. 


13. V20V8 = V20°-8 = V4-5-4°2=4V10 


14. 3V/25 - 2/5 = 3-2 W/25- 5 =6- 25-5 
=6:-W5°5°5 
= 6:5 = 30 

15. W18y2 W/4x? a W18y3 2 Ag Multiplying radicands 


= W2-3+3+yryty+2+2+x-x 
=2+y- W3-3+x-°x 
= 2yW/ 9x? 


)cs) ine 


Do Exercises 15-18. > 


'b DIVIDING AND SIMPLIFYING 


RADICAL EXPRESSIONS 
yor 3 7 3 

Note that = ~and that “/ — = ~. This example suggests the following. 
Wg 2 8 2 


THE QUOTIENT RULE FOR RADICALS 


For any nonnegative number a, any positive number b, and any 
a 


index k, 
Wk 
(j) 


Wa fa 

Vo V8 
(To divide, divide the radicands. After doing this, you can sometimes 
simplify by taking roots.) 


a — 
pik — 


or 


EXAMPLES Divide and simplify. Assume that no radicands were formed 
by raising negative numbers to even powers. 


V80 


80 < 


16. ae m7 V16= 4 We divide the radicands. 
3 
2 32 
17, Se = 5 | > = 816 = 88-2 = SW 8W/2 = 5-272 = 102 
2 
Viaxy 1 Viaxy _ 1 [rx _ 1 _ 1, V 
18. =-: = i eae a 
2V2 2 V2 2V 2 2 - = 
1 _ 
= 5 oa 3Vxy 


Do Exercises 19-22. D> 


SECTION 6.3 


Multiply and simplify. Assume that 
no radicands were formed by raising 
negative numbers to even powers. 


15. V3V6 16. V18yV14y 


W/3x?yW 36x 
= Vv 3x°y « 
= 8 0 36° 


= 80 


18. V7aV21b 


Divide and simplify. Assume that no 
radicands were formed by raising 
negative numbers to even powers. 


19 V75 on 14V 128xy 
"V3 "  2v2 
- 50a" oo, 4/250 
" V2a " We 
Answers 
15. 3V2 16. GyV7_—17. 3xW/ay 
18. 7V3ab 19.5 20. 56Vxy 21. 5a 
22, 22 
7 
Guided Solution: 


17. 36x, x, 3, x, 4y 
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Simplify by taking the roots of the 
numerator and the denominator. 
Assume that no radicands were 
formed by raising negative num- 
bers to even powers. 


25 x? 
23. ,/— 24. ./— 
36 100 
3[ 54x° 
25. | —— 
125 


26. Divide and simplify: 


vay 


3/ 1-2. 


xy 
Answers 
5 3xW 2x? 
23 24, 95, 2Y 96g, Ny? 
6 10 5 


We can simplify the root of a quotient by taking the roots of the numerator 
and of the denominator separately. 


kTH ROOTS OF QUOTIENTS 


For any nonnegative number a, any positive number b, and any 
index k, 


la Wa aye a 

pop (5) =e 

(Take the kth roots of the numerator and of the denominator 
separately.) 


EXAMPLES Simplify by taking the roots of the numerator and the de- 
nominator. Assume that no radicands were formed by raising negative 
numbers to even powers. 


19. 3 27 127 _3 We take the cube root of the numerator 
“VO 195 S125 «OD and of the denominator. 
= 
20. = = V25 = = We take the square root of the 


numerator and of the denominator. 

oi = — Vi16x? — V16x2-x  Vi16x2+ Vx 4xVx 
"Vy? Vy Vy! Vy! y? 

- af a7ys _ Wazy® _— Wary y? _ Wary? Wy? _ ayWy? 


= = = @ 
343x3 \3/343x3 VW/343x3 W/343x3 7X 


We are assuming here that no variable represents 0 or a negative number. 
Thus we need not be concerned about zero denominators or absolute value. 


<«@ Do Exercises 23-25. 


When indexes differ, we can use rational exponents. 


3/2p4 
b 

EXAMPLE 23 Divide and simplify: rs : 

a 


3 ab 7 (a’p*)*/8 


Vab (ab)? 


Converting to exponential notation 


@2/3p4/3 
= qapie Using the product and power rules 
= git Tepe Subtracting exponents 
= qth s/eprle o> Finding common denominators so 
exponents can be subtracted 
= qi/6p5/6 
= (gp)? Using a"b" = (ab)" 
= Wah? Converting back to radical notation 


< Do Exercise 26. 
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[vf Reading Check 


Determine whether each statement is true or false. 


For Extra Help 


MyMathLab* 


Mathx’ [9 == 


PRACTICE WATCH READ REVIEW 


RC1. For any nonnegative real numbers a and b and any index k, Wa Wb = Wab. 


RC2 
RC3 


a 
RC4. For any nonnegative number a, any positive number J, and any index k, Bs = i a 


fa) Simplify by factoring. Assume that no radicands were formed by raising negative numbers to even powers. 


1. 


10. 


13. 


16. 


19. 


. Forg > 0, Vq? — 100 = q+ 10. 


. The expression VY is not simplified if Y contains a factor that contains a perfect square. 


V24 


V180x4 


/ 40y? 


4 /75p°q4 


V/96x"y!% 


2. 


5. 


8. 


11. 


14. 


17. 


20. 


V20 


W/250 


V175y°® 


W80t® 


/243x5)10 


W pgr® 


a 
b 


3. V90 


6. W108 


9. W/54x8 


12. W/108x° 


15. V32a*b 


18. W/162c*d® 
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Multiply and simplify. Assume that no radicands were formed by raising negative numbers to even powers. 


24, V2V32 


21. 


25. 


29. 


33. 


37. 


41. 


45. 


49. 


516 


V10V5 


Wow 


V3x3V/ 6x5 


W5a2W/ 24 


W664 


V2W5 


Vaw a3 


Var WX 


CHAPTER 6 


22. V6V3 


26. V/9v/3 


30. V5a’V 15a? 


34, W/7xV/3x? 


38. V/64V/16 
42. V6N/5 


3. 6 
46. VW x?V x? 


50. VyizWyz! 


Radical Expressions, Equations, and Functions 


23. V15V6 


27. V45V60 


31. V5b°V 10c? 


35. W/y!W/16y> 


39. V 12a°bV 8a'*b? 


43. ¥/3\V/2 


47. V/b?/b3 


51. V2a2bW/ Bab? 


28. 


32. 


36. 


40. 


44, 


48 


52 


V24V75 


V 2x3yV12xy 


W520? W548 


V 30x3y4V 18x7y° 


VEVE 


. Woab?V/3a4b 
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Ga Divide and simplify. Assume that all expressions under radicals represent positive numbers. 


aa oe 
" VW5 
154 
ae 
Wo 
W/96a*b? 
6l. "nae. 
W12a2b 
4 9,,13 
48x 
65. — y 
3xy° 
3 a 
69. —— 
Va 
Simplify. 
25 
73. ./— 
36 
4/125 
77. | — 
27 


oe 
"V2 


74. ./— 
64 


we V35q 
ag 
56xy? 
59, —— 
V8x 
es V128xy 
* g/g 
"Va 
4/ 2.3 
x 
pee y 
Way 
16 
75. ,/— 
49 
49 
79. ./— 


V 30x 
10x 


56. 


V52ab* 


13a 


60. 


V48ab 


64. 


68. 


Sls 


Wan? 


72 
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25y3 36a° 
81. 82. 


Skil] Maimtemance iii cccccccccccccccccccccecececceeevecveeveeeeveevesecvevetvisvetevisvetvatvssisvatvasvatevtvsvatvatvevssvesees 


3/27a* | 64x" 
85. 5 86. : 
8b 216y 
,/16al? ,/81x* 
89 b*cl® 90 y®z* 
7 aT 
w 5/Z 
93. ./— 94. ~/— 
zi0 w 
Solve. [4.8b] 
97. The sum of a number and its square is 90. Find the 
number. 
Solve. [5.5a] 
12x ax? 384 
99. =5 
x-4 x+4 x* = 16 


AM NG esse cscs ccc cab dn datos cased dep iis eae eats cin esp Sodas eae taae EaGeah Seincapadins 


101. Pendulums. The period ofa pendulum is the 
time it takes to complete one cycle, swinging to and 
fro. For a pendulum that is L centimeters long, the 
period T is given by the function 


T(L) = om | 


where T is in seconds. Find, to the nearest 
hundredth of a second, the period of a pendulum 
of length (a) 65 cm; (b) 98 cm; (c) 120 cm. Use a 
calculator’s 7) key if possible. 

Simplify. 


102. 
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es. Bly" 84. Bet 
: 64 * VY 125 
a 81x" an 256 
: 16 ~ V 81x 
;/32x° ;| 32b!° 
91. 7 92. = 
y 243a 
ae 6 x18 sé ‘ pq 
yo ri8 


98. Triangle Dimensions. The base ofa triangle is 2 in. 
longer than the height. The area is 12 in’. Find the 


height and the base. 
4x 20 100 
100. =s 
x+5 x x° + 5x 


V 44x*y9zV 22y%z° 


103. —== 
(V1 1xy8z?)? 
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Addition, Subtraction, and 


More Multiplication 


| ADDITION AND SUBTRACTION 


Any two real numbers can be added. For example, the sum of 7 and V3 can 
be expressed as 7 + V3. We cannot simplify this sum. However, when we 
have like radicals (radicals having the same index and radicand), we can use 
the distributive laws to simplify by collecting like radical terms. For example, 


7TV3 + V3 = 7V3 + 1V3 = (7 + 1)V3 = BV3. 


EXAMPLES Add or subtract. Simplify by collecting like radical terms, if 


possible. 
1. 6V7+4V7=(6+4)V7_ _—_Usinga distributive law 
= 10V7 
2. 8W2 - 7x2 + 5W2 = (8 — 7x + 5)W2 Factoring out W/2 
= (13 — 7x) W2 
i + These parentheses 


are necessary! 


3. 3W/4x + 7Wax — Wax = (3 + 7)Wax — Wax 
= 10W4x — Wax 
ik ih 


Note that these expressions have the same radicand, but they 
are not like radicals because they do not have the same index. 


Do Margin Exercises 1 and 2. > 
Sometimes we need to simplify radicals by factoring. 


EXAMPLES Add or subtract. Simplify by collecting like radical terms, 


if possible. 

4, 3V/8 — 5V2 = 3V4-2 — 5V2 Factoring 8 
= 3V4-V2-5V2 Factoring V4 - 2 into two 

radicals 

= 3-2V2-—5vV2 Taking the square root of 4 
= 6V2 —- 5V2 
= (6 — 5)V2 Collecting like radical terms 
= v2 


5. 5V2—4V3  Nosimplification is possible. 


6. 5W/16y! + 7W/2y = 5W/ ays + 2y + 7W/2y | Factoring the first 


= 5W/8y3- Way + 7W2y aa 

= 5° 2y" Way + TW 2y Taking the cube 

= loyW/2y + 7W/2y root of By” 

= (10y + 7) W/2y Collecting like radical terms 


Do Margin Exercises 3-5. D> 


OBJECTIVES 


a | Add or subtract with radical 
notation and simplify. 


| Multiply expressions 
involving radicals in which 


some factors contain more 
than one term. 


SKILL TO REVIEW 


Objective R.6a: Simplify an ex- 
pression by collecting like terms. 
Collect like terms. 
I. 2X 5x 
2yt3—4yt+1 


Add or subtract. Simplify by 
collecting like radical terms, 
if possible. 


1. 5V2 + 8V2 


2. 7W5x + 3W5x -— V7 


Add or subtract. Simplify by 
collecting like radical terms, 
if possible. 


3. .7V45 — 2V5 


4. 3Wy> + AW y? + Wsy® 


. V25x — 25 — V9x — 9 


ae. Can 


= Ne el Woe — IL 
= Ve-1 
Answers 


Skill to Review: 
1.7x 2. —-3y+4 


Margin Exercises: 


1. 13V2 2. 10W/5x — V7 3. 195 
4. (By + 4) Wy? + ay? 5, 2Ve— 1 
Guided Solution: 

5. 25,9, 5, 3,2 
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Multiply. Assume that no radicands 


were formed by raising negative 
numbers to even powers. 


6. V2(5V3 + 3V7) 
7. Wa?(W/3a — V2) 


Multiply. Assume that no radicands 


were formed by raising negative 
numbers to even powers. 


8. (V3 — 5V2)(2V3 + V2) 
9. (Va + 2V3)(3Vb — 4V3) 


10. (V2 + V5)(V2 — V5) 
(= (v5)? 


— 


11. (Vp — Vq)(Vp + Va) 


Multiply. 
12. (2V5 — y)? 


13. (3V6 + 2)? 


Answers 


6.5V6+3V14 7. aW/3 — W202 

8. -4-9V6 

9. 3Vab — 4V3a + 6V3b — 24 10. -3 
ll.p-—q 12. 20-4yV5+y? 

13. 58 + 12V6 

Guided Solution: 

10. V2,5, -3 


G3} MORE MULTIPLICATION 


To multiply expressions in which some factors contain more than one term, 
we use the procedures for multiplying polynomials. 


EXAMPLES Multiply. 
7. V3(x 7 V5) = V3-x-— V3+V5 — Usinga distributive law 


= xV3 - V15 Multiplying radicals 
8. Wy (Wy? + W/2) = Wy . Wy? + Wy cAD Using a distributive law 
= Wy? + Way Multiplying radicals 
= yor Way Simplifying Wy 


< Do Exercises 6 and 7. 


EXAMPLE9 Multiply: (4V3 + V2)(V3 - 5V2). 


i 71 F O I L 
(4V3 + V2)(V3 - 5V2) = 4(V3)? - 20V3- V2 + V2- V3 - 5(-v2)? 
= 4+3-20V6e+ V6-5-2 
= 12 — 20V6 + V6 — 10 
=2-19V6 Collecting like terms 0 


EXAMPLE 10 Multiply: (Va + V3)(Vb + V3). Assume that all expres- 
sions under radicals represent nonnegative numbers. 

(Va + V3)(Vb + V3) = Vavb + Vav3 + V3Vb + V3V3 

= Vab + V3a+ V3b+ 3 e 


EXAMPLE 11 Multiply: (V5 + V7)(V5 — V7). 
(V5 + V7)(V5 — V7) = (V5)? — (V7)? Thisis nowa difference 


of two squares: 
(A — B)(A+ B) = 4 — B’. 


=> = = 2 Oo 


EXAMPLE 12 Multiply: (Va + Vb)(Va — Vb). Assume that no radi- 
cands were formed by raising negative numbers to even powers. 


(Va + Vb)(Va ~ Vb) = va) — (vb) 


Expressions of the form Va + Vband Va — Vbare called conjugates. 
Their product is always an expression that has no radicals. 


< Do Exercises 8-11. 


EXAMPLE 13 Multiply: (V3 + x)”. 


(V3 + x)? = (V3)? + 2xV3 +x? Squaring a binomial 
= 3 283 1 ae 


<@ Do Exercises 12 and 13. 
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For Extra Help ; MathXL° . = 
MyM ath Lab PRACTICE WATCH READ REVIEW 


[vf Reading Check 


Like radical terms have the same index and the same radicand. Determine whether the given pair of terms are like radicals. 
Answer yes or no. 


RCL. 4W/5y, 2W/5y RC2. 5, 5V2 RC3. W/x2y3, Wx? y? 
RC4. GW 43, 2Wq RCS. —4V3, V3 RCE. xV/y, yW/x 


5 4 1; - 3 x 
RC7. 3\/a — b, 3Wa— b RCB. 7 a 4 _ 


Add or subtract. Then simplify by collecting like radical terms, if possible. Assume that no radicands were formed 
by raising negative numbers to even powers. 


1. 7V5 + 4V5 2. 2V3 + 9V3 3. 6W7 —5W7 

4. 1317/3 — 8V/3 5. 4W/y + 9Wy 6. 6W/t — 3W/t 

7. 5V6 — 9V6 — 4V6 8. 3V10 — 8V10 + 7V10 9. 43 9/5 $905 HS 
10. 5V7 — BW11 + V7 + 9W11 Ll. 8/27 — 3V3 12. 9V50 — 4V2 
13. 8V45 + 7V/20 14. 9V/12 + 16/27 15. 18/72 + 2V98 
16. 12/45 — 8/80 17. 3\/16 + 54 18. W/27 — 5/8 
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19. 2V/128 — V18 + 4V/32 20. 5V/50 — 2V18 + 9V32 21. V5a + 2 45a2 


22. 4\/3x3 — Vax 23. W/24x — W/3x4 24, W/54x — W/2x4 

25. 7V/27x3 + V3x 26. 2V/45x3 — V5x 27. V4 + V18 

28. \/s — V/24 29. 5\/32 — W/108 + 21/256 30. 3\/8x — 4W/27x + 2 64x 
31. Wx! + W48x — W6x 32. W/s0x® — W/405x° + W/5x 33. V4a—-4+ Va-—1 

34. Voy + 27+ Vy +3 35. Vx8 — x2 + Vox —9 36. V4x — 44+ Vx3 — x? 


Db | Multiply. Assume that no radicands were formed by raising negative numbers to even powers. 


37. V5(4 — 2V5) 38. V6(2 + V6) 39. V3(V2 — V7) 
40. V2(V5 — V2) 41. V3(-4V3 + 6) 42, V/2(—5V/2 — 7) 
43. V3(2V5 — 3V4) 44, V2(3V/10 — 2V2) 45. W/2(W/4 — 2/32) 
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46. \/3(W/9 — 4/21) 


49. W/a(W/2a? + W16a?) 


52. (V5 + V6)(V5 — V6) 


55. (7 + V5)(7 — V5) 


58. (11 — V2)(11 + V2) 


61. (3 + 2V7)(3 — 2V7) 


64. (Vx — Vy)(Vx + Vy) 


67. (V3 + 1)(2V3 + 1) 


69. (2V7 — 4V2)(3V7 + 6V2) 


47. 3V/y(2Wy? — 4V/y) 48. 2V/y*(5W/y + 4Wy’) 

50. Wx (3x? — W81x7) 51. (V3 — V2)(V3 + V2) 

53. (V8 + 2V5)( V8 — 2V5) 54. (V18 + 3V7)(V18 — 3V7) 
56. (4 — V3)(4 + V3) 57. (2 — V3)(2 + V3) 

59. (V8 + V5)(V8 — V5) 60. (V6 — V7)(V6 + V7) 

62. (6 — 3V2)(6 + 3V2) 63. (Va + Vb)(Va — Vb) 

65. (3 — V5)(2 + V5) 66. (2 + V6)(4 — V6) 


68. (4V3 + 5)(V3 — 2) 


70. (4V5 + 3V3)(3V5 — 4V3) 


SECTION 6.4 Addition, Subtraction, and More Multiplication 
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71. (Va + V2)(Va + V3) 72, (2— Wall Wa) 


73. (20/3 + W2)(W3 - 2W/2) 74, (37 + W6)(2W7 — 36) 
75. (2 + V3)? 76. (V5 + 1) 
77. (W/9 — W/3)(W/8 + V/27) 78. (W8x — W5y)? 


Skill Maintenance occ cece cece teens ert bettbesenstitnstitiseistitistitittitiitietiesiteiseenseneees 
Multiply or divide and simplify. 


xwe+4x x*4+ 8x +15 a—A a= 2 
79. > oe [5.1e] 80. ——— + ——_  [5.le] 
x” — 16 Ko xe ="20 a at+Aa4 
a@t+8 a—4at+4 3_97 y*—6y+9 
al. So [5.1] el ec 
a—-4 a—2at+4 y-9 yr3yt+9 


Simplify. [5.4a] 


1 1 1 1 i. J 
a =_— pq a 
83. 84. 85. 86. 
vl 3 aod BD 4, ll 
x 4 x? yp? q a b? 
Solve. [1.6c, d, e] 
87. |3x + 7| = 22 88. [3x + 7| < 22 
89. |3x + 7| = 22 90. |3x + 7| = |2x — 5] 
IMS tice tte echt ete ccs Sagas des cttw ne aati attache pees 
91. asd Graph the function f(x) = V(x — 2)*. Whatis 92. Ims4 Use a graphing calculator to check your answers 
the domain? to Exercises 5, 22, and 72. 
Multiply and simplify. 
93. V9 + 3V5V/9 - 3V5 94. (Vx +2 -— Vx— 2)? 95. (V3 + V5 — V6)? 
96. Wy(1 — Wy)(1 + Wy) 97. (W9 - 2)(W9 +4) 98. [V3 + V2+4+ vij* 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. Every real number has two real-number square roots. [6.1a] 


If Wa is negative, then gis negative. [6.1c] 


2s 
3. a”/" and a” are reciprocals. [6.2b] 
4. 


To multiply radicals with the same index, we multiply the radicands. [6.3a] 


Guided Solutions 


Fill in each blank with the number that creates a correct statement or solution. 
Perform the indicated operations and simplify. [6.3a], [6.4a] 


5. VéeVIO=V6- = V2 2 =O 
695 32-318 — 5 mea) 2 
=5° V2 = 3: Ve 


= v2- vw 
= V2 
Mixed Review 
Simplify. [6.1a] 
qs VOU 8. —V144 9. x 10. V—-9 
11. For f(x) = V2x + 3, find f(3) and f(—2). [6.1a] 12. Find the domain of f(x) = V4 — x. [6.la] 
Graph. [6.1la] 
13. f(x) = -2Vx 14, g(x) = Vx +1 


Find each of the following. Assume that letters can represent any real number. [6.1b, c, d] 


15. V36z? 16. Vx? — 8x + 16 
17. W/-64 18. —W/27a? 
19. ¥/32 20. W/y 


Mid-Chapter Review: Chapter 6 
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Rewrite without rational exponents and simplify, if 
possible. [6.2a] 


21. 12517 22) (ab)? 


Simplify. Write the answer with positive exponents. [6.2b, c] 


78/5 


1/4 , 9-5/8 peas 
25. 3 3 26. 715 


Use rational exponents to simplify. Write the answer in 
radical notation. [6.2d] 


29. W/16 30. (/ab)° 


Rewrite with rational exponents. [6.2a] 


23. W/16 24. 


27. (exe 28. Cae: 


Use rational exponents to write a single radical 
expression. [6.2d] 


31. Vy Wy 32. a2/3p3/5 


Perform the indicated operation and simplify. Assume that no radicands were formed by raising negative numbers to even 


powers. [6.3a, b], [6.4a, b] 


33. V5V15 34. W/4xy W/6xy4 


37. 5V7 + 6V7 


41. (Vm — Vn)(Vm + Vn) 


38. 3V 18x? — 6V32x 


CU Ie ae 2) 


\/80 49a 
36. 


W2 be 


35. 


39. V3(2 — 5V3) 40. (1 — Vx)(3 — Vx) 


43. (2V3 + 3V5)(3V3 - 4V5) 


Understanding Through Discussion and Writing 


44. Does the nth root of x” always exist? Why or why 
not? [6.1a] 


46. Explain why Wx8 = x? for any value of x, but 
Vx8 = x3 only whenx = 0. [6.2d] 


526 : cHapPTeR6 Radical Expressions, Equations, and Functions 


45. Explain how to formulate a radical expression that 
can be used to define a function f with a domain of 
{x|x <5}. [61a] 


47. Is the quotient of two irrational numbers always an 
irrational number? Why or why not? —‘[6.3b] 
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STUDYING FOR SUCCESS Make the Most of Your Time in Class 


{| Before class, try to glance at the next section in your text to be discussed. 


{| Geta great seat; Sitting near the front will help you both hear the instruction more clearly and avoid distractions. 


{| Let your instructor know in advance if you must miss class, and do your best to keep up with any work. 


More on Division of 


Radical Expressions 


| RATIONALIZING DENOMINATORS 


Sometimes in mathematics it is useful to find an equivalent expression 
without a radical in the denominator. This provides a standard notation for 
expressing results. The procedure for finding such an expression is called 
rationalizing the denominator. We carry this out by multiplying by 1. 


7 
EXAMPLE 1 Rationalize the denominator: JE 


We multiply by 1, using V3/ V3. We do this so that the denominator of 
the radicand will be a perfect square. 
E> V7 V3 _ V7: V3 
a V3 We V3aeV3 
_ Vv21_ V2i 
Vz 3 
— The radicand is a perfect square. 


Do Margin Exercise 1. > 


7 
EXAMPLE 2 Rationalize the denominator: | 55 


We first factor the denominator: 


a) ee a 
25 5 +5 


To get a perfect cube in the denominator, we consider the index 3 and the 
factors. We have 2 factors of 5, and we need 3 factors of 5. We achieve this by 
multiplying by 1, using W5/ 15. 
of 7 Vi WT WS 
2 VW25 W5°5 W5 
__WieWs 
_ W35 | W35 


3/53 5 


— The radicand is a perfect cube. 


Do Margin Exercise 2. > 


OBJECTIVES 


a | Rationalize the denominator 
of a radical expression 
having one term in the 
denominator. 


| Rationalize the denominator 
of a radical expression 
having two terms in the 
denominator. 


SKILL TO REVIEW 


Objective 4.2d: Use a rule to 
multiply a sum and a difference 
of the same two terms. 


Multiply. 
1. (x + 3)(x — 3) 
2. (2y + 5)(2y — 5) 


1. Rationalize the denominator: 


2. Rationalize the denominator: 


3/9 


x 


Answers 

Skill to Review: 

1. x?-9 2, 4y? — 25 
Margin Exercises: 


|, Yu >, Vio 
“5 "2 


SECTION 6.5 More on Division of Radical Expressions : 527 


3. Rationalize the denominator: 
4a 
3b 
4a V4a 
3b V3b V3b 


Rationalize the denominator. 


3x° 
5. ./— 
2y 


4. 


SIS 


6. Rationalize the denominator: 


1X 

y= 

Waxy> 
Answers 
3, 2v3ab W56 Z xW12x?y? 
“3b “2 . 2y 
: TW 2x?y 
ere 


Guided Solution: 
3. V3b, 12, b?, 2,3b 


2a 
EXAMPLE 3 _ Rationalizethe denominator: , / ch Assume that no radicands 
were formed by raising negative numbers to even powers. 


[oa 
5b =6V5b 
V2a 


Converting to a quotient of radicals 


= Multiplying by 1 
= eg ultiplying by 
V5b W5b 
_ V10ab The radicand in the denominator 
ee [5252 is a perfect square. 
_ V10ab 
5b 


<@ Do Exercise 3. 
3 


EXAMPLE 4 _ Rationalize the denominator: aie 
9x 
We factor the denominator: 


Va _ 
Wox W3-3-x 
To choose the symbol for 1, we look at 3 - 3 + x. To make it a cube, we need 


another 3 and two more x’s. Thus we multiply by 1, using W/3x?2/W/3x?: 


s 


Wax W3+3+x W3x? eee 
= / 3ax? The radicand in the denominator 
= 1/333 is a perfect cube. 
/ 3ax? 
~ 3x 


< Do Exercises 4 and 5. 


EXAMPLE 5 Rationalize the denominator: 


/ 2x7y> 
3X 3x 
Wax?y3 W2exexryryry 
3x / 2443? 


WV axty? AO aAy 
_ 3x Wi6x3y? The radicand in the denominator 
a W/25x5y5 is a perfect fifth power. 
3xW/16x3y2 

xy 

x 3W16x%y? 
x 2y 
_ 3W16x3y? 


2y 


< Do Exercise 6. 
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|b | RATIONALIZING WHEN THERE ARE 
TWO TERMS 


Do Exercises 7 and 8. > 


Certain pairs of expressions containing square roots, such as c — Vb, 
c+ Vband Va — Vb, Va + Vb, are called conjugates. The product of 
such a pair of conjugates has no radicals in it. (See Example 12 of Section 
6.4.) Thus when we wish to rationalize a denominator that has two terms 
and one or more of them involves a square-root radical, we multiply by 1 
using the conjugate of the denominator to write a symbol for 1. 


EXAMPLES Ineach of the following, what symbol for 1 would you use to 
rationalize the denominator? 


Expression Symbol for 1 
M Change the operation sign in 
3 x- V7 : : 
6. —— — the denominator to obtain the 
x+ V7 x— V7 conjugate. Use the conjugate for 
i ii the numerator and denominator 
of the symbol for 1. 
2 V7+4 3+ 2V5 v 
"3 -2V5 3+ 2V5 


Do Exercises 9 and 10. D> 


4 
EXAMPLE 8 _Rationalize the denominator: ——. 
V3+x 
4 _ 4  V3=x 
V34+x V34+x V3-x 
4(V3 -_ x) 
(V3 + x)(V3 — x) 
AV3 - 4 
=i" = @ 
a= Xx 
4+ V2 
EXAMPLE 9 _ Rationalize the denominator: ——__~. 
V5 - V2 


4+ V2 _ At V2 VW5+ V2 Multiplying by 1, using the 


V/5—-V2 VB-V2 VE+V2 conjugate of V5 — V2, whichis 
Ws te 


(4+ V2)(V5 + V2) Multiplying numerators 
(v5 _ V2\(V5 + V2) and denominators 
4V5 + 4V24+ V2V5 + (v2) Using (A — B)(A + B) = 
(5)? _ (72)? A’ — B’ in the denominator 

_ 4V5 + 4V2+ V10 + 2 
- 5—2 

4V5 + 4V2+ V10 + 2 

3 


Do Exercises 11 and 12. D> 


Multiply. 
7. (c — Vb)(c 2 Vb) 


8. (Va + Vb)(Va — Vb) 


What symbol for 1 would you use to 


rationalize the denominator? 


9, Vat) 1 


Rationalize the denominator. 


) 
Seek) 


14 5) — 
34+ V2 —- V2 
14(3 — V2) 
Sara 
14(3 — v2) 
= (3 -— v2) 
=6- 2Vv2 
- 54+ V2 
“1- v2 
Answers 
7.C°—b 8 b 9 ayy 
7 C » a le Vaty 
V2 - V3 
0. Va ll. 6 — 2V2 
12. -7 — 6V2 
Guided Solution: 


ll. V2, 3, 2,7,2 
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Ral Reading Check 


Choose from the column on the right the symbol for 1 that you would use to rationalize the denominator. Some choices 


may be used more than once and others may not be used. 


fal Rationalize the denominator. Assume that no radicands were formed by raising negative numbers to even powers. 


S 


V3 


3a 


17. ./ —> 
( 5x°y? 
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RC2. 


RC4. 


RC6. ——= 


3v5 
* 8v2 


1X 
10. — 


14. 


3/  7C 
100ab*° 


Radical Expressions, Equations, and Functions 


MyMathLab” 


MathXL° 


PRACTICE 


READ 


REVIEW 


ll 
2 


2 2 
“V9 


3/54 
2 
11. 3 ud 
6x4 
ax 
15. ,/— 
20 
1 
19. / —, 
8x'y 


b) 


d) 


f) 


h) 


= V3 


17 
4. — 
6 
8. jt 
3 
73a‘ 
12. ye 
W 7b? 
7a 
16. — 
32 
2x 
20. PY erat 
V 18x y® 
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[i] Rationalize the denominator. Assume that no radicands were formed by raising negative numbers to even powers. 


9 3 —4iV7 =5V2 
21. ———_— 22. 23. —=>—= 24, —=>— 
6 — V10 8+ V5 V5+ V3 Vim VS 
6 4 oF 
sa V3 Pre) og V5 Pree a 
aV2—=V5 2V5 - V3 V2+ V5 V3 + V5 
55 V3 - V2 ia A/a = 4/3 a V5 — 2V6 4 V6 = 3V5 
ae = Vz “V/5 = V2 "V3 - 4V5 "V3 - 2V7 
43, 27 V4 ga, 2 VE ee: a6, 2 2YY 
“3+ Va "8 -— Vx “34+ 2Vx “44+ 3Vy 
37, 03. 3V2 ae 7V2 + 4V3 a Vx -— Vy - Va+ Vb 
" 3V2 -— 2V3 *4V3 -— 3V2 “Vx + Vy "Va— Vb 
SHAUL MW ANTVCCI AICS sii dss des ccsirzevccds tintin Hassttiscreinidaasicisdenvaraiestosnbcnietubelanter seebeesbvagobulsabtDiudtastcisdeveassbiscerees 
Solve. [5.5a] 
1 1 5 3 9 15 
4l,--—=— 42, = 
2 2 Ff £21 eee 1 eI 
Divide and simplify. [5.1e] 
in 1 |. 1 re = 4= 6. Wer x=H— 3 
Pay oye tayty) oe nr | 
SANCTUS S seca chcccvssesdsnaiastszadinesadne acta bathsitecean visa tenacanscenteine hannah aiiocietseaisicincincdaceeadedoentencdbeetwecked 
45. [Al Usea graphing calculator to check your answers 46. Express each of the following as the product of two 
to Exercises 15 and 16. radical expressions. 
a)x-—5 b) x-—a 
Simplify. (Hint: Rationalize the denominator.) 
a7. Va? — 3 ai rt care ee ee 
. a = a . T T 
@—-3 A+V3 V3 WA=4 
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OBJECTIVES 


a | Solve radical equations with 
one radical term. 


|b | Solve radical equations with 
two radical terms. 


Gg Solve applied problems 
involving radical equations. 


SKILL TO REVIEW 


Objective 4.8a: Solve quadratic 
equations by first factoring and 
then using the principle of zero 


products. 


Solve. 
lL x?-x=6 
2.x7-x=2x+4 


Answers 


Skill to Review: 
1,.-2,3 2. —1,4 


Solving Radical Equations 


EE} THE PRINCIPLE OF POWERS 


A radical equation has variables in one or more radicands. For example, 
Wax+1=5 and Vx+ V4x—2=7 


are radical equations. To solve such an equation, we need a new equation- 
solving principle. Suppose that an equation a = bis true. Ifwe square both 
sides, we get another true equation: a* = b*. This can be generalized. 


THE PRINCIPLE OF POWERS 


For any natural number n, if an equation a = bis true, then a” = b” 
is true. 


However, if an equation a” = b” is true, it may not be true that a = b, 
if n is even. For example, 3* = (—3)* is true, but 3 = —3 is not true. Thus 
we must check the possible solutions when we solve an equation using the 
principle of powers. 

To solve an equation with a radical term, we first isolate the radical 
term on one side of the equation. Then we use the principle of powers. 


EXAMPLE 1 Solve: Vx — 3 = 4. 
We have 
Vx-3=4 
Ve=7 Adding to isolate the radical 
Vara Using the principle of powers (squaring) 
x=49. Vx-Vx=x 
The number 49 is a possible solution. But we must check in order to be sure! 
Checks Vx-—3=4 
V49—-3 724 
7-3 
4 TRUE 
The solution is 49. 8 
digs pase pee eehenseee sobeeeeueas san seeees CAMO ial | Bsst ie restesdesierretienneoteacares: 


The principle of powers does not always give equivalent equations. For this 
reason, a check is a must! 


532 : cnapters Radical Expressions, Equations, and Functions 


EXAMPLE2 Solve: Vx = —3. 


We might note at the outset that this equation has no solution because 
the principal square root of a number is never negative. Let’s continue as 
above for comparison. 


Vx = -3 Check: Vx = —3 

a 

(Vx)* = (3)? V9? -3 
x=9 3 | FALSE 
The number 9 does not check. Thus the equation Vx = —3 has no real- 
number solution. Note that the solution of the equation x = 9 is 9, but 
the equation Vx = —3 has no solution. Thus the equations x = 9 and 

Vx = —3 are not equivalent equations. 


Do Exercises 1 and2. D> 


EXAMPLE 3 Solve: x — 7 = 2Vx+1. 


The radical term is already isolated. We proceed with the principle of 
powers: 


LS TSH 2VNae wr 1 
(<= 7) = (2 Vx + 1)? Using the principle of powers 
(squaring) 


(x — 7)? = (2Vx + 1)(2Vx + 1) 


x? — 14x + 49 = 2?(Vx + 1)? 
x? — 14x + 49 = 4(x + 1) 
x? - 14x + 49 =4x+4 
x* — 18x + 45 = 0 
(x — 3)(x — 15) =0 Factoring 
x-3=0 or x-15=0 Using the principle of 
zero products 


x=3 or x= 15. 


The possible solutions are 3 and 15. We check. 


For 3: For 15: 
x-7=2Vx4+1 x-7=2Vx4+1 
3-72 2V3+1 is=7 7 2i/5 +1 
—4 | 2V4 8 | 2V16 
2(2) 2(4) 
4 FALSE 8 TRUE 


The number 3 does not check, but the number 15 does check. 
The solution is 15. @ 


The number 3 in Example 3 is what is sometimes called an 
extraneous solution, but such terminology is risky to use at best 
because the number 3 is in no way a solution of the original 
equation. 


Do Exercises 3 and 4. D> 


SECTION 6.6 Solving Radical Equations 


Solve. 


pcs) 3.x+2= Vaxt+7 


(x+2) = (V2x+7)? 


Be oe xt+4= 4b 
x? + 2x — =0 
(se \(x -— 1) =0 
x+3=0 Or af — I= (0) 
x=-3 or = 
The number does not check, 


but the number 1 does check. 
The solution is 


4.4 + 1.=3Vx— 1 


Answers 
1.100 2. Nosolution 3.1 4 2,5 


Guided Solution: 
3. 2,4, 2x, 3,3, 1,—3,1 
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ALGEBRAIC GRAPHICAL CONNECTION 


We can visualize or check the solutions of a radical equation graphi- 
cally. Consider the equation of Example 3: x — 7 = 2Vx + 1. We 
can examine the solutions by graphing the equations 


y=x-7 and y=2Vx+1 


using the same set of axes. A hand-drawn graph of y = 2Vx + 1 
would involve approximating square roots on a calculator. 


a 
8 10 12 14 16 18 20 x 


It appears from the graph that when x = 15, the values of 
y=x-— Tandy = 2Vx + 1are the same, 8. We can check this 
as we did in Example 3. Note too that the graphs do not intersect at 
x = 3, the extraneous solution. 


Solving Radical Equations We can solve radical equations graphically. Consider the equation in Example 3, 


X-—7=2VxK +1. 


We first graph each side of the equation. We enter y; = x — 7 and yy = 2Vx + 1 on the equation-editor screen and graph 
the equations using the window [ —5, 20, —10, 10]. Note that there is one point of intersection. We use the INTERSECT feature to 
find its coordinates. (See the Calculator Corner on p. 247 for the procedure.) The first coordinate, 15, is the value of x for which 
Vy = Vx Or X — 7 = 2Vx + 1. It is the solution of the equation. Note that the graph shows a single solution whereas the alge- 
braic solution in Example 3 yields two possible solutions, 3 and 15, that must be checked. The algebraic check shows that 15 is 
the only solution. 


2h Ba ae 1 
10 


—S}uu biiiisiiiis| 20 


Intersection 
X=15 


—10 


EXERCISES: 
1. Solve the equations in Examples 1 and 4 graphically. 
2. Solve the equations in Margin Exercises 1, 3, and 4 graphically. 
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EXAMPLE 4 Solve: x = Vx+7+ 5. 


We have 
x= VXtT7 75 
x-5=Vx+7 Subtracting 5 to isolate the 
radical term 
(@-— 5)? = (Vx + 7)* Using the principle of powers 
(squaring both sides) 
x? = 10% + 25=x47 
x?-— llx+ 18=0 
(x — 9)(x — 2) =0 Factoring 
x=9 or x= 2. Using the principle of zero 
products 


The possible solutions are 9 and 2. Let’s check. 


For 9: For 2: 
x=Vx+74+5 x=Vxt+74+5 
9?7VOF74+5 2?V247+5 
V16+5 V9+5 
4+ 5 34+5 
9 TRUE 8 FALSE 
Since 9 checks but 2 does not, the solution is 9. O 


EXAMPLES Solve: W/2x+1+5=0. 
We have 


Wax+1+5=0 


Wex+1=—-5 Subtracting 5. This isolates 
the radical term. 
(W2x + 1)° = (-5)? Using the principle of powers 


(raising to the third power) 
2x + 1 = —-125 


2x = —126 Subtracting 1 
x = —63. 
Check: Yox+1+5=0 Aas 
, 5. x= Vxt541 


W2+(-63) +1+5 70 
3 
W-126+14+5 —s 

4 — — 
VY —125 +5 )cs) 6. Wx 1 2 


4/ = 
—5 +5 eer, 
4 A 
0 TRUE ( 5B = 1) =2 
: . 6S ll = 
The solution is —63. 
som 
Do Exercises 5 and 6. > 
Answers 
5. 4 6. 17 
Guided Solution: 
6. 2, 4, 16,17 
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|b | EQUATIONS WITH TWO RADICAL TERMS 


A general strategy for solving radical equations, including those with two 
radical terms, is as follows. 


SOLVING RADICAL EQUATIONS 


To solve radical equations: 


1. Isolate one of the radical terms. 

2. Use the principle of powers. 

3. Ifa radical remains, perform steps (1) and (2) again. 
4. Check possible solutions. 


EXAMPLE6 Solve: Vx —34+ Vx+5=4. 


Vers Verso 4 
Vx-3=4-Vxt+5 Subtracting Vx + 5. 


This isolates one of 
the radical terms. 


(Vx = 3)? = (4 > Vx + 5)? Using the principle 
of powers (squaring 
both sides) 


K—-S=16-8Vxt+5+(%+5) Using(A— By = 
A’ — 2AB + B?. See 
this rule in Section 4.6. 


—3 = 21- 8Vx4+5 Subtracting x and 
collecting like terms 
—24= -8Vx+5 Isolating the remaining 
radical term 
3=Vxt5 Dividing by —8 
Se (Vx an 5)? Squaring 
9S X49 3 
4=x 
The number 4 checks and is the solution. O 


EXAMPLE 7 Solve: V2x —-5=1+ Vx —- 3. 
V2x-5=1+Vx- 3 


( V2x — Be = (i + Vx — 3)" One radical is already isolated. 
We square both sides. 


a4 = 5 = 1+ 2Ve—3 + (x - 3) 
oe 5 = W/o te 2 
x-3=2Vx-3 Isolating the remaining radical term 
(x= 3)? = (2Vx = 3)? Squaring both sides 
x? — 6x + 9 = 4(x — 3) 
x -—6e+9=4e-12 
x* = 10x + 21=0 


(x — 7)(x — 3) =0 Factoring 
x=7 or x=3 Using the principle of zero 
products 
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The possible solutions are 7 and 3. We check. 
For 7: For 3: 
Vix =—5=1+ Vx-—3 Vax —5=14+Vx-3 
VaG—5 2 Lt VF—3 VaG)—5 2 1+ Ve—-3 


V14—5/1+V4 Ve—5|1+ V0 
vo |/1+2 V1 |/1+0 
3 3 TRUE 1 1 TRUE 


The numbers 7 and 3 check and are the solutions. 


Do Exercises 7 and 8. D> 


EXAMPLE 8 Solve: Vx + 2- V2x+2+1=0. 
We first isolate one radical. 


Vx +2—- V2x+2+1=0 
Vx+t2+1= V2x4+ 2 


Adding V2x + 2 to isolate 
a radical term 


(Vx + 2 + 1)? = (V2x + 2)? Squaring both sides 
xt+2+2Vx+2+1=2x+2 
2Vx+2=x-1 
(2Vx + 2)? = (x - 1)? 
A(x +2) =x?- 2x41 
4x+8=x?-2x+1 
0=x*-6x-—7 
0 = (x — 7)(x + 1) 
x-7=0 or x+1=0 


Factoring 


Using the principle of 
zero products 


x= 7 or x=-1 
The possible solutions are 7 and —1. We check. 


For 7: 
Vx+2-—V2x+2+1=0 
VFE2 = V2eF +241 2 6 
V9 - V16+1 
3-441 


0 TRUE 


For —1: 


Ver2— Vaxt2+1=—0 

Wal + 2=V2-1) fo 417 0 
VA = V0 #1 
1044 


2 FALSE 


The number 7 checks, but —1 does not. The solution is 7. 


Do Exercise 9. > 


Solve. 


7 Vx- Vx—-5=1 
8. V2x—-—5 2=Vx-2 


9. Solve: 


Answers 
7.9 827 9<.5 
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(APPLICATIONS 


Speed of Sound. Many applications translate to radical equations. For 
example, at a temperature of t degrees Fahrenheit, sound travels at a rate of 
S feet per second, where 


S = 21.9V5t + 2457. 


EXAMPLE 9 Concert Series at the Capitol. During the annual sum- 
mer concert series in Washington, D.C., military bands perform on the west 
steps of the Capitol. A scientific instrument at one of these concerts deter- 
mined that the sound of the music was traveling at a rate of 1170 ft/sec. 
What was the air temperature at the concert? 


We substitute 1170 for Sin the formula S = 21.9V5t + 2457: 
1170 = 21.9V5t + 2457. 


Then we solve the equation for t: 


1170 = 21.9V5t + 2457 


10. Marching Band Performance. 1170 state 
When the Fulton High School 21.9 ee ae eee 
marching band performed at 1170\2 
half-time of a football game, (32) = (V5t + 2457)? Squaring both sides 
the speed of sound from the 21.9 
music — measured by 7 2854.2 ~ 5t + 2457 Simplifying 
scientific instrument to be F 
1162 ft/sec. What was the air Sua e OF Subtracting 2457 
temperature? 79 = f. Dividing by 5 

The temperature at the concert was about 79°F. 
Answer 
10. About 72°F < Do Exercise 10. 


For E z =— 
or Extra Help MathXL | —— oA 


M.-L ® ‘ 
\ iatn PRACTICE WATCH READ REVIEW 


Ral Reading Check 


Choose from the column on the right the term that best completes each statement. Not every word will be used. 


RC1. 
RC2. 


RGS3. 


RC4. 


RG5. 
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The equation V4 — 11x = 3isa(n) equation. even 
radical 

When we square both sides of an equation, we are using ; 

the principle of isolate 
odd 

To solve an equation with a radical term, we first eadinde 


the radical term on one side of the equation. 
square roots 


A radical equation has variables in one or more . powers 
; ‘ f : ‘ raise 
Acheck is essential when we raise both sides of an equation to 
a(n) power. rational 
principle 
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5. Vy +7-4=4 


13. Wx+5=2 


17, W6x+9+8=5 


21. Xx -— 7 = VxO5 


25. 3Vx-—1-1=*x 


[ Solve. 


29. V3y +1 = V2y+6 


31. Vy —5+ Vy=5 


2 


6 


10. 


14, 


18 


22. 


26. 


- Vdx+2=7 


~Vx-1-3=9 


. W3y+6+2=3 


HH 5 SH Vat 7 


x-1l=Vxt+5 


3. V6x+1=8 4, V3x -4=6 

7. V5y + 8 = 10 8 V2y+9=5 
ll. Vx +2 =-4 12, Vy —3 = -2 
15. Wy —3=2 16. Wx+3=3 

ii, e=— 20. -=3 

Vx vy 

23.2Vx+1+7=x 24, V2x+7-2=x 
27.x-—3 = V27 = 3x 28.x-1l=V1-x 


30 


32 


3 Vbx—- 3 = V2x4+3 


~Vx-94+ Vx =1 
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33 


35. 


37. 


39. 


41. 


43. 


.34+Vz2-6=Vvz4+9 


2Vt—-—1- V3t-—1=0 


ie Solve. 


Sighting to the Horizon. How far can you see to the 
horizon from a given height? The function 


D=12Vh 


can be used to approximate the distance D, in miles, that 
a person can see to the horizon from a height h, in feet. 


45. An observation deck near the top of the Willis Tower 


(formerly known as the Sears Tower) in Chicago is 
1353 ft high. How far can a tourist see to the horizon 
from this deck? 
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34. V4x —-3=24 2x — 5 


36.4+ V10-x=6+1 V4—-x 


38. Vy + 15 - V2y+7=1 


40. V6x + 7- V3x+3=1 


42. V2m—3 + 2 Vm+7=0 


44, 3V2y+3-— Vy+10=0 


1353 ft XY 73450 ft 


46. The roof of the Willis Tower is 1450 ft high. How far 
can a worker see to the horizon from the top of the 
Willis Tower? 
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47. Sarah can see 31.3 mito the horizon from the top ofa 
cliff. What is the height of Sarah’s eyes? 


48. A steeplejack can see 13 mi to the horizon from the 
top of a building. What is the height of the steeple- 
jack’s eyes? 


49. A technician can see 30.4 mito the horizon from the top 
of a radio tower. How high is the tower? 


Speed of a Skidding Car. After an accident, how do 
police determine the speed at which the car had been 
traveling? The formula 


r= 2V5L 


can be used to approximate the speed r, in miles per hour, 
of a car that has left a skid mark of length L, in feet. Use 
this formula for Exercises 51 and 52. 


51. How far will a car skid at 55 mph? at 75 mph? 


52. How far will a car skid at 65 mph? at 100 mph? 


50. A person can see 230 mito the horizon from an airplane 
window. How high is the airplane? 


Temperature and the Speed of Sound. Solve Exercises 53 and 54 using the formula S = 21.9V/5t + 2457 from Example 9. 


53. At arecent concert by Carrie Underwood, sound 
traveled at a rate of 1176 ft/sec. What was the 
temperature at the time? 


54. During blasting for avalanche control in Utah’s Wasatch 
Mountains, sound traveled at a rate of 1113 ft/sec. What 
was the temperature at the time? 
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Period of a Swinging Pendulum. The formula T = 27VL/32 can be used to find the period T, in seconds, of a pendulum 


of length L, in feet. 


55. What is the length of a pendulum that has a period of 
1.0 sec? Use 3.14 for 77. 


57. The pendulum in Jean’s grandfather clock has a 
period of 2.2 sec. Find the length of the pendulum. 
Use 3.14 for 7. 


Skill Maintenance 


[5.6a] 


59. Paintinga Room. Julia can paint a room in 8 hr. 
George can paint the same room in 10 hr. How long 
will it take them, working together, to paint the same 
room? 


Solve. 


Solve. [5.6b] 


61. Bicycle Travel. Acyclist traveled 702 miin 14 days. 
At this same ratio, how far would the cyclist have 
traveled in 56 days? 


Solve. [4.8a] 


63. x? + 2.8x = 0 64. 3x7 — 5x = 0 


For each of the following functions, find and simplify f(a + h) — f(a). 


67. f(x) = x? 68. f(x) = x* —x 


Synthesis 


71. fasa Usea graphing calculator to check your answers 


56. What is the length of a pendulum that has a period of 
2.0 sec? Use 3.14 for 77. 


58. A playground swing has a period of 3.1 sec. Find the 
length of the swing’s chain. Use 3.14 for 7. 


60. Delivering Leaflets. Jeffcan drop leaflets in 
mailboxes three times as fast as Grace can. If they 
work together, it takes them 1 hr to complete the job. 
How long would it take each to deliver the leaflets 
alone? 


62. Earnings. Dharma earned $696.64 working for 56 hr 
at a fruit stand. How many hours must she work in 
order to earn $1044.96? 


65. x7 —- 644=0 66. 2x7 = x+ 21 


[4.2e] 
69. f(x) = 2x” — 3x 


72. laws Usea graphing calculator to solve 


to Exercises 4, 9, 33, and 38. Vax + 1+ V5x—4= Vidx + 9. 
Solve. 
73. VVy + 49 —- Vy = V7 ma. Wx2+x+15-3=0 75. VV x2 + 9x + 34=2 
76. 6Vy + 6y 1? = 37 77. Vx —2-Vx4+24+2=0 78. VVxt+4= Vx-2 
+ 2 -1 1 
79. Va? + 30a = a + V5a 80. Vx +1 =] ji = 
x +1 Vx7+3x+6 4 
82. 2Vx—1- V3x-5= Vx-9 83. Vy + 1— V2y-5= Vy- 2 


84. Evaluate: AZ + 4V3 - V7 — 4V3. 
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70. f(x) = 2x? + 3x-—7 
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Applications Involving 


Powers and Roots 


EE} APPLICATIONS 


There are many kinds of applied problems that involve 
powers and roots. Many also make use of right triangles c 
and the Pythagorean theorem: a* + b? = c’. 


b 


EXAMPLE 1 Computer Screen Size. The viewable image size of a wide- 
screen computer measures 21 in. diagonally and has a width of 18.3 in. What 
is its height? 


Using the Pythagorean theorem, a? + b* = c’, we substitute 18.3 for b 
and 21 for c and then solve for a: 


@+hP=c 


a’? + 18.3?= 21 — Substituting 
a’ + 334.89 = 441 

o.= 

a” = 106.11 
We consider only 

i the positive root 

a= V106.11 since length cannot 
be negative. 

a =~ 10.3. 


The exact answer is V 106.11. This is approximately equal to 10.3. Thus the 
height of the viewable image is about 10.3 in. 0 


EXAMPLE 2 Find the length of the hypotenuse of this right triangle. 
Give an exact answer and an approximation to three decimal places. 


P+ 4 = c? 


=. Substituting 
49 + 16 = c? c ; 
65 = c? 
Exact answer: c= V65 | 
Approximation: c ~ 8.062 — Using acalculator a) 


EXAMPLE 3 Find the missing length b in this right triangle. Give an 
exact answer and an approximation to three decimal places. 


+ b* =(V11)* _— Substituting 
1+b’=11 Sa 
b? = 10 : 
Exact answer: b= V10 Fi 
Approximation: b ~ 3.162 Using a calculator 


Do Exercises 1 and2. D> 


OBJECTIVE 


a | Solve applied problems 
involving the Pythagorean 


theorem and powers and 
roots. 


1. Find the length of the 
hypotenuse of this right 
triangle. Give an exact answer 
and an approximation to three 
decimal places. 


4 
' 5 


2. Find the length of the leg 
of this right triangle. Give 
an exact answer and an 
approximation to three 
decimal places. 


— 
1 
b 


Answers 
1. V41;6.403 2. V6; 2.449 
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3. Baseball Diamond. A 
baseball diamond is actually a 
square 90 ft on a side. Suppose 
a catcher fields a bunt along 
the third-base line 10 ft from 
home plate. How far would 
the catcher have to throw the 
ball to first base? Give an exact 
answer and an approximation 
to three decimal places. 


4. Refer to Example 5. Find 
L given thath = 3ft 
and d = 180 ft. You will 
need a calculator with an 
exponentiation key |y"|, 


or @&. 


Answers 
3. V8200 ft; 90.554ft 4. 7.4 ft 


EXAMPLE 4 Construction. Darla is laying out the footer of a house. To 
see if the corner is square, she measures 16 ft from the corner along one 
wall and 12 ft from the corner along the other wall. How long should the 
diagonal be between those two points if the corner is a right angle? 


We make a drawing and let d = the length of the diagonal. It is the 
length of the hypotenuse of a right triangle whose legs are 12 ft and 16 ft. 
We substitute these values in the Pythagorean theorem to find d: 

d? = 12? + 16 
d* = 144 + 256 
d? = 400 

a= /400 = 20, 


The length of the diagonal should be 20 ft. 
< Do Exercise 3. 


EXAMPLE 5 Road-Pavement Messages. Ina psychological study, it 
was determined that the ideal length L of the letters of a word painted on 
pavement is given by 


_ 0.000169d*?" 

h J 
where d is the distance of a car from the lettering and h is the height of the 
eye above the road. All units are in feet. For a person h feet above the road, a 


message d feet away will be the most readable if the length of the letters is L. 
Find L, given thath = 4ftandd = 180ft. 


We substitute 4 for h and 180 for d and calculate L using a calculator 
with an exponentiation key |y*|, or @: 


os 0.000169(180)*?’ 
7 4 


~ 5.6 ft. 


< Do Exercise 4. 
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. Angles of a Triangle. The 
second angle of a triangle is 
four times as large as the first. 
The third is 27° less than the 
sum of the other angles. Find 
the measures of the angles. 


. Lengths of a Rectangle. The 
area of a rectangle is 180 ft”. 
The length is 26 ft greater 
than the width. Find the 
length and the width. 


. Boat Travel. The speed of 
a river is 3 mph. A boat can 
go 72 mi upstream and 24 mi 
downstream in a total time of 
16 hr. Find the speed of the 
boat in still water. 


. Coin Mixture. A collection 


of nickels and quarters is 
worth $13.85. There are 

85 coins in all. How many of 
each coin are there? 


. Perimeter. The perimeter ofa 
rectangle is 180 ft. The length 
is 26 ft greater than the width. 
Find the length and the 
width. 


Translating 
for Success 


Translate each word problem to an equa- 
tion or a system of equations and select a 


correct translation from equations A-O. 
AQ 12? te 12S x7 


B. x(x + 26) = 180 


o IO),Silil 4+ Bye = x 


b ear jy = Gis, 
5x + 25y = 13.85 


~ x? + # = 12? 


240 _ 384 
56 = 116} ae 


5 de sr Boe = IO Sill 


ear War 2Z = IG), 
y = Ax, 
B= Kar VP = 2 


o Bye ar D(se +r 2S) = IB 


384-240 


: x-18 5% 


x+y = 85, 
0.05x + 0.25y = 13.85 


. 2x + 2(x + 24) = 240 


Tz 24 
O. = = 16 
aa Sian ate 


Answers on page A-24 


. Shoveling Time. It takes Marv 


65 min to shovel 4 in. of snow 
from his driveway. It takes 
Elaine 85 min to do the same 
job. How long would it take if 
they worked together? 


. Money Borrowed. Claire 


borrows some money at 5% 
simple interest. After 1 year, 
$10,311 pays off her loan. 
How much did she originally 
borrow? 


. Plank Height. A 12-ft plank 


is leaning against a shed. The 
bottom of the plank is 4 ft 
from the building. How high 
up the side of the shed is the 
top of the plank? 


. Train Speeds. The speed of 


train A is 18 mph slower than 
the speed of train B. Train A 
travels 240 mi in the same 
time that it takes train B to 
travel 384 mi. Find the speed 
of train A. 


10. Diagonal of a Square. Find 


the length of a diagonal ofa 
square swimming pool whose 
sides are 12 ft long. 


[(V| Reading Check 


For each right triangle, choose from the column on the right the equation that can be used to find the missing side. 


RC1. - 
1 
4 
RC3. 12 
: 
x : | 


For Extra Help 


RC2. 
13 x 
5 
RC4. x 
4 /- 


MyMathLab” 


MathXL° 


PRACTICE WATCH 


—— 

Ecoceaag Pp 

Seine J 
READ REVIEW 


a) 1274+x7= 5? 

b) 12? + 13? = x? 
a a Cg 

d) x? + 4 = (V17)? 
e) P+ 4 =x? 

fi) sis = 2 

g) 5? + 12? = x? 

h) (V17)? + x? = 4 


In aright triangle, find the length of the side not given. Give an exact answer and, where c 
appropriate, an approximation to three decimal places. 


3, b=5 
12, c= 13 
1l,c= V13 


~-a=15,b=15 


8 c= 10, a=4V5 


12.c=2,a= Vn 


In the following problems, give an exact answer and, where appropriate, an approximation to three decimal places. 


13. Road-Pavement Messages. 


Using the formula of 


Example 5, find the length L of a road-pavement 
message when h = 4ftandd = 200ft. 
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14. Road-Pavement Messages. 


Using the formula of 


Example 5, find the length L of a road-pavement 
message when h = 8ftandd = 300ft. 
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15. 


17. 


19. 


Guy Wire. How long isa guy wire reaching from the 16. Softball Diamond. Aslow-pitch softball diamond 
top of a 10-ft pole to a point on the ground 4 ft from is actually a square 65 ft on a side. How far is it from 
the pole? home to second base? 


Pyramide du Louvre. A large glass and metal 18. Central Park. New York City’s rectangular Central 
pyramid designed by I. M. Pei attracts visitors to the Parkin Manhattan runs 13,725 ft from 59th Street to 
entrance of the Louvre Museum in Paris, France. If 110th Street. A diagonal of the park is 13,977 ft. Find 
a plumb line from the highest point of the pyramid the width of the park. 


to the center of the base is 71 ft long and each side of 
the four equilateral triangles measures 100 ft, how 
far is it from the center of the base to a corner of the 
base? 


Source: www.glassonweb.com 


Bridge Expansion. During the summer heat, a 20. Triangle Areas. Triangle ABChas sides of lengths 
2-mi bridge expands 2 ft in length. If we assume that 25 ft, 25 ft, and 30 ft. Triangle PQR has sides of lengths 
the bulge occurs straight up the middle, how high is 25 ft, 25 ft, and 40 ft. Which triangle has the greater 
the bulge? (The answer may surprise you. In reality, area and by how much? 
bridges are built with expansion spaces to avoid such 
buckling.) a Q 
25 ft 25 ft pon — 
= ee aa P ate R 
DER XLQOOOQOQDIIMK 
= ‘) 
eo ey.) 
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21. 


23. 


25. 


27. 
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Find all ordered pairs on the x-axis of a Cartesian 
coordinate system that are 5 units from the point 
(0, 4). 


Speaker Placement. A stereo receiver is in a corner 
of a 12-ft by 14-ft room. Speaker wire will run under 
arug, diagonally, to a speaker in the far corner. If 4 ft 
of slack is required on each end, how long should the 
piece of wire be? 


Plumbing. Plumbers use the Pythagorean theorem 
to calculate pipe length. Ifa pipe is to be offset, as 
shown in the figure, the travel, or length, of the pipe, 
is calculated using the lengths of the advance and the 
offset. Find the travel if the offset is 17.75 in. and the 
advance is 10.25 in. 


soe 


Offset 


Advance 


The length and the width ofa rectangle are given 
by consecutive integers. The area of the rectangle 
is 90 cm’. Find the length of a diagonal of the 
rectangle. 
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22. 


24. 


Find all ordered pairs on the y-axis of a Cartesian 
coordinate system that are 5 units from the point 
(3,0). 


Distance Over Water. To determine the distance 
between two points on opposite sides of a pond, a 
surveyor locates two stakes at either end of the pond 
and uses instrumentation to place a third stake so 
that the distance across the pond is the length of 

a hypotenuse. If the third stake is 90 m from one 
stake and 70 m from the other, how wide is the 
pond? 


. Ramps for the Disabled. Laws regarding access 


ramps for the disabled state that a ramp must be 

in the form ofa right triangle, where every vertical 
length (leg) of 1 ft has a horizontal length (leg) of 12 ft. 
What is the length of a ramp with a 12-ft horizontal 
leg and a 1-ft vertical leg? 


28. The diagonal of a square has length 8 V2 ft. Find the 


length ofa side of the square. 
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30. The two equal sides of an isosceles right triangle 
are of length s. Find a formula for the length of the 
hypotenuse. 


29. Each side of a regular octagon has length s. Finda 
formula for the distance d between the parallel sides 
of the octagon, 


Skill Maimtemance oii icccccccoccccccecceccececcccccceeceveeveevesveteseveetstvssvsevisvrsvstvstvisvssvsevvstvstvitvsetsveseeeeees 


Solve. [5.6c] 


31. Commuter Travel. The speed of the Zionsville Flash 
commuter train is 14 mph faster than that of the 
Carmel Crawler. The Flash travels 290 mi in the same 
time that it takes the Crawler to travel 230 mi. Find 
the speed of each train. 


32. Marine Travel. A motor boat travels three times as fast 
as the current in the Saskatee River. A trip up the river 
and back takes 10 hr, and the total distance of the trip is 
100 mi. Find the speed of the current. 


Solve. 
2 2 x+r2 = Xx 
33. 2x° + 1lx — 21=0 [4.8a] 34, x° + 24= 11x [4.8a] 35. es = 5 [5.5a] 
2 x-5 4 x= 1 6 
36. 3x° —- 12 =0 [48a] 37. =— [5.5a] 38. = —— [5.5a] 
b hal 3 r= 3 = 3 


PMU BSNS cect cei ea bce eis ee ta Gago tcc ase avin dA RC 


39. Roofing. Kit’s cottage, which is 24 ft wide and 32 ft 40. Wind Chill Temperature. Because wind enhances 


long, needs a new roof. By counting clapboards 
that are 4in. apart, Kit determines that the peak of 
the roof is 6 ft higher than the sides. If one packet of 
shingles covers 33 3 sq ft, how many packets will the 
job require? 


the loss of heat from the skin, we feel colder when 
there is wind than when there is not. The wind chill 
temperature is what the temperature would have to be 
with no wind in order to give the same chilling effect 
as with the wind. A formula for finding the wind chill 
temperature, Tw, is 


Tw = 35.74 + 0.6215T — 35.75V°!8 + 0.4275TV°!®, 


where T is the actual temperature given by a 
thermometer, in degrees Fahrenheit, and V is the 
wind speed, in miles per hour. This formula can be 
used only when the wind speed is above 3 mph. Use a 
calculator to find the wind chill temperature in each 
case. Round to the nearest degree. 


Source: National Weather Service 


a) T = 40°F, V = 25mph 
b) T = 20°F, V = 25 mph 
c) T = 10°F, V = 20 mph 
d) T = 10°F, V = 40 mph 
e) T= —5°F, V = 35mph 
f) T = —15°F, V = 35mph 
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The Complex Numbers 


OBJECTIVES 


a | Express imaginary numbers 
as bi, where b is a nonzero 
real number, and complex 
numbers asa + bi, where 
aand b are real numbers. 


Add and subtract complex 
numbers. 


Multiply complex numbers. 


Write expressions involving 
powers of i in the form 
a + bi. 


Find conjugates of complex 
numbers and divide complex 
numbers. 


Determine whether a given 
complex number is a solu- 
tion of an equation. 


SKILL TO REVIEW 


Objective 4.2b: Use the FOIL meth- 
od to multiply two binomials. 


1. (w+ 4)(w — 6) 
2. (2x + 3y)(3x — 5y) 


Express in terms of i. 


Loy =5 2. V—25 
Pei Ama! 4. —V—36 


5. V—54 res 


W - 54 
= V-1- V54 =ivV9°-6 
= jo V6,0r3° V6 


Answers 

Skill to Review: 

1. w? — 2w— 24 2. 6x” — xy — 15y? 
Answers to Margin Exercises 1-5 and Guided 
Solution 5 are on p. 551. 


IMAGINARY NUMBERS AND 
COMPLEX NUMBERS 


Negative numbers do not have square roots in the real-number system. How- 
ever, mathematicians have described a larger number system that contains 
thereal-number system, such that negative numbers have square roots. That 
system is called the complex-number system. We begin by defining a 
number that is a square root of —1. We call this new number i. 


THE COMPLEX NUMBER i 


We define the number i to be V —1. That is, 
i= V-1 and #@=-1. 


To express roots of negative numbers in terms of i, we can use the fact 
that in the complex-number system, V—p = V—1+ p = V~—1Vpwhen 
p is a positive real number. 


EXAMPLES Express in terms of i. 


lL V=7 = V=1-7 = V=1- V7 = iv7,or a ue oad 
2, V-16 = V-1-16 = V-1- V16 =i:4= 4i 

3. —V—-13 = -—V-1- 13 = —V-1>° V13 = -iV13, or —V13i 

4, —V—64 = —V-1+ 64 = —-V-1- V64 = -i:8 = —8i 

5. V—48 = V—-1° 48 = V-1- V48 = iv48 


= i: 4V3 = 4ivV3, or 4V3i 


< Do Margin Exercises 1-5. 


IMAGINARY NUMBER 


An imaginary* number is a number that can be named 
bi, 


where b is some real number and b = 0. 


To form the system of complex numbers, we take the imaginary num- 
bers and the real numbers and all possible sums of real and imaginary num- 
bers. These are complex numbers: 


7-4i, -7+19i, 37, ive. 


*Don’t let the name “imaginary” fool you. The imaginary numbers are very important in 
such fields as engineering and the physical sciences. 
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COMPLEX NUMBER 


A complex number is any number that can be named 
a + bi, 


where a and b are any real numbers. (Note that either a or b or both 
can be 0.) 


Since 0 + bi = bi, every imaginary number is a complex number. Sim- 
ilarly, a + Oi = a, so every real number is a complex number. The relation- 
ships among various real and complex numbers are shown in the following 
diagram. 


Complex numbers that 
are real numbers: 
a+ bi,b=0 


Irrational numbers: 


3 
VD a=W Thc 


The complex numbers: 
at bi 


Complex numbers 
(imaginary) 
at bi,a=0,b#0: 


Bee at 
Complex numbers that Be ina 


are not real numbers: 
at bi,b#0 


Complex numbers 
at bi,a#0,b#0: 


a he 
5 — Ai, 3 Glee 


It is important to keep in mind some comparisons between numbers 
that have real-number roots and those that have complex-number roots 
that are not real. For example, V —48 is a complex number that is not a real 
number because we are taking the square root of a negative number. But, 
\/—125 is a real number because we are taking the cube root of a negative 
number and any real number has a cube root that is a real number. 


Db ADDITION AND SUBTRACTION 


The complex numbers follow the commutative and associative laws of 
addition. Thus we can add and subtract them as we do binomials with real- 
number coefficients; that is, we collect like terms. 
EXAMPLES Addor subtract. 

6. (8 + Gi) + (3 + 2i) = (8 + 3) + (6 + 2)i= 11 + Bi 

7. (3 + 2i) — (5 — 2i) = (3 — 5) + [2 - (-2)]i= -2 + 43 


Do Exercises 6-9. BD 


G3 MULTIPLICATION 


The complex numbers obey the commutative, associative, and distributive 
laws. But although the property VaVb = Vab does not hold for complex 
numbers in general, it does hold when a = —1 and bisa positive real number. 


Add or subtract. 
6. (7 + 4i) + (8 — 7i) 


7. (-5 — 6i) + (-7 + 128) 


8. (8 + 3i) — (5 + Bi) 


9. (5 — 4i) — (—7 + 3i) 


Answers 

Margin Exercises: 

1. iV5,orV5i 2. Si 3. «V1, or — V1 
4. -6i 5. 3iV6,or3V6i_ 6. 15 — 3% 

7 -12+6i 8 3-5i 9. 12-Ti 
Guided Solution: 

5. -1,3,i 
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only for nonnegative real 


numbers. 
Multiply. 

10. V—25 + V—4 
11. W=2+ V=17 
12. —6i: 7i 

13. —3i(4 — 3i) 
14. 5i(—5 + 7i) 


15. 


16. 


17. 


(il se SAC sp By) 


=1+ te 
=1+ i + 15(-1) 
=1+ 8-15 
= + 8i 


(3 — 2i)(1 + 43) 


(3 + 2i)? 


Answers 


10.-10 Il. -V34 12.42 13. -9 — 127 
14. -35 — 251 15. -14+ 8i 16. 11+ 10i 


17. 5 + 12i 


Guided Solution: 
15. 5i, 15,8, —14 
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Diba-Sye area Caution! aS asaisravnae have rserncnss 
The rule VaVb = Vab holds 


i 


€ 


To multiply square roots of negative real numbers, we first express them 
in terms of i. For example, 


V-2-V=-5 = V1: V2° V=1: V5 = iV2- iV5 
i27V/10 = —V10 is correct! 
But V—2 + V—5 = V(—2)(—5) = V10 is wrong! 


Keeping this and the fact that i? = —1 in mind, we multiply in much the 
same way that we do with real numbers. 


EXAMPLES Multiply. 
8 V—49- V—-16 = V-1- V49- V-1- V16 
— 1° 7° ie 4 
= i?(28) 
=(-1)(28) ?=-1 
= —28 
SAN H8 ss VS Val ae Vale v7 
=i: V3+i- V7 
= i*(V21) 
=(-1)v2l ?=-1 
= -V21 
10. —2i- 5i = —10- 7? 
=(-10)(-1) #=-1 


= 10 
ll. (—4i)(3 — 5i) = (—4i) + 3 — (—4i)(5i) Using a distributive law 
= —12i + 2017 
= —12i + 20(-1) ?=-1 
= —12i — 20 
= -—20 — 12i 
12, (1 + 2i)(1 + 3i) = 1+ 31+ 2% + 6? Using FOIL 


=14+3i+ 2+ 6(=1) f= 
=1+ 3i+ 2i-6 


= —-5 + 5i Collecting like terms 
13. (3 — 2i)* = 3? — 2(3)(2i) + (2i)? Squaring the binomial 
= 9—-— 123+ 47 
= 9- 12i+ 4(-1) v=-1 
=9=12i-4 
=5- 12i 


< Do Exercises 10-17. 
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Ei} POWERS OF i 


We now want to simplify certain expressions involving powers of i. To do 
so, we first see how to simplify powers of i. Simplifying powers of i can 
be done by using the fact that i? = —1 and expressing the given power of 
iin terms of even powers, and then in terms of powers of i”. Consider the 
following: 


? = -1, 
B=?-i=(-li=-i 

i‘ = (fr)? = (-1)? itr 
P=i-i=(P)+i=(-1?-i=i, 
= (7) = (-1)° = -1. 


Note that the powers of i cycle through the values i, —1, —i, and 1. 


~. 


EXAMPLES Simplify. 

Bo ar ste Oe (Ht) iS tie i 

15, 7° = (PF)? = (-1)* = =1 
1 
( 


16. jo = j4.j= i (-1)" -i= =Lef= —j 
17. j8° = rye = (-1)* =] 


Do Exercises 18-21. D> 


EXAMPLES Simplify tothe forma + bi. 

18.8 —- i? =8—(-1)=8+1=9 

19. 17 + 68 = 17+ 6- + i= 17 + 6(-1)i = 17 - Gi 

20,1? = 677 = (7)" = 67(-1) = (—1)" + 67 = =1 + 67 = 66 

21, Pi? = (*) <7 + (PY = (PY + (—1)" = (-1)" + e+ (-1)" 
=-i+t1l=1-i 


Do Exercises 22-25. D> 


@ | CONJUGATES AND DIVISION 


Conjugates of complex numbers are defined as follows. 


CONJUGATE 


The conjugate of a complex number a + biisa — bi, and the 
conjugate of a — biisa + bi. 


EXAMPLES Find the conjugate. 


22.5 + 7i The conjugate is 5 — 7i. 
23. —3 — 9i The conjugate is —3 + 9i. 
24. 4i The conjugate is —4i. 


Do Exercises 26-28. D> 


Simplify. 
18. i*” 19. i 


20. i® 21. i 


Simplify. 
22.8-i7 


23. 7+ 47° 


24, (4 — 7% 


pcs) 25. 6i!! + 7i!4 


) 


— 6 ee 
= 6(77) + i + 7(i7)" 
——6( meni acl 
= 6( li + 7( 

= = Ri = 

= -7 - 6i 


Find the conjugate. 
26. 6 + 3i 


27. —9 — 5i 


1, 
28. ——i 
4 


Answers 
18. -i 191 20.i 21. -1 


23.3 24. -1+i 25. -7—- 6i 


1 
26.6—-—3i 27. -9+ 5i 28. 


4 


Guided Solution: 
25. 10,5, —1,—-1,—-1,7 
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When we multiply a complex number by its conjugate, we get a real 
number. 


EXAMPLES Multiply. 


25. (5 + 71)(5 — 7i) = 5° — (7i)? Using (A + B)(A — B) = A’ — B’ 
= 25 — 497° 
=25-49(-1) f=-1 
= 25 + 49 
= 74 

26. (2 = 3)@ + 31) = 2? = (31) 
= 4- 97? 
=4-9-1) ?P=-1 

Multiply. =4+9 
29. (7 — 2i)(7 + 2i) = 13 
30. (-—3 — i)(-3 + i) < Do Exercises 29 and 30. 


We use conjugates when dividing complex numbers. 


=O ot OT 


EXAMPLE 27 Divide and simplify to the forma + bi: oh 


=§ +91 L422 (-5 + 9)(1 + 21) Multiplying by 1 using the 
a 1 — 2i\(1 + 27 conjugate of the denominator 
; ; ( i)( i) in the symbol for 1 


_ =o = 10r ors ler 


P — 4? 
=§ =4 4 18(1) : 
a1) — 
<5 = p18 
ore 
sig 
-=— 
23 «1 
aaa, 4 


Note the similarity between the preceding example and rationalizing 
denominators. In both cases, we used the conjugate of the denominator to 
write another name for 1. In Example 27, the symbol for the number 1 was 
chosen using the conjugate of the divisor, 1 — 2i. 


EXAMPLE 28 Whatsymbol for 1 would you use to divide? 


Division to be done Symbol for 1 
3:51 4 — 3i 
4+ 3i 4— 3i @ 


Answers 
29. 53 30. 10 
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3 4+ 5i 
EXAMPLE 29 Divide and simplify to the forma + bi: 


4+ 37 
3+ 5: 4.= 31 34+ 5i)(4 — 3i 
: : : = \ ut ) Multiplying by 1 
4+3i 4-31 (4+ 3i)(4 — 3i) 
_ 12 — 91 + 20% — 157? 
4 = 97° 
4 i —15(-1) Divide and simplify to the form 
16 = 9(-1) rer 
_ 27+ ii _ 27 T= s 
25 25 25 
39 2+ 3i 
Do Exercises 31 and 32. > “14 4i 


Complex Numbers We can perform operations on complex numbers on a graphing calculator. To do so, we first set 
the calculator in complex, or a + bi, mode by pressing GBP, using the Y and —) keys to position the blinking cursor over a + bi, 
and then pressing Gg. We press GD to go to the home screen. Now we can add, subtract, multiply, and divide complex 
numbers; i is the second operation associated with the G) key. 


To find (3 + 4i) — (7 — i), we note that the parentheses around 3 + 4i are optional, but those (3+4i)-(7-i) 
oc De 2 5—2i)/(-143i)P F 
around 7 — ij are necessary. To find ————, we see that the parentheses must be used to group the Cres ae nO- 13/01 
=e 3) V(-4)V (9) 
numerator and the denominator. To find V—4 + V—9, note that the calculator supplies the left i 
parenthesis in each radicand and we supply the right parenthesis. The results of these operations are 


shown at right. 


—445i 


=6) 


EXERCISES: Carry out each operation. 

1. (9 + 4i) + (—11 — 13%) 2. (9 + 4i) — (—11 — 13%) 3. (9 + 4i) + (-11 — 133) 
4. (9 + 4i) + (-11 — 133) 5. V-16 + V—25 6.23 + 4/35 

4 — 5i 

" —6 + 8i 


8. (—3i)* 9. (1-7)? — (2 + 3i)* 


E@ SOLUTIONS OF EQUATIONS 


The equation x* + 1 = 0 has no real-number solution, but it has two non- 
real complex solutions. 


EXAMPLE 30 Determine whether iis a solution of the equationx? + 1 = 0. 
We substitute i for x in the equation. 


x*7+1=0 ; a 
ta 33. Determine whether —iis a 
7+120 solution of x? + 1 = 0. 
—1+1 1 = 0 
2 See 
0 TRUE 2 
The number iis a solution. | 
Do Exercise 33. D> Answers 
10 ll 
31. 2i 32. —-——i 33. Yes 
17. «17 
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Any equation consisting of a polynomial in one variable on one side 
and 0 on the other has complex-number solutions. (Some may be real.) It is 
not always easy to find the solutions, but they always exist. 


EXAMPLE 31 Determine whether 1 + iis a solution of the equation 
eon 3 = 0: 
We substitute 1 + i for x in the equation. 
a= Oy 2 =O 
(1+ i)? -201+)4+2 70 
Ler 2 2! 
Le 2p 1, = 2H 2b 
(l1-—1-—2+2)+(2-2)i 
0+ Oi 
0 TRUE 


The number 1 + iisa solution. @ 


EXAMPLE 32 Determine whether 2i is a solution of x? + 3x — 4 = 0. 
x*+3x-4=0 


34. Determine whether 1 — iisa 


solution of x? — 2x + 2 = 0. (2i)* + 3(2i) — 4 20 
x? -%x+2=0 4i?> + 6i- 4 
2 -4+6i-4 
—8 + 6 FALSE 
The number 27 is not a solution. 
Answer 
34. Yes < Do Exercise 34. 


For Extra Help MathXL° — Pp. 


MyMath Lab” PRACTICE WATCH READ REVIEW 


(vf Reading Check 


Determine whether each statement is true or false. 


RC1. Every real number is a complex number, but not every complex number is a real number. 
RC2. The conjugate of the complex number 3 — 7iis3 + 7i. 

RC3. All complex numbers are imaginary. 

RC4. The square of a complex number is always a real number. 

RC5. The product of a complex number and its conjugate is always a real number. 


RC6. The imaginary number i raised to an even power is always 1. 
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EE Express in terms of i. 


lL. V—35 >. 
5. —V-12 6 
9. V-81 10. 
13. —V—49 14. 
17, V-4 + V-12 18 


5 Add or subtract and simplify. 


19. (7 + 2i) + (5 — 6i) 


22, (—2 — 5i) + (1 — 3i) 


25. (6 — i) — (10 + 3i) 


28. (—2 — 3i) — (1 — 5i) 


V-21 3. V—16 
=A = 20 q. V3 
—27 ll. V—98 
—V-125 15. 4 — V—-60 
. ~V-76 + V—125 


20. (—4 + 5i) + (7 + 3i) 


23. (9 — i) + (-2 + 5i) 


26. (—4 + 3i) — (7 + 4i) 


29. (9 + 5i) — (-2 - i) 


21 


24 


27 


30 


8. V-4 


12. —V-18 


16. 6 — V—84 


. (4-38) + (5 — 23) 


. (6 + 4i) + (2 — 3i) 


. (4 — 21) — (5 — 31) 


. (6 — 3i) — (2+ 4) 
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31. V—36 + V—9 32. V—16- V—64 33. V—7« V-2 34. V—-11- V—-3 
35. —3i- 7i 36. 8i- 5i 37. —3i(—8 — 2i) 38. 4i(5 — 7i) 

39. (3 + 2i)(1 + i) 40. (4 + 3i)(2 + Si) 41. (2 + 3i)(6 — 2i) 42. (5 + 6i)(2 — i) 
43. (6 — 5i)(3 + 4i) 44, (5 — Gi)(2 + 5i) 45. (7 — 2i)(2 — 6i) 46. (—4 + 5i)(3 — 4i) 
Az. (3 = 21) 48. (5 — 2i)° 49. (1 + 5i)? 50. (6 + 2i)” 

51. (—2 + 3)? 52, (—5 = 27)? 


Pall Simplify. 


53. i’ 54, i! 55. i*4 56. i? 
57. i” 58. i% 59. i? 60. (—i)” 
61. i° 62. (—i)* 63. (5i)° 64. (—3i)° 
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Simplify to the forma + bi. 


65. 


69. 


73. 


76. 


79. 


83. 


87. 


90. 


93. 


7+ i4 66. -18 +7 67. 17° — 233 68. i + 33: 
i’? + it 70. 5i° + 47° 1. +i! 72, {84 — {100 
1+i+?+P4+i4 mi-P+P-H%+7 75. 5 — V-64 
8 — V—-24 9+ V-9 
V—-12 + 36i 77. a 78. —— —* 
Divide and simplify to the forma + bi. 
4+ 31 5 + 2i 3 -— 21 6 — 2i 
- 80. - 81. - 82. - 
re ey | 2+ i 2+ 3i 7+ 3i 
8 — 3i 3+ 8i 4 6 
- 84. - 85. - 86. 
7i 5i 3d ie | 
2i 8i 4 
- 88. - 89. — 
5 — Ai 6+ 3i 3i 
2— 4i 5 + 3i 
=. 91. - 92. - 
6i 8i i 
6+ 3i 4-—5i 
; 94. 
6 — 3i 4+ 5i 
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if Determine whether the complex number is a solution of the equation. 


95. 1 — 2i; 96. 1 + 23; 97. 2+ i; 98. 1 — i; 
x? -—%%x+5=0 x7 -2x+5=0 x-4x-5=0 x7 +2x+2=0 
T T T T 


2 2 2 2 


Skil] Maimtemance ii cccccccccccccccccccccccsccsevecveveeveeveveveevstvesvavevssvisvatvavsvesvatvasvevsvesvitvevvavesvesees 


For each equation, find the intercepts. [2.5al] 
99. 2x — y= —30 100. 4y — 3x = 72 101. 5x = 10 — 2y 


Find the slope of each line. 


‘| 
102. y= —2x [2.4b] 103. x — 3y = 15 [2.4b] 104. 6x = -12 [2.5c] 


Multiply or divide and write scientific notation for the result. [R.7c] 


26% 10° 
105... 106. (4.1 X 10°*)(6.5 X 10°) 
1.2 xX 10 
NU psec eae tess apace cna cantata esbacoacee socdeaal sngosicaw beans seamed Giese 
1 = 
107. Acomplex function gis given by 108. Evaluate ———, when w = Th 
ae w—-w 
Z)= ; 
g(z) aa 
Find g(2i), g(1 + i), and g(—1 + 2i). 
Express in terms of i. 
1 1 
109. 3(-24 — V—1024) 110. 12,/—35 111. 7V—64 — 9V—256 
Simplify. 
io es ee 113. (1 — (1 + #3 im 
<> _~p ‘ —i i i. 
(1 — i)* V5i 
6 1 1.7 1. 1.) i- i 
115. 116. I eed 117. : 
143 2 3 2 3 L+i 


118. Find all numbers a for which the opposite of a is the same as the reciprocal of a. 
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CHAPTER 


6) Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the i 
right. Some of the choices may not be used and some may be used more ilicand 
than once. i 
index 
1. The number c is the root of a, written Wa, if the 


third power of c is a—that is, ifc? = a, then Wa =c. [6.1c] eae 
complex 
2. A(n) number is any number that can be named J 
a+ bi, where aand bare anyrealnumbers. [6.8a| cube 
conjugate 
3. For any real number a, Va? = |a|. The 7 8 
(nonnegative) square root of a” is the absolute value ofa. _[6.1b] radical 
4. To find an equivalent expression without a radical in the denominator ape 
is called the denominator. [6.5a] Imaginary 
5. Thesymbol V _ is called a(n) . [6.1a] rationalizing 
odd 


6. A(n) number is a number that can be named bi, 
where bis some real number and b + 0. [6.8a| 


7. The number c is a(n) root of aifc* = a. [6.1a] 


8. The expression written under the radical is called the 


[6.1a] 
9. The ofa complex number a + biisa — bi. [6.8e] 
10. In the expression Wa, we call the k the . [6.1d] 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. For any negative number a, we have Va = a. [6.1a] 

. For any real numbers AVG and WoW a -Wbh = Wab. [6.3a] 

. For any real numbers Waand Wb, Wa+ Wo =Wa +t b. [6.4a] 
. Ifx? = 4,thenx = 2. [6.6a] 


. All real numbers are complex numbers, but not every complex number is areal number. _[6.8a] 


a a »- BS WD 


. The product of a complex number and its conjugate is always areal number. [6.8e] 


Study Guide 


Objective 6.1b Simplify radical expressions with perfect-square radicands. 


Example Simplify: V 16x’. Practice Exercises 
V 16x? = V (4x)? = |4x| = |4| - |x| = 4|x| : 1, Simplify: V36y?. 
Example Simplify: Vx* — 6x + 9. 2. Simplify: Va? + 4a + 4. 


Vx — 6x +9 = V(x - 3)? = |x - 3] 


Summary and Review: Chapter 6 561 


Objective 6.2a Write expressions with or without rational exponents, and simplify, if possible. 


Example Rewrite x!/* without a rational exponent. Practice Exercises 
Recall that a!/” means Va. Then : 3. Rewrite z*/> without a rational exponent. 
x4 = Wy, : 
Example Rewrite (/4xy”)‘ with a rational exponent. : 4. Rewrite (\V6ab)° with a rational exponent. 


Recall that ( Va)™ means a”/”". Then 


(Vay?) = (ny?) 


Objective 6.2b Write expressions without negative exponents, and simplify, if possible. 


with a positive exponent,and =: Practice Exercise 


Example Rewrite 8 7/° 
simplify, if possible. : 5, Rewrite 9-°/? with a positive exponent, and 
Recall that a~””/” means 2 Then Sieaplify, upossinle; 
1 1 1 1 


3-2/3 


ee 


Bi (Wee 


Objective 6.2d Use rational exponents to simplify radical expressions. 


Example Use rational exponents to simplify: Wy : Practice Exercise 
W 24 = (x2y4)¥6 : 6. Use rational exponents to simplify: W/a°b’. 
= x2/6y : 
= x1/3y 


Objective 6.3a Multiply and simplify radical expressions. 


Example Multiply and simplify: V/ 6xy?W/9y. Practice Exercise 
vy exy2W gy = W 6xy2 * 9y 7. Multiply and simplify. Assume that all expressions 
= W54xy? : under radicals represent nonnegative numbers. 
= Waz7y? + 2x i a 


= W277 WV 2x 
= 3yW/2x 


Objective 6.3b Divide and simplify radical expressions. 


24x° 
Example Divide and simplify: wee” : Practice Exercise 
x ; 
24x° Ax — : 8. Divide and simplify: aut 
Vy | a 
V 6x 6x : 
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Objective 6.4a Add or subtract with radical notation and simplify. 


Example Subtract: 5V/2 — 4V8. : Practice Exercise 
5V2 — 4V8 = 5V2 —4V4- 2 > Q, Subtract: V48 — 2V3. 
= 5V2 —-4V4V2 


= 5V0 — 4-2V2 = 5V3 — BV? | 
= (5 — 8)V2 = -3V2 : 


Objective 6.4b Multiply expressions involving radicals in which some factors contain more than one term. 


Example Multiply: (3 = V6) (2 + 4V/6). Practice Exercise 
We use FOIL: : 10. Multiply: (5 — Vx)?. 
(3 — V6)(2 + 4V6) 
=3:2+3:4V6- V6-2- V6:4V6 
= 6+ 12V6 - 2V6-4°-6 
= 6+ 12V6 — 2V6 — 24 
= -18+ 10V6. 


Objective 6.6a Solve radical equations with one radical term. 


Example Solve: x = Vx—2+4 4. Practice Exercise 
First, we subtract 4 on both sides to isolate the 11. Solve: 3+ Vx—1l1=x. 
radical. Then we square both sides of the equation. ; 
x=Vx-2+4 
x-4=Vx-2 


x=3 or x= 


We must check both possible solutions. When we do, we 
find that 6 checks, but 3 does not. Thus the solution is 6. 


Objective 6.6b Solve radical equations with two radical terms. 


Example Solve: 1 = Vx + 9 — Vx. Practice Exercise 
l= Vx+9- Vx : 12, Solve: Vx +3 -— Vx—2=1. 
Vxt1=Vxt+9 Isolating one radical 


(Vx + 1)? =(Vx+9)? Squaring both sides 
x+2Vx+1=x+9 
2Vx = 8 Isolating the remaining radical 


Vx = 4 
(vs)? = 4 
x= 16 


The number 16 checks. It is the solution. 


Summary and Review: Chapter 6 
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Objective 6.8c Multiply complex numbers. 


Example Multiply: (3 — 2i)(4 + i). 

(3 — 2i)(4+ i) = 12 + 31 - 81 — 27 
= 12 + 3i— 81 — 2(-1) 
= 12+ 3i- 81+ 2 
= 14- 5i 


Practice Exercise 
Using FOIL 


13. Multiply: (2 — 52)’. 


Objective 6.8e Find conjugates of complex numbers and divide complex numbers. 


Example Divide and simplify to the form a + bi: 


5-1 
4+ 37 
The conjugate of the denominator is 4 — 3i, so we 
4- 3i 
multiply by 1 using = 
4-3i 


5-i 5-i 4-3i 


4+3i 4+3i 4-3i 
20 — 15i — 4i + 37? 


16 — 9i? 
20 — 191 + 3(—1) 
16 — 9(—-1) 
_ 20-191 - 3 
16 +9 
17 = 19% 17 19. 
35 oe ag 


Review Exercises 


Practice Exercise 


3 - 2i 
14. Divide and simplify to the form a + bi: a : 
i 


Use a calculator to approximate to three decimal 
places. [6.la] 


963.2 
1. V778 ae 


23.68 
3. For the given function, find the indicated function 


values. [6.1a] 


f(x) = V3x — 16; f(0), f(-1), f(1), and fQ) 


4. Find the domain of the function f in Exercise 3. 
[6.1a] 


Simplify. Assume that letters represent any real 


number. [6.1b] 
6. V (=z)? 


5. V81a? 
7. V(6— by? 8. Vx? + 6x + 9 


Simplify. [6.1c] 


1 
9. \/—1000 10. {- 


11. For the given function, find the indicated function 
values. [6.1c] 


f(x) = Wx + 2; f(6),f(—10), and f(25) 


Simplify. Assume that letters represent any real 


number. [6.1d] 
13. =\7 (-3)" 


12. 10, x10 


Rewrite without rational exponents, and simplify, if 
possible. [6.2a] 


14, al 15. 64°/2 
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Rewrite with rational exponents. [6.2a] 
16. V31 17. Va’b® 


Rewrite with positive exponents, and simplify, if 
possible. [6.2b] 


18, 49°12 19. (8xy) 2/9 


20. 5a-3/4b'/2¢-2/8 


Use the laws of exponents to simplify. Write answers 
with positive exponents. [6.2c] 


7-1/3 


=2/3\3/5 
eG i ad i 23. sh 


Use rational exponents to simplify. Write the answer in 
radical notation if appropriate. [6.2d] 


24, V/x?! 25. W/27x8 


Use rational exponents to write a single radical 


expression. [6.2d] 
26. x/3yl/4 27. WxWVx 


Simplify by factoring. Assume that all expressions under 
radicals represent nonnegative numbers. [6.3a] 


28. 245 29. V/—108 


30. \/250a2b® 


Simplify. Assume that no radicands were formed by 
raising negative numbers to even powers. [6.3b] 


49 64x® 
31. ./—— 32. v°/' eae 
36 27 
33 4 16x 
81y!” 


Perform the indicated operations and simplify. Assume 
that no radicands were formed by raising negative 
numbers to even powers. [6.3a, b], [6.4a| 


34, V5xV3y 35. W/a®pW/27b 


Woon" 


37. a 
W 10x 


36. Wav/b3 


3/2 
cen 39. Wx 
2V3 Wy 


40. 5\/x + 2V/x a1, OV = 7V3 


42, V50 + 2VI8 + V32 43. Wxt + Way? 


Multiply. [6.4b] 
44. (V5 — 3V8)(V5 + 2V8) 


45. (1 — V7)? 


46. (W/27 — W/2)(W/27 + W2) 


Rationalize the denominator. [6.5a, b] 


8 2 
47. ./— 48. ———_—— 
i Va+ Vb 


Solve. [6.6a, b] 
49.x-3=V5-x 


50. Wx+3=2 


51. Vx + 8- V3x+1=1 


Automotive Repair. For an engine with a displace- 
ment of 2.8 L, the function given by 


d(n) = 0.75V2.8n 


can be used to determine the diameter of the carbu- 
retor’s opening, d(7), in millimeters, where n is the 
number of rpm’s at which the engine achieves peak 
performance. [6.6c] 


Source: macdizzy.com 


52. If a carburetor’s opening is 81 mm, for what 
number of rpm’s will the engine produce peak 
power? 


53. If a carburetor’s opening is 84 mm, for what 
number of rpm’s will the engine produce peak 
power? 


Summary and Review: Chapter 6 : 565 


54. Length of a Side of a Square. The diagonal ofa 
square has length 92 cm. Find the length of a 
side of the square. [6.7a] 


55. Bookcase Width. A bookcase is 5 ft tall and has 
a 7-ft diagonal brace, as shown. How wide is the 
bookcase? = [6.7a] 


a 


ft 


In a right triangle, find the length of the side not given. 
Give an exact answer and an answer to three decimal 
places. [6.7a] 


56.a=7, b= 24 57. a= 2, c= 5V2 


58. Express in terms of i: V—25 + V—-8.  [6.8a] 


Add or subtract. [6.8b] 
59. (—4 + 3i) + (2 - 123) 


60. (4 — 7i) — (3 — 8i) 


Multiply. [6.8c, d] 
61. (2 + 5i)(2 — 5i) 62. 7° 


63. (6 — 3i)(2 — i) 


Divide. [6.8¢] 


—3 + 2i 1 — 2i 
64, ——_— 65. ; 
5i 3 +1 


66. Graph: f(x) = Vx. [6.1a] 


67. Which of the following is a solution 
ofx? + 4x+5=0? [6.8f] 


A.1l-i B.1+i 
C.2+i D. -2+i 
Synthesis occ 


68. Simplify: i+ i2- i--- i+ 7%. [6.8c, d] 
p 


69. Solve: V1llx + V6+x=6. [6.6a] 


Understanding Through Discussion and Writing 


1. Find the domain of 
fO=@+5)"4R4 7 


and explain how you found your answer. [6.1a], 
[6.2b] 


2. lass Ron is puzzled. When he uses a graphing 
calculator to graph y = Vx - Vx, he gets the 
following screen. Explain why Ron did not get the 
complete line y = x. [6.1a], [6.3a] 


3. In what way(s) is collecting like radical terms the 
same as collecting like monomial terms? [6.4a] 


4. Is checking solutions of equations necessary when 
the principle of powers is used with an odd power n? 
Why or why not? = [6.1d], [6.6a, b] 


5. A student incorrectly claims that 
5+V2 5+ V1 541 _ 
V18 v9 3 
How could you convince the student that 
a mistake has been made? How would you 


explain the correct way of rationalizing the 
denominator? [6.5a] 


2: 


6. How are conjugates of complex numbers similar to 
the conjugates used in Section 6.5? [6.8e] 
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CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youff} (search “BittingerInterm” and click on “Channels”. 


1. Use a calculator to approximate V 148 to three decimal places. 


2. For the given function, find the indicated 3. Find the domain of the function f in Exercise 2. 
function values. 


f(x) = V8 — 4x; f(1) and f(3) 


Simplify. Assume that letters represent any real number. 


1 
4. V(—3q)" 5. Vx? + 10x + 25 Gin 


~ 1000 
Ve 8. \/(-4)!° 
Rewrite without rational exponents, and simplify, if possible. Rewrite with rational exponents. 
Sua. * 10. 32°/5 ll. V37 12. (V5xy”)5 


Rewrite with positive exponents, and simplify, if possible. 
135 100051" Wa8a°b c= 


Use the laws of exponents to simplify. Write answers with positive exponents. 
Doct 
Doe 


1S eye ee 16. 


Use rational exponents to simplify. Write the answer in radical notation if appropriate. Assume that no radicands were 
formed by raising negative numbers to even powers. 


17. W/? 18. \/16x° 


Use rational exponents to write a single radical expression. 


19. a2/5p¥/3 20. W/2yWy 


Simplify by factoring. Assume that no radicands were formed by raising negative numbers to even powerts. 


21. V/148 22. \/80 23. ¥/24a"p 


Simplify. Assume that no radicands were formed by raising negative numbers to even powers. 


24, 3| 16x? 25. d 25x" 
ys 36y* 


Test: Chapter 6 567 


Perform the indicated operations and simplify. Assume that no radicands were formed by raising negative numbers to 
even powers. 


_ W/x3y3 300 
26. W/2xW/5y? 27. W/x3y2Vxy Dpe al ppp ee 
Waxy? 5V3 


30. Add: 3V/128 + 2V18 + 232. 


Multiply. 
31. (V20 + 2V5)(V20 — 3V5) 32. (3 + Vx)? 
a 2 
33. Rationalize the denominator: ————~. 
3 = 5V2 
Solve. 
34. Wx —3=2 35. Vx —- 6 = Vx+9-3 36. Vx—-1+3=x 
37. Length ofa Side ofa Square. The diagonal of a square 38. Sighting to the Horizon. A person can see 72 mito the 
has length 7V2 ft. Find the length ofa side of the horizon from an airplane window. How high is the 
square. airplane? Use the formula D = 1.2V/h, where Dis in 


miles and h is in feet. 


In a right triangle, find the length of the side not given. Give an exact answer and an answer to three decimal places. 


39.a=7, b=7 40.a=1, c= V5 
41. Express in terms of i: V—9 + V—64. ayy, Sulomees (& se Gy) = (=2 ar Sy), 
Multiply. 
ag 4)Ge. a) 44, i? 
ie Seely : Be : 
AS, Dwi <<<. 46. Determine whether 1 + 2iis a solution of 
6 — 81 Xo 2e 5 S10! 
47. Which of the following describes the solution(s) of the equation x — 4 = Vx — 2? 
A. There is exactly one solution, and it is positive. B. There are one positive solution and one negative solution. 
C. ‘There are two positive solutions. D. There is no solution. 
SV TVEEVOSES ane res yeeros eet ere eee eee 
Aone pay 
48. Simplify: ———_.. aD), Soluce WAR = 2 +b WHEE SA = Wie 10. 
4i(1 + 4i) 
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CHAPTERS 


Cumulative Review 


Simplify. Assume that no radicands were formed byraising : 21, (3x —6| = 2 22. 625 = 49y 

negative numbers to even powers. ; 
th (@ee = shea 1) se 2 ys 

(6x — 3x3 + 7x2 — 4) 2 Abb Shear Sy = SiO), Mh seo ar QV = B= —7, 

: 5x + 3y = 34 x War Ae = ©), 
Syear Gy B= = 
3. (5x? — 2x + 1)(3x? + x — 2) 
6x 300 2250 


25. 5 a er 
a6 = §) ag ar G36 ar 245) Goa 25 


x°+ 64 x? —-— 14x + 49 


4, 
x27 -49 x*-— 4x+ 16 
3x? 5x — 22 —48 
26. => 
xe ae 2 B= 2 ier = al 
i es) a) 
: = iy 1 
aa oee as nE 
ae hy te Oh = ,forR 280 4 
; es : IR SP Ur 
eae ae! 
, 29. 2V1 — x = V5 S0nis 
6 58 I i = 2B 
eo ee a ee ee 
Graph. 
2 
7 (y2 + 3y?-5)+(y+2) 8 W-8x3 : 31. fe) = 3x42 32. 4x — 2y = 
9. V16x2 — 32x + 16 10. 975 + 6V12 
3V5 
ll. V2xy? + V 8xy? 12, ————— 
= ie V6 - V3 
13. \o/ men’ 14, 62/9 = 67/9 
64 
(ey (25) Se =) i 
° (Ay) = = ats ° 
6 + 5i 
Solve. 
1 3 4 1 
1h = =e = = 18. M = —(c — 3), forc 
5 10 5 8 
19. 3a -—4< 10+ 5a 20-8 15 


Cumulative Review: Chapters 1-6 569 


35.64) —~% —x7 2 36. f(x) = |x + 4| 


VA VA 

5 5 

4 4 

3 3; 

LD 2 

1 1 

a > 

Sp || Lease ge Spal | 1 ee ao 

9) i cao 

=3 -3 

=4 =4 

=5 +5 
BE C2) = eae 38. f(x) =2- Vx 

VA VA 

& 5 

4 4 

3 & 

2 2 

1 1. 

= ~ 

24-92-11 | PAS 28 e pa, || Wea ae & 

7) Ee? 

=3 +3 

+4, LA. 

=o, aS 
Factor. 


39. 12x’y? — 30xy? AO; 3. = gx = 28 


Alyy — 132 42. 27y? + 8 
AS AG 1625 


Find the domain and the range of each function. 


44, yA 45. YA 
5 5 
4 4 
3 3. 
2 2. 
1 1 
et See il A Sh at & Ze = teeta 2a tage) Ze 
2 2 
3 
i, 4 
5 


46. Find the slope and the y-intercept of the line 
sae = 2 = Gh, 


47. Find an equation for the line perpendicular to the line 
3x — y = 5and passing through (1, 4). 


48. Triangle Area. The height h of triangles of fixed area 
varies inversely as the base b. Suppose the height is 
100 ft when the base is 20 ft. Find the height when the 
base is 16 ft. What is the fixed area? 
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Solve. 


49. Harvesting Time. One combine can harvest a field 
in 3 hr. Another combine can harvest the same field 
in 1.5 hr. How long should it take them to harvest the 
field together? 


oa 


SH 


50. Warning Dye. Awarning dye is used by people in 
lifeboats to aid search planes. The volume V of the dye 
used varies directly as the square of the diameter d of 
the circular area formed by the dye in the water. If 4 L 
of dye is required for a 10-m wide circle, how much 
dye is needed for a 40-m wide circle? 


51. Rewrite with rational exponents: Way4. 
IL 
Gy? B. (xy*)? 
C. (xy)"° D. (xy*)¥° 


52. A grain bin can be filled in 3 hr if the grain enters 
through spout A alone or in 15 hr if the grain enters 
through spout B alone. If grain is entering through 
both spouts at the same time, how many hours will it 
take to fill the bin? 


A. 3hr B. 9 hr 
C. 22$hr D. 103 hr 


53. Divide: (x? — x? + 2x + 4) + (x — 3). 
A. x? + 2x + 8, R28 B. x? + 2x — 4,R-8 
C. x? — 4x — 10, R-26 D. x” — 4x + 14,R46 


54. Solve: 2x + 6 = 8 4 pe ae IL, 


A. + B. 3 
C. 3,5 D. 4,3 
SVNGHCSIS (ee ee 
55. Solve: SE ere 
: “x-VxF1 dU 
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CHAPTER 


Quadratic 
_ Equations and 
2 Sutacevwers ~~“ Functions 


7.3 Applications Involving 
Quadratic Equations 


Translating for Success 

7.4 More on Quadratic Equations 
Mid-Chapter Review 

7.5. Graphing f(x) = a(x — h)? +k 
7.6 Graphing f(x) = ax? + bx + ¢ 


Visualizing for Success 


7.7 Mathematical Modeling 
with Quadratic Functions 


7.8 Polynomial Inequalities 
and Rational Inequalities 

Summary and Review 

Test 

Cumulative Review 


STUDYING FOR SUCCESS _ Doing Your Homework 


{_) Prepare for your homework by reading explanations of concepts and by following the step-by-step 
solutions of examples in the text. 

{|} Include all the steps. This will keep your work organized, help you to avoid computational errors, 
and give you a study guide for an exam. 

{| Try to do your homework as soon as possible after each class. Avoid waiting until a deadline is near 
to begin work on an assignment. 


The Basics of Solving 


Quadratic Equations 


ALGEBRAIC GRAPHICAL CONNECTION 


Let’s reexamine the graphical connections to the algebraic equation- 
solving concepts we have studied before. 

The graph of the function f(x) = x? + 6x + 8 and its 
x-intercepts are shown below. 


a | Solve quadratic equations 
using the principle of 
square roots, and find the 
x-intercepts of the graph of 
a related function. 


f@) =x? +6xt+8 J The x-intercepts are 

(—4, 0) and (—2, 0). These 

pairs are also the points of 
intersection of the graphs of 

f(x) = x? + 6x + Band g(x) = 0 
(the x-axis). We will analyze the 
graphs of quadratic functions in 


| Solve quadratic equations 
by completing the square. 


C | Solve applied problems 
using quadratic equations. 


SKILL TO REVIEW 


‘ -2+ greater detail in Sections 7.5-7.7. 
. x-intercepts: = 
Objective 4.8a: Solve quadratic (—4, 0), (—2, 0) ie 
equations by first factoring and : 
then using the principle of zero : 
products. We can solve quadratic equations like x? + 6x + 8 = 0 using 
Solve. : factoring: 
1. x2 + 6x — 16=0 x27 + 6x+8=0 
2. 6x? — 13x —-5 =0 (x + 4)(x + 2) =0 Factoring 
x+4=0 or x+2=0 Using the principle of zero 
products 
x=-—4 or 4S Se, 


We see that the solutions of x7 + 6x + 8 = 0, —4 and —2, are the 
first coordinates of the x-intercepts, (—4, 0) and (—2, 0), of the graph 
of f(x) = x? + 6x + 8. 


We now extend our ability to solve quadratic equations. 


Answers 
Skill to Review: 


le 
1..-82 2.- y= 
32 


572 : CHAPTER? Quadratic Equations and Functions 


Ei THE PRINCIPLE OF SQUARE ROOTS 


The quadratic equation 5x* + 8x — 2 = Ois said to be written in stand- 
ard form. 


QUADRATIC EQUATION 


An equation of the type ax” + bx + c = 0, where a, b, and care 
real-number constants and a > 0, is called the standard form ofa 
quadratic equation. 


To write standard form for the quadratic equation —5x? + 4x — 7 = 0, 

we find an equivalent equation by multiplying by —1 on both sides: 
=1(—ox* + 4¢ = 7) = —1(0) 
5x? — 4x + 7 = 0. Writing in standard form 


To solve a quadratic equation using the principle of zero products, we 
first write the equation in standard form and then factor. 


EXAMPLE 1 


a) Solve: x? = 25. 
b) Find the x-intercepts of f(x) = x? — 25. 


a) We first find standard form and then factor: 
x = 25 =0 
(x — 5)(x + 5) =0 
x-5=0 or x+5=0 
x=5 or x=—-5. 


Subtracting 25 
Factoring 


Using the principle of zero products 


The solutions are 5 and —5. 
b) The x-intercepts of f(x) = x” — 25 are y 
(—5, 0) and (5, 0). The solutions of the equa- 
tion x” = 25 are the first coordinates of the 
x-intercepts of the graph of f(x) = x? — 25. 


TF (x) = x? — 25 


EXAMPLE 2 Solve: 6x? — 15x = 0. 
We factor and use the principle of zero products: 
6x? — 15x = 0 
3x(2x — 5) = 0 


3x = 0 or 2x-5=0 
x=0 or 2x = 5 
x=0 or x= 3, T f(x) = 6x” — 15x 


The solutions are 0 and 3. The check is left to the student. 


Do Exercises 1-3. D> 


1. Belowis the graph of 
f(x) =x? -6x+ 8. 


=2. 


f@)= x’ -6x +8 
a) What are the x-intercepts of 
the graph? 
b) What are the solutions of 
x? — 6x + 8 = 0? 
c) What relationship exists 


between the answers to 
parts (a) and (b)? 


2. a) Solve: x? = 16. 


b) Find the x-intercepts of 
f(x) = x? — 16. 


f(x) =x?-16 


3. a) Solve: 4x? + 14x = 0. 


b) Find the x-intercepts of 
f(x) = 4x? + 14x. 


f(x) = 4x? + 14x 


Answers 


1. (a) (2,0), (4,0); (b) 2, 4; (c) The solutions 
ofx? — 6x + 8 = 0, 2 and 4, are the first coordi- 
nates of the x-intercepts, (2, 0)and (4, 0), of the 
graph of f(x) = x? — 6x +8. 2. (a) —4,4; 


(b) (~4,0),(4,0) 3. (@) 0, ~45 


(b) (-£ 0), (0,0) 
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4. a) Solve: 5x? = 8x — 3. 
b) Find the x-intercepts of 


f(x) = 5x? — 8x + 3. 


f(x) = 5x? - 8x +3 


Answer 


4. (a) 3.15 (b) (30), (1,0) 
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EXAMPLE 3 
a) Solve: 3x? = 2 — x. 
b) Find the x-intercepts of f(x) = 3x? + x — 2. 


a) We first find standard form. Then we factor and use the principle of zero 
products. 


3x7 =2-—x 


3x7 ++x-2=0 Adding x and subtracting 2 
(x + 1)(3x — 2) =0 Factoring 
x+1=0 or 3x-2=0 Using the principle of 
zero products 
x=-l or 3x = 2 
x=-1 or x= g 
Check: For =1: For 2. 
3x7 =2-x 3x7 = 2-x 
ly 2 2-(-)) ag)? 2 2— (4) 
3-1] 241 ¢ | §-2 
3 1 3 TRUE 4 4 TRUE 
The solutions are —1 and 3. 
b) The x-intercepts of f(x) = 3x* + x — 2 
are (—1,0) and (3 0 ) . The solutions of 
the equation 3x? = 2 — xare the first a 2 0) 


coordinates of the x-intercepts of the a ae al A a 


= 3x7 +x - 2. 
graph of f(x) = 3x° + x — 2 eset agne 


<€@ Do Exercise 4. 


Solving Equations of the Type x”? = d 


Consider the equation x? = 25 again. The number 25 has two real-number 
square roots, namely, 5 and —5. Note that these are the solutions of the 
equation in Example 1. This illustrates the principle of square roots, which 
provides a quick method for solving equations of the type x? = d. 


THE PRINCIPLE OF SQUARE ROOTS 


The solutions of the equation x? = dare Vd and — Vd. 


When d > 0, the solutions are two real numbers. 
When d = 0, the only solution is 0. 
When d < 0, the solutions are two imaginary numbers. 


We often use the notation + Vd to represent both Vd and — Vd. 
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EXAMPLE 4 Solve: 3x” = 6. Give the exact solutions and approximate 
the solutions to three decimal places. 


We have 
ax" = 6 
=o (~V2, 0) Tp y2.0 
x= V2 or x=-V2 ae : 
| f(x) = 3x? -6 


Check: For V2: For — V2: 
3x° = 6 x = 
3(V2)? 2 6 3(-v2)? 2 6 
3°2 3°2 
6 TRUE 6 TRUE 


The solutions are V2 and — V2, or + \2, which are about 1.414 and 
—1.414, or + 1.414, when rounded to three decimal places. 


Do Exercise 5. D 
Sometimes we rationalize denominators when writing solutions. 


EXAMPLE 5 Solve: —5x” + 2 = 0. Give the exact solutions and ap- 
proximate the solutions to three decimal places. 


=6x" + 2 =4) 
72 = 2 Subtracting 2 and 
5 dividing by —5 
2. ) : . . 
ose iP Hee Using the principle 
5 5 of square roots 
= 2 5 re 2 5 Rationalizing the 
x= ‘> or x= . 
5 5 5 5 denominators 
10 V10 
x= — or x = -— 
5 5 
Check: Since there is no x-term in the equa- Yh 
tion, we can check both numbers at once. 
; Vi vi0 
—5x? +2=0 ~~ 5 °° 
\/10\2 api 3 
-3( ae ) +2 20 
5 f(x) = —5x? +2 
10 
-3(32) a 
25 
2 2 
0 TRUE 
V 10 V 10 0 
The solutions are - and = 9 oF zi .- The approximate solutions, 


rounded to three decimal places, are 0.632 and —0.632, or +0.632. 


Do Exercise 6. > 


5. Solve: 5x? = 15. Give the exact 
solutions and approximate 
the solutions to three decimal 
places. 
5x? = 15 


v= 


s= V/ EE or 2= -/ 


The solutions can also be 
written + V3. If we round 
to three decimal places, the 
solutions are + 


6. Solve: —3x? + 8 = 0. 
Give the exact solutions and 
approximate the solutions to 
three decimal places. 


Answers 
5. V3 and — V3, or + V3; 1.732 and 


—1.732, or + 1.732 


2V6 2V6 2V6 
6. and , 0 


ieee ; 1.633 and 
3 3 3 


—1.633, or + 1.633 


Guided Solution: 


5. 3, 3, 3, 1.732 
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Imaginary Solutions 
of Quadratic Equations §=What 


happens when you use the ZERO 
feature to solve the equation 

in Example 6? Explain why this 
happens. 


7. Solve: 2x7 + 1= 0. 


8. a) Solve: (x — 1)? = 5. 
b) Find the x-intercepts of 


f(x) = (x- 1)? - 5. 


f(x) =(x -1)*-5 


Answers 


Ts iand i,or + i 
2 2 2 


8. (a) 1 + V5; (b) (1 — V5,0), (1 + V5,0) 


Sometimes we get solutions that are imaginary numbers. 


EXAMPLE 6 Solve: 4x2 +9 = 0. 


4x? +9=0 
2 9 , aa 
eS = Z Subtracting 9 and dividing by 4 
9 9 : ce 
x=,/- ri or x =-.,/- 4 Using the principle of square roots 
3, 3. boos ogee : 
x= Pi or x= = at Simplifying; recall that V—1 = i. 
Check: Ax? + 9 = 


f(x) = 4x? +9 
No x-intercepts 


ow 
a | 
| ND] 0 
me | : 
NN 
+ 
© 


0 TRUE 


The solutions are 3i and —3i, or + 3i. 

We see that the graph of f(x) = 4x? + 9 does not cross the x-axis. This 
is true because the equation 4x? + 9 = 0 has imaginary complex-number 
solutions. Only real-number solutions correspond to x-intercepts. 


<«@ Do Exercise 7. 


Solving Equations of the Type (x + c” = d 


Equations like (x — 2)? = 7 can also be solved using the principle of 
square roots. 


EXAMPLE 7 
a) Solve: (x — 2)? = 7. 
b) Find the x-intercepts of f(x) = (x — 2)? — 7. 
a) We have 
G2) =7 
x-2=V7 or x—2 


-V7 Using the principle 
of square roots 


x=2+ V7 or Re 2 = V7, 
The solutions are 2 + V7 and2 — V7,or 
a we V7. 


b) The x-intercepts of f(x) = (x — 2)? — 7 
are (2 — V7,0) and (2 + V7,0). 


Tf) = (x- 2)?-7 


<«@ Do Exercise 8. 
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If we can express the left side of an equation as the square of a binomial, 
we can proceed as we did in Example 7. 


EXAMPLE 8 Solve: x? + 6x + 9 = 2. 
We have 


x7+6x+9=2 The left side is the square 
of a binomial. 


(ay = 2 cs) 9. Solve: x2 + 16x + 64 = 11. 
x+3=VvV2 or x+3=-V2 _ Usingthe x? + 16x + 64 = 11 
principle of a 
square roots (x + eae 
x= -3+ V2 or x=-3- V2. x+8=V or x+8=-V 
The solutions are —3 + V2and—3 — V2,or—3 + V2. x= tay Dior, x= 


= vil 


The solutions can also be written —8 + V 11. 


Do Exercise 9. > 


G3} COMPLETING THE SQUARE 


We can add a number on both sides of an equation in order to make one side 
of the equation the square of a binomial. This method is called completing 
the square. It can be used to solve any quadratic equation. 

Suppose we have the following quadratic equation: 


x? + 14x = 4. 


If we could add on both sides of the equation a constant that would make 
the expression on the left the square of a binomial, we could then solve the 
equation using the principle of square roots. 

How can we determine what to add to x* + 14x in order to construct 
the square of a binomial? We want to find a number a such that the follow- 
ing equation is satisfied: 


x? + 14x + a® = (x + a)(x + a) = x? + 2ax + a’. 


t ie 


Thus, 2a = 14. Solving, we get a = 7. Since a” = 7* = 49, we add 49 to 
our original expression: 


x? + 14x + 49=(x+7)*% x? + 14x + 49 isthe square of x + 7. 


Note that 7 = ue Thus, ais half of the coefficient of xin x? + 14x. 
Returning to solving our original equation, we first add 49 on both 
sides to complete the square on the left. Then we solve: 


x* + 14x =4 Original equation 
x?+14x+49=4+49 Adding4g: (44)? = 7? = 49 
(x + 7)? = 53 
x+7= V53 or x+7=—-V53 Using the principle 


of square roots 


x= -7+ V53 or x= -7- V53. 
The solutions are —7 + V53. 


Answer 
9. -8 + Vil 


Guided Solution: 
9. 8, 11, 11, —8, -8 
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Solve. 
10. x7 +6x+8=0 


ll. x? — 8x — 20 = 0 


i = fe = 
x? — 8x + = 20 + 
= )? = 36 
x-4=> or x-4=> 
x = 10’ or ge = 


12. Solve by completing the 
square: 


x7 + 6x-1=0. 


Answers 


10. —2,-4 11.10,-2 12. -3 + V10 


Guided Solution: 
11. 20, 16, 16, 4, —6, —2 


COMPLETING THE SQUARE 


When solving an equation, to complete the square of an expression 
like x? + bx, we take half the x-coefficient, which is b /2, and square 
it. Then we add that number, (b/2)*, on both sides of the equation. 


We have seen that a quadratic equation (x + c)* = dcanbe solved using 
the principle of square roots. Any equation, such as x* — 6x + 8 = 0, can 
be put in this form by completing the square. Then we can solve as before. 


EXAMPLE 9 Solve: x* — 6x + 8 = 0. 


We have 
x7 —- 6x +8=0 
x? = 6x = -8. Subtracting 8 


We take half of —6 and square it, to get 9. Then we add 9 on both sides of the 
equation. This makes the left side the square of a binomial, x — 3. We have 
now completed the square. 


x?-6x+9=-84+9 Adding9: (38)? = (-3)? = 9 
(x- 3) =1 
x-3=1 0rx-3=-1 Using the principle of square roots 
x=4 or x= 


The solutions are 2 and 4. 
<€ Do Exercises 10 and 11. 


EXAMPLE 10 Solve x* + 4x — 7 = 0 by completing the square. 


We have 

a ae — 7 = 0 

x2 + Ax =a Adding 7 

x?+4x+4=7+4 Adding4: (4)? = (2)? =4 

(x + 2)? = 11 
x+2=VI11 or x+2=-V11 — Usingthe principle of 
square roots 

x=-2+V11 or x=-2- V1. 


The solutions are —2 + V11. 


< Do Exercise 12. 
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When the coefficient of x” is not 1, we can multiply to make it 1. 
ply 


EXAMPLE 11 Solve 3x” + 7x = 2 by completing the square. 


We have 
3x7 + 7x = 2 
1 1 Fo lvi i 
=(3x2 + 7x) = =-2 Multiphying by 3 to make the 
2 3 x°-coefficient 1 
2,f 2 or eS 
oF a = 3 Multiplying and simplifying 
eit 49 2, 49 _ 49/1 7)? _ 49 
Xo oP Xe ae Adding —:]—- = 
3 36 3. 36 36.2 3 36 
7\? 24 49 es ; 
Xe S| See Finding a common denominator 
6 36-36 
( a 73 
Xs) Se 
6 36 
7 73 73 i inci 
fe ae eee Using the principle of 
6 6 36 square roots 
7 73 V73 
Ta Se or x 
6 6 6 
4 73 7 V73 
CSS Or SS SS 
6 6 6 6 
7 V73 
The solutions are — j + eo 


The graph at right shows the x-intercepts of the graph of the related 
function f(x) = ax? + 7x = 2. 


Do Exercises 13 and 14. DB 


SOLVING BY COMPLETING THE SQUARE 


To solve an equation ax* + bx + c = 0 bycompleting the square: 


1. Ifa ¥ 1, multiply by 1/a so that the x?-coefficient is 1. 


2. Ifthe x?-coefficient is 1, add or subtract so that the equation is in 
the form 


b 
x?+bx=-c, or x? + ae —<ifstep (1) has been applied. 


3. Take half of the x-coefficient and square it. Add the result on 
both sides of the equation. 


4. Express the side with the variables as the square of a binomial. 
5. Use the principle of square roots and complete the solution. 


f(x) = 3x7 + Tx — 2 yp 


ee | Be VB 
6 6 ae Te 
o4 i P24 6? 


Solve by completing the square. 


13. 2x7 + 6x = 5 


14, 3x? —- 2x =7 


Answers 


_ V22 
~ 3 
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f(x) = 2x? - 3x47 
No x-intercepts 


15. Solve by completing the 
square: 


3x? = 2x - 1. 


Answer 


1 2 
5, 1 4 ¥2; 
3 3 


EXAMPLE 12 Solve 2x? = 3x — 7 by completing the square. 
We have 
t= 3y— 7 


2x* — 3x = -7 Subtracting 3x 


1 Multiplying by 3 to make the 
oe — 3x) = 2° (-7) x*-coefficient 1 
‘3 7 ae eee ree 
ao x = “- Multiplying and simplifying 
3 9 7,9 elif ay 3/?_ 9 
+—= a Addin; 5 =| [= 
a 36 8 IG Pig |2\ 2 4| 16 
3\* 56 9 eas 
x a ci Finding a common denominator 
4 16 16 
( yo 47 
oy 
4 
3 47 3. 47 Using the principle 
ie a amet or ro 16 of square roots 
3 VA7 3 at 
ee i or x--—= V-1l=i 
4 4 4 4 
a VA7 3 VAT. 
x=—-—t+ 1 or = >> 1 
4 4 4 4 
3 VA47 
The solutions are ri ae Fi i, 


We see at left that the graph of f(x) = 2x” — 3x + 7 does not cross the 
x-axis. This is true because the equation 2x* = 3x — 7 has nonreal complex- 
number solutions. 


< Do Exercise 15. 


a APPLICATIONS AND PROBLEM SOLVING 


EXAMPLE 13 HangTime. One of the most exciting plays in basket- 
ball is the dunk shot. The amount of time T that passes from the momenta 
player leaves the ground, goes up, makes the shot, and arrives back on the 
ground is called hang time. A function relating an athlete’s vertical leap V, 
in inches, to hang time T, in seconds, is given by 


V(T) = 48T?. 
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a) Hall-of-Famer Michael Jordan had a hang time of about 0.889 sec. What 16. Vertical Leap. Blake Griffin 
was his vertical leap? of the Los Angeles Clippers has 


: . . F a hang time of about 0.878 sec. 
b) Although his height is only 5 ft 7 in., Spud Webb, formerly of the Sacra- What is his vertical leap? 


mento Kings, had a vertical leap of about 44 in. What was his hang time? 
a) To find Jordan’s vertical leap, we substitute 0.889 for T in the function 
and compute V: 
V(0.889) = 48(0.889)? ~ 37.9 in. 
Jordan’s vertical leap was about 37.9 in. 
b) To find Webb’s hang time, we substitute 44 for V and solve for T: 


44 = 48T* Substituting 44 for V 


= T° Solving for T? 
48 
0.916 = T* 
0.916 = T Hang time is positive. 
0.957 =~ T. Using a calculator 


Webb’s hang time was about 0.957 sec. Note that his hang time was 
greater than Jordan’s. 


Do Exercises 16 and 17. > 
17. HangTime. Russell 
Westbrook of the Oklahoma 
Thunder has a vertical leap of 
40 in. What is his hang time? 


Answers 
16. About 37.0in. 17. About 0.913 sec 


For Extra Help MathXL* ‘3 aaa a, 


M.-L ® s 
My! z lat nN Lab PRACTICE WATCH READ REVIEW 


[(V{ Reading Check 


Determine whether each statement is true or false. 


RC1. The quadratic equation 8x* — 11x + 50 = Oisin standard form. 
RC2. Any quadratic equation can be solved by completing the square. 

RC3. A quadratic equation may have solutions that are imaginary numbers. 
RC4. The notation + V7 represents two real numbers. 

RC5. To solve 5x”? = 2x, we can divide by x on both sides. 


RC6. If (x — 6)? = V7,thenx = V7orx = —-V7. 
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1. a) Solve: 2. a) Solve: 3. a) Solve: 4. a) Solve: 
6x" = 30. 5x” = 35. 9x" + 25 = 0. 36x” + 49 = 0. 
b) Find the x-intercepts b) Find the x-intercepts b) Find the x-intercepts b) Find the x-intercepts 
of f(x) = 6x? — 30. of f(x) = 5x? — 35. of f(x) = 9x? + 25. of f(x) = 36x? + 49. 


F(x) = 36x? + 49 


y 
S 
1 
Tt 


-30°) f(x) = 6x? — 30 


Solve. Give the exact solutions and approximate solutions to three decimal places, when appropriate. 


5. 2x7 -3 =0 6. 3x7 -7=0 7. (x + 2)? = 49 8 (x— 1) =6 
9. (x — 4)? = 16 10. (x + 3)? =9 Ll. (x — 11)? =7 12. (x — 9)? = 34 
13. (x — 7)? = —-4 14. (x + 1)? = -9 15. (x — 9)? = 81 16. (t — 2)? = 25 
17. (x — 2)? =3 18. (y+ 2)? = 19. x? + 6x + 9 = 64 
20. x? + 10x + 25 = 100 21. y? — 1l4y + 49 = 4 22. p? — 89 + 16= 1 


Db | Solve by completing the square. Show your work. 


23. x7 + 4x = 2 24. x7 + 2x=5 25. x? — 22x = 11 26. x? — 18x = 10 
27.x7+x=1 28. x7 -x=3 29. (2? — 5t=7 30. y7 + 9y= 8 
31. x? + 3x =3 2° == 5 33. m* — $m =3 34, 7° +2r=3 
35. x7 + 6x — 16 = 0 36. x? — 8x + 15=0 
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37. x7 + 22x + 102 = 0 38. x7 + 18x + 74=0 


41. a) Solve: 42. a) Solve: 
x*+7x—-2=0. a = Ix= 2= 0. 
b) Find the b) Find the 


x-intercepts of 


x-intercepts of 
f(x) =x° + 7x - 2. 


f@) =< = 7-2 


f(x) =x? + 7-2 | 


Solve by completing the square. Show your work. 
45.32° =i =F = 0 46. x? + 3x-2=0 


49. 3x7 —- 4x -1=0 


50. 3x7 + 4x -3 =0 


53. x7 — 4x + 13 =0 54, x7 - 6x +13 =0 


39. x7 - 10x -4=0 40. x7 + 10x -4=0 


43. a) Solve: 44. a) Solve: 
2x7 — 5x +8 = 0. 2x° — 3x + 9 = 0. 
b) Find the b) Find the 


x-intercepts of 


x-intercepts of 
f(x) = 2x? — 5x + 8. 


f(x) = 2x? — 3x49. 


Tf) = 2x? -3x+9 


47, 2x* — 3x -17=0 48. 2x° + 3x -1=0 


51. x7 +x+2=0 52. x7 -x+1=0 


ie Hang Time. For Exercises 55 and 56, use the hang-time function V(T) = 487”, relating vertical leap to hang time. 


55. The NBA’s Kobe Bryant of the Los Angeles Lakers has 
a vertical leap of about 38 in. What is his hang time? 
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56. The NBA’s Darrell Griffith had a record vertical leap 
of 48 in. What was his hang time? 
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Free-Falling Objects. The function s(t) = 16t* is used to approximate the distance s, in feet, that an object falls freely 
from rest in ¢ seconds. Use the formula for Exercises 57-62. 


57. The tallest roller coaster in the world is the Kingda Ka, 58. The Gateway Arch in St. Louis is 630 ft high. How long 
located at Six Flags Great Adventure amusement park, would it take an object to fall freely from the top? 
in Jackson, NJ. It is 456 ft high. How long would it take 
an object to fall freely from the top? 


59. The Washington Monument, near the west end of 60. Suspended 1550 ft above the water, the Siduhe River 
the National Mall in Washington, D.C., is the world’s Bridge in China is the world’s highest bridge. How 
tallest stone structure and the world’s tallest obelisk. long would it take an object to fall freely from the 
It is 555.427 ft tall. How long would it take an object to bridge? 


fall freely from the top of the monument? 


61. The tallest freestanding tower in the world is the 62. Completed in 2010, the Burj Khalifa, in downtown 
Tokyo Sky Tree in Japan. This steel tower, completed Dubai, is the tallest building in the world. It is 2720 ft 
in 2012, stands 2080 ft high. How long would it take an tall. How long would it take an object to fall freely 
object to fall freely from the top? from the top? 


SUT PV URVE CERIN gcse hcgcace sis races eccsssiga evades avacizen dears xs he iavor bcd ea sola acseeddiaaavieydaessi wea lvaveebeds 


63. Marathon Times. The following table lists the record a) Use the two data points in the table to find a linear 
marathon times in 1981 andin 2011. [2.6e] function R(t) = mt + b that fits the data. 
b) Use the function to estimate the record marathon 


NUMBER OF YEARS | RECORD MARATHON TIME time in 2020. — 
SINCE 1981 (in minutes) c) In what year will the marathon record be 122 min? 
0 128 


30 124 


SOURCE: marathonguide.com 
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Graph. [2.2c], [2.5a] 
64, f(x) = 5 — 2x? 65. f(x) =5 — 2x 
YA YA 
6 6 
4 4 
2 2 
> > 
-6 4 3-2 2 4 6x —-6 4 5-2 2 + 6x 
+92 2 
=4 4 
=6 -6 
Simplify. 
68. V88 [6.3] 
7 oe [5.1c] 
P= See 
7 5.4 
faaey [5.4a] 
2x 3x 
Synthesis 


74. mea Usea graphing calculator to solve each of the 
following equations. 


a) 25.55x? — 1635.2 = 0 
b) —0.0644x? + 0.0936x + 4.56 = 0 
c) 2.101x + 3.121 = 0.97x? 


Find b such that the trinomial is a square. 
76. x* + bx + 75 


80. Boating. A barge anda fishing boat leave a dock at the 


same time, traveling at right angles to each other. The 


barge travels 7 km/h slower than the fishing boat. After 


4 hr, the boats are 68 km apart. Find the speed of each 
vessel. 


66. 2x — 5y = 10 67. f(x) = |5 — 2x| 

YX be 

6 6 

4 4 

2 2 

> > 

-6 '-4. 5-2 2 4 6x -6. '-4 5-2 2 4 6x 

ay | 2 

=4 —4 

=6 -6 
69. V/32x°  [6.1d] 


71. 


73. 


77. 


79. 


3x3 — 3x ene 
oe 
t+ 1 
Ee ial 
t — ee 
t 


. fawa Problems such as those in Exercises 17, 21, 


and 25 can be solved without first finding standard 
form by using the INTERSECT feature on a graphing 
calculator. We let y, = the left side of the equation 
and y, = the right side. Use a graphing calculator to 
solve Exercises 17, 21, and 25 in this manner. 


x? + bx + 64 


x(2x? + 9x — 56)(3x + 10) = 0 
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The Quadratic Formula 


OBJECTIVE 


a | Solve quadratic equations 
using the quadratic formula, 
and approximate solutions 

using a calculator. 


SKILL TO REVIEW 


Objective 6.8a: Express imaginary 
numbers as bi, where b is a non- 
zero real number, and complex 
numbers asa + bi, where a and 
b are real numbers. 


Express in terms of i. 
1. V—100 
2. 10 — V—-68 


Answers 


Skill to Review: 
1.10i 2.10 - 2V17i 


There are at least two reasons for learning to complete the square. One is to 
enhance your ability to graph equations that are needed to solve certain prob- 
lems. The other is to prove a general formula for solving quadratic equations. 


EE SOLVING USING THE QUADRATIC FORMULA 


Each time you solve by completing the square, the procedure is the same. 
When we do the same kind of procedure many times, we look for a formula 
to speed up our work. Consider 


ax? + bx +c=0, a>0O. 
Note that ifa < 0, we can get an equivalent form with a > 0 by first mul- 
tiplying by —1. 
Let’s solve by completing the square. As we carry out the steps, compare 
them with Example 12 in the preceding section. 


b c 1 
2 _ 7 
oP HX SH 0 Multipl by — 
a 7 ultiplying by - 
x? + —x =-— Subtracting < 
a a 
2 2 


b, b 
Half of — is —. The square is —_,. We add — on both sides: 
a 2a 4a 4a 


b b? (6 b? 2 
al ee ie a ae Adding 2 
a 4a a Aa 4a? 
2 b\? _ _ 4Aac ‘ b* Factoring the left side and finding 
2a 4az 4a? acommon denominator on the 


right 


( ) b? — 4ac 
x+ = 


4a? 
b b? — 4ac b b? — 4ac 
xr a 3 or x + = ne 
2a 4a 2a 4a 


Since a > 0, V 4a? = 2a, so we can simplify as follows: 


b Vb? — 4ac b Vb? — 4ac 


x + = or x+ = 


Using the principle 
of square roots 


2a 2a 2a 2a 
Thus, 
b oe Vb? — 4ac —b + Vb? — 4ac 
x= al , OF x= . 


2a 2a 2a 


We now have the following. 


THE QUADRATIC FORMULA 


The solutions of ax” + bx + c = Oare given by 


vat Vb? — 4ac 


2a 
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The formula also holds when a < 0. A similar proof would show this, 
but we will not consider it here. 


ALGEBRAIC GRAPHICAL CONNECTION 


The Quadratic Formula (Algebraic). The solutions of 
ax? + bx + c = 0,a # 0, are given by 


—b + Vb? — 4ac 


2a 


x= 


— 


The Quadratic Formula f(x) = ax? + bx + c, 
(Graphical). aoa 

The x-intercepts of the 
graph of the function 
f(x) = ax? + bx +c 


a ~ 0, if they exist, are - 
given by r ‘ 
—b + Vb? — 4ac [2 ae 0 [-21 3 tae 0 : 
Da , 0 |}. 2a : 2a : : 


EXAMPLE 1 Solve 5x? + 8x = —3 using the quadratic formula. 
We first find standard form and determine a, b, and c: 
5x? + 8x +3 =0; 
a=5, b=8, c=3. 


We then use the quadratic formula: 


—b + Vb? — 4ac 
. — 
2a 
-8 + V8? -4:-5°3 — 
x Substituting 
2°5 
—8 + V64 — 60 ; 
x= Be sure to write the 
10 fraction bar all the way 
ve -g8+ V4 across. 
10 
—6. 22 2 
Xx —. 
10 
—-8+2 —-§ — 2 f(x) = 5x? + 8x43 
= or x= y 
10 10 
—6 —10 
= — or x = — 
10 10 4 
—15 ON to o5 x 
3 (=, 0) 257 
LSS or x=—-l. T 
5 “T 
The solutions are — 2 and —1. QB 


SECTION 7.2. The Quadratic Formula 


Solving Quadratic 
Equations Ve can use the 
INTERSECT feature to solve a 
quadratic equation. Consider the 
equation 
4x(x — 2) — Sx(x — 1) = 2. 
First, we enter the equations 
y, = 4x(x — 2) — Sx(x — 1) 
and y) = 2. We then graph the 
equations in a window that shows 
the point(s) of intersection of the 
graphs. Next, we use the INTERSECT 
feature to find the coordinates of the 
left-hand point of intersection. 

The first coordinate of this 
point, —2, is one solution of the 
equation. We use the INTERSECT 
feature again to find the other 
solution, —1. 


y, =4x(x — 2) — bee — 1), yn =2 
4 


—5 |. 


Intersection 
X=7-2 


y, = 4xlx 5x(x— 1), y= 2 


—5 |. 


Intersection 
X=71 


EXERCISES: Solve. 

1. 5x? = -1llx + 12 

2. 2x7 — 15 = 7x 

3. 6(x — 3) = (x — 3)(x — 2) 
4. (x + 1)(x — 4) = 3(x — 4) 
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1. Consider the equation 
2x? = 44 7x. 


a) Solve using the quadratic 
formula. 


b) Solve by factoring. 


Approximating 
Solutions of Quadratic 
Equations _|n Example 2, we find 
that the solutions of the equation 


4+ V31 
5 


Sx’ — 8x = 3are 


4- V31 
and ——_ 3 We can use a 
calculator to approximate these 
solutions. Parentheses must be 


used carefully. For example, to 


44+ V31 


approximate — ee we press 


DVUYODOOVUS 
DGD. 

The solutions are approximately 
1.914 and —0.314. 


(44+V(31))/5 
(4-V(31))/5 


1.913552873 
—.3135528726 


EXERCISES: Use a calculator to 
approximate the solutions in each 
of the following. Round to three 
decimal places. 


1. Example 4 
2. Margin Exercise 2 
3. Margin Exercise 4 


Answer 
1. (a) —3, 4; (b) -3,4 


It turns out that we could have solved the equation in Example 1 more 
easily by factoring, as follows: 
5x? + 8x +3 =0 
(5x + 3)(x + 1) =0 
5x +3 = 0 or x+1=0 
5x 


x= 


II 
| 
wo 
& 
II 
| 
a 


or 


To solve a quadratic equation: 
1. Check for the form x* = dor(x + c)*? = d.Ifitis in this form, 
use the principle of square roots as in Section 7.1. 


2. If itis not in the form of step (1), write it in standard form 
ax? + bx + c = Owithaand b nonzero. 


3. Then try factoring. 
4. Ifitis not possible to factor or if factoring seems difficult, use the 
quadratic formula. 


The solutions of a quadratic equation cannot always be found by 
factoring. They can always be found using the quadratic formula. 


The solutions to all the exercises in this section could also be found 
by completing the square. However, the quadratic formula is the preferred 
method because it is faster. 


< Do Exercise 1. 
We will see in Example 2 that we cannot always rely on factoring. 


EXAMPLE 2 Solve: 5x” — 8x = 3. Give the exact solutions and approx- 
imate the solutions to three decimal places. 


We first find standard form and determine a, b and c: 
5x? — 8x —- 3 = 0; 
a=, b==8 c= =. 


2a 
—(-8) + V(-8)? — 4°5>+ (-3) 
x= Substituting 
2-5 
8+ V64+60 8+ V124 8+ V4°31 
10 10 10 
_etaval_ 2(44+ V3I) 2 44+ V3I_ 4+ V3iI 
10 2-5 2 5 5 
ih cdc3 a oinrenebca: Sac tea gocbG ava ars th eicesdcarutnce rates are 58 Caution! as shiah SO Su te Sta ie ler Sven a ear fase suaca-oiere preneesa rere 


To avoid a common error in simplifying, remember to factor the numerator 
and the denominator and then remove a factor of 1. 
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We can use a calculator to approximate the solutions: 


4— V3l1 
5 


4+ V3l1 


= 1.914; 
5 


B 


= —0.314. 


Check: Checking the exact solutions (4 + V31 ) /5 can be quite 
cumbersome. It could be done on a calculator or by using the ap- 
proximations. Here we check 1.914; the check for —0.314 is left to the 


student. 


For 1.914: 
5x? — 8x = 3 
5(1.914)? — 8(1.914) ? 3 
5(3.663396) — 15.312 
3.00498 


(—0.314, 0) \4 


| f(x) = Sx? —8x—3 


We do not have a perfect check due to the rounding error. But our 
check seems to confirm the solutions. 


Do Exercise 2. D> 


Some quadratic equations have solutions that are nonreal com- 


plex numbers. 


EXAMPLE 3 Solve: x7 + x + 
We havea = 1,b=1,c= 1 


1 = 0; 


. We use the quadratic formula: 


aL Vi = 4aeie4 
x= 
2:1 
_71ltvil—4 f@) =x? 4x41 
= 5 a 
-2+ No x-intercepts 
ie Soe | “+ 
9 a 
AL vai 
oo 
The solutions are 
-1+ V3i —1 - V3i V3. Vs. 
— = and a oF -<=— a and -—-~-— a 


7 
EXAMPLE 4 Solve: 2 + —- 


Do Exercise 3. DP 


5 
—j: Give the exact solutions and approxi- 
x 


mate solutions to three decimal places. 


We first find an equivalent quadratic equation in standard form: 


7 5 

¥(2 + ) es 
x x 

2x? + 7x 

2x7 + 7x — 5 


Multiplying by x’ to clear fractions, 
noting that x ~ 0 


Subtracting 5 


2. Solve using the quadratic formula: 

oe oe 
Give the exact solutions and approxi- 
mate solutions to three decimal places. 


Write the equation in standard form. 


3x27 + 2x -7= 
a= , = = , 
- +V2?-4-3-( ) 
x= 
2-3 
_ =e se V 
6 
=) ae BY 


Approximate the solutions and round 
to three decimal places. 


= ye 
3 

= ee 
3 


3. Solve: x7 -x+2=0. 


Answers 


-1 + V22 
2. ——z 71.230, ~1.897 
‘ lt Vii Mae 
. 2 


1 
,or— + 
2 2 


Guided Solution: 
2. 0,3, 2, —7, 2, —7, 88, 22, 22, 3, 
1.230, —1.897 
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Then 


a=2, b=7, c=—5; 


-7 + V7—4+2+(-5) 
x= Substituting 
2+2 
-~7 + V49 + 40 
xe — 
*h pyaar t-5 . 
all —-7 + V/89 
x= __ 
4 
~7 + V89 —7 — Va9 
(0.608, 0) x= a. or x= aa 


Since we began with a rational equation, we need to check. We cleared 
the fractions before obtaining a quadratic equation in standard form, and 
this step could introduce numbers that do not check in the original rational 
equation. We need to show that neither of the numbers makes a denomina- 
tor 0. Since neither of them does, the solutions are 


4. Solve: —7+ V89 saa =F > V89 
gic 5 4 4 4 , 
= +5. 
a 8 We can use a calculator to approximate the solutions: 

Give the exact solutions and 89 

approximate solutions to three ar ee ~ 0.608; 

decimal places. 4 

-7 — V9 
=~ —4.108. 
Answer 4 
5+ V73 

a a < Do Exercise 4. 


For Extra Help —_ 
Mathxl [3 == [4% 
My™ ath Lab° PRACTICE WATCH READ REVIEW 


[V{ Reading Check 


Complete each statement with the correct number or expression. 


RC1. When we are using the quadratic formula to solve 3x? — x — 8 = 0, the value of ais 


RC2. When we are using the quadratic formula to solve 3x? — x — 8 = 0, the value of bis 


RC3. Standard form for the quadratic equation 5x? = 9 — xis = 0. 


RC4. When we are using the quadratic formula to solve 3x? = 10x, the value of cis 
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a | Solve. 


1. x7 + 8x +2=0 


5. x7 -x+1=0 


2.x°- 6x -4=0 


6x7°4+x%4+2=0 7x72 +13 = 4x 


4. 3u” = 18u — 6 


8. x? + 13 = 6x 


> ? 2. 5 5 
9. r°+ 3r=8 10. h + 4=6h Melt eH 0 Wilt z= 7 
x Xx x 
13. a) Solve: 3x + x(x — 2) = 0. 14. a) Solve: 4x + x(x — 3) = 0. 15. a) Solve: 11x? —- 3x -5 = 0. 
b) Find the x-intercepts of b) Find the x-intercepts of b) Find the x-intercepts of 
f(x) = 3x + x(x — 2). f(x) = 4x + x(x — 3). f(x) = 11x? — 3x — 5. 
16. a) Solve: 7x” + 8x = —2. 17. a) Solve: 25x? = 20x — 4. 18. a) Solve: 49x? — 14x +1=0. 
b) Find the x-intercepts of b) Find the x-intercepts of b) Find the x-intercepts of 
f(x) = 7x? + 8x + 2. f(x) = 25x? — 20x + 4. f(x) = 49x? — 14x 4+ 1. 
Solve. 
19. 4x(x — 2) — 5x(x — 1) = 2 20. 3x(x + 1) — 7x(x + 2) =6 
21. 14(x — 4) — (x + 2) = (x + 2)(x — 4) 22. 11(x — 2) + (x — 5) = (x + 2)(x — 6) 
23. 5x° = 17x = 2 24. 15x = 2x? + 16 25. x7 + 5 = 4x 26. x? + 5 = 2x 
1 13 3.x 5 iL 1 a a 1 1 
27.x+-=— 28,—-+ === 29, — + == 30. — + == 
x 6 x 3 2 y yrt2 3 x xt+4 7 
SECTION 7.2. The Quadratic Formula 591 


31. (2t — 3)? + 17f = 15 32. 2y? — (y + 2)(y— 3) = 12 33. (x — 2)? + (x +1)? =0 


34. (x + 3)? + (x-— 1)? =0 35. x7 -1=0 36. x° + 27 =0 
(Hint: Factor the difference of 
cubes. Then use the quadratic 
formula.) 


Solve. Give the exact solutions and approximate solutions to three decimal places. 
37. x7 + 6x +4=0 38. x? + 4x-7=0 39. x7 —- 6x +4=0 40. x? — 4x +1=0 


Al. 2x? —- 3x -7=0 42.347 — 3x —- 2=0 43, 5x7 = 3 + 8x AA, 2y? + 2y—3=0 


SKiN Maimtemanrce oiiiiiiiiicccccccccccccccccccccccsccscseevecsevseevsevseveevecsevsevsevssvavsevssvssvavsevsevstvstvatsevisvssvetvevveveeeesees 


Solve. 
45.x= Vx+2 [66a] 46. Vx+1+2= V3x+1 = [6.6b] 
47. V2x —-6+11=2 [66a] 48. W4x —7=2 [66al 
49. 2x7 =x+3 [48a] 50. 100x7 + 1 = 20x = [4.8a] 
3 1 3 
51,.--—=— [5.5al 52 =— [5.5a] 
x 4 x2 
AU 0 ac 2h sncSetnsarcih eg ven cheno as en bej vv Fota da Maeda teat videponeoe ret deeneerid oncaeid nates NEE 
53. AG Usea graphing calculator to solve the equations 54. laws Usea graphing calculator to solve the 
in Exercises 3, 16, 17, and 43 using the INTERSECT equations in Exercises 9, 27, and 30. Then solve 
feature, letting y, = the left side and y, = the right 5.33x? = 8.23x + 3.24. 
side. Then solve 2.2x? + 0.5x — 1 = 0. 
Solve. 
5 x Il 
55. 2x7 -x- V5=0 56. —+ —= — 
x 4 7 
57. ix?-x-1=0 58. V3x? + 6x + V3 =0 
x 1 
59. =4+-— 60. (1 + V3)x? — (3 + 2V3)x + 3 =0 
xe > eas 
61. Let f(x) = (x — 3)*. Find all inputs x such that 62. Letf(x) = x? + 14x + 49. Find all inputs x such 
f(x) = 13. that f(x) = 36. 
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Applications Involving 


Quadratic Equations 


EE APPLICATIONS AND PROBLEM SOLVING OBJECTIVES 


Sometimes when we translate a problem to mathematical language, the FR CU 


result is a quadratic equation. a | Solve applied problems 
involving quadratic 
equations. 


EXAMPLE 1 Beach Volleyball. The beach volleyball court at Lake Jean 
State Park measures 24 m by 16 m. The playing area is surrounded by a free 
zone of uniform width. The area of the playing area is one-third of the area 
of the entire court. How wide is the free zone? 


|b | Solve a formula for a given 
letter. 


1. Familiarize. We let x = the width ofthe free zone and make a drawing. 


2. Translate. The area ofa rectangle is Jw (length times width). Then: 
Area of entire court = 24 - 16; 
Area of playing area = (24 — 2x)(16 — 2x). 


Since the playing area is one-third of the area of the court, we have 


1 
(24 — 2x)(16 — 2x) = 3+ 24+ 16. 


1. Landscaping. Arectangular 


3. Solve. We solve the equation: garden is 60 ft by 80 ft. Part 
a ; of the garden is torn up to 
384 — 80x + 4x" = 128 Using FOIL on the left iiistall a sidewall ofunitorm 
4x” — 80x + 256 = 0 Finding standard form width around it. The area of 
2 = Seas the new garden is one-half of 
eo" Pantene ys the old i How wide is the 
(x — 4)(x — 16) = 0 Factoring sidewalk? 
x=4 or x= 16. Using the principle of zero products 
4. Check. We check in the original problem. We see that 16 is not a solu- | Old 
tion because a 24-m by 16-m court cannot have a 16-m free zone. ro 
If the free zone is 4 m wide, then the playing area will have length 60 ipeages 
24 — 2-4, or 16 m. The width will be 16 — 2 - 4, or 8 m. The area of 4 oe 
the playing area is thus 16 - 8, or 128 m’. The area of the entire court is : 
24 - 16, or 384 m’. The area of the playing area is one-third of 384 m’, so 
the number 4 checks. < 80 > 


5. State. The free zone is 4 m wide. 


Answer 


Do Exercise 1. > 1. 10 ft 
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2. Ladder Location. Aladder 
leans against a building, as 
shown below. The ladder is 
20 ft long. The distance to the 
top of the ladder is 4 ft greater 
than the distance d from the 
building. Find the distance d 
and the distance to the top of 
the ladder. 


Answer 


2. The distance d is 12 ft; the distance to the top 
of the ladder is 16 ft. 


EXAMPLE 2 Town Planning. Three towns A, B, and C are situated as 
shown in the figure at left. The roads at A form a right angle. The distance 
from A to B is 2 mi less than the distance from A to C. The distance from B 
to Cis 10 mi. Find the distance from A to B and the distance from A to C. 


1. Familiarize. We first make a drawing and label it. We let d = the 
distance from A to C. Then the distance from A to Bis d — 2. 


A d Cc 
d-2 
10 mi 
B 


2. Translate. We see that a right triangle is formed. We can use the 
Pythagorean theorem, c” = a* + b’: 


10? = d? + (d — 2)’. 
3. Solve. We solve the equation: 
10? = d? + (d — 2)? 
100 = a+ @-4d+4 Squaring 


2d? — 4d — 96 = 0 Finding standard form 
d —2d—48=0 Dividing by 2 
(d — 8)(d+ 6) =0 Factoring 


d=8 or d=-—6. Using the principle of zero products 


4. Check. We know that —6 cannot be a solution because distances are 
not negative. If d = 8, thend — 2 = 6, and 8 + 6” = 64 + 36 = 100. 
Since 10? = 100, the distance 8 mi checks. 


5. State. The distance from A to Cis 8 mi, and the distance from A to Bis 6 mi. 
< Do Exercise 2. 


EXAMPLE 3 Landscape Design. Melanie plans to build a fire pit in her 
backyard at a safe distance from both her gardening shed and her daugh- 
ter’s playset. The three structures will form a right triangle, with the dis- 
tance of the fire pit from the gardening shed 2 m less than the distance 
from the fire pit to the playset. The distance from the playset to the garden- 
ing shed is 20 m and forms the longest side of the triangle. How far is the 
fire pit from the gardening shed and from the playset? 


1. Familiarize. We make a drawing and label it. We let d = the 
distance from the fire pit to the playset. Then the distance from the fire 
pit to the gardening shed is d — 2. 
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2. Translate. We use the Pythagorean theorem as in Example 2: 
207 = d* + (d — 2)’. 
3. Solve. We solve the equation using the quadratic formula: 


400 = d*+ d*?-4d+4 Squaring 


0 = 2d? — 4d — 396 Finding standard form 
0 = d? — 2d — 198. Dividing by 2 (or multiplying by 5) 
Then 
oo = Vb? = Aae 
2a 
—(-2) + V(-2)? — 4(1)(-198 
_ ~(-2) (=2)" — 4(1)(—198) as ee Sites 08 
2(1) 
2+ V796 24 V4-199 2 + 2V199 
= 5 = 5 = 5 =1+ V199. 


4. Check. Sincel — V199is negative, itcannot be the distance between 
the structures. Using a calculator, we find that 1 + V199 ~ 15.1. Thus 
we haved ~ 15.landd — 2 ~ 13.1. The square of the hypotenuse in 
the triangle is 20°, or 400. Since (15.1)? + (13.1)? = 399.62 ~ 400, the 


numbers check. 
3. Ladder Location. Refer to 


5. State. The fire pit is 13.1 m from the gardening shed and 15.1 m from Margin Exercise 2. Suppose 
the playset. that the ladder has length 
10 ft. Find the distance d 
Do Exercise 3. D> and the distance d + 4. 


EXAMPLE 4 Motorcycle Travel. Karin’s motorcycle traveled 300 mi at 
a certain speed. Had she gone 10 mph faster, she could have made the trip 
in 1 hr less time. Find her speed. 


1. Familiarize. We make a drawing, labeling it with known and un- 
known information, and organize the information in a table. We let 
r = the speed, in miles per hour, and t = the time, in hours. 


r+10mph 300 miles t — Lhours 


Recalling the motion formula d = rt and solving for 7, we get r = d/t. 


From the rows of the table, we obtain Maia 
300 300 3. The distance d is about 4.8 ft; the distance to 
r= — and r+10= ——. the top of the ladder is about 8.8 ft. 


t f=) 
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4. Marine Travel. 


Two ships 
make the same voyage of 3000 


nautical miles. The faster 
ship travels 10 knots faster 


than the slower one. (A knot is 
1 nautical mile per hour.) The 


cs 


faster ship makes the voyage in 


50 hr less time than the slower 


one. Find the speeds of the two 


ships. 


Complete this table to help 
with the familiarization. 


Answer 


Ay 
=] 
a] 
n 
(4 
7) 
e 
n 
<= 
7 


4, 20 knots, 30 knots 


Guided Solution: 
4. 


SLOWER SHIP 


Distance 


Faster ship 


3000 


Slower ship 


3000 


2. Translate. We substitute for r from the first equation into the second 
and get a translation: 
300 300 
— +10 =——. 
t b=-1 
3. Solve. We solve as follows: 
300 300 
—— + 110 
t b= 1 


ee 1/2 = 10| = 


_ 300 Multiplying 
t-1 by the LCM 


300 300 
t= 1)- ; + t(t 1) +10 = (t—- 1) +> 


—1 
300(t — 1) + 10(¢? — t) = 300% 
300t — 300 + 10? — 10f = 300¢ 
10¢? — 10¢ — 300 = 0 Standard form 
Z—t-30=0 Dividing by 10 
(t-— 6)(t + 5) =0 Factoring 
t=6 or t=-5. Using the 


principle of 
zero products 


4. Check. Since negative time has no meaning in this problem, we try 
6 hr. Remembering that r = d/t, we get r = 300/6 = 50 mph. 
To check, we take the speed 10 mph faster, which is 60 mph, and 
see how long the trip would have taken at that speed: 
d _ 300 _ 


— 5 hr. 
r 60 


This is 1 hr less than the trip actually took, so we have an answer. 
5. State. Karin’s speed was 50 mph. 


< Do Exercise 4. 


GE} SOLVING FORMULAS 


Recall that to solve a formula for a certain letter, we use the principles for 
solving equations to get that letter alone on one side. 


EXAMPLE 5 Period ofa Pendulum. The time T required for a pendu- 
lum of length L to swing back and forth (complete one period) is given by the 
formula T = 27VL/g, where gis the gravitational constant. Solve for L. 


L 
T= 2n,|* This is a radical equation. 
ra=fo L * Principle of powers 
ee Gas g (squaring) 
T2 = 22a? L 
§ 
eT? = 4n°L Clearing fractions and simplifying 
gI” ae 1 
aq =L Multiplying bya 
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We now have L alone on one side and L does not appear on the other side, 
so the formula is solved for L. 


W 
. - Solve A = ,/— fi ; 
Do Exercise 5. > Bene Vw, 


In most formulas, variables represent nonnegative numbers, so we 
need only the positive root when taking square roots. 


EXAMPLE6 HangTime. An athlete’s hang time is the amount of time 
that the athlete can remain airborne when jumping. A formula relating an 
athlete’s vertical leap V, in inches, to hang time 7, in seconds, is V = 48T?. 
Solve for T. 


We have 
AST? = V 
2 V . . 1 2 
T° = es Multiplying by q to get T~ alone 
V 
c= 48 Using the principle of square roots; note that T = 0. 
7 : V 3 
22 222° 223 3 
_ _Vv3V 
2°92.°3 
_ V3V 
12° 
Do Exercise 6. D> 
6. Solve V = ar7h for r. 
EXAMPLE 7 Falling Distance. An object that is tossed downward with (Volume of a right circular 
an initial speed (velocity) of vp will travel a distance of s meters, where cylinder) 


s = 4,9t” + vot and tis measured in seconds. Solve for t. 


~ 


Answers 
5. Wy = ay 6r= as 
eee A . wh 


Guided Solution: 


4 
6. wh, — 
4 th 
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To solve a formula for a 
letter, say, ¢: 


1. Clear the fractions and 
use the principle of 
powers, as needed, until 
t does not appear in any 
radicand or denomina- 
tor. (In some cases, you 
may clear the fractions 
first, and in some cases, 
you may use the prin- 
ciple of powers first.) 


2. Collect all terms with t? 
in them. Also collect all 
terms with tin them. 


3. If t? does not appear, 
you can finish by 
using just the addition 
and multiplication 
principles. 

4. If t? appears but t does 
not, solve the equation 
for t?. Then take square 
roots on both sides. 


5. Ifthere are terms con- 
taining both tand ¢?, 
write the equation in 
standard form and use 
the quadratic formula. 


7. Solves = gt + 16t? fort. 


b 
8. Solve ————— = tforb. 


Va? — b? 


Answers 

—g + Vg? + 64s 
2t= 3. 
ie eee 

Vict? 


Since tis squared in one term and raised to the first power in the other 
term, the equation is quadratic in t. The variable is t; vy and s are treated as 
constants. 

We have 

4.9t? + uot =s 
4.9t7 + ut —s=0 Writing standard form 
a=49, b=wuw, c=-—s 
—vy + V (up)? — 4(4.9)(—s) Using the quadratic formula: 


= 2(4.9) , Ska Vr = tee 


f 
2a 
—Vp + V (up)? + 19.6s 


9.8 


Since the negative square root would yield a negative value for t, we use 
only the positive root: 


= Shy + (U9)? + 19.6s 
9.8 ; 


< Do Exercise 7. 


The steps listed in the margin should help you when solving formulas 
for a given letter. Try to remember that, when solving a formula, you do the 
same things you would do to solve an equation. 


EXAMPLE 8 Solve t = ——<——fora. 


Va? + b? 
In this case, we could either clear the fractions first or use the principle 
of powers first. Let’s clear the fractions. Multiplying by Va? + b?, we have 


tVa +b? =a. 
Now we square both sides and then continue: 


(tVa? + b?)? =a? — Squaring 


aie a ee Serna aes Caution! Rinbsaeteaeaaeeee 
{ y Don’t forget to square both ¢ and 
t?( Va? + b?)? = a? a+ BF, 
(a? + b*) = a? 
t7a* + t?b? = a? 
ib? = a? — ta? Getting all a?-terms together 
tb? = a*(1 — t?) Factoring out a” 
ro 
i-?2 a’ Dividing by 1 — ¢? 
i*b? 
eae =a Taking the square root 
tb eee 
=a. Simplifying 


V1-?? 


You need not rationalize denominators in situations such as this. 


< Do Exercise 8. 
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Translating 
for Success 


1. Car Travel. Sarah drove her 6. Gasoline Prices. One day 


car 800 mito see her friend. 
The return trip was 2 hr 
faster at a speed that was 

10 mph more. Find her 
return speed. 


. Coin Mixture. Acollection 
of dimes and quarters is 
worth $26.95. There are 117 
coins in all. How many of 
each coin are there? 


. Wire Cutting. A537-in. wire 
is cut into three pieces. The 
second piece is 7 in. shorter 
than the first. The third is 
half as long as the first. How 
long is each piece? 


. Marine Travel. The 
Columbia River flows at a 
rate of 2 mph for the length 
of a popular boating route. In 
order for a motorized dinghy 
to travel 3 mi upriver and 
return in a total of 4 hr, how 
fast must the boat be able to 
travel in still water? 


. Locker Numbers. The 
numbers on three adjoining 
lockers are consecutive 
integers whose sum is 537. 
Find the integers. 


Translate each word problem to an 
equation or a system of equations 
and select a correct translation from 
equations A-O. 


A. (80 — 2x)(100 — 2x) 
= +-80- 100 


800 


a d6 ar IBY o se = Ba. 


b sear Za = 26 8)s), 
sar jy = Wy 


o Bete Ase = 7) = B87 
. x + (x — 7) + 5x = 537 


> WNOsx ar OAay = BOM, 
sear jy = Lily 


. 3.24 — 18% + 3.24 = x 


eter ole = 7 


. 75° + x? = 787 


5 ee te TRE = ae 


o Sear (se 4e il) a (esp 2) 
= B87 


800 800 
QO) = + = 10 
5e w= 2B 


Answers on page A-26 


the price of gasoline was 
increased 18% to a new price 
of $3.24 per gallon. What was 
the original price? 


. Triangle Dimensions. The 


hypotenuse ofa right triangle 
is 7 ft. The length of one leg is 
1 ft longer than the other. Find 
the lengths of the legs. 


. Rectangle Dimensions. The 


perimeter of a rectangle is 
537 ft. The width of the 
rectangle is 7 ft shorter than 
the length. Find the length 
and the width. 


. Guy Wire. Aguywire is 78 ft 


long. It is attached to the top 
of a 75-ft cell-phone tower. 
How far is it from the base of 
the pole to the point where 
the wire is attached to the 
ground? 


. Landscaping. Arectangular 


garden is 80 ft by 100 ft. Part of 
the garden is torn up to install 
a sidewalk of uniform width 
around it. The area of the new 
garden is 3 of the old area. 
How wide is the sidewalk? 


[V{ Reading Check 


Match each formula with the appropriate description from the column on the right. 


RCL. ___s 55 = 4.9t? + uot 
RC2. ss V =: 48T? 
RC3. ow + P= 
RC4._ ss A=lw 
1 
RCS. _ sd T = 277,/- 
g 
d 
RC6._ ss t= — 
P 


a | Solve. 


1. 


Flower Bed. The width ofa rectangular flower bed 
is 7 ft less than the length. The area is 18 ft?. Find the 
length and the width. 


. ParkingLot. The length ofa rectangular parking 


lot is twice the width. The area is 162 yd’. Find the 
length and the width. 


. Easter Island. Easter Island is roughly triangular in 


shape. The height of the triangle is 7 mi less than the 
base. The area is 60 mi’. Find the base and the height of 
the triangular-shaped island. 
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For Extra Help 


MyM ath Lab” PRACTICE WATCH READ REVIEW 


Mathx’ [§§ == 


a) Area ofa rectangle 

b) Pythagorean theorem 
c) Motion 

d) Period of a pendulum 
e) Vertical leap 

f) Distance 


2. Feed Lot. The width ofa rectangular feed lot is 8m 
less than the length. The area is 20 m”. Find the length 
and the width. 


4. Flag Dimensions. The length of an American flag 
that is displayed at a government office is 3 in. less than 
twice its width. The area is 1710 in’. Find the length 
and the width of the flag. 


6. Sailing. The base ofa triangular sail is 9 m less than 
the height. The area is 56 m”. Find the base and the 
height of the sail. 
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7. Parking Lot. The width ofa rectangular parking lot 
is 51 ft less than its length. Determine the dimensions 
of the parking lot ifit measures 250 ft diagonally. 


9. Mirror Framing. The outside of a mosaic mirror 
frame measures 14 in. by 20 in., and 160 in’ of mirror 
shows. Find the width of the frame. 


STI 
Toe, mam, he cms 
READER REA 


ae eam 


11. Landscaping. A landscaper is designing a flower 
garden in the shape of a right triangle. She wants 10 ft 
of a perennial border to form the hypotenuse of the 


triangle, and one leg is to be 2 ft longer than the other. 


Find the lengths of the legs. 


13. Raffle Tickets. Margaret and Zane purchased 
consecutively numbered raffle tickets at a charity 
auction. The product of the ticket numbers was 552. 
Find the ticket numbers. 


8. 


10. 


12. 


14. 


SECTION 7.3. Applications Involving Quadratic Equations 


Sailing. The base ofa triangular sail is 8 ft less than the 
height. The area is 56 ft”. Find the base and the height of 
the sail. 


Quilt Dimensions. Michelle is making a quilt fora 
wall hanging at the entrance to a state museum. The 
finished quilt will measure 8 ft by 6 ft. The quilt has 
a border of uniform width around it. The area of the 
interior rectangular section is one-half of the area of 
the entire quilt. How wide is the border? 


Flag Dimensions. The diagonal of a Papua New 
Guinea flag displayed in a school is 60 in. The length 
of the flag is 12 in. longer than the width. Find the 
dimensions of the flag. 


Box Construction. An open boxis to be made from 
a 10-ft by 20-ft rectangular piece of cardboard by 
cutting a square from each corner. The area of the 
bottom of the box is to be 96 ft?. What is the length 
of the sides of the squares that are cut from the 
corners? 


601 


Solve. Find exact answers and approximate answers rounded to three decimal places. 
16. The length of a rectangle is twice the width. The area 


15. 


17. 


19. 


21. 


23. 


25. 


The width of a rectangle is 4 ft less than the length. 
The area is 10 ft?. Find the length and the width. 


Page Dimensions. The outside of an oversized book 
page measures 14 in. by 20 in., and 100 in? of printed 
text shows. Find the width of the margin. 


The hypotenuse of a right triangle is 24 ft long. The 
length of one leg is 14 ft more than the other. Find the 
lengths of the legs. 


Car Trips. During the first part ofa trip, Sam’s 
Toyota Prius Hybrid traveled 120 mi. Sam then drove 
another 100 mi at a speed that was 10 mph slower. 

If the total time for Sam’s trip was 4 hr, what was his 
speed on each part of the trip? 


P pistance | SPEED | TIME 


Skiing. Kingdom Trails is a nonprofit conservation 
organization in Vermont, working with private 
landowners to manage outdoor recreation 
opportunities and to preserve and protect trails. 

In January, Colleen skied 24 km along part of the 
trails. If she had gone 2 km/h faster, the trip would 
have taken 1 hr less. Find Colleen’s speed. 


A Cessna flies 600 mi. A Beechcraft flies 


Air Travel. 
1000 mi at a speed that is 50 mph faster, but takes 1 hr 
longer. Find the speed of each plane. 
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18. 


20. 


22. 


24. Bicycling. 


26. Air Travel. 


is 328 cm’. Find the length and the width. 


Picture Framing. The outside ofa picture frame 
measures 13 cm by 20 cm, and 80 cm’ of picture 
shows. Find the width of the frame. 


The hypotenuse of a right triangle is 22 m long. The 
length of one leg is 10 m less than the other. Find the 
lengths of the legs. 


Canoeing. During the first part of a canoe trip, 
Doug covered 60 km. He then traveled 24 km ata 
speed that was 4 kam /h slower. If the total time for 
Doug’s trip was 8 hr, what was his speed on each part 
of the trip? 


In July, Art bicycled 120 miin Vermont. If 
he had gone 5 mph faster, the trip would have taken 
4 hr less. Find Art’s speed. 


A turbo-jet flies 50 mph faster than a 
super-prop plane. If a turbo-jet goes 2000 miin 3 hr 
less time than it takes the super-prop to go 2800 mi, 
find the speed of each plane. 
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27. Bicycling. Naoki bikes 40 mito Hillsboro. The return 


29. 


trip is made at a speed that is 6 mph slower. Total 
travel time for the round trip is 14 hr. Find Naoki’s 
speed on each part of the trip. 


Navigation. The current ina typical Mississippi 
River shipping route flows at a rate of 4 mph. In order 
for a barge to travel 24 mi upriver and then returnina 
total of 5 hr, approximately how fast must the barge be 
able to travel in still water? 


28. 


30. 


Car Speed. Onasales trip, Gail drives 600 mi to 
Richmond. The return trip is made at a speed that 
is 10 mph slower. Total travel time for the round trip 
is 22 hr. How fast did Gail travel on each part of the 
trip? 


Navigation. The Hudson River flows at a rate of 

3 mph. A patrol boat travels 60 mi upriver and returns 
in a total time of 9 hr. What is the speed of the boat in 
still water? 


ay Solve each formula for the given letter. Assume that all variables represent nonnegative numbers. 


31. 


34. 


37. a’ + b? = c*, forb 


40. 


A = 6s", fors 
(Surface area of a cube) 


kQi Qs 


? 
s2 


N= 


(Number of phone calls between 


sa relationship) 
two cities) 


(Pythagorean formula in two 


dimensions) dimensions) 


t? 
S = Up + BF tori 
2 


(A motion formula) 


calentes ia.| 


32. A = 4rr’, forr 
(Surface area of a sphere) 


for s 35. E = mc’, forc 
(Einstein’s energy-mass 


38. a? + b? + c? = d’,forc 
(Pythagorean formula in three 


Al. A = 2ar? + 2mrh, forr 
(Surface area of a cylinder) 


SECTION 7.3. Applications Involving Quadratic Equations 


MM 
re 


G 
33. F= , forr 


36. V = 4s°h, fors 
(Volume of a pyramid) 


k? — 3k 


39. N= , fork 


(Number of diagonals of a polygon 
of k sides) 


42. A = mr? + ars, forr 
(Surface area of a cone) 
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L 1 703W 
43. T = 27,/-—, forg 44, W= ,/—, forL 45. I= —_,, for H 
g LC A 
(A pendulum formula) (An electricity formula) (Body mass index) 
2 Mo 
46. N+ p= 7 forR 47. m = , forv 48. Solve the formula given in 
fica Exercise 47 for c. 
C2 
(A relativity formula) 
Ski Maintenance oii iiicccccccccccccceccccccccsesescsvsveveveseevevevsveveveseevsvevsvevessssevevevsvsssersevevsvivsvssesseveveveveevees 
Add or subtract. [5.2b, c] 
1 1 xt+1 x+1 2 x x7 +2 
49. t= 50. 5 51. t= 
x= 1 Ko = SK 2. dee | eo xX 1 ¥t3 X-1 x°+2x-—3 
52. Multiply and simplify: V3x? V3x°.  [6.3a] 53. Express in terms of i: V—20. [6.8a] 
MN U6 ese recast els egies ap Acton sotonnted ns boat inne elelatalos techn 
4 1 2 . . ; 
54. Solve: ; = a 55. Find awhen the reciprocal ofa — lisa + 1. 
2x +i x1 KPT 


56. Pizza Crusts. 
large pizza crusts in 1.2 hr less than Chad. Together 
they can do the job in 1.8 hr. How long does it take 
each to do the job alone? 


58. Bungee Jumping. 
elasticized (bungee) cord. The other end of the cord 
is tied to the middle of a train trestle. If Jesse steps off 
the bridge, for how long will he fall before the cord 
begins to stretch? (See Example 7 and let vy = 0.) 
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At Pizza Perfect, Ron can make 100 57. 


Jesse is tied to one end of a 40-m 59. 


Surface Area. Asphere is inscribed in a cube as 
shown in the following figure. Express the surface 
area of the sphere as a function of the surface area S 
of the cube. 


The Golden Rectangle. For over 2000 years, the 
proportions of a “golden” rectangle have been 
considered visually appealing. A rectangle of width w 
and length /Jis considered “golden” if 


Ww I 
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More on Quadratic Equations 


EQ THE DISCRIMINANT 


From the quadratic formula, we know that the solutions x, and x, of a quad- 


ratic equation are given by 
—b — Vb? — 4ac 


—b + Vb? — 4ac 
= and x, = 


2a 2a 


x} 


The expression b* — 4ac is called the discriminant. When we are using 
the quadratic formula, it is helpful to compute the discriminant first. If it is 
0, there will be just one real solution. If it is positive, there will be two real 
solutions. If it is negative, we will be taking the square root of a negative 
number; hence there will be two nonreal complex-number solutions, and 
they will be complex conjugates. 


Only one solution; it is a real number Only one 
Two different real-number solutions Two different 


Two different nonreal complex-number None 
solutions (complex conjugates) 


Positive 
Negative 


DISCRIMINANT 
b? — 4ac NATURE OF SOLUTIONS x-INTERCEPTS 


If the discriminant is a perfect square, we can solve the equation by 
factoring, not needing the quadratic formula. 


EXAMPLE1 Determine the nature of the solutions of 9x? — 12x + 4 =0. 


We have 
a=9, b=-12, c=4. 


yr f(x) = 9x? - 12x44 


We compute the discriminant: 
b? — 4ac = (-12)? — 4-9-4 
= 144 — 144 Th 


4 1 
=16 One x-intercept 


There is just one solution, and it is areal number. Since 0 is a perfect square, 
the equation can be solved by factoring. 


EXAMPLE 2 Determine the nature of the solutions of x? + 5x + 8 = 0. 
We have 


a=1, b=5, c=8. 


TL f(x) =x? +5x4+8 


We compute the discriminant: No x-intercepts 


b? — 4ac= 5? -— 4-1-8 
= 25 — 32 4 2 4t 2 4 * 
= -7. 


Since the discriminant is negative, there are two nonreal complex-number 
solutions. &) 


OBJECTIVES 


a | Determine the nature 
of the solutions of a 
quadratic equation. 


b | Write a quadratic equation 
having two given numbers 
as solutions. 


Gg Solve equations that are 
quadratic in form. 


SKILL TO REVIEW 


Objective 2.5a: Find the 
intercepts of a linear equation. 


Find the coordinates of 
the y-intercept and the 
x-intercept. 

1. 3x — 12y = —36 
2. 5 — 2y = —10x 


Answers 


Skill to Review: 
1. y-intercept: (0, 3); x-intercept: (—12, 0) 


5 1 
2. y-intercept: (o, ) ; x-intercept: (- my 0) 
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f(x) =x? -2 


b? -4ac=8>0 
Two real solutions 
Two x-intercepts 


12.3.4. 5.5% 


f@)=x° +4044 


b? — 4ac=0 
One real solution 
One x-intercept 


=F d=3=2-1. 12345 x 


f(x) =x? - 4k +6 


b’ - 4ac = -8 <0 
No real solutions 
No x-intercept 


Determine the nature of the 
solutions without solving. 


lx? + 5x-3=0 
2. 9x7 - 6x +1=0 
BL She = De Eb 11 


a=3,b= 
b? — 4ac = ( 


76 = WB 


Since the discriminant is 
negative, there are 
solutions. 


Answers 


1. Tworeal 2. Onereal 3. Two nonreal 


Guided Solution: 
3... —2, = 2, =; 2 


Vea aioe 


nonreal 


€ 


EXAMPLE 3 _ Determine the nature of the solutions of x” + 5x + 6 = 0. 
We have 
a=1, b=5, c=6 
b? — 4ac = 5*- 4-1°6=1. 


f(x) =x? + 5x+6 


Since the discriminant is positive, there are Twosllitercepts 


two solutions, and they are real numbers. The 
equation can be solved by factoring since the 
discriminant is a perfect square. ® 


EXAMPLE 4 _ Determine the nature of the solutions of 5x? + x — 3 = 0. 
We have 


a=5, b=1, c= —3; 
b* = 4ac = P —4-5-(-3) = 1+ 60 = 61. 
Since the discriminant is positive, there are two solutions, and they are 


real numbers. The equation cannot be solved by factoring because 61 is not 
a perfect square. O 


The discriminant, b” — 4ac, tells us how many real-number solutions the 
equation ax” + bx + c = Ohas, so it also indicates how many x-intercepts 


the graph of f(x) = ax* + bx + chas. Compare the graphs at left. 


< Do Exercises 1-3. 


Db | WRITING EQUATIONS FROM SOLUTIONS 


We know by the principle of zero products that (x — 2)(x + 3) = 0 has 
solutions 2 and —3. If we know the solutions of an equation, we can write 
the equation, using this principle in reverse. 


EXAMPLES Finda quadratic equation whose solutions are 3 and —3. 
We have 


obo 


x=3 or x== 
x-3=0 or x+2=0 
x-3=0 or 5x+2=0 


(x — 3)(5x + 2) =0 


Getting the 0’s on one side 
Clearing the fraction 


Using the principle of zero products 
in reverse 


5x? — 13x -6=0. Using FOIL e 


EXAMPLE6 Write a quadratic equation whose solutions are 2i and —2i. 
We have 
x= 2i or x= Set 
x—-2i1=0 or x+ 2i=0 
(x — 2i)(x + 2i) = 0 


Getting the 0’s on one side 


Using the principle of zero products 
in reverse 
x? — (21)? =0  Using(A — B)(A + B) = A? — B’ 
x? - 47? =0 
x? — 4(-1) =0 
x?>+4=0. @ 
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EXAMPLE 7 Write a quadratic equation whose solutions are V3 and 


=2/5. 
We have 
x= V3 or x= -2V3 
x—>V3=0 or x + 2V3 =0 Getting the 0’s 
on one side 
(x — V3)(x + 2V3) =0 Using the principle of 
zero products 
x? + 2V3x — V3x — 2(V3)? =0 — Using FOIL 
x? + V3x-6=0. Collecting like terms i) 


EXAMPLE 8 _ Write a quadratic equation whose solutions are —12i and 12i. 
We have 
x= —-12t or x = 121 


x+ 12i=0 or x— 12i=0 Getting the 0’s 
on one side 


(x + 12i)(x — 127) = 0 Using the principle of zero products 


x? — 12ix + 12ix— 14422 =0 Using FOIL 
x? — 144(-1) = 0 Collecting like terms; 
substituting —1 for i? 
x? + 144 = 0. 


Do Exercises 4-8. D> 


EB} EQUATIONS QUADRATIC IN FORM 


Certain equations that are not really quadratic can still be solved as quad- 
ratic. Consider this fourth-degree equation. 


xt —9x? +8= 


ea 


| 

=p Thinking of x* as (x 
/ 
0 


To make this clearer, 
write u instead of x”. 


The equation u? — 9u + 8 = Ocanbe solved by factoring or by the quad- 
ratic formula. After that, we can find x by remembering that x? = u. 
Equations that can be solved like this are said to be quadratic in form, or 
reducible to quadratic. 


EXAMPLE 9 Solve: x* — 9x? + 8 = 0. 
Let u = x*. Then we solve the equation found by substituting u for x?: 
u»— 9u+8=0 
(u— 8)(u- 1) =0 
u—8=0 or u-—1=0 


Factoring 
Using the principle of zero products 


u=8 or u 


Find a quadratic equation having 


the following solutions. 


4. 7and —2 
5 
5. —4and — 
3 
6. 5iand —5i 
7. —2V2and V2 
8. —7iand 7i 
Answers 
4.x? -—5x-14=0 
6.17 +25=0 7. x27 + V2x-4 


8. x2 + 49 =0 
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0 


5. 3x2 + 7x — 20 =0 
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9. Solve: x* — 10x” + 9 = 0. 
Letu = mien 
x* — 10x7+9=0 

w—10u+9=0 


Gti jo 
u-—-1=0 or = 0 
u=1 or u= 
<= oo <= 
x= 41 or x= 


All four numbers check. The 
solutions are —1, 1, —3, and 


10. Solve: x + 3Vx — 10 = 0. 
Be sure to check. 


Answers 
9. +3,+1 10.4 


Guided Solution: 
9. x’,x',u — 9,u — 9,9,9,+3,3 


Next, we substitute x” for u and solve these equations: 


x =8 or 2° = 1 
x= 2V8- of x= a1 
x= 222 of #£= 21, 


Note that when a number and its opposite are raised to an even power, the re- 
sults are the same. Thus we can make one check for + 22 and one for +1. 


Check: 
For +2V2: For +1: 
a x* — 9x7+8=0 x* — 9x7 + 8=0 
T T 
(+2V2)* — 9(+2V2)2 +8720 (21) = ai + 62 o 
64—-9:8+8 1-978 
0 TRUE 0 TRUE 
The solutions are 1, —1, 2/2, and —2V2. @ 
Scbeaesrsraph aves 8 bsaseie ate wird spepe aca addons Shohacseye Caution! ee a eee er ee eee 


A common error is to solve for uw and then forget to solve for x. Remember that 
you must find values for the original variable! 


< Do Exercise 9. 


Solving equations quadratic in form can sometimes introduce num- 
bers that are not solutions of the original equation. Thus a check by substi- 
tution in the original equation is necessary. 


EXAMPLE 10 Solve: x — 3Vx — 4=0. 


Let u = Vx. Then we solve the equation found by substituting wu for 
Vx and u? for x: 


u*— 3u-4=0 
(u— 4)(u+ 1) =0 
u=4 or u=—l. 
Next, we substitute \/x for u and solve these equations: 
Vx=4 or Vx=-1. 


Squaring the first equation, we get x = 16. Squaring the second equation, 
we get x = 1. We check both possible solutions. 


Check: 

For 16: For 1: 

x—- 3Vx-4=0 x- 3Vx-4=0 

i@=3Vie=4 7 0 P= 3Vl=4 70 
16—-3-:4-4 1-3:1-4 
16—-12-4 1-3-4 


0 TRUE —6 FALSE 
Since 16 checks but 1 does not, the solution is 16. 


< Do Exercise 10. 
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EXAMPLE 11 Solve: y*-—y '—-2=0. 


Let u = y '. Then we solve the equation found by substituting wu for 


y ‘and wu’ for y*: 


w—-u-2=0 
(u— 2)(u+1)=0 
u=2 or u=-l. 


Next, we substitute y ' or 1/y for wand solve these equations: 


1 i 
S22) Or == ='1, 


y 
Solving, we get 
1 1 1 
—a T => — = -]l, 
yn ry (=i) 


The numbers 5 and —1 both check. They are the solutions. 
Do Exercise 11. D 


EXAMPLE 12 Find the x-intercepts of the graph of 
f(x) = (x? -— 1) - (x? - 1) - 2. 
The x-intercepts occur where f(x) = 0, so we must have 


(x? — 1)? — (x7 -1)-2=0. 


Let u = x” — 1. Then we solve the equation found by substituting wu for 
x? -— 1: 
uw—-u-2=0 
(u- 2)(u+1)=0 
u=2 or u=-—l. 


Next, we substitute x” — 1 for wand solve these equations: 


x*-1=2 or x? -1=-1 
 =3 or x= 0 
x= £3 or x=0. 


Since the numbers V3, — V3, and 0 check, they are the solutions of 
(x? — 1)? — (x? — 1) — 2 = 0. Thus the x-intercepts of the graph of f(x) 
are ( -V3, 0), (0, 0), and (V3, 0). 


f(«) = @&? -1)?- @’ = 1)-2 


Do Exercise 12. > 


ll. Solve: x? +x!1-6=0. 


12. Find the x-intercepts of 
f(x) = (x? — x)? — 14(x? — x) + 24. 


Answers 


11 
ll. 32 12. (—3, 0), (—1,0), (2,0), (4, 0) 


SECTION 7.4 More on Quadratic Equations : 609 


For Extra Help MathXL° =e P 


MyM ath Lab” PRACTICE WATCH cone REVIEW 


Ral Reading Check 


Match each discriminant with the appropriate description of the solution(s) from the column on the right. 
Answers may be used more than once. 


RCl. b* — 4ac = 9 a) One real-number solution 
RC2. Ps Apoeg b) Two different real-number solutions 
c) Two different nonreal complex-number solutions 
RCS. b? — 4ac = -1 
RC4. b*? — 4ac = 1 
RCS. b? — 4ac = 8 
RC6. b? — 4ac = —-12 


fal Determine the nature of the solutions of each equation. 


1. x? — 8x + 16 =0 2. x7 + 12x + 36 =0 3.x7+1=0 4.x7+6=0 
5. x7-6=0 6.x? -3=0 7, 4x? — 12x+9=0 8. 4x? + 8x —5 =0 
9. x7 -— 2x +4=0 10. x? + 3x + 4=0 11. 9¢? — 3t = 0 12. 4m? + 7m = 0 
ii. ys ihe Say 

2 5 4 
15. 4x? — 4V3x+3=0 16. 6y? — 2V3y —-1=0 


b | Write a quadratic equation having the given numbers as solutions. 


17. —4and4 18. —lland9 19. —4iand 4i 


20. —iandi 21. 8, only solution 22. —3, only solution 
[Hint: It must be a double 
solution, that is, 
(x — 8)(x — 8) = 01] 


2 6 1 1 k m 
23. ——and— 24. ——and —-— 25. —and— 
5 5 4 2 3 4 
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26. 


29. 


33. 


35. 


37. 


39. 


Al. 


43. 


45. 


47. 


d 
sands 27. —V3and2V3 


6iand —6i 30. 8iand —8i 


x-10Vx+9=0 


(x? — 6x)? — 2(x? — 6x) — 35 =0 
x”? — 5x"! - 36 =0 

(1+ Vx)? + (1+ Vx) -6=0 
(y* — 5y)? — 2(y? — Sy) — 24 =0 


w* — 29w? + 100 = 0 


2x27 +x7 !-1=0 


6x* — 19x? + 15=0 


32. 


34. 


36. 


38. 


40. 


42. 


44. 


46. 


48. 


28. V2 and3V2 


x’ — 7x7 +12 =0 


2x-9Vx+4=0 


(x? + 5x)? + 2(x? + 5x) — 24=0 
3x-2 x"! -14=0 

(2 + Vx)? —3(2+ Vx) -10=0 
(2¢? + 2)? — 4(2t7? + 2) +3=0 
t*-— 10027+9=0 


m?+9m7!-—10=0 


6x* — 17x7+5=0 
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49. x2 — 4x3 -—- 5 =0 


Find the x-intercepts of the graph of each function. 
57. f(x) = 5x + 13Vx — 6 


59. f(x) = (@? = 3x)? — 10(x? — ax) + 24 


61. f(x) = x79 + x — 2 
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50. x22 + 2x3 —-g =9 


58. f(x) = 3x + 10Vx — 8 


60. f(x) = (x? — x)? — 8(x? 


62. f(x) = x7/5 + x5 — 6 
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SUIT PRUNE SRN RIN CE cs ea coves Secs Sees Dca ence apes Phas npda sda een a dinbnifa snuck cesses sbvdevbancgQeorestedheededéles 
Solve. [3.4a] 


63. Coffee Beans. Twin Cities Roasters sells Kenyan coffee 64. Solution Mixtures. Solution A is 18% alcohol and 
worth $9.75 per pound and Peruvian coffee worth solution B is 45% alcohol. How many liters of each 
$13.25 per pound. How many pounds of each kind should be mixed in order to get 12 L ofa solution that 
should be mixed in order to obtain a 50-lb mixture that is 36% alcohol? 


is worth $11.15 per pound? 


Multiply and simplify. Assume that no radicands were formed by raising negative numbers to even powers. [6.3a] 


65. V8x V2x 66. \/x2 ¥/27x4 67. W/9a2 W/18a3 68. ¥/16 ¥/64 


Graph. [2.2c], [2.5a, c] 


69. f(x) = -3x+4 70. 5x — 2y = 8 71ly=4 72. f(x) =-x- 3 
INN sats sce a ase eee gb pee sate beste oe toenler festa sad bier weenie ha tera vaste ial asbartstaeandtetins 
raw ‘ AS : 
73. M@SA Use a graphing calculator to check your answers 74. @S4 Use a graphing calculator to solve each of the 
to Exercises 32, 34, 36, and 39. following equations. 


a) 6.75x — 35Vx — 5.26 = 0 
b) wx* — wx? = V99.3 
c) xt -— x3 — 13x7 +x+12=0 


For each equation under the given condition, (a) find k and (b) find the other solution. 


75. kx? — 2x + k = 0; one solution is —3. 76. kx? — 17x + 33 = 0; one solution is 3. 
77. Find a quadratic equation for which the sum of the 78. Find k given that kx” — 4x + (2k — 1) = Oand the 
solutions is V3 and the product is 8. product of the solutions is 3. 
79. The graph of a function of the form 80. fawa While solving a quadratic equation of the form 
f(x) = ax? + bx +c ax? + bx + c = Owitha graphing calculator, Shawn- 


: oad : Marie gets the following screen. 
is a curve similar to the one shown below. Determine 8 8 


a, b, and c from the information given. 10 


y 
5 -10 eri piiii/10 
4 
3 
2 
: =10 
~5-4 2345 x How could the discriminant help her check the 
graph? 
—5 
Solve. 
x x x | x 
81. 6 40 = 0 82. — 24 = 10 83. Vx — 3 Wx -3= 12 
Pee | x= I X38 x= 3 
84, a° — 26a°? — 27 = 0 85. x° — 28x° + 27 = 0 86. x° + 7x7 - 8 =0 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. Every quadratic equation has exactly two real-number solutions. [7.4a] 


2. The quadratic formula can be used to find all the solutions of any 
quadratic equation. [7.2a] 


3. Ifthe graph of a quadratic equation crosses the x-axis, then it has exactly 
two real-number solutions. [7.4a] 


4, The x-intercepts of f(x) = x? — tare (0, Vt) and(0,—V¢t). [7.1a] 


Guided Solutions 
cs) Fill in each blank with the number that creates a correct solution. 
5. Solve 5x* + 3x = 4 by completing the 6. Use the quadratic formula to solve 
square. [7.1b] 5x? + 3x = 4. ([7.2al 
5x? + 3x = 4 5x? + 3x = 4 
(5x7 > 3x) = -4 Bre ob Sy = =0 
5 3 4 a= , b= , C= 
Gant x= 
—b + Vb? = 4ac 
4 = 2 
yk ae =—+ a 
2 = —7 06h 
xX — 
CE 5 Ze 
3 3 =§ ac WO s+ 
x+—=V or x+—=-V iS 
10 10 
3} V 3} Vv =§ ab W 
eS = or x = x= 
10 10 10 10 10 
nh nn _ 
x= t or x= : 3 
10 10 10 10 x= 10 10 
vo 
The solutions are aE : 
10 10 
Mixed Review 
Solve by completing the square. [7.1b] 
7x7 +1= —-4x 8. 2x? + 5x -3 =0 


9. x? + 10x -6=0 10. x7 -—x=5 


Determine the nature of the solutions of each equation ax* + bx + c = 0 and the number of x-intercepts of the graph of 
the function f(x) = ax* + bx +c. [74a] 


Wee = W0n 25 — = 1 = 13, y2==y-= 
o 38 x 5 = 0) 45 8% Il = 1) -y 3) 7 
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14. x7 +5x+9=0 15. x? — 4 = 2x 16. x” — 8x = 0 
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Write a quadratic equation having the given numbers as solutions. [7.4b] 


17. —1and 10 18. —13 and 13 19. —V5 and 3V5 
4 2 

20. —4iand 4i 21. —6, only solution iy = a and 5 

Solve. 

23. Jacob traveled 780 mi by car. Had he gone 5 mph 24. R = as*,fors [7.3b] 


faster, he could have made the trip in 1 hr less time. 
Find his speed. [7.3a] 


Solve. [7.1a], [7.2a], [7.4c] 


25. 3x7 +x=4 2605, — ee 1 27, 4x? = 15x — 5 
28. 7x* + 2 = —9x 2902) 7 x(x 1) — 0 30. (x + 3)? = 64 
31. 49x? + 16 = 0 22x — 2) 2x 2) 24 — 0 Saar Sy — 112 

, ee el er 
34. s° + 12s + 37 = 0 350 (= =|) 36.26 -5 === 

2) 4 eg 

37. 4x + 1 = 4x? S83) a 0 39. b? — 16b + 64 = 3 
40. (x — 3)? = —10 A ee 42.x-— Vx-6=0 
x a2 5 , 


Understanding Through Discussion and Writing 


43. Given the solutions of a quadratic equation, is it 44. Explain how the quadratic formula can be used to 
possible to reconstruct the original equation? Why factor a quadratic polynomial into two binomials. 
or why not? [7.4b] Use it to factor 5x? + 8x — 3. [7.2a] 

45. Describe a procedure that could be used to write an 46. Describe a procedure that could be used to write an 
equation having the first seven natural numbers as equation that is quadratic in 3x* + 1 and has real- 
solutions. [7.4b] number solutions. [7.4c] 


Mid-Chapter Review: Chapter 7 
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STUDYING FOR SUCCESS = Working with Others 


{_) Try being a tutor for a fellow student. You may find that you understand some concepts 
better after you have explained them to someone else. 


{| Consider forming a study group. 
{| Verbalize the math. Often simply talking about a concept with a classmate can help clarify 


the material. 


Graphing f(x) = a(x — h)? +k 


OBJECTIVES 


Graph quadratic functions 
of the type f(x) = ax* 

and then label the vertex 
and the line of symmetry. 


Graph quadratic 
functions of the type 
f(x) = a(x — h)* and 
then label the vertex and 
the line of symmetry. 


Graph quadratic 
functions of the type 
f(x) = a(x — h)? +k, 
finding the vertex, the 
line of symmetry, and the 
maximum or minimum 
function value, or y-value. 


SKILL TO REVIEW 


Objective 2.2c: Draw the graph 
of a function. 


Graph the function. 
1 
1. =-=x-3 
fix) = -5x 
2. f(x) =x? +1 


Answers 


Skill to Review: 
al 


f@=x7 +1 


[ER GRAPHS OF f(x) = ax’ 


The most basic quadratic function is f(x) = x’. 


EXAMPLE 1 Graph: f(x) = x’. 


We choose some values for x and compute f(x) for each. Then we plot 
the ordered pairs and connect them with a smooth curve. 


YA 
x f(x) = x? (x, f(x)) 
9 
3 9 (3,9) cae ba 
=) 4 (—2, 4) Line of : 
-] 1 (-1,1) suai! 3 fs) =x 
0 0 (0, 0) (2.4) 3) fea 
1 1 (1, 1) : 
2 ‘ (2,4) CupX{ 7a 
-11 11 
3 9 (3,9) —5 —4-3-2-1 123 4 5 x 
ae oe Ce, 9 Vertex: (0, 0) 


Let’s compare the graphs of g(x) = $x? and h(x) = 2x” with the graph 
of f(x) = x*. We choose x-values and plot points for both functions. 


rl Line of 
y symmetry: 
x g(x) = 5x x h(x) = 2x? : 5 - a = 
-2 2 =2 8 ll 
= 1 a | 2 10 
2 
0 0 9 
f(x) = x? 
1 2 2 8 - 
2 2, 3 18 5 : 
3 3 : FP 80) = 9%” 
2 ae 
\\ 1 Vertex (0, 0) 
-5-4-3-2-1 123 45 a 


Note the symmetry: For equal increments to the left and right of the 
vertex, the y-values are the same. 
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Graphs of quadratic functions are called parabolas. They are cup- 
shaped curves that are symmetric with respect to a vertical line known as 
the parabola’s line of symmetry, or axis of symmetry. In the graphs shown 
above, the y-axis (or the line x = 0) is the line of symmetry. If the paper 
were to be folded on this line, the two halves of the curve would coincide. 
The point (0, 0) is the vertex of each of the parabolas shown above. 

Note that the graph of g(x) = 5x? is a wider parabola than the graph of 
f(x) = x’, and the graph of h(x) = 2x? is narrower. 

When we consider the graph of k(x) = —3.x?, we see that the parabola 
opens down and has the same shape as the graph of g(x) = 5x?. 


yA 
1 
> 
x 
k(x) = —4x? 
2. f(x) = 3x? 
yr 
GRAPHS OF f(x) = ax? —_—ee 
The graph of f(x) = ax’, or y = ax’, isa parabola with x = 0 as “8 
its line of symmetry; its vertex is the origin. 
For a > 0, the parabola opens up; for a < 0, the parabola opens 3. f(x) = 2x? 
down. 7 
If |a| is greater than 1, the parabola is narrower than y = x’. ; 
If |a| is between 0 and 1, the parabola is wider than y = x’. : 
—8 4 : (i480 ¢ 
Do Exercises 1-3. > : 
EE) GRAPHS OF f(x) = a(x — h) 
EXAMPLE 2. Graph: g(x) = (x — 3)”. Answers 
We choose some values for x and compute g(x). Then we plot the points : if 
and draw the curve. ; 
x g(x) = (x - 3)? 
3 0 <— Vertex 
4 1 
5 4 
6 9 
2 1 
1 4 
0 9 
: -2 f(x) = 3x? 
Le Vertex: (3, 0) a 
x= 3, . 
For an x-value of 3, g(3) = (3 — 3)? = 0. As we increase x-values NS 
from 3, the corresponding y-values increase. Then as we decrease x-values F 
from 3, the corresponding y-values increase again. The line x = 3 is the ; 
line of symmetry. @ Sx) = 2x 
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4, Graph: g(x) = (x + 2)? 


Compute g(x) for each value of 


x shown. 


Plot the points and draw the 


curve. 


Answer 


Guided Solution: 
4. 0,9,9 


EXAMPLE 3. Graph: ¢(x) = (x + 3)”. 
We choose some values for x and compute ¢(x). Then we plot the points 
and draw the curve. 


= 2 x=-3 y 

58 t(x) = (x + 3) 33 
—3 0 <— Vertex t(x) = (4 +3)? 
=2 1 
=] 4 

0 9 
—4 1 
—5 4 (-4, 1) 1) 

—4 /\-2 2 4 x 

=6 3 eae (—3, 0) 


For an x-value of —3, t(—3) = (—3 + 3)? = 0. As we increase x-values 
from —3, the corresponding y-values increase. Then as we decrease x-values 
from —3, the y-values increase again. The line x = —3is the line ofsymmetry. 


< Do Exercise 4. 


The graph of g(x) = (x — 3)* in Example 2 looks just like the graph of 
f(x) = x? in Example 1, except that it is moved, or translated, 3 units to the 
right. Comparing the pairs for g(x) with those for f(x), we see that when 
an input for g(x) is 3 more than an input for f(x), the outputs are the same. 


(—6, 9) 
g(x) = (x — 3) 


(—5, 4) I 
t(x) = (x +3)? mae 
= [x - (-3)}? Very 
(—4; 1) Noe (2, 1) 
~4-3-2-1,| 1 2 N45 6 x =4 /|-2 2 4 x 
x=3, Vertex: (3, 0) Vertex: (—3, 0) 


The graph of ¢(x) = (x + 3)? = [x — (—3)]* in Example 3 looks just 
like the graph of f(x) = x”? in Example 1, except that it is moved, or trans- 
lated, 3 units to the left. Comparing the pairs for ¢(x) with those for f(x), 
we see that when an input for ¢(x) is 3 less than an input for f(x), the out- 
puts are the same. 


GRAPHS OF f(x) = a(x — h)? 


The graph of f(x) = a(x — h)* has the same shape as the graph of 
2 
y = ax’. 


If his positive, the graph of y = ax’ is shifted h units to the right. 
If his negative, the graph of y = ax’ is shifted | h| units to the left. 
The vertex is (h, 0), and the line of symmetry is x = h. 
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EXAMPLE 4 Graph: f(x) = —2(x + 3)”. 


We first rewrite the equation as f(x) = —2[x — (—3)]?. In this case, 
a = —2andh = —3, so the graph looks like that of g(x) = 2x* translated 
3 units to the left and, since —2 < 0, the graph opens down. The vertex is 
(—3, 0), and the line of symmetry is x = —3. 


VA 
i f(x) = -2(x + 3)? ro A 
x= 3] \ : hi 
=3 0 <— Vertex | ‘ : 
9 a5. Vertex: (~3, 0) | Ig (x) = 2x” 
-1 ~8 NL 
-8-7-6-5-4 =i. 123 4 
—4 —2 ¥ 
=5 —8 c 
—4 


f(x) = —2(@ + 3)? 


Do Exercises 5 and 6. D> 


EG} GRAPHS OF f(x) = a(x — h)? +k 


Given a graph of f(x) = a(x — h)?, if we add a positive constant k, each 
function value f(x) is increased by k, so the curve is moved up. If k is nega- 
tive, the curve is moved down. The line of symmetry for the parabola re- 
mains x = h, but the vertex will be at (h, k). 

Note that ifa parabola opens up (a > 0), the function value, or y-value, 
at the vertex is a least, or minimum, value. That is, it is less than the y-value 
at any other point on the graph. If the parabola opens down (a < 0), the 
function value at the vertex is a greatest, or maximum, value. 


y 
x=h 
| 
| 
| 
| 
| 
i; | 
| (h, k) 
Minimum: k 
oa 
2 x x 
| 
| 
| 
| 


GRAPHS OF f(x) = a(x — h)? +k 


The graph of f(x) = a(x — h)* + khas the same shape as the 
graph of y = a(x — h)?. 

If kis positive, the graph of y = a(x — h)* is shifted k units up. 

If kis negative, the graph of y = a(x — h)*is shifted | k| units down. 
The vertex is (h, k), and the line of symmetry is x = h. 


For a > 0, kis the minimum function value. For a < 0, kis the 
maximum function value. 


SECTION 7.5 


Graph. Find and label the vertex 
and the line of symmetry. 


8. f(x) => (x 4? 


Answers 
5. 


=4 
i 
i 


Vertex: 
(4, 
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. Graph g(x) —"(— 1)" — 3 


and find the minimum 
function value. 


Compute g(x) for each value 
of x shown. 


The vertex is (1, —3). The line 
of symmetry is x = , and 
the minimum function value is 


EXAMPLE 5 Graph f(x) = (x — 3)? — 5, and find the minimum func- 
tion value. 


The graph will look like that of g(x) = (x — 3)* (see Example 2) but 
translated 5 units down. You can confirm this by plotting some points. For 
instance, 


{2 — Eby osa—4 
whereas in Example 2, 
g(4) = (4-37 =1. 


Note that the vertex is (h, k) = (3, —5), so we begin calculating points 
on both sides of x = 3. The line of symmetry is x = 3, and the minimum 
function value is —5. 


& 


ts (= 3) = 3 


—5 <— Vertex 


COorPNPDOuA w 
"~ 


Vertex: (3, —5) 
I 


Minimum: —5 
<@ Do Exercise 7. 


EXAMPLE 6 Graph t(x) = 3(x — 3)? + 5, and find the minimum func- 
tion value. 


The graph looks just like that of f(x) = 3x” but moved 3 units to the 
right and 5 units up. The vertex is (3, 5), and the line of symmetry is x = 3. 
We draw f(x) = 5x? and then shift the curve over and up. The minimum 
function value is 5. By plotting some points, we have a check. 


Plot the points and draw 
the curve. 
ae 
3 
4 
5 
6 
2 
Answer 1 
7. 0 


t(x) = 3(x — 3)? +5 


5 <— Vertex 


ny t Vertex: (1, —3) 
| Minimum: —3 
A 


Guided Solution: 
7. —2, —2)1,-3 
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EXAMPLE 7 Graph f(x) = —2(x + 3)? + 5. Find the vertex, the line of Graph. Find the vertex, the line of 


: cy symmetry, and the maximum or 
symmetry, and the maximum or minimum value. a 
minimum y-value. 


We first express the equation in the equivalent form 


f(x) = —2[x — (—3)F + 5. 
The graph looks like that of g(x) = —2x? translated 3 units to the left and 
5 units up. The vertex is (—3, 5), and the line of symmetry is x = —3. Since 
—2 < 0, we know that the graph opens down so 5, the second coordinate of 
the vertex, is the maximum y-value. 
We compute a few points as needed and draw the graph. 


8. f(x) = a(t + 2)? -—4 


i f(x) = -2(x + 3)? +5 
—3 5 <— Vertex y 
—2 3 8 
=] =3 : 
—4 3 
=—5 =3 ie 
———— 
YA 
eel 
x= 3) 9 
| 8 
Maximum: 5 l 7 
| 
| 6 
Vertex (—3, 5) 5 
4 
= 
f@) =-2@ +3)? +5 a 
1 
9-8-7-6-5/-4 7yi 2 3 4 52 & 
a ee Oe \ 
7 
2 
\ g(x) = —2x? 
Spey 
\ 
Vv 


Do Exercises 8 and 9. D> 


f(x) = -2(x- 5)? +3 


For Extra Help MathXL° — P 


MyM ath Lab” PRACTICE WATCH sie REVIEW 


[vf Reading Check 


Determine whether each statement is true or false. 


RCI. The graph of a quadratic function may be a straight line or a parabola. 
RC2. The graph of every quadratic function is symmetric with respect to a vertical line. 
RC3. Every quadratic function has either a maximum value or a minimum value. 


RC4. The graph of f(x) = 5x? is wider than the graph of f(x) = 3x?. 


SECTION 7.5 Graphing f(x) = a(x — h)? + k : 621 


Ey). |b | Graph. Find and label the vertex and the line of symmetry. 


L. f(x) = 4x? 2. f(x) = 5x” 
YA 7, 
65 5 
4 4 
3 3 
2 2 
4 1 
=S4-8-2-1,| 12345. x bx4-3-2c1,|.1.2. 3.4.8. 
~2 Pentaned 
23 —3 
L4 —4 
£5 5: 
Vertex: (___, ___) Vertex: (___, ___) 
Line of symmetry: x = —_ Line of symmetry: x = —_ 
ae si 
3. f(x) = 3x? 4, f(x) = 
YA YA 
5 5 
4 v4 
3 3 
2 2 
ell sie] 
~574—-3-2-1) 1 2345 a ~574-3727-1) 123 45 
oe ie 
43 are 
L4 4 
5 =5 
Vertex: ( j ) Vertex: ( ; ) 
Line of symmetry: x = __ Line of symmetry: x = __ 
5. f(x) = (x + 3)? 6. f(x) = (x + 1)? 
YA YA 
5 5 
4 vied 
3 3 
2 2 
1 vie] | 
574787271) 123 45 a ~574—-3—2-1) 123 45 
a) —2 
3 3 
L4 —4 
L5 5 
Vertex: (___, ) Vertex: (__, ) 
Line of symmetry: x = __ Line of symmetry: x = __ 
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7. f(x) = —4x? 
VA 
5 
4 
3 
2 
1 
= 
~574-372-1) 123 45 x 
<2 
“3 
“4 
“5 
Vertex: ( j ) 


Line of symmetry: x = __ 


> 
1 2.3.4 5 3 xX 


Vertex: (___, ___) 
Line of symmetry: x = __ 


13, f(x) = —2(x + 2)? 


VA VA 

5 5 

4 4 

3 3 

2 2: 

1 I 
574737271, 12345 x 574737271) 123 45 x 

2 2 

L3 3 

“4 -4 

“5 5 
Vertex: ( j ) Vertex: ( ; ) 


Line of symmetry: x = 


Ll. f(x) = 2(x — 4)? 


Line of symmetry: x = 


12. f(x) = 4(x — 1)? 


y YA 
5 5 
4 4 
3 3 
2 2 
1 1 
= 
~574—3-2-1) 123 45 x ~574—3727-1) 12345 x. 
_) ae 
43 43 
+4 4 
+5 £5 
Vertex: ( j ) Vertex: ( ; ) 


Line of symmetry: x = 


Line of symmetry: x = __ 


14, f(x) = —2(x + 4)? 


VA VA 

x | f(x) - x f(x) : 

4 4 

2 3 —4 3 

Serer. 2 3 

-3 1 1 
panes 0” Od emt ee ee > 
~574-3—2-1) 123 45 x aoa ss esly 123 45 x 

—1 -2 -2 

oe = pine = 

—-4 -4 —6 -4 

aes ENG issued  -«-«-s»«-s a eeaaiyayxgnnntitlegcalanaectaneonticesds ioe 

0 =2 
Vertex: ( j ) Vertex: ( ; ) 


Line ofsymmetry: x = __ 


Line of symmetry: x = __ 
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15. f(x) = 3(x — 1)? 


16. f(x) = 4(x — 2)? 


17. f(x) = —3(x + 2)? 


18. f(x) = —}(x + 3) 


YA y y YA 
5 5: 5 5 
4 4 4 4 
a 3 3 3 
2 2 2 2. 
1 i if 1 

> 

~5747-372-1) 123 4 5 8 7574737271) 12345 x 7574-37271) 123 4 5 x ~574—-372-1) T 2. 3) A S x 
2 —2 oats 2 
—3 =3 -3 =3 
4 —4 4 —4 
—5 —5 —5 a5 


fe Graph. Find and label the vertex and the line of symmetry. Find the maximum or minimum value. 


19. f(x) = (x — 3)? +1 


20. f(x) = (x + 2)? -3 


21. f(x) = —3(x + 4)? +1 


22. f(x) = -3(x -— 1)? -3 


VA y YA YA 
5 5 5 5 
4 4 4 4 
3. 3 3 3 
2 2 2 2 
1 al 1 1 
> 
5747-37271) 123 45 x ~S574—372-1) 123 4 5 x ~574—-372-1) 123 45 x“ 574737271) 123 4.5 x 
—2 ae ae —2 
—3 —3 3 —3 
—4 —4 —4 4 
—5 —5 5 —5 
Vertex: ( j ) Vertex: ( ; ) Vertex: ( ; ) Vertex: ( ; ) 
Line of symmetry: x = Line ofsymmetry: x = __ Line ofsymmetry: x = Line of symmetry: x = __ 
Minimum value: Minimum value: ___ Maximum value: Maximum value: ___ 


23. f(x) =3(x +1)? +4 


12345 :x 


Vertex: ( j ) 
Line of symmetry: x = __ 
value: 


24, f(x) = —2(x — 5)? -3 


Vertex: ( 


) 


, 


Line of symmetry: x = 


value: 


Skill Maintenance 


Find the slope, if it exists, of the line containing the following points. 


27. (—10, 0) and (5, —6) 
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25. f(x) = —(x + 1)?-2 


) 


Vertex: ( 


, 


Line of symmetry: x = 


value: 


26. f(x) = 3(x — 4)? +2 


Vertex: (___, ) 
Line of symmetry: x = 
value: 


[2.4b] 
28. (7, —3) and (15, —3) 
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ax? + bx +c 


Graphing f(x) = 


EE Analyzing and Graphing 
f(x) = ax? + bx + ¢ 


By completing the square, we can begin with any quadratic polynomial 
ax” + bx + cand find an equivalent expression a(x — h)* + k. This allows 
us to analyze and graph any quadratic function f(x) = ax? + bx + c. 


EXAMPLE 1 For f(x) = x? — 6x + 4, find the vertex, the line of sym- 
metry, and the maximum or the minimum value. Then graph. 


We first find the vertex and the line of symmetry. To do so, we find the 
equivalent form a(x — h)? + k by completing the square, beginning as 
follows: 

f(«) =x = 6x +4 = (x? — bx 


We complete the square inside the parentheses, but in a different manner 
than we did before. We take half the x-coefficient, —6/2 = —3, and square 
it: (—3)* = 9. Then we add 0, or 9 — 9, inside the parentheses. (Instead of 
adding (b/2)* on both sides of an equation, we add and subtract it on the 
same side, effectively adding 0 and not changing the value of the expression.) 


f(x) = (x? — 6x +0) +4 
= (x? -6x+9-9)+4 
= (x? — 6x + 9) + (-9 + 4) 


)+4. 


Adding 0 

Substituting 9 — 9 for 0 
Using the associative law 
of addition to regroup 


= (x- 3)?-5 Factoring and simplifying 


The vertex is (3, —5), and the line ofsymmetry is x = 3. The coefficient 
of x? is 1, which is positive, so the graph opens up. This tells us that —5 is 
the minimum value. We plot the vertex and draw the line of symmetry. We 
choose some x-values on both sides of the vertex and graph the parabola. 
Suppose we compute the pair (5, —1): 


f(5) = - 6(5) +4 = 25 -304+4=-1. 


We note that it is 2 units to the right of the line of symmetry. There will 
also be a pair with the same y-coordinate on the graph 2 units to the left of 
the line of symmetry. Thus we get a second point, (1, —1), without making 
another calculation. 


& 


f(x) 


—5 <— Vertex 
(6, 4) 


4 foe ee 6,—1) 


OrFrN OT & WwW 
as 


=(x—-3)?-5 


Minimum: —5 


SECTION 7.6 


OBJECTIVES 


a | For a quadratic function, 
find the vertex, the line of 
symmetry, and the maximum 
or the minimum value, and 
then graph the function. 


| Find the intercepts of a 
quadratic function. 


SKILL TO REVIEW 


Objective 2.5a: Graph linear 
equations using intercepts. 


Find the intercepts and then 
graph the line. 

1 3x-—y=3 

2. 2x + 4y = -8 


Answers 

Skill to Review: 

1. y-intercept: (0, —3); 
x-intercept: (1, 0) 


2. y-intercept: (0, —2); 
x-intercept: (—4, 0) 


Graphing f(x) = ax* + bx + c 625 


1. For f(x) = x* — 4x + 7, 
find the vertex, the line of 
symmetry, and the maximum 
or the minimum value. Then 
graph. 


yr 
12 
8 
4 
£12 i-8 i-4 4 8 1 Fa 
“4 
-8 
=12 
Vertex: ( j ) 
Line of symmetry: 
x —— 
Minimum value: 

2. For f(x) = 3x” — 24x + 43, 
find the vertex, the line of 
symmetry, and the maximum 
or the minimum value. Then 
graph. 

x f(x) a 
6 
4 
2 
—6 i-4 :-2 2:4:6 za 
=2 
-4 
Meme e 
Vertex: ( , ) 
Line of symmetry: 
A eee ee 
Minimum value: 
ee 
Answers 


Vertex: 


4,—5 2 

I ele ae 

f(x) =x? -4x4+7 = 
=(x—2)?+3 S(x) = 3x? — 24x + 43 


= 3(x-4)?-5 


< Do Exercise 1. 


EXAMPLE 2 For f(x) = 3x” + 12x + 13, find the vertex, the line of 
symmetry, and the maximum or the minimum value. Then graph. 


Since the coefficient of x? is not 1, we factor out 3 from only the first two 
terms of the expression. Remember that we want to write the function in 
the form f(x) = a(x — h)? + k: 

f(x) = 3x* + 12x + 13 

= 3(x? + 4x) + 13. Factoring 3 out of the first two terms 
Next, we complete the square inside the parentheses: 
f(x) =3(x* + 4% =) +13. 

We take half the x-coefficient, 5 -4 = 2, and square it: 2? = 4. Then we 
add 0, or 4 — 4, inside the parentheses: 
f(x) = 3" + 4x + 0) + 13 

= 3(x? + 4x + 4-4) +413 

= 3(x*° + 4xn + 4— 4) + 13 


ee rr 


Adding 0 
Substituting 4 — 4 for 0 


Using the distributive law to 
separate —4 from the trinomial 


= 3(x? + 4x + 4) + 3(—4) + 13 
= 3(x? + 4x + 4) -12 +13 
= B(x +2)? +1 Factoring and simplifying 


=3[% —(=2)/? +1. 


The vertex is (—2, 1), and the line of symmetry is x = —2. The coefficient 
of x? is 3, so the graph is narrow and opens up. This tells us that 1 is the 
minimum value of the function. We choose a few x-values on one side of 
the line of symmetry, compute y-values, and use the resulting coordinates 
to find more points on the other side of the line of symmetry. We plot points 
and graph the parabola. 


yA 
x f(x) 
—2 i <— Vertex 
—1 4 f(x) = 3x? + 12x4 13 : 
=3 4 = 3(x+ 2)? +1 : 
0 13 ee 
(—3, 4) 
—4 13 Minimum: 1 ie : 
ee ee , 


< Do Exercise 2. 
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EXAMPLE 3 For f(x) = —2x? + 10x — 7, find the vertex, the line of 
symmetry, and the maximum or the minimum value. Then graph. 


Again, the coefficient of x” is not 1. We factor out —2 from only the first 
two terms of the expression. This makes the coefficient of x* inside the 
parentheses 1: 

f(x) = -2x? + 10x — 7 
= =2(x? = 5x) — 7. 
Next, we complete the square as before: 
f(x) = -2@? —5x =) = 7. 


We take half the x-coefficient, 3(—5) = —3, and square it: (-3)? = Ff. 
Then we add 0, or 2 — %, inside the parentheses: 


f(x) = -2(x? -— 5x 4+ 9-8) -7 Adding 0, or 2 — 2 


= -2(x? —-5x+ B- 2B) -7 


a ae 
= -2(x? — 5x + 3) + (-2)(-2) -7 
= -2(x?-5x+ 3) + 3-7 
= —2(x = 3)? +H. Factoring and 
simplifying 


Using the distributive 
law to separate — 2 
from the trinomial 


The vertex is G BY, and the line of symmetry is x = 3. The coefficient of 


x” is —2, so the graph is narrow and opens down. This tells us that 4 is the 
maximum value of the function. We choose a few x-values on one side of 
the line of symmetry, compute y-values, and use the resulting coordinates 
to find more points on the other side of the line of symmetry. We plot points 
and graph the parabola. 


rl ) Maximum: +? 
x x 

: 3,5 
3 or5; |< Vertex opel 

= —-2x? + 10x-7 

3 5 _ 5\2,, 1 
4 1 =-Ar-3) +2 
5 | 7 nes 
2 5 3 456789 =X 
1 1 
0 = 


(5, =7) 


Do Exercise 3. D> 


3. For f(x) = —4x? + 12x — 5, 
find the vertex, the line of 
symmetry, and the maximum 
or the minimum value. Then 
graph. 


Answer 


Vertex: ( , 


Line of symmetry: 


x — 
Maximum 
value: 


F(x) = —4x? + 12x -5 


-4( 


= 
2 


y+ 
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) 


Find the vertex of each parabola 


using the formula. 
4. f(x) = x? — 6x + 


5. f(x) = 3x? — 24x + 43 


6. f(x) = —4x? + 12x -— 5 


4 


The x-coordinate of the vertex is 


b 
2a (-4)—s 2 
The second coordinate of the 
vertex is (3): 
2 
3 2 
(3) = —4( NP se 12( Vie 
= —4( ae = 5 
= sr 13 


The vertex is ( b 


Answers 
4. (3,-5) 5. (4,-5) 6 ( 


Guided Solution: 
339 3 
6. 12,3,—,— — 18, -9,4,—4 
224 2 


3 
=4 
2 


) 


The method used in Examples 1-3 can be generalized to find a formula 
for locating the vertex. We complete the square as follows: 


f(x) = ax? + bx +c 


b : ; 
= af x es ee Factoring a out of the first two terms. 


Check by multiplying. 

b b 2 2 b? 
Half of the x-coefficient, —, is ——. We square it to get-—_, and add, — -_, 

a 2a 4a 4a 4a 
inside the parentheses. Then we distribute a: 

b b? b? ) 
_ 2 
xX) = al x° + x + +¢ 
f(x) ( a 4a*—s Aa’? 
ee“. _ —_“——4’ 
Using the 


distributive law 


ee b? b? 
Fal x +—-x+ —Z a AQ teas +c 
a 4a 4a 


Factoring and finding a 
4a Aa common denominator 


( \y 4ac — b? 
=a\x + . 
2a 4a 


Thus we have the following. 


VERTEX; LINE OF SYMMETRY 


The vertex of a parabola given by f(x) = ax? + bx + cis 


( b ee ( b ( ~.)) 
=>] or ——= fl a 
2a 4a 2a 2a 


The x-coordinate of the vertex is —b/(2a). The line of symmetry is 
x = —b/(2a). The second coordinate of the vertex is easiest to find 


II 
iS) 
a 
& 
+ 
gQ > 
a, 
to 
| 
> 
to 
+ 
os 
iS) 
is) 


b 
by computing f eee 


Let’s reexamine Example 3 to see how we could have found the vertex 
directly. From the formula above, 


b 10 5 
the x-coordinate of the vertex is = =—, 
2a 2(-2) 2 
Substituting 3 into f(x) = —2x* + 10x — 7, we find the second coordinate 
of the vertex: 


F(3) = —2(3)? + 10(3) - 7 
= -2(%) +25-7 
= —9 16S Sg Fo = oe 
The vertex is G p) . The line of symmetry is x = 3. 
We have developed two methods for finding the vertex. One is by com- 


pleting the square and the other is by using a formula. You should check 
with your instructor about which method to use. 


< Do Exercises 4-6. 
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|b | FINDING THE INTERCEPTS 
OF A QUADRATIC FUNCTION 


The points at which a graph crosses an axis are called intercepts. We 
determine the y-intercept by finding f(0). For f(x) = ax? + bx +, 
f(0) = a-0? + b-0+ c= c,so the y-intercept is (0, c). 

To find the x-intercepts, we look for values of x for which f(x) = 0. For 


f(x) = ax* + bx + c, we solve 


0= ax? + bxt+e. 


y-intercept 


(0, c) 
x-intercepts 


f(x) = ax? + bx+c 


EXAMPLE 4 _ Find the intercepts of f(x) = x? — 2x — 2. 
The y-intercept is (0, f(0)). Since f(0) = 0? 
the y-intercept is (0, —2). To find the x-intercepts, we solve 


0 = x? — 2x - 2. 


Using the quadratic formula, we have x = 1 + V3. Thus the 
x-intercepts are (1 — V3, 0) and (1 + V3, 0), or, approximately, 


(—0.732, 0) and (2.732, 0). 


RY 


Find the intercepts. 


2° 2= 2.= =2,; 
(ei + 2x93 
The y-intercept is (0, f(0)). 
fO)\= “+2: -3=-3 
The y-intercept is (0, ). To find 
the x-intercepts, we solve 
0= x? + 2x - 3: 
OSxe 23 
ies 1) i) 
g-1L=O0 OF = 0 
w= i OP i ¢ 
The x-intercepts are (1, 0) and 


( 0). 


8. f(x) = x? + 8x + 16 


Do Exercises 7-9. > 9. f(x) =x? - 4x41 


Answers 

7. y-intercept: (0, —3); x-intercepts: (—3, 0), (1, 0) 
8. y-intercept: (0, 16); x-intercept: (—4, 0) 

9. y-intercept: (0, 1); x-intercepts: 

(2 — V3,0), (2 + V3,0), or (0.268, 0), (3.732, 0) 
Guided Solution: 

110,10) 33) 8583, 9 43,3 3) 
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Visualizing 
for Success 


Match each equation or inequality with its 
graph. 
ty — o) 2 


A Bee ar By = IO) 

So Ee = 27 = 10) 

a, De = By = iO 

5. y= (x — 5)? —2 
6. y=x°-5 

He Bes Ziv = 10) 

(i, Bue sr 2p = =110 
Gh Vv < Be 


10: y= —-( 7 5)? + 2 


Answers on page A-28 


For Extra Help 


MathXL° a 
MyMathLab’ _ La & 


PRACTICE WATCH READ 


[(V{ Reading Check 


Choose the word that best completes each statement. 


RCI. The graph of f(x) = 5x” — 10x — 3 opens 


downward/upward 


value. 
maximum/minimum 


RC2. The function given by f(x) = 2x* — x — 7hasa 


RC3. The graph of g(x) = (x + 3)? — 2hasits at (=3,=2)) 


vertex/x-intercept 


RC4. The of the graph of g(x) = —x* + 6x + 9is (0,9). 


x-intercept/y-intercept 


For each quadratic function, find (a) the vertex, (b) the line of symmetry, and (c) the maximum or the minimum 
value. Then (d) graph the function. 


1. jal=x2—= a= 3 2. f(x) =x? + 2x-5 


wee a) Vertex: (___, ) a) Vertex: ( ; ) 
b) Line ofsymmetry: x = b) Line of symmetry: x = 
c) value: c) value: 
d) VA d) YA 
5 5 
eeeeeas 4 
3 3 
Siacas cut caa| boussencsoacahnanscnas 2 2 
1 1 
eee ne = 5-4-3-2-1,| 123.45 ie ~5-4-3-2-1,| 123.45 
19 2 
sabhstlacibieel tiissashicaatioassectie ig -3 
L4 —4 
seee esses secewaseceeny =5 5 
3. f(x) = —x?— 4x -—2 4, f(x) = —x? + 4x41 
a) Vertex: (___, ) a) Vertex: (___, ) 
b) Line ofsymmetry: x = ~  f(*) b) Line ofsymmetry: x = 
c) value: c) value: 
d) aan (Srerer| erracee d) yA 
5 5 
Alisediawboutvidiadiont _—-«-«s—SSSCSCS*C banca acannon 4 
3 3 
2 2 
1 1 
~5-4-3—2-1) 123 45 Sea) ecreectcrreeee) errerec etree crereen | ME ci las Se eat 123 45 
2 —2 
13 —3 
L4 —4 
75 Prrecireccrecery ccererereritrerstrerters a 
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5. f(x) = 3x” — 24x + 50 


a) Vertex: ( 


¥ 


b) Line ofsymmetry: x = 
value: 


c) 
d) 


VA 


123 45 


8. f(x) = -—2x? + ax+1 


a) Vertex: ( ‘ 


b) Line ofsymmetry: x = 


c) 


d) 


VA 


value: 


12345 


11. f(x) = 2x* + 5x -— 2 


a) Vertex: ( ; 


b) Line of symmetry: x = 
value: 


c) 
d) 


632 


) 


) 


x 


123 45 


a) Vertex: ( 


b) Line ofsymmetry: x = 


6. f(x) = 4x7 + 8x +1 


) 


¥ 


c) value: 


d) YA 


. f(x) =5-— x? 


a) Vertex: (_____, 


123 45 


) 


b) Line of symmetry: x = 
c) value: 


d) YA 


12345 


~ F(x) = 4x7 - 7x + 2 
a) Vertex: ( ; 


) 


b) Line of symmetry: x = 
c) value: 


d) YA 


-5-4-3-2-1 
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123 45 


x 


10. 


7. f(x) = —2x? —- 2x +3 


a) Vertex: ( ; 


) 


b) Line ofsymmetry: x = 
value: 


c) 
d) 


YA 


f(x) = x? - 3x 
a) Vertex: ( ; 


12345 


) 


b) Line ofsymmetry: x = 
value: 


c) 
d) 


12345 
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fs] Find the x- and y- intercepts. 


13. f(x) =x? -—6x4+1 14, f(x) = x? + 2x + 12 


17. f(x) = 4x? + 12x +9 18. f(x) = 3x” — 6x +1 


Skill Maintenance o0o.ccccccccececececeees 


Solve. [5.8b] 


21. Determining Medication Dosage. A child’s dosage 
D, in milligrams, of a medication varies directly as 
the child’s weight w, in kilograms. To control a fever, a 
doctor suggests that a child who weighs 28 kg be given 
420 mg of analgesic medication. Find an equation of 
variation. 


16. f(x) = —x* + 5x + 24 


19, f(x) = 4x7 -x+8 20. f(x) = 2x? + 4x- 1 


22. Calories Burned. The number C of calories burned 
while exercising varies directly as the time f, in 
minutes, spent exercising. Harold exercises for 24 min 
on a StairMaster and burns 356 calories. Find an 
equation of variation. 


Find the variation constant and an equation of variation in which y varies inversely as x and the following aretrue. [5.8c] 


23. y = 125whenx = 2 


24. y = 2whenx = 125 


Find the variation constant and an equation of variation in which y varies directly as x and the following are true. [5.8a] 


25. y = 125whenx = 2 


Synthesis cece tee teeeees 


27. mea Use the TRACE and /or TABLE features of a graphing 
calculator to estimate the maximum or minimum 
values of the following functions. 


a) f(x) = 2.31x” — 3.135x — 5.89 
b) f(x) = —18.8x? + 7.92x + 6.18 


Graph. 
29. f(x) = |x? - 1| 


31. f(x) = |x? -— 3x-4| 


33. A quadratic function has (—1, 0) as one ofits intercepts 
and (3, —5) as its vertex. Find an equation for the 
function. 


35. Consider 


f(x) = 


Find the vertex, the line of symmetry, and the 
maximum or the minimum value. Then draw the 
graph. 


z 


x? 
8 8 


x 
ie yee 
4 


26. y = 2whenx = 125 


28. lms Use the INTERSECT feature ofa graphing calculator 
to find the points of intersection of the graphs of the 
functions. 


f(x) =x? + 2x41, g(x) = —2x* = 4e 41 


30. f(x) = |x? + 6x + 4| 


32. f(x) = |2(x — 3)? — 5] 


34. A quadratic function has (4, 0) as one ofits intercepts 
and (—1, 7) as its vertex. Find an equation for the 
function. 


36. Use only the graph in Exercise 35 to approximate the 
solutions of each of the following equations. 
2 2 


x x 3 x x 3 
a) —+-—--—=0 b) — +—--—=1 
8 4 8 8 4 8 
x x 83 
c) —+--~=2 
8 4 8 
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Mathematical Modeling with 


Quadratic Functions 


OBJECTIVES 


a | Solve maximum-minimum 
problems involving 
quadratic functions. 


|b | Fit a quadratic function 

toa set of data to forma 
mathematical model, and 
solve related applied problems. 


SKILL TO REVIEW 


Objective 2.6c: Find an equation 
of a line when two points are given. 


Find an equation of the line 
containing the given points. 


1. (2,9) and (0,8) 
2. (—3, -1) and (—5, 7) 


Answers 
Skill to Review: 


1 
Lyn pers 2. y= —-4x —- 13 


We now consider some of the many situations in which quadratic functions 
can serve as mathematical models. 


EE}. MAXIMUM-MINIMUM PROBLEMS 


We have seen that for any quadratic function f(x) = ax? + bx + c, the 
value of f(x) at the vertex is either a maximum or a minimum, meaning 
that either all outputs are smaller than that value for a maximum or larger 
than that value for a minimum. 


VA YA 
(x f) 
a>0 a<0 
(% f) 
x it 
F(x) at the vertex F(x) at the vertex 


aminimum amaximum 

There are many applied problems in which we want to find a maximum 
or a minimum value. Ifa quadratic function can be used as a model, we can 
find such maximums or minimums by finding coordinates of the vertex. 


EXAMPLE 1 Landscape Design. As part of his backyard design, Christo- 
pher plans to create an outdoor dining area by planting boxwood shrubs 
around the perimeter of a rectangle. If he has enough shrubs to form a perim- 
eter of 64 ft (including an opening for entry into the area), what are the dimen- 
sions of the largest rectangle that Christopher can enclose? 


1. Familiarize. We first make a drawing and label it. We let / = the 
length of the dining area and w = the width. Recall the following 


formulas: 
Perimeter: 2] + 2w; 
Area: Il: w. 
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To become familiar with the problem, let’s choose some dimen- 1 7 
sions (shown at right) for which 2] + 2w = 64 and then calculate the bt 
corresponding areas. What choice of / and w will maximize A? 22 10 220 
2. Translate. We have two equations, one for perimeter and one for 20 12 240 
area: 18 14 252 
21 + 2w = 64, 18.5 13.5 249.75 
Aa=few 12.4 19.6 243.04 
15 17 255 
Let’s use them to express A as a function of / or w, but not both. To J 
express A in terms of w, for example, we solve for / in the first equation: 
21+ 2w = 64 
21 = 64 — 2w 
|= 64 — 2w 
2 
= 32 - w. 
Substituting 32 — w for J, we get a quadratic function A(w),or just A: 
A = lw = (32 — w)w = 32w — w? = —w? + 32w. 
3. Solve. ‘To find the vertex, we complete the square: 
A= —w* + 32w This is a parabola opening down, 
so a Maximum exists. 
= -1(w* — 32w) Factoring out —1 1. Stained-Glass Window 
= —1(w? — 32w + 256 — 256) 5(—32) = —16; (—16)? = 256. Design. Anartist is designing 
—— . ——— We add 0, or 256 — 256. a rectangular stained-glass 
ee : window with a perimeter of 


84 in. What dimensions will 


= —1(w* — 32w + 256) + (-1)(-25 ing the distributive | 
(w* — 32w + 256) + (—1)(—256) Using the distributive law yield cheimasiuminn area? 


= —(w — 16)? + 256. 
The vertex is (16, 256). Thus the maximum value is 256. It occurs when 
w = l6and/ = 32 — w = 32 — 16 = 16. 
4. Check. We note that 256 is larger than any of the values found in the 


Familiarize step. To be more certain, we could make more calculations. 
We can also use the graph of the function to check the maximum value. 


(16, 256) 


Maximum: 256 


A(w) = —(w — 16)? + 256 To familiarize yourself with 


150-4 the problem, complete the 
following table. 
100 4 
50 l w A 
0 T T T y T y t +> 10 32 320 
10 20 30 40 WwW 12 30 
5. State. The largest rectangular dining area that can be enclosed is 15 27 
16 ft by 16 ft; that is, itis a square with sides of 16 ft. 20 22 
20.5 21:5 
Do Exercise 1. > 
Answer 


1. 21 in. by 21 in. 


SECTION 7.7. Mathematical Modeling with Quadratic Functions : 635 


Maximum and Minimum Values We can use a graphing calculator to find the maximum or the minimum value of 
a quadratic function. Consider the quadratic function in Example 1,A = —w? + 32w. First, we replace w with x and A with y and 
graph the function in a window that displays the vertex of the graph. We choose (0, 40, 0, 300], with Xscl = 5 and Yscl = 20. Now, 
we select the MAXIMUM feature from the CALC menu. We are prompted to select a left bound for the maximum point. This means 
that we must choose an x-value that is to the left of the x-value of the point where the maximum occurs. This can be done by using 
the left- and rightarrow keys to move the cursor to a point to the left of the maximum point or by keying in an appropriate value. 
Once this is done, we press Qu. Now, we are prompted to select a right bound. We move the cursor to a point to the right of the 
maximum point or key in an appropriate value. 


y= —x? + 32x y= —x? + 32x 
300 300 


Y1=—X? + 32X Y1 ae 32X 


? RightBound? 
0 \X=10.638298 _Y=227.25215)] 40 0 \X=20.851064_Y=232.46718} 49 
0 0 
Xscl = 5 Yscl = 20 Xscl = 5 Yscl = 20 


We press GGGD again. Finally, we are prompted to guess the x-value at which the maximum occurs. We move the cursor close to 
the maximum or key in an x-value. We press GG a third time and see that the maximum function value of 256 occurs when x = 16. 
(One or both coordinates of the maximum point might be approximations of the actual values, as shown with the x-value below, 
because of the method the calculator uses to find these values.) 


y= —x? + 32x y= —x? + 32x 
300 300 


Guess? 
0 (K=15.744681_Y=255.93481_) 49 0 \X=15.999999___Y=256 40 


0 0 


To find a minimum value, we select item 3, “minimum,” from the CALC menu by pressing Gy Ca) @) o GED OY GBD. 


EXERCISES: Use the maximum or minimum feature on a graphing calculator to find the maximum or 
minimum value of each function. 


lL y= 3x? - 6x +4 
2. y= 2x7 +x4+5 

3. y= —x? + 4x 4+ 2 
4, y= —4x? + 5x — 1 
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|b | FITTING QUADRATIC FUNCTIONS TO DATA 


As we move through our study of mathematics, we develop a library of func- 
tions. These functions can serve as models for many applications. Some of 
them are graphed below. We have not considered the cubic or quartic func- 
tions in detail (we leave that discussion to a later course), but we show them 
here for reference. 


Linear function: Quadratic function: Quadratic function: 
f(x) = ax? + bx +c, a<0 


f(x) = mx +b f(x) = ax? + bx +c, a>0 


Absolute-value function: 


Cubic function: Quartic function: 


F(x) = |x| f(x) = ax? + bx? +x +d, a>0 F(x) = ax? + bx? 


cx? 


Now let’s consider some real-world data. How can we decide which type 
of function might fit the data of a particular application? One simple way is 
to graph the data and look for a pattern resembling one of the graphs above. 
For example, data might be modeled by a linear function if the graph re- 
sembles a straight line. The data might be modeled by a quadratic function 
if the graph rises and then falls, or falls and then rises, in a curved man- 
ner resembling a parabola. For a quadratic, it might also just rise or fallina 
curved manner as if following only one part of the parabola. 

Let’s now use our library of functions to see which, if any, might fit certain 
data situations. 


EXAMPLES Choosing Models. For the scatterplots and graphs below, 
determine which, if any, of the following functions might be used as a 
model for the data. 

Linear, f(x) = mx + b; 

Quadratic, f(x) = ax? + bx + c,a > 0; 

Quadratic, f(x) = ax* + bx + ca < 0; 

Polynomial, neither quadratic nor linear 


ono SN 
1. 
a 
a 


Population 
(in millions) 


i) 
bo 
i 
lor) 
fo) 
BR 


Year 


The data rise and then fall in a curved manner fitting a quadratic function 
f(x) = ax® + be + Ga < 0. 
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Choosing Models. For the scat- 
terplots in Margin Exercises 2-5, 
determine which, if any, of the fol- 
lowing functions might be used as 
a model for the data: 


Linear, f(x) = mx + b; 


Quadratic, f(x) = ax* + bx + ¢, 
a>0; 
Quadratic, f(x) = ax* + bx + ¢, 
a<0; 


Polynomial, neither quadratic 
nor linear. 


2 3 
2 
no 8 
AE 40a 1" 
£9 oon” 1 
=O 5 10 x 
Year 
\ ne 
Z 
no 8 
= . 
AE * ""eueea, 
Eo l l 
0 5 10 x 
Year 
4 ae 
» & 20 
| a 
HA £ 10 Lt =n 
& ol® \ L L 
—~ "0 2 4 6 x 
Year 
5. om y 
oO 
Eg 100 
Dn 
Beg 80 oa 
2S 6 _ . 
eS Be 
ou & 40 
2a 
= 


gb i111 1 a 
0 2 4 6 8 10 12 x 


Shoe size 


SOURCE: Orthopedic Quarterly 


Answers 


2. f(x) = ax? + bx +coa>0 

3. f(x) = mx +b 4. Polynomial, neither 
quadratic nor linear 5. Polynomial, neither 
quadratic nor linear 


Aa 


CS ao < 
= 
a 
a 


Population 
(in millions) 


o 


5 10 x 
Year 


The data seem to fit a linear function f(x) = mx + b. 


Population 
(in millions) 
S 
7 


ou 
= 
inl 


o 


2 4 6 x 
Year 


The data rise in a manner fitting the right side of a quadratic function 
f(x) = ax? + bx + Ga> 0. 


Precipitation in Sonoma, California 


_ 


Average amount of 
precipitation (in inches) 
Fe wow eH DD 


J F M AM J J A S O N D 
Month 


The data fall and then rise in a curved manner fitting a quadratic function 
f(x) = ax? + bx + a> 0. 


Average Number of Motorcyclists Killed per Hour on the Weekend 


Average number killed 
(per hour) 


Time of Day 
SOURCE: Motor Vehicle Crash Data from FARS and GES 


The data fall, then rise, then fall again. They do not appear to fit a linear 
function or a quadratic function but might fit a polynomial function 
that is neither quadratic nor linear. 


<@ Do Exercises 2-5. 
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Whenever a quadratic function seems to fit a data situation, that function 
can be determined if at least three inputs and their outputs are known. 


EXAMPLE 7 Suspension Bridge. The Clifton Suspension Bridge in Bristol, 
UK, completed in 1864, is one of the longest bridges suspended by chains. The 
data in the table at right shows the height of the chains above the road surface 
at different points along the bridge. Here, 0 represents the center of the bridge, 
negative values of x represent distances in one direction from the center, and 
positive values of x represent distances in the other direction. 


Source: cliftonbridge.org.uk 


— va | 
LOCATION ON BRIDGE HEIGHT OF CHAIN 
(in meters from center) (in meters) 


0 1 
20 1.7 
40 4.0 

—40 4.0 
—60 7.6 


a) Make a scatterplot of the data. 


b) Decide whether the data seem to fit a quadratic function. 
c) Use the data points (40, 4), (0, 1), and (—40, 4) to find a quadratic function 
that fits the data. 


d) Use the function to estimate the height of the chains at the towers, 
which are each 107 m from the center of the bridge. 


a) The scatterplot is shown at right. - Height of Chain 
5 YA 
o 25+ 
2 20+ 
= 15+ 
3 . oF 
q : Sr : 


—100 —60 —20 0 20 60 = 100 
Location on bridge, measured in 
number of meters from the center 


b) The data seem to fall and rise in a manner similar to a quadratic func- 
tion. Note that there may not be a function that exactly fits all the data. 


c) Weare looking for a quadratic function 
H(x) = ax? + bx + ¢. 
We need to determine the constants a, b, and c. We use the three data 
points (40, 4), (0, 1), and (—40, 4) and substitute as follows: 
4=a-47 +b 40+6 
l=a:0?+b-0+6 
4=a-(—40)? + b+ (—40) +c. 
After simplifying, we see that we need to solve the system 


4 = 1600a + 40b + c, 
1 
4 


C, 
1600a — 40b + c. 
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6. Ticket Profits. Valley Since c = 1, we need to solve a system of two equations in two variables: 


Community College is 2 _ 
presenting a series of plays. The 4= 1600a + 40b+1 4, 3= 16000 + 40b (1) 
profit P, in dollars, after x days is 4 = 1600a — 40b + 1, 3 = 1600a — 40b. (2) 


i in the following table. 
rere, ene We add equations (1) and (2) and solve for a: 


DAYS x PROFIT P 3 = 1600a + 40b 


90 560 6 = 3200a Adding 
180 872 6 : 
— =a Solving for a 
270 870 3200 
360 548 3 
450 —100 1600 => 


Next, we substitute 72, for a in equation (1) and solve for b: 
a) Make ascatterplot of the data. 


b) Decide whether the data 3= 1600( =) + 40b 
can be modeled bya 1600 
quadratic function. 3=—3+4+ 40b 


c) Use the data points 0 = 40b 
(0, —100), (180, 872), and 7 
(360, 548) to find a quadratic 0= b. 
function that fits the data. 


d) Use the function to estimate 
the profit after 225 days. 


This gives us the quadratic function: 


3 
H(x) = ——x? + 1, or H(x) = 0.001875x? + 1. 


1600 
Answer d) The towers are 107 m from the center of the bridge. Since the heights of 
6. (a) P the towers are the same, we need find only H(107): 
$1400 
1200+ H(107) = 0.001875 (107)? + 1 ~ 22.5. 
1000 
qe me Ata distance of 107 m from the center of the bridge, the chains are about 
a . 22.5 m long. 
200 -- 
oon 4 a0 nn - ihe ° an £ <€ Do Exercise 6. 
Days 
(b) yes; (c) P(x) = —0.02x? + 9x — 100; 
(d) $912.50 


For Extra Help MathXL* = 2 


MyMath Lab” PRACTICE WATCH as REVIEW 


Ra Reading Check 


Determine whether each statement is true or false. 


RC1. Sometimes we can solve a problem without solving an equation or an inequality. 
RC2. Every quadratic function has a maximum value. 
RC3. Ascatterplot can help us decide what type of function might fit a set of data. 


RC4. When fitting a quadratic function to a set of data, the function must go through all the points on the scatterplot. 
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1. Architecture. 


3. Molding Plastics. 


5. Minimizing Cost. 


a Solve. 


An architect is designing a hotel with 


a central atrium. Each floor is to be rectangular and is 
allotted 720 ft of security piping around walls outside 
the rooms. What dimensions will allow the atrium to 
have the maximum area? 


Economite Plastics plans to 
produce a one-compartment vertical file by bending 
the long side of an 8-in. by 14-in. sheet of plastic along 
two lines to form a U shape. How tall should the file 
be in order to maximize the volume that the file can 


hold? 


14in. 


4 
fein, / = 


Aki’s Bicycle Designs has 
determined that when x hundred bicycles are built, 
the average cost per bicycle is given by 


C(x) = 0.1x? — 0.7x + 2.425, 


where C(x) is in hundreds of dollars. How many 
bicycles should the shop build in order to minimize 
the average cost per bicycle? 


2. 


4. 


> 


Fenced-In Land. A farmer has 100 yd of fencing. 
What are the dimensions of the largest rectangular 
pen that the farmer can enclose? 


Patio Design. Astone mason has enough stones to 
enclose a rectangular patio with a perimeter of 60 ft, 
assuming that the attached house forms one side of the 
rectangle. What is the maximum area that the mason 
can enclose? What should the dimensions of the patio 
be in order to yield this area? 


Corral Design. A rancher needs to enclose two 
adjacent rectangular corrals, one for sheep and one 
for cattle. If a river forms one side of the corrals and 
180 yd of fencing is available, what is the largest total 
area that can be enclosed? 


SECTION 7.7. Mathematical Modeling with Quadratic Functions : 641 


7. Garden Design. A farmer decides to enclose a 
rectangular garden, using the side of a barn as one 
side of the rectangle. What is the maximum area 
that the farmer can enclose with 40 ft of fence? What 
should the dimensions of the garden be in order to 
yield this area? 


9. Ticket Sales. The number of tickets sold each day 
for an upcoming performance of Handel’s Messiah is 
given by 

N(x) = —0.4x? + 9x + 11, 
where x is the number of days since the concert was 
first announced. When will daily ticket sales peak and 
how many tickets will be sold that day? 


Maximizing Profit. 


8. Composting. Arectangular compost container is 
to be formed in a corner of a fenced yard, with 8 ft 
of chicken wire completing the other two sides of 
the rectangle. If the chicken wire is 3 ft high, what 
dimensions of the base will maximize the volume of 
the container? 


10. Stock Prices. The value ofa share ofa 
particular stock, in dollars, can be represented by 
V(x) = x? — 6x + 13, where xis the number of 
months after January 2014. What is the lowest value 
that V(x) will reach, and when will that occur? 


Total profit P is the difference between total revenue R and total cost C. Given the following total-revenue 


and total-cost functions, find the total profit, the maximum value of the total profit, and the value of x at which it occurs. 


11, R(x) = 1000x — x’, 
C(x) = 3000 + 20x 


13. What is the maximum product of two numbers whose 
sum is 22? What numbers yield this product? 


15. What is the minimum product of two numbers whose 
difference is 4? What are the numbers? 


17. What is the maximum product of two numbers that 
add to —12? What numbers yield this product? 


12. R(x) = 200x — x’, 
C(x) = 5000 + 8x 


14. What is the maximum product of two numbers whose 
sum is 45? What numbers yield this product? 


16. What is the minimum product of two numbers whose 
difference is 6? What are the numbers? 


18. What is the minimum product of two numbers that 
differ by 9? What are the numbers? 


Db | Choosing Models. For the scatterplots and graphs in Exercises 19-26, determine which, if any, of the following 
functions might be used as a model for the data: Linear, f(x) = mx + b; quadratic, f(x) = ax*® + bx + c,a > 0; 
quadratic, f(x) = ax? + bx + c,a < 0; polynomial, neither quadratic nor linear. 


= 


19. Social Networking 2 


21. 


Stopping Distance Vv i 
alley Community College 
Zn Yh 5 YA y y ty 8 
3°90 | 2 => 80K 
om 80 a6 g | 1. » 2m 2 
= on rT] rT] zg oY 70 S30 : 
g 70; 22 2 cob 2 . 
a oof B Lis . 
7 . 25 
as = Bo 50 a 7 
2 S Goh 7 see SO 20F r 
fe 4 aa 40b - Pf 
6.9 | Loo eb 
q 50 9 3 30F © 
28 oan 
is a DQ ooh . 2 10- 
OQ. £ Ee Se 20 5 
oO 407 223 : < 
53 ¢ fa) 10 5h 
rata Popp pp rea N n L L n L L 
0 10 20 30 40 50 60 x 0 20 30 40 50 60 70 x 0 1 2 3 4 5 6 
Number of months since November 2006 Speed (in miles per hour) Year 


SOURCE: The Pew Research Center Internet & American 
Life Project Teen & Parent Surveys 
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22. ys Valley Community College 23 vi Valley Community College 24. i Demand for Earphones 
35 + 60 + 70 | 
o LJ o a 
= 30F 7 : Snot . = 60F 
Dn Dn 
g 25 : a g 40 b : » L 5 50, 
S 20 ‘i 2, val = & 40 - 7 
a 15 & . & 307 " 
2 10r o 207 & 20+ . : 
< ol <= ob 10+ = a 
| 1 1 i 1 1 | | 1 | | 1 1 1 i! [ 1 1 > 
0 1 2 3 4 5 6 x 0 1 2 3 4 5 6 x 0 1 2 3 4 5 6 x 
Year Year Quantity 
25. Foreign Adoptions to the United States 26. Hurricanes in the Atlantic Basin 
n 
2 I 
5 25,000 § 
= f= 
8 20,000 é 
is} 
15,000 S 
KE : 
2 10,000 + SI 
3 
2 5,000 S 
0 
2000 2002 2004 2006 2008 2010 2012 
Year 
SOURCE: National Oceanic and Atmospheric Administration/ 
SOURCE: Intercountry Adoption Office of Children’s Issues, Hurricane Research Division 
U.S. Department of State 
Find a quadratic function that fits the set of data points. 
27. (1,4), (—1, —2), (2, 13) 28. (1,4), (—1,6), (—2, 16) 
29. (2,0), (4,3), (12, -5) 30. (—3, —30), (3, 0), (6, 6) 
31. Nighttime Accidents. 32. Daytime Accidents. 
a) Find a quadratic function that fits the following data. a) Find a quadratic function that fits the following data. 


TRAVEL SPEED NUMBER OF NIGHTTIME ACCIDENTS TRAVEL SPEED NUMBER OF DAYTIME ACCIDENTS 
(in kilometers (for every 200 million (in kilometers (for every 200 million 
per hour) kilometers driven) per hour) kilometers driven) 


b) Use the function to estimate the number of nighttime b) Use the function to estimate the number of daytime 
accidents that occur at 50 km/h. accidents that occur at 50 kan/h. 
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33. River Depth. Typically, rivers are deepest in the 
middle, with the depth decreasing to zero at the 
edges. A hydrologist measures the depths D, in feet, 
of ariver at distances x, in feet, from one bank. The 
results are listed in the table below. Use the data 
points (0, 0), (50, 20), and (100, 0) to find a quadratic 
function that fits the data. Then use the function 
to estimate the depth of the river at 75 ft from the 
bank. 


tt wert. 


x= distance from left bank 
" fect) i 


<< = 


DISTANCE x 
FROM THE DEPTH D 
RIVERBANK | OF THE RIVER 
(in feet) (in feet) 


T 
‘| 


35. Cake Servings. Tyler provides customers with the 
following chart showing the number of servings for 
various sizes of round cakes. 


NUMBER OF 
SERVINGS 
6in. 12) 


gin. 24 
10 in. 35 
12in. 56 
14 in. 78 | es 


The number of servings should probably be a function 

of diameter because it should be proportional to 

the area, and the area is a quadratic function of the 

diameter. (The area of a circular region is given by 

A = mr’ or (17/4)d”.) 

a) Express the number of servings as a quadratic 
function of diameter using the data points (6, 12), 
(8, 24), and (12, 56). 

b) Use the function to find the number of servings ina 
9-in. cake. 


Skill Maintenance cece 


Add, subtract, or multiply. 


34. Canoe Depth. The figure below shows the cross 
section of a canoe. Canoes are deepest at the middle of 
the center line, with the depth decreasing to zero at the 
edges. The table below lists measures of the depths D, in 
inches, along the center line of one canoe at distances 
x, in inches, from the edge. Use the data points (0, 0), 
(18, 14), and (36, 0) to find a quadratic function that 
fits the data. Then use the function to estimate the 
depth of the canoe 10 in. from the edge along the center 
line. 


x= distance from edge of canoe 
DISTANCE x FROM (in inches) 
THE EDGE OF THE = | a _ 
CANOE ALONG THE | DEPTH D OF ip 
CENTER LINE THE CANOE 
(in inches) (in inches) 


D(x) = depth of canoe 
(in inches) 


36. Pizza Prices. Pizza Unlimited has the following 
prices for pizzas. 


DIAMETER 


8 in. 
12 in. 
16 in. 


Price should probably be a quadratic function of 
diameter because it should be proportional to the 
area, and the area is a quadratic function of the 
diameter. (The area of a circular region is given by 
A = mr’ or(/4)d?.) 
a) Express price as a quadratic function of diameter 
using the data points (8, 10), (12, 12.50), and 
(16, 15.50). 
b) Use the function to find the price of a 14-in. pizza. 


87. (=3%" = 4 = 2) 4 G? 3% =7) 38. (2mn* = n= ancn) = 39. (c*d + 2y)(c’d — 2y) [4.2d] 
[4.1c] (m?n + 2mn? — n?) [4.1c] 
Factor. 


40. 100t? — 81 [4.6b] 
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Al. 12x° — 60x? + 75x [4.6a] 


42. 6y? + y-— 12 [4.5a,b] 
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Polynomial Inequalities 


and Rational Inequalities 


QUADRATIC AND OTHER 
POLYNOMIAL INEQUALITIES 


Inequalities like the following are called quadratic inequalities: 


x7+3x-10<0, 5x*-3x+22=0. 


In each case, we have a polynomial of degree 2 on the left. We will solve 
such inequalities in two ways. The first method provides understanding 
and the second yields the more efficient method. 

We can solve a quadratic inequality, such as ax” + bx + c > 0, by 
considering the graph of a related function, f(x) = ax” + bx +c. 


EXAMPLE 1 Solve: x” + 3x — 10 > 0. 

Consider the function f(x) = x” + 3x — 10 and its graph. The graph 
opens up since the leading coefficient (a = 1) is positive. We find the 
x-intercepts by setting the polynomial equal to 0 and solving: 

x* + 3x - 10 =0 

(x + 5)(x — 2) =0 
x+5=0 
x= -—5 or x=2 


or x-2=0 


Positive y-values Positive y-values 


f() =x? + 3x— 10 


x-values: x-values: 
{x|x < —5}, or (—2, —5) {x|x > 2}, or (2, ©) 
give give 
positive positive 
y-values. y-values. 


Values of y will be positive to the left and right of the intercepts, as 
shown. Thus the solution set of the inequality is 


ining —Sorx> 2), or (—%,—5) Ue) 
Do Margin Exercise 1. > 
We can solve any inequality by considering the graph of a related func- 


tion and finding x-intercepts, as in Example 1. In some cases, we may need 
to use the quadratic formula to find the intercepts. 


OBJECTIVES 


a | Solve quadratic inequalities 
and other polynomial 
inequalities. 


|b | Solve rational inequalities. 


SKILL TO REVIEW 


Objective 1.4b: Write interval 
notation for the solution set or 
graph of an inequality. 
Write interval notation for 
the given set. 
i. fz) =-3-< = 10} 

1 
2. {yly > -3 


1. Solve by graphing: 
e+ Oe — 3 SO. 


Answers 
Skill to Review: 


1. (-3,10] 2. (-4) 


Margin Exercise: 
1. {x|x < —30rx > 1}, or(—%, —3)U(1, ~) 
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Solve by graphing. 
2..20° far = 30 
y 


—5-4-3-2-1 12345 x 


Answers 


2. {x|-3 < x < 1}, or(—3,1) 
3. {x|-3 =< x <= 1}, or[-3,1] 


EXAMPLE 2 Solve: x? + 3x — 10 < 0. 


Looking again at the graph of f(x) = x* + 3x — 10 orat least visualiz- 
ing it tells us that y-values are negative for those x-values between —5 and 2. 


f(x) =x? + 3x— 10 


x-values: 
{x|-5 <x < 2}, or(—5, 2) 
give 
negative 
y-values. 


The solution set is {x| —5 < x < 2}, or (—5, 2). | 


When an inequality contains = or =, the x-values of the x-intercepts 
must be included. Thus the solution set of the inequality x? + 3x — 10 = 0 
isix|—5 = x = 2}, 0r[—5,2), 


< Do Exercises 2 and 3. 


We now consider a more efficient method for solving polynomial 
inequalities. The preceding discussion provides the understanding for 
this method. In Examples 1 and 2, we see that the x-intercepts divide the 
number line into intervals. 


S—~ 324 3x-10>0 
Positive y-values 


x2+3x-10>0—7 
Positive y-values 


eee ed 


Negative y-values 


If a function has a positive output for one number in an interval, it will 
be positive for all the numbers in the interval. The same is true for negative 
outputs. Thus we can merely make a test substitution in each interval to 
solve the inequality. This is very similar to our method of using test points 
to graph a linear inequality in a plane. 
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EXAMPLE 3 Solve: x7 + 3x — 10 < 0. 


We set the polynomial equal to 0 and solve. The solutions of x?+ 
3x — 10 = 0,or(x + 5)(x — 2) = 0, are —5 and 2. We locate the solutions 
on the number line as follows. Note that the numbers divide the number 
line into three intervals, which we will call A, B, and C. Within each inter- 
val, the values of the function f(x) = x? + 3x — 10 will be all positive or 
will be all negative. 


+> 
oo 
-a 


We choose a test number in interval A, say —7, and substitute —7 for x 
in the function f(x) = x? + 3x — 10: 


f(-7) = (-7)? + 3(—7) — 10 = 49 — 21 — 10 = 18. 


Since f(—7) = 18 and 18 > 0, the function values will be positive for any 
number in interval A. 

Next, we try a test number in interval B, say 1, and find the correspond- 
ing function value: 


fG) = 2 + 3(1) -1l0o=1+3-10=-6. 
Since f(1) = —6 and —6 < 0, the function values will be negative for any 
number in interval B. 


Next, we try a test number in interval C, say 4, and find the correspond- 
ing function value: 


f(4) = 4 + 3(4) — 10 = 16 + 12- 10 = 18. 


Since f(4) = 18 and 18 > 0, the function values will be positive for any 
number in interval C. 


A B Cc 

A \7 A \ A 

ee ae 
=5 2 


We are looking for numbers x for which f(x) = x? + 3x — 10 < 0.Thus 
any number xin interval B is a solution. The solution set is {x|—5 < x < 2}, 
or the interval (—5, 2). If the inequality had been =, it would have been 
necessary to include the endpoints —5 and 2 in the solution set as well. 


Do Exercises 4 and 5. D> 


To solve a polynomial inequality: 


1. Get 0 on one side, set the expression on the other side equal to 0, 
and solve to find the x-intercepts. 


2. Use the numbers found in step (1) to divide the number line into 
intervals. 


3. Substitute a number from each interval into the related function. If 
the function value is positive, then the expression will be positive 
for all numbers in the interval. If the function value is negative, 
then the expression will be negative for all numbers in the interval. 


4. Select the intervals for which the inequality is satisfied and write 
set-builder notation or interval notation for the solution set. 


Solve using the method of 
Example 3. 


A. x? + 3x>4 


5. x7 + 3x = 4 


Answers 


4. {x|x < —4orx > 1}, or (—~,—4) U(1,%) 


5. {x|-4 = x = 1}, or[-4,1] 
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GomSolve Or (atl) Ocean 0s 
The solutions of 6x(x + 1)(x — 1) =0 
are 0, —1, and . Divide the number 


line into four intervals and test values 
of f(x) = 6x(x + 1)(x — 1). 


oe eee 

SSeS 
AValese= 2: 

f(-2) i B22 Wee 
B: Test ~ 5 

J 
oa 

A) saya) 
D: Tea 

F(2)=6( = (2 + 1)(2 — 1) 


The expression is negative for values of x 


EXAMPLE 4 Solve: 5x(x + 3)(x — 2) = 0. 


The solutions of f(x) = 0, or 5x(x + 3)(x — 2) = 0, are 0, —3, and 2. 
They divide the number line into four intervals, as shown below. 
A B Cc D 
A nS ~ Wp as 
3% ob 2 
We try test numbers in each interval: 
A: Test—5, f(—5) = 5(—5)(—5 + 3)(—5 — 2) = —350 <0. 
Goi: test—2, f(—2) = 5(-2)(-2 + 3)(-2 - 2) = 40 > 0. 
C: Test 1, f(1) = 5(1)(1 + 3)(1 — 2) = -20 < 0. 
D: Test 3, f(3) = 5(3)(3 + 3)(3 — 2) = 90> 0. 
A B Cc D 
= + ae + 


The expression is positive for values of x in intervals B and D. 
Since the inequality symbol is =, we need to include the x-intercepts. 
The solution set of the inequality is 


{a|-3 2x2 0orx=2}, or [=3,0)U (2%). 


We visualize this with the graph below. 


f(x) = 5x(x + 3)(x — 2) 


< Do Exercise 6. 


GE} RATIONAL INEQUALITIES 


We adapt the preceding method for inequalities that involve rational 
expressions. We call these rational inequalities. 


in intervals A and . The solution set 
isi{ |e lonUlonx — 1) ,ar 
(5, ) U (0, i 
Answer 
6. {x|x < —lor0 <x < l1},or 
(—%, -1) U (0,1) 

Guided Solution: 
191 9 

6. 1, —2, -36, ——, —, =, —— 2, 36, C, -1,1 
242) 4 
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EXAMPLES Solve: ~~ = 
x+4 


We write a related equation by changing the = symbol to =: 
x-3 _ 
x+4 


2: 


Then we solve this related equation. First, we multiply on both sides of the 
equation by the LCM, whichis x + 4: 


x= 3 
+ 4)> = (xr 4) 22 
(x+ 4)- = (x +4) 
x-3=2x+8 
—-ll =x. 


With rational inequalities, we also need to determine those numbers for 
which the rational expression is not defined—that is, those numbers that 
make the denominator 0. We set the denominator equal to 0 and solve: 
x +4 = 0,orx = —4. Next, we use the numbers —11 and —4 to divide the 
number line into intervals, as shown below. 


> 
\ oo 
are) 


We try test numbers in each interval to see if each satisfies the original 
inequality. 


G3 
> 


A: Test —15, =2 
x+4 
=—15:—-3 
—— ? 2 
=p. 4 
18 
— FALSE 
11 
Since the inequality is false for x = —15, the number —15 is nota solution 
of the inequality. Interval A is not part of the solution set. 
x= 
B: Test —8, = 
x+4 
ee 
ii A a 
-8+ 4 
11 
— TRUE 
4 
Since the inequality is true for x = —8, the number —8 is a solution of the 
inequality. Interval B is part of the solution set. 
x= 3 
C: Test 1, = 
x+A4 
1 =3 22 
1+4 | 
2 
—— FALSE 
5 


Since the inequality is false for x = 1, the number 1 is not a solution of the 
inequality. Interval C is not part of the solution set. 
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The solution set includes interval B. The number —11 is also included 
since the inequality symbol is = and —11 is a solution of the related equa- 
tion. The number —4 is not included; it is not an allowable replacement 
because it results in division by 0. Thus the solution set of the original in- 
equality is 


{x|—11 =x < —4}, or [-11,-4). 


Solve. 
A B Cc 
mene =3 ay Ne os ‘a as 
x= 2 a f ) s 
-u -4 
8. <2 ‘ 
x— 5 <« Do Exercises 7 and 8. 
To solve a rational inequality: 
1. Change the inequality symbol to an equals sign and solve the 
related equation. 
2. Find the numbers for which any denominator in the inequality 
is not defined. 
3. Use the numbers found in steps (1) and (2) to divide the 
number line into intervals. 
4. Substitute a number from each interval into the inequality. 
If the number is a solution, then the interval to which it belongs 
is part of the solution set. 
Answers ‘ , ‘ ae 3p 
P : 5. Select the intervals for which the inequality is satisfied and 
7. {2 a<xs zy or (2 4 write set-builder notation or interval notation for the solution set. 


8. {x|x < 5orx > 10}, or(—~,5) U (10, ~) 


For Extra Help MathXL° [x — FP 


MyMath Lab” PRACTICE WATCH READ REVIEW 


[(V{ Reading Check 


Complete each statement using either “positive” or “negative.” 


RC1. To solve x” — 2 < 0, we look for intervals for which f(x) = x” — 2is 


x 
x 1 


RC2. To solve 7 5 > 0, we look for intervals for which f(x) = is 
x 


RC3. To solve 3x < 5 + x?, we look for intervals for which f(x) = x? — 3x + Sis 


RC4. To solve (x — 1)(x + 2) > 3x?, we look for intervals for which f(x) = 2x* — x + 2is 
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a | Solve algebraically and verify results from the graph. 


1. (x — 6)(x + 2) >0 


rt 
» 
® 


Solve. 
5. 3(x + 1)(x — 4) = 0 


9. x° —-2x+1=0 


13. 3x(x + 2)(x — 2) <0 


16. (x — 1)(x + 8)(x — 2) <0 


by Solve. 


19. <0 
x— 6 
Si 2 

23. =0 
Baas | 


2. (x — 5)(x + 1) >0 


VA 


6. (x — 7)(x+ 3) s 


10. x7 +6x+9<0 


14. 5x(x + 1)(x - 1) > 


17. (x + 3)(x + 2)(x — 


>0 
+A 


0 


21. 


25. 


SECTION 7.8 


7. 


xv-—x-2<0 Bx +x-2<0 


2x7 +8< 6x 12. x? — 12 > 4x 


0 15. (x + 9)\(x — 4)(x + 1) >0 
1) <0 18. (x — 2)(x — 3)(x + 1) <0 
x 1 RS 2; 

>0 22. <0 
x= 3 +5 
x= 1 x I 

>3 26. <i 
x= 2 24:3 
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(x — 2) +1) (x + 4)(x — 1) x+3 


27. 0 28. ————————_ > 0 29. =0 30. —__ 2 0 
x= 5 x+3 x Peon 
x X= 5 x—- 1 Kor 2, 
31. — > 2 32. <1 33. ——————- < 0 34. —————— > 0 
x-1 x (x — 3)(x + 4) (x — 2)(x + 7) 
1 1 ye = 2 a = ie +30 
35. 3.<— 36.— <2 37. =————_ > 0 38. ———— = 
x x x Se 1 x“ — 8x — 9 
Skill Maite mance occ ccc cece ec ee cette ees eevessesseseseeisressessessssissisrissstisssstestesieeeseseeeees 
Simplify. [6.3b] 
125 25 3 ? 
39, J 40. ,|— aa, (224 a2, of 20e— 
27 4a b* 343d 
Add or subtract. [6.4a] 
43. 3V8 — 5V2. 44. 7V/45 — 2/20 
45. 5W/ 16a‘! + 7V/2a 46. 3V/10. + 8V20.— 5V80 
ADEN C SNS oc insiteccnteeszinsstetevnoltoese Nias brin shot cheanbecetos Siento ilude habeas bre ws Stekenbstsleisinbohdenireccanite 
47. "mea Usea graphing calculator to solve Exercises 11, 48. ASA Usea graphing calculator to solve each of the 
22, and 25 by graphing two curves, one for each side following. 
of the inequality. 1 
a)xt+- <0 b) x -— Vx =0 
c) x2? -x+$<0 
Solve. 
AQ, x? — 2x = 2 50. x? + 2x > 4 Gl. 2° 2x > 0 
52. x* + 3x7 <0 53. |—— | <3 
x—-—1 
54. Total Profit. A company determines that its total 55. Height ofa Thrown Object. The function 
profit from the production and sale of x units ofa H(t) = —16t? + 32¢ + 1920 
productivenen by gives the height H of an object thrown from a cliff 
P(x) = —x° + 812x — 9600. 1920 ft high, after time t seconds. 
a) Acompany makes a profit for those nonnegative a) For what times is the height greater than 1920 ft? 
values of x for which P(x) > 0. Find the values of x b) For what times is the height less than 640 ft? 


for which the company makes a profit. 

b) Acompany loses money for those nonnegative 
values of x for which P(x) < 0. Find the values of x 
for which the company loses money. 


652 : CHAPTER? Quadratic Equations and Functions 


Copyright © 2015 Pearson Education, Inc. 


CHAPTER 


Summary and Review 


Formulas and Principles 

Principle of Square Roots: x? = dhas solutions Vd and — Vd. 
—b + Vb? — 4ac 

Be = 


ic Fe ; 
Quadratic Formula aa 
Discriminant: b? — 4ac 
b 4ac — b? b b 
= ax’ 4 + ci , : 

The vertex of the graph of f(x) = ax bx cis( arr ) or( 54 if >) 

; 2 ' b 
The line of symmetry of the graph of f(x) = ax° + bx + cisx = —— 


2a 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the 
right. Some of the choices may be used more than once and some may not 
be used at all. 


1. The equation x? = 2x — 8 isan example of a(n) complete 
equation. [7.la] parabola 
1 li 
2. The inequality — < 7 is an example of a(n) a 
x discriminant 
inequality. [7.8b] spamneuy 
3. We can the square for y? — 8y by adding 16. [7.1b] linear 
4. The expression b? — 4ac in the quadratic formula is called the polynomial 
[7.4a] quadratic 
5. The equation m® — m? — 12 = Ois inform. [7.4c| rational 
6. The graph of a quadratic function is a(n) . [75al vertex 
7. The vertical line x = 0 is the line of for the METER 
graphofy = x”. [7.5a] y-intercept 
8. The maximum or minimum value of a quadratic function is the 
y-coordinate of the » [Sel 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. The graph of f(x) = —(—x? — 8x — 3) opens downward. [7.5a] 


2. If(—5, 7) is the vertex of a parabola, then x = —5Sistheline ofsymmetry. [7.6a] 


3. The graph of f(x) = —3(x + 2)* — 5isa translation to the right of the graph of 
f(x) = -3x? — 5. [7.5b] 


Summary and Review: Chapter 7 653 


Study Guide 


Objective 7.1a Solve quadratic equations using the principle of square roots. 


Example Solve: (x — 3)* = —36. Practice Exercise 
x—-3= V-36 or x-3=-V—36 > 1. Solve: (x — 2)? = 9. 
x-3=6i or x—-3=—-6i : 

x=3+6i or x=3- 6i 


The solutions are 3 + Gi. 


Objective 7.1b Solve quadratic equations by completing the square. 


Example Solve by completing the square: Practice Exercise 
x? — 8x + 13 = 0. : 2. Solve by completing the square: 
x? — 8x =-13 : x? — lax + 31 =0. 
x? — 8x + 16 = -13 + 16 
(x- 4)? =3 
x-4= V3 or x—-4=—YV3 


x=4+ V3 or x=4- V3 
The solutions are4 + V3. 


Objective 7.2a Solve quadratic equations using the quadratic formula, and approximate solutions 
using a calculator. 


Example Solve: x? — 2x = 2. Give the exact : Practice Exercise 

solutions and approximate solutions to three : @ Bole: 22 aie = —9e: Givethewsdet 
decimal places. : solutions and approximate solutions to three 
x? —2x—2=0 Standard form decimal places. 


a=1, b=-2, c=-2 
—(-2) + V(-2)?—4+1-(—2) Using the 
x= 


6% quadratic 
Sey ear formula 
= 
25 Vi12 
7 2 
B82 eve 
7 2 
= 1+ V3, or 2.732 and —0.732 


Objective 7.4a Determine the nature of the solutions of a quadratic equation. 


Example Determine the nature of the solutions of : Practice Exercise 


E + 2 —. : 
the quadratic equation x" — 7x = 1. : 4, Determine the nature of the solutions of each quad- 
In standard form, we have x” — 7x — 1 = 0. Thus, ratic equation. 
a = 1,b = —7,andc = —1. The discriminant, : a) x2-3x=7 


b* — 4ac, is (—7)* — 4+ 1+ (—1), or 53. Since the 


2 = 
discriminant is positive, there are two real solutions. b) 2x° — 5x +5=0 
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Objective 7.4b Write a quadratic equation having two given numbers as solutions. 


Example Write a quadratic equation whose solutions =: Practice Exercise 
1 ; 
are 7 and —4. 5. Write a quadratic equation whose solutions are —2 
x= 7 or x=-} and 3. 
x-7=0 or xt ; =0 : 
x-7=0 or 4x+1=0 Clearing the fraction : 
(x — 7)(4x +1) =0 Using the principle of zero 
products in reverse 
4x? — 27x -—7=0 Using FOIL 
Objective 7.4c Solve equations that are quadratic in form. 
Example Solve: x — 8Vx — 9 = 0. Practice Exercise 
Let u = Vx. Then we substitute u for Vx and u? : 6, Solve: 
for x and solve for u: : (x? — 3)? — 5(x2 - 3) -6 =0. 


uwe— 8u-9=0 
(u-—9)(u+1)=0 
u=9 or u=-—l. 
Next, we substitute \/x for u and solve for x: 
Vx=9 or Vx=-1. 
Squaring each equation, we get 
x=81 or x=1. 


Checking both 81 and 1 inx — 8Vx — 9 = 0, we find 
that 81 checks but 1 does not. The solution is 81. 


Objective 7.6a Fora quadratic function, find the vertex, the line of symmetry, 
and the maximum or minimum value, and then graph the function. 


Example Forf(x) = —2x? + 4x + 1, find the vertex, : Practice Exercise 

the line of symmetry, and the maximum or minimum >” For f(x) =- 42 = Dy =o) find thewenss the ine 

value. Then graph. : of symmetry, and the maximum or minimum value. 
We factor out —2 from only the first two terms: Then graph. 


f(x) = —2(x? — 2x) + 1, 
Next, we complete the square, factor, and simplify: 
f(x) = -2(x? -2x =) +1. 
Soe? = 261 = 1) 1 
= =2(x7 = 2e 41) (2) 1) + 1 
==2(x — 1)? +3, 
The vertex is(1, 3). The line of symmetry is x = 1. The 
coefficient of x? is negative, so the graph opens down. 


Thus, 3 is the maximum value of the function. 
We plot points and graph the parabola. 


x y y 

1 3 Maximum: 3 ja, 3) 
2 1 : 

0 1 

3 =5 
= =5 
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Objective 7.6b Find the intercepts of a quadratic function. 


Example Find the intercepts of f(x) = x* — 8x + 14. Practice Exercise 
Since f(0) = 0? — 8-0 + 14 = 14, the : 8. Find the intercepts of f(x) = x? — 6x + 4. 
y-intercept is (0, 14). To find the x-intercepts, we solve —: 
0 = x” — 8x + 14. Using the quadratic formula, 
we have x = 4 + V2. Thus the x-intercepts are 


(4 — V2,0) and (4 + V2,0). 


Objective 7.8a Solve quadratic inequalities and other polynomial inequalities. 


Example Solve: x* — 15 > 2x. Practice Exercise 
x2 -—2x-15>0 Subtracting 2x : 9, Solve: x? + 40 > 14x. 
We set the polynomial equal to 0 and solve. : 
The solutions of x? — 2x — 15 = 0, or 
(x + 3)(x — 5) = 0, are —3 and 5. They divide the 
number line into three intervals. 


We try a test point in each interval: 

Test —5: (—5)* — 2(-5) — 15 = 20 > 0; 
TestO: (0)?-2-0-—15=-15 <0; 
Test6: (6)?-2°6-15=9>0. 

The expression x* — 2x — 15 is positive for 
values of x in the intervals (—~, —3) and (5, ~). 
The inequality symbol is >, so —3 and 5 are not 


solutions. The solution set is {x|x < —3 orx > 5}, or 
(—%, —3) U (5,”). 


Objective 7.8b Solve rational inequalities. 


K+ 3 axe: : Practice Exercise 


x 6 eat 
3 : 10. Solve: =3 
=2.The | 2 


Example Solve: 


x + 
We first solve the related equation 


solution is 15. We also need to determine those numbers 
for which the rational expression is not defined. We set 
the denominator equal to 0 and solve: x — 6 = 0, or 

x = 6. The numbers 6 and 15 divide the number line into 
three intervals. We test a point in each interval. 


BS 

Test 5: 5 = 2, or—8 = 2, which is false. 
O38 ae 

Test 9: ae = 2, or 4 = 2, which is true. 
17 + 3 20 

Test 17: = 2, or — = 2, which is false. 
1? =6 11 


The solution set includes the interval (6, 15) and 
the number 15, the solution of the related equation. 
The number 6 is not included. It is not an allowable 
replacement because it results in division by 0. The 
solution set is {x|6 < x < 15}, or (6, 15]. 
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Review Exercises 


1. a) Solve: 2x7 —7=0. [7.1al 
b) Find the x-intercepts of f(x) = 2x? — 7. [7.1a] 


Solve. [7.2a] 


2. 14x? + 5x = 0 3. x? — 12x + 27=0 


4. x° — 7x +13=0 5. 4x7 + 6x = 1 


6. 4x(x — 1) + 15 = x(3x + 4) 


7. x7 + 4x + 1 = 0. Give exact solutions and 
approximate solutions to three decimal places. 


10. 15 = 


x+2 Kx 2 


11. Solve x* + 6x + 2 = 0 by completing the square. 
Show your work. [7.1b] 


12. Hang Time. A basketball player has a vertical 
leap of 39 in. What is his hang time? Use the 
function V(T) = 48T?. [7.1c] 


13. DVD Player Screen. The width of a rectangular 
screen on a portable DVD player is 5 cm less than 
the length. The area is 126 cm’. Find the length and 
the width. — [7.3a] 


14. Picture Matting. A picture mat measures 12 in. 
by 16 in., and 140 in? of picture shows. Find the 
width of the mat. [7.3a] 


15. Motorcycle Travel. During the first part of a trip, 
a motorcyclist travels 50 mi. The rider travels 80 mi 
on the second part of the trip at a speed that is 10 
mph slower. The total time for the trip is 3 hr. What 
is the speed on each part of the trip? [7.3a] 


Determine the nature of the solutions of each equation. 


[7.4a] 
16. x7 + 3x --6=0 17.x°+ 2x+5=0 


Write a quadratic equation having the given solutions. 
[7.4b] 


18. i, —2 19. —4, only solution 


Solve for the indicated letter. [7.3b] 
1 
20. N = ant for p 


Solve. [7.4c] 
22. x* — 13x + 36 = 0 


3B 
21. 2A = —,, for T 
sa 


23. 15x* — 2x! -1=0 


24, (x* — 4)* — (x7 — 4) —6=0 
25. x — 13Vx + 36 = 0 


For each quadratic function in Exercises 26-28, find 
and label (a) the vertex, (b) the line of symmetry, 
and (c) the maximum or minimum value. Then 

(d) graph the function. [7.5c], [7.6a] 


26. f(x) = -#(x -— 1)? +3 
a) Vertex: ( , ) 
x f(x) b) Line of symmetry: x = 
c) value: 
d 
) VA 
5 
4 
3 
2 
1 
974737271, 12345 x 
+2 
+3 
+4 
+5 


27. f(x) =x*-—x+6 


a) Vertex: ( j ) 
x f(x) b) Line of symmetry: x = 
c) value: 
d 
) VA 
10. 
ae i 
6 
4 
2 
te See 
~1l0-8-6-4-2 4 2 4 6 8 10 x 
-4 
-6 
-8 
—10. 
_ 
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28. f(x) = =8x? = 12x = 8 35. Live Births by Age. The average number of live 
a) Vertex: ( , ) births per 1000 women rises and falls according to 


x || f@) b) Line of symmetry: x = age, as seen in the following bar graph. [7.7] 
. value: Average Number of Live Births per 1000 Women 
) yA : = 140 oo —_ 
5 : 120 ll. 113.9. 
ce : cane 
: S 80 
2 ion 
1 2 60 
3874737271, 123 45 a = 0 
m 20 
2 
+3 0 
4 i i : 
=5 : Age 
a es : SOURCE: Centers for Disease Control and Prevention 
a) Use the data points (16, 34), (27, 113.9), and 
. : (37, 35.4) to fit a quadratic function to the data. 
Find the x- and y-intercepts. [7.6b] : b) Use the quadratic function to estimate the num- 
29. f(x) =x? — 9x +14 : ber of live births per 1000 women of age 30. 


: 36. Determine the nature of the solutions: 
30. g(x) = x? — 4x- 3 ; x? — 10x + 25=0. [7.4a] 
: A. Infinite number of solutions 
B. One real solution 
31. What is the minimum product of two numbers C. Two real solutions 
whose difference is 22? What numbers yield this : D. No real solutions 
product? [7.7a] : 
37. Solve: 2x7 — 6x +5 =0. [7.2a] 


32. Find a quadratic function that fits the data points "5 + 2 B.3 ti 
0, —2), (1,3), and (3,7).  [7.7b] : — 
sve eee C24 Vis p24 4; 
2 2 
Solve. [7.8a, b] : Synthesis oes 
33. (x + 2)(x — 1)(x — 2) > 0 38. The sum of the base and the height of a triangle is 


38 cm. Find the dimensions for which the area is a 
maximum, and find the maximum area. [7.7a] 


(x + 4)(x— 1) : 
34. ~~ (x+2) <0 : 39. The average of two numbers is 171. One of the 
: numbers is the square root of the other. Find the 
numbers. [7.3a] 


Understanding Through Discussion and Writing 


1. Does the graph of every quadratic function havea = 4. Describe a method that could be used to create quad- 


y-intercept? Why or why not? —_[7.6b] ratic inequalities that have no solution. [7.8a] 

2. Explain how the leading coefficient of a quadratic 5. Is it possible for the graph of a quadratic function 
function can be used to determine whether a maxi-_: to have only one x-intercept if the vertex is off the 
mum or minimum function value exists. [7.7a] : x-axis? Why or why not? [7.6b] 

3. Explain, without plotting points, why the graph of 6. Explain how the x-intercepts of a quadratic function 
f(x) = (x + 3)? — 4 looks like the graph of can be used to help find the vertex of the function. 
f(x) = x’ translated 3 units to the leftand4 units: What piece of information would still be missing? 


down. [7.5c] [7.6a, b] 
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For Extra Help 


For step-by-step test solutions, access the Chapter Test Prep Videos in 


MyMe 


-hLab® or on You) (search “BittingerInterm” and click on “Channels”). 
8 


1. a) Solve: 3x? — 4 = 0. 


So 


b) Find the x-intercepts of f(x) = 3x? — 4. 


Ive. 


2.x7°+x+1=0 


11. 


13. 


15. 


> Abas 


. x* + 4x = 2. Give exact solutions and approximate 
solutions to three decimal places. 


3. 


5. 


x- 8Vx+7=0 


age = gie 4b 1 = © 


. Solve x? — 4x + 1 = 0 by completing the square. Show your work. 


. Free-Falling Objects. The Peachtree Plaza in Atlanta, 
Georgia, is 723 ft tall. Use the function s(t) = 16¢? to 
approximate how long it would take an object to fall 
from the top. 


Memory Board. A computer-parts company wants to 
make a rectangular memory board that has a perimeter 
of 28 cm. What dimensions will allow the board to have 
the maximum area? 


Determine the nature of the solutions of the equation 
x? + 5x +17=0. 


Solve V = 48T” for T. 


10. 


12. 


14. 


Marine Travel. The Columbia River flows at a rate 
of 2 mph for the length of a popular boating route. 
In order for a motorized dinghy to travel 3 mi up- 
river and then return in a total of 4 hr, how fast must 
the boat be able to travel in still water? 


HangTime. Professional basketball player Nate 
Robinson has a vertical leap of 43 in. What is his 
hang time? Use the function V(T) = 48T?. 


Write a quadratic equation having the solutions 


V3 and 3V3. 


Test: Chapter 7 659 


For the quadratic functions in Exercises 16 and 17, find and label (a) the vertex, (b) the line of symmetry, and 
(c) the maximum or minimum value. Then (d) graph the function. 


16. f(x) = =x = 2% A. f— 4x — 2454; All 
a) Vertex:(___, ) a) Vertex:(___, ) 
b) Line ofsymmetry:x = b) Lineofsymmetry:x = _ 
c) value: c) value: 
d y d YA 
-|-o Ii Bia ° 
12 12 
10 10 
8 8 
6 6 
4 4 
2 2 
=. en 
—i2—10=8 Cmmices 20 AS65538 10012 x —12-—10—8 —6 —4 Tea 2,4 6 8 10 12 a 
Li —4 
= —6 
3 -8 
10 -10 
= 12) -12 
18. Find the x- and y-intercepts: 19. What is the minimum product of two numbers whose 
f(x) = —x? + 4x - 1, difference is 8? What numbers yield this product? 


20. Find the quadratic function that fits the data points (0, 0), (3, 0), and (5, 2). 


21. Foreign Adoptions. The graph at right shows the Foreign Adoptions to the United States 
number of foreign adoptions to the United States for A(x) A 
various years. It appears that the graph might be fit by 25 | (4, 22.9) 
a quadratic function. (gars) C (6, 20.7) 


td 
So 


a) Use the data points, (0, 18.5),(6, 20.7), and (12, 8.7) 
to fit a quadratic function A(x) = ax? + bx + cto 
the data, where A is the number of foreign adop- 
tions to the United States x years since 2000 and 


= 
a 


He 
So 


Number of adoptions 
(in thousands) 


x = O corresponds to 2000. 5 
b) Use the quadratic function to estimate the number en ee ae ee ee ee ee ee ee 
of adoptions in 2011. Qiles2es 67 6 2 wl mw 4 
(2000) (2012) 


Year 


SOURCE: Intercountry Adoption, Office of Children’s Issues, 
U.S. Department of State 


Solve. 
2 = & a= & 
Di, Se & OS ar 7 23. <0 24 eR 
x+3 (ae se BS) = 1) 
° : : : Il 1, 
25. Write a quadratic equation whose solutions are a and — a 
2 ‘ = ee D = ae = 
A. 4x° — 4ix-—1=0 ca a GC. 4x°+1=0 D. x —ix + 1s 
SIE RN SIS 2 cca ct ces as tsce cst ta es tee caress eeu oes net ce ae heat teas beet a oes ears eeaecd cant nessa taea nes raseasTeae 
26. A quadratic function has x-intercepts (—2, 0) and 27. One solution of kx? + 3x — k = 0is —2. Find the other 
(7,0) and y-intercept (0, 8). Find an equation for the solution. 


function. What is its maximum or minimum value? 
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CHAPTERS 


1—7 | Cumulative Review 


1. Golf Courses. Most golf courses have a hole such as Unies 
the one shown here, where the safe way to the hole : ey 
is to hit straight out on a first shot (the distance a) > 8. ar 9. V0.36 
and then make subsequent shots at a right angle to y 
cover the distance b. Golfers are often lured, however, 
into taking a shortcut over trees, houses, or lakes. If : 
a golfer makes a hole in one on this hole, how long is : 10. V9x2 — 36x © 36 ll. 6/45 — 3/20 
the shot? 3 
PINES) = BIN) 
12. 2Vv3 — 4V2 13. (87/2)3 
V2 — 3V6 
C= 
14. (3 + 2i)(5 — i) i 
31 
Factor. 
1602) qe s0 17. a’ + 3a — 54 
18; dao 1227 19. 64a” — 9b? 
2 1 3 
20. 3a° — 36a + 108 21. o74 = 
Simplify. : 
2, (4 + 8x? — 5x) — (—2x? + 3x — 2) 22, 24@° 18a; — 20a) — 15 
3. (2x? — x + 3)(x — 4) : 23. (x + 1)(x — 1) + (x + 1)(x + 2) 
4, 2 16 20-6 : Solve. 
SS 1 ee : 94, 3(4x— 5) +6=3- (x41) 
5 uv We 2 
Oe ye ces ep = 25.5 = 
Vier ae a oe torr 
Fig ote prt ia 96.5 —3(2x +1) <ex-3 
“m+1 m-5 m-4m—-5 cae ae ee 
7. (9x3 + 5x2 + 2) + (x + 2) : 27, 3x -— 2 =< —6orx 4 3>9 


Cumulative Review: Chapters 1-7 661 


28. |4x-—1| S 


aX; Zag sr = = &, 


32. 


34. A = 


Sit, (Woe — 2 ap I= Wee 


37. 16(t — 1) = t(t + 8) 


38. x? — 3x + 16 =0 


40. P= Va’? — b?, fora 


42. Solve: 4x7 — 25 > 0. 


Graph. 
43.x + y= 2 


“iy 33S = 3) 


47, f(x) =x?-1 


6 


29. 


31. 


33. 


35. 


39. 


Al. 


44. 


46. 


48. 


5x + 10y = —10, 
(hi = 2 = 5 


10x? + 28x -6=0 


18 12 1 


ee (he ae 


Ske = ) 2 O, 
4x +y =3 


TG) = =e ae 8) 
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49, Find an equation of the line with slope 5 and through 
the point (—4, 2). 


50. Find an equation of the line parallel to the line 
3x + y = 4and through the point (0, 1). 


51. Marine Travel. The Connecticut River flows at a rate 
of 4 km/h for the length of a popular scenic route. In 
order for a cruiser to travel 60 km upriver and then 
return in a total of 8 hr, how fast must the boat be able 
to travel in still water? 


52. Architecture. An architect is designing a rectangular 
family room with a perimeter of 56 ft. What dimen- 
sions will yield the maximum area? What is the 
maximum area? 


53. The perimeter of a hexagon with all six sides the 
same length is the same as the perimeter of a square. 
One side of the hexagon is 3 less than the side of the 
square. Find the perimeter of each polygon. 


54. Two pipes can fill a tankin 15 hr. One pipe requires 4 hr 
longer running alone to fill the tank than the other. 
How long would it take the faster pipe, working alone, 
to fill the tank? 


55. Complete the square: f(x) = 5x” — 20x + 15. 


INC) 2)" —5 
Bei — Six 2) 1S 
Gy f(x) — 5a 2) 6 
IDA ia) Sales se ie te 1 


56. How many times does the graph of 
f(x) = x* — 6x? — 16 cross the x-axis? 


A. 1 B. 2 
Cz D. 4 
SVNCNGSIS oc So ee ee 
se ae Il 2Xecell 
57. Solve: =3+7 
EG xe 
a 8b? 


BY, FECio — <= = 
8 729° 
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CHAPTER 


Exponential 
_ Functions and 
2 comaeracinon’ Logarithmic 


8.3 Logarithmic Functions 8 
8.4 Properties of Logarithmic [F U n Ctl O n S 
Functions 


Mid-Chapter Review 


8.5 Natural Logarithmic Functions 


Visualizing for Success 

8.6 Solving Exponential Equations 
and Logarithmic Equations 

8.7 Mathematical Modeling with 
Exponential Functions and 
Logarithmic Functions 


Translating For Success 
Summary and Review 
Test 

Cumulative Review 


STUDYING FOR SUCCESS _ Beginning to Study for the Final Exam 


{| Take a few minutes each week to review highlighted information. 
{| Prepare a few pages of notes for the course and then try to condense the notes to just one page. 
{| Use the Mid-Chapter Reviews, Summary and Reviews, Chapter Tests, and Cumulative Reviews. 


Exponential Functions 


The following graph approximates the graph of an exponential function. 
OBJECTIVES We will consider such functions and some of their applications. 


a | Graph exponential equations Hybrid Vehicle Models Sold in the United States 
and functions. 


Graph exponential equations 
in which x and y have been 
interchanged. 


G Solve applied problems 
involving applications of 
exponential functions and 
their graphs. 


15 


= 
Oo 


Number of models 


a 


2001 2003 2005 2007 


Year 
SOURCE: U.S. Department of Energy 


2009 2011 


SKILL TO REVIEW 
Objective 2.1c: Graph linear BE GRAPHING EXPONENTIAL FUNCTIONS 
equations using tables. 


Graph. 
lLyrHxr3 


We have defined exponential expressions with rational-number exponents 
such as 


gi/4 3-3/4 72.34 5173. 


For example, 5!°, or 5175/!, or \OY’5173 means to raise 5 to the 173rd 
power and then take the 100th root. We now develop the meaning of expo- 
nential expressions with irrational exponents such as 


5Y3 7m g V2. 


Since we can approximate irrational numbers with decimal approxima- 
tions, we can also approximate expressions with irrational exponents. 
For example, consider 5¥3. As rational values of r get close to V3, 5’ gets close 
to some real number. 


r closes in on V3. 5’ closes in on some real number p. 
r 5! 
1< V3<2 5= 5 < p< 5 = 25 
lg=<v3= 16 15.426 ~ 517 < p< 518 = 18.119 
ies V3 =< 174 16.189 ~ 513 <p <5)" = 16.452 


1.732 < V3 < 1.733 = 16.241 = 54732 < p < 51733 = 16,267 


As r closes in on V3, 5’ closes in on some real number p. We define 5¥3 to 
be that number p. To seven decimal places, we have 5V3 = 16.2424508. 


Answers 


Answers to Skill to Review Exercises 1 and 2 
are on p. 665. 


664 =: cnapters Exponential Functions and Logarithmic Functions 


Any positive irrational exponent can be defined in a similar way. Nega- 
tive irrational exponents are then defined in the same way as negative inte- 
ger exponents. Thus the expression a* has meaning for any real number x. The 
general laws of exponents still hold, but we will not prove that here. 

We now define exponential functions. 


EXPONENTIAL FUNCTION 


The function f(x) = a*, where ais a positive constant different 
from 1, is called an exponential function, base a. 


We restrict the base a to being positive fel 

to avoid the possibility of taking even roots 9 

of negative numbers such as the square . 

root of —1, (—1)'/?, which is not a real Bf 

number. We restrict the base from being 1 ; exponential 

because for a = 1, t(x) = l* = 1, whichis 3 |. function 

a constant. The following are examples of yer Ah 

exponential functions: - 
—5-4-3-2-1 123 45 x 

fx) = 2%, fle) = (2)% fl) = (0.4)% i 


Note that in contrast to polynomial functions like f(x) = x? and f(x) = x’, 
the variable is in the exponent. Let's consider graphs of exponential functions. 


EXAMPLE 1. Graph the exponential function f(x) = 2”. 


We compute some function values and list the results in a table. It is a 
good idea to begin by letting x = 0. 


fo)=2 =i 

(Ce salt) 

f2) = 2 = 4; 0} 1 

f(3) = 2 =8; ; 

f= = 555; Sy 
a ee = 4 

f-2) = 2? = 5-4, 3] | 
oo 1a 

f(-3) =2 = 93 8 


Next, we plot these points and connect them with a smooth curve. 


In graphing, be sure to 
plot enough points to 
determine how steeply the 


: er. 
curve rises. Answers 


Skill to Review: 


f(x) = 2* 1. 


Nw Pe ODN w 


The curve comes very 
close to the x-axis, but 
does not touch or cross it. 


tee cd 123 4 x 
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1. Graph: f(x) = 3". Complete 
this table of solutions. Then 
plot the points from the table 
and connect them witha 
smooth curve. 


3 
Complete this table of 
solutions. Then plot the points 
from the table and connect 
them with a smooth curve. 


2. Graph: f(x) = (2). 


Answers 
1 
: YA 
x I(x) 
0 1 
1 3 
2 9 
3 27 
—4 i-2 2 4 x 
—l] 5 - 
a i f(x) =3 
:) 
2. ¥ 
x F(x) 
8 
0 1 
6 
1 1 
3 4 
2| 4 
3 7 =4 i-2 Pe 
-1 3 - 
x)=(- 
Shoe] Cte = (5) 
-3 27 


aS 1234 x 


{—___. 
1234 x 


Note that as x increases, the function values increase indefinitely. As x 
decreases, the function values decrease, getting very close to 0. The x-axis, 
or the line y = 0, is an asymptote, meaning here that as x gets very small, 
the curve comes very close to but never touches the axis. 


< Do Exercise 1. 


EXAMPLE 2 Graph the exponential function f(x) = (3)*. 


We compute some function values and list the results in a table. Before 
we do so, note that 


f(x) = (4) = (2 = 2 


Then we have 


6) =] 2% = 1: 
KO) oo x f(s) 
ae een 
fQ) =2 _ 21 9? 0 1 
i. 4 1 5 
2) = 2 Se 
f( ) 2 22 4’ 2 ; 
3 1 
i 4 8 
f(3) = 2° = af a = 2 
oT : =9 4 
f(-1) =20% = 2) =2; 3 3 
f(-2) = 20% =P =4; a 


f(-3) =29) = 2 =8. 


Next, we plot these points and draw the curve. Note that this graph is a re- 
flection across the y-axis of the graph in Example 1. The line y = 0 is again 
an asymptote. 


ear ace 123 4 x 


<@ Do Exercise 2. 


The preceding examples illustrate exponential functions with various 
bases. Let’s list some of their characteristics. Keep in mind that the defini- 
tion of an exponential function, f(x) = a*, requires that the base be posi- 
tive and different from 1. 
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When a > 1, the function f(x) = a” increases from left to right. The 
greater the value of a, the steeper the curve. As x gets smaller and smaller, 
the curve gets closer to the line y = 0: It is an asymptote. 


YA 


< 
> 


owe TD N\O © 


g(x) = (3) 


eV 


> 
Se ee 123 4 x es reece 123 4 


When 0 < a < 1, the function f(x) = a* decreases from left to right. 
As a approaches 1, the curve becomes less steep. As x gets larger and larger, 
the curve gets closer to the line y = 0: It is an asymptote. 


y-INTERCEPT OF AN EXPONENTIAL FUNCTION 


Allfunctions f(x) = a“ go through the point (0, 1). That is, the 
y-intercept is (0, 1). 


Do Exercises 3 and 4. D> 


EXAMPLE 3. Graph: f(x) = 2"~*. 
We construct a table of values. Then we plot the points and connect 
them with a smooth curve. Be sure to note that x — 2 is the exponent. 


1 


7 z 1 
f(0) = 29-2 = 2° aoe a F(x) 
0 uF 
1 1 4 
1=2 = as, i os 
fl) = 2 2 ae 1 1 
je =?" =2 =i : ; 
je =2? =2=% 4 4 
{@) =2"*=7=4 =I H 
i -. =o as 
(a Se 7 
1 1 
—92)=27°-2=94= — = — 


y 


The graph has the same shape as the 
graph of g(x) = 2*, but itis translated 
2 units to the right. 

The y-intercept of g(x) = 2*is (0,1). 
The y-intercept of f(x) = 2*~ is (0,4). 
The line y = Ois still an asymptote. 


> 
-4-3-2-1 12 3 4 5 6 x 


SECTION 8.1 


Answers 
3. 


YA 


Niepinia 


~———_—_—_—_> 
—4 1-2 
4 '-2 2 Ay 


Sf) =4* 


}—______> 
1234 0x 


Exponential Functions 


5. Graph: f(x) = 2°*?. < Do Exercise 5. 


YA 
; EXAMPLE 4 Graph: f(x) = 2* — 3. 
; We construct a table of values. Then we plot the points and connect them 
: with a smooth curve. Note that the only expression in the exponent is x. 
: f(0) =2)-3=1-3=-32; 
= {S232 >3= 4], 


3 
f(2)=2?-3=4-3=1; 
f(3) =2-3=8-3=5; 

f(4) = 2*- 3 = 16 — 3 = 13; 
fel S23 F584) 


6. Graph: f(x) = 2*- 4. - 
{=o 3S. 4S — 


Yr 
x f(x) ; 
0 3 
: The graph has the same shape as the graph 
2 : of g(x) = 2*, but itis translated 3 units down. 
3 pert Le The y-intercept is (0, —2). The line y = —3 
4 2 is an asymptote. The curve gets closer to this 
—1 -4 line as x gets smaller and smaller. 
=2 
< Do Exercise 6. 
Answers 
Answers to Margin Exercises 5 and 6 are 
on p. 669. 


Graphing Exponential Functions We can use a graphing calculator to graph 
exponential functions. It might be necessary to try several sets of window dimensions in order 
to find the ones that give a good view of the curve. 

To graph f(x) = 3% — 1, we enter the equation as y,. We can begin graphing with the 


standard window [ —10, 10, —10, 10]. Although this window gives a good view of the curve, we 
might want to adjust it to show more of the curve in the first quadrant. Changing the dimensions 
to [—10, 10, —5, 15] accomplishes this. 


EXERCISES: 
1. Use a graphing calculator to graph the functions in Examples 1-4. 
2. Use a graphing calculator to graph the functions in Margin Exercises 1-6. 
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|b | EQUATIONS WITH x AND y INTERCHANGED 


It will be helpful in later work to be able to graph an equation in which the x 


and the yin y = a” are interchanged. 


EXAMPLE 5 Graph: x = 2’. 


Note that x is alone on one side of the equation. We can find ordered 
pairs that are solutions more easily by choosing values for y and then com- 


puting the x-values. 
For y= 6.x%= 2" =1, 
bory = La= 2) =2 
Fory=2.2=2? = 4. 
Fory=3.x = 27 = 4. 


Fory = -1,x£=2? =— , 
For y = -2,x = 2? ee 
2 4 
Fory = -3,x = 2° Es - 
2 8 


We plot the points and connect them 
with a smooth curve. What happens as 


y-values become smaller? 


This curve does not touch 
or cross the y-axis. 


| CIF BIE NIE Go ~ De & 


(1) Choose values for y. 
(2) Compute values for x. 


Note that this curve x = 2” has the same shape as the graph of y = 2", 
except that it is reflected, or flipped, across the line y = x, as shown below. 


y x y 

0 1 1 0 

1 2 2 I 
2 4 4 2 
3 8 8 3 
=] 5 z sl 
-2 | 1 1 = 
—3 3 8 ~3 


#YV 


Do Exercise 7. > 


SECTION 8.1 


7. Graph: x = 3”. 


Answers 


5. yA 


x | f@) 
0 —3 
1 —2 
2 0 
3 4 

> 

4 12 x 
-] -t 
-~2 —15 
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8. Interest Compounded 
Annually. Find the amount 
in an account after 1 year 
and after 2 years if $40,000 is 
invested at 2%, compounded 
annually. 

Amount after 1 year: 
$40,000 + $40,000 X 


$40,000( 1.02) 


Amount after 2 years: 
$40,800 + $40,800 x 
= $40,800(1.02) 


Answers 
8. $40,800; $41,616 


Guided Solution: 
8. 0.02, $40,800, 0.02, $41,616 


es APPLICATIONS OF EXPONENTIAL FUNCTIONS 


When interest is paid on interest, we call it compound interest. This is the 
type of interest paid on investments and loans. Suppose you have $100,000 
in a savings account at an interest rate of 4%. This means that in 1 year, the 
account will contain the original $100,000 plus 4% of $100,000. Thus the 
total in the account after 1 year will be 


$100,000 plus $100,000 x 0.04. 
This can also be expressed as 


$100,000 + $100,000 x 0.04 = $100,000 x 1 + $100,000 x 0.04 


= $100,000(1 + 0.04) Factoring out 
$100,000 using the 
distributive law 


= $100,000(1.04) 
= $104,000. 


Now suppose that the total of $104,000 remains in the account for another 
year. At the end of the second year, the account will contain the $104,000 
plus 4% of $104,000. The total in the account will be 


$104,000 plus $104,000 x 0.04, 
or 


$104,000(1.04) = [$100,000(1.04)](1.04) = $100,000(1.04)? 
= $108,160. 


Note that in the second year, interest is earned on the first year’s interest 
as well as the original amount. When this happens, we say that the interest 
is compounded annually. If the original amount of $100,000 earned only 
simple interest for 2 years, the interest would be 


$100,000 X 0.04 X 2, or $8000, 
and the amount in the account would be 
$100,000 + $8000 = $108,000, 


less than the $108,160 when interest is compounded annually. 
< Do Exercise 8. 
The following table shows how the computation continues over 4 years. 


$100,000 In An Account 


WITH INTEREST WITH 
COMPOUNDED SIMPLE 
YEAR ANNUALLY INTEREST 

Beginning of 1st year $100,000 

End of 1st year $100,000(1.04)' = $104,000 $104,000 
Beginning of 2nd year $104,000 

End of 2nd year $100,000(1.04)* = $108,160 $108,000 
Beginning of 3rd year $108,160 

End of 3rd year $100,000(1.04)* = $112,486.40 $112,000 
Beginning of 4th year $112,486.40 

End of 4th year $100,000(1.04)* ~ $116,985.86 | $116,000 
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We can express interest compounded annually using an exponential 
function. 


EXAMPLE 6 Interest Compounded Annually. The amount of money A 
that a principal P will grow to after ¢ years at interest rate r, compounded 
annually, is given by the formula 

A= P(1 +r)‘ 
Suppose that $100,000 is invested at 4% interest, compounded annually. 


a) Find a function for the amount in the account after ¢ years. 

b) Find the amount of money in the account at t = 0, t = 4, t = 8, and 
t= 10. 

c) Graph the function. 


a) If P = $100,000 andr = 4% = 0.04, we can substitute these values and 
form the following function: 


A(t) = $100,000(1 + 0.04) = $100,000(1.04)‘. 


b) To find the function values, you might find a calculator with a power 
key helpful. 


A(0) = $100,000(1.04)° = $100,000; 
A(4) = $100,000(1.04)’ ~ $116,985.86; 
A(8) = $100,000(1.04)® ~ $136,856.91; 
A(10) = $100,000(1.04)'° ~ $148,024.43 


c) We use the function values computed in (b) with others, if we wish, to 
draw the graph as follows. Note that the axes are scaled differently be- 
cause of the large values of A. 


Ah 
$500,000 ++ 
450,000 ++ 
400,000 + 
350,000 + 
300,000 + 
250,000 + 


A(t) = $100,000(1.04)! 
200,000 + 
150,000 —— 
100,000 


50,000 + 


fl H f f n f f f n f 
t t t t t t t t t t 
2 4 6 8 10 12 14 16 18 20 & 


Do Exercise 9. D> 


Suppose the principal of $100,000 we just considered were compounded 
semiannually—that is, every half year. Interest would then be calculated 
twice a year at arate of 4% ~+ 2, or 2%, each time. The computations are as 
follows: 

After the first 5 year, the account will contain 102% of $100,000: 


$100,000 X 1.02 = $102,000. 

After a second $ year (1 full year), the account will contain 102% of $102,000: 
$102,000 < 1.02 = $100,000 x (1:02)? = $104,040. 

After a third $ year ( 1} full years ) , the account will contain 102% of $104,040: 
$104,040 <X 1.02 = $100,000 x (1.02) = $106,120.80. 


9. Interest Compounded 
Annually. Suppose that 
$40,000 is invested at 5% 
interest, compounded 
annually. 


a) Find a function for the 
amount in the account after 
t years. 


b) Find the amount of money 
in the account at t = 0, 
t= 4,t = 8,andt = 10. 


c) Graph the function. 


Answers 


9. (a) A(t) = $40,000(1.05)'; 
(b) $40,000; $48,620.25; $59,098.22; $65,155.79 
(c) A 
$100,000 + 
90,000 +- 


s0,000-+ A(t) = $40,000(1.05)! 


70,000 + 
60,000 + 
50,000 + 
40,000 


30,000 + 
20,000 + 
10,000 ++ 
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10. 


(or 
A=P- (: 4. ") 
n 
a 
3.4% 2 
= 7000+([1+ 
0.034 
= 70s | 1 —— 
4 
=o ee 
Answer 
10. $8432.72 


A couple invests $7000 in an 
account paying 3.4%, com- 
pounded quarterly. Find the 
amount in the account after 
5 5 years. 


Guided Solution: 
10. 4, 


4, 22, 1.0085, $8432.72 


[(V{ Reading Check 


Determine whether each statement is true or false. 


RC1. 


RC2. 


RGS3. 


RC4. 
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After a fourth 5 year (2 full years), the account will contain 102% of $106,120.80: 


$106,120.80 < 1.02 = $100,000 x (1.02)* 


= $108,243.22. Rounded to the nearest cent 


Comparing these results with those in the table on p. 670, we can see that by 
having more compounding periods, we increase the amount in the account. 
We have illustrated the following result. 


COMPOUND-INTEREST FORMULA 


Ifa principal P has been invested at interest rate r, compounded n 
times a year, in ¢ years it will grow to an amount A given by 


r\re 
a=p-(a+2)", 
n 


EXAMPLE 7 The Ibsens invest $4000 in an account paying 23%, com- 
pounded quarterly. Find the amount in the account after 25 years. 


The compounding is quarterly—that is, four times per year—so in 
24 years, there are ten }-year periods. We substitute $4000 for P, 22%, or 
0.02625, for r, 4 for n, and 25, or 3, for t and compute A: 


r\net 
a=p-(1+4) 
n 


23% 3 
4000 ->| 1+ es 


( ones J 
= 4000- (1 + ——— 
4 
= 4000(1.0065625)'° —_- Using a calculator 
~ $4270.39. 


The amount in the account after 25 years is $4270.39. 


< Do Exercise 10. 


For ms Help MathXL? [3 eee P 
My! 4 atn Lab” PRACTICE WATCH READ REVIEW 


In an exponential function, the variable is in the exponent. 
The graph of f(x) = 3* goes through the point (1, 0). 


If x and y are interchanged in an equation, the graph of the new equation will be the 


reflection of the graph of the original equation across the y-axis. 


For a given interest rate, if interest is compounded semiannually instead of annually, 


the amount of interest earned will be greater. 
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fa Graph. 


1. f(x) = 2" 


x f(x) 


4. f(x) = 6 


re wwe a DN © OO 


2. f(x) = 3* 


-4-3-2-1 1 
a 


i.) =s" 
yA 


rFPnw we aT DN © Oo 


-4-3-2-1 1 
—1 


y y y 
x f(x) 
9 9 9 
8 0 8 8 
0 7 7 
6 1 6 6 
5 2 5 5 
4 3 4 4 
| 3 3 
2 = 2 2 
1 —2 1 1 
> 3 
~4-3-2-1, 1: 22:3) 14 x ee 123 4 oe tee 123 4 
EE 
5. f(x) = 2*t} 6. f(x) = 2°? Aj =s? 
YA YA y 
9 9 9 
8 8 8 
7 it 7 
6 6 6 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 dl 
rar ae ie > > > 
x Ao ee 123 4 x ee 123 4 x armen | 123 4 x 
9. f(x) = 2*-3 10. f(x) = 2% +1 Ll. f(x) = 5°79 
J: YA y 
9 9 9 
8 8 8 
7 7 ie 
6 6 6 
5. 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
23 4 a SS ey 123 4 x ae 123 4 x 
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3. f(x) =5* 


x 


12. f(x) = 6*-* 


= 


rE w ea DAA Wo 


Se wowere TDN OO 


YA 
9 
8 
7 
6 
5 
4 
3 
2 
1 

ea ee a 123 4 ie 


yA 
x f(x) 
9 
0 8 
7 
1 6 
2 5 
3 4 
3 
2 
—2 1 
—3 -4-3 cee 123 4 
1 x 
16. f(x) = (+) 17. f(x) = 2-1 
y y 
9 9 
8 8 
7 v4 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 
=£=-3 =2'—] 123 4 x -4-3-2-1 123 4 
—] =i: 


ap) 
=F 
st} 
as) 
> 


19. x = 2” 20. x = 6” 
VA J. 
4 4 
3 3 
2 2 
1 1 
> 
ee eee eB Se reaches ce oO Oe 
2 ears 
3 —3 
—4 —4 
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1 


23 4 x 


18. f(x) = 3>-* 


YA 
9 
8 
it 
6 
5 
4 
3 
2 
1 

Se eg 123 4 a 


= 123 45 67 8 9 
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1\" 2\" 
22.x=|-— 23. x = 5% 24.x=|(-— 
3 3 
y VA VA 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
oa > > 
be 123 45 67 8 9 Es a 123 45 67 8 9 x afi 123 45 67 8 9 ¥. 
2. —2 —2 
= 3) —3 —3 
—4 —4 —4 


Graph both equations using the same set of axes. 


25. y= 2% x = 2/ 


as dt 
-12 -10 -8 -6 —4 -2 24681012) x 


fe Solve. 


27. Interest Compounded Annually. Suppose that 
$50,000 is invested at 2% interest, compounded 
annually. 

a) Find a function A for the amount in the account 
after f years. 
b) Complete the following table of function values. 


t A(8) 


20 


c) Graph the function. 


> 
—12-10—-8 —6 —4 -2 2 4 6 8 10 12 fs 


28. Interest Compounded Annually. Suppose that 
$50,000 is invested at 3% interest, compounded 
annually. 


a) Find a function A for the amount in the account 


after ¢ years. 


b) Complete the following table of function values. 


t A(t) 


20 


XK J 


c) Graph the function. 
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29. 


31. 


33. 


35. LCD TVs. 
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Interest Compounded Semiannually. Jesse deposits 
$2000 in an account paying 2.6%, compounded 
semiannually. Find the amount in the account after 

3 years. 


Interest Compounded Quarterly. The Jansens 
invest $4500 in an account paying 3.6%, compounded 
quarterly. Find the amount in the account after 

43 years. 


Alternative Fueling Stations. The total number of 
public electric charging units available for hybrid 
vehicles has increased exponentially since 2008. The 
number of outlets A(f) at these alternative fueling 
stations ¢ years after 2008 can be approximated by 


A(t) = 234(2.43)', 
where t = 0 corresponds to 2008. 
Source: Alternative Fuels Data Center 


a) How many outlets were available in 2009? in 2011? 
in 2012? 
b) Graph the function. 


30. 


32. 


34. 


Interest Compounded Semiannually. Rory deposits 
$3500 in an account paying 3.2%, compounded 
semiannually. Find the amount in the account after 
2 years. 


Interest Compounded Quarterly. The Gemmers 
invest $4000 in an account paying 2.8%, compounded 
quarterly. Find the amount in the account after 

33 years. 


Knee Replacements. Knee replacement in the 
United States for people ages 45-64 has increased 
exponentially since 2000. The number of knee 
replacements K(f) performed t years after 2000 can 
be approximated by 


K(t) = 90,892(1.12)', 
where t = 0 corresponds to 2000. 


Source: Data, Agency for Healthcare Research and Quality, USA 

Today, February 10, 2012 

a) How many knee replacements were performed for 
people ages 45-64 in 2003? in 2007? in 2009? 

b) Graph the function. 


Lower-than-expected demand for LCD 
TVs has spurred manufacturers to cut prices in recent 
years. The average price P of a 32-in. LCD TV ¢ years 
after 2005 can be approximated by 

P(t) = 1317(0.773)', 
where ¢ = 0 corresponds to 2005. 


Source: CNNMoney.com 

a) What was the average price of an LCD TV in 2005? 
in 2009? in 2011? 

b) Graph the function. 


36. Salvage Value. 


Exponential Functions and Logarithmic Functions 


An office machine is purchased for 
$5200. Its value each year is about 80% of the value 
the preceding year. Its value after ft years is given by 
the exponential function 


V(t) = $5200(0.8)'. 
a) Find the value of the machine after 0 year, 1 year, 


2 years, 5 years, and 10 years. 
b) Graph the function. 
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37. Recycling Aluminum Cans. Although Americans 


discard 1500 aluminum cans every second of every 
day, 51.5% of the aluminum is recycled. If a beverage 


company distributes 500,000 cans, the amount of 
aluminum still in use after t years can be made 
into N cans, where 

N(t) = 500,000(0.515)’. 
Source: The Container Recycling Institute 


a) How many cans can be made from the original 
500,000 cans after 1 year? after 3 years? after 
7 years? 

b) Graph the function. 


a va 


aluminium 


cans 
“a 


38. 


Growth of Bacteria. Bladder infections are often 
caused when the bacteria Escherichia coli reach the 
human bladder. Suppose that 3000 of the bacteria 
are present at time f = 0. Then ¢ minutes later, the 
number of bacteria present will be 


N(t) = 3000(2)/?°, 


Source: Hayes, Chris, “Detecting a Human Health Risk: E. coli,” 
Laboratory Medicine v. 29, no. 6, pp. 347-355, June 1998 


a) How many bacteria will be present after 10 min? 
20 min? 30 min? 40 min? 60 min? 
b) Graph the function. 


Ski Maintemance oiiiiiicccccccccccccccceccccscsevsesevecvevecsevevsevevsevevsevevstvevstievavisvavssvavstvevisvevetievetievevevevseveees 


39. Multiply and simplify: x° + x*. [R.7a] 


Simplify. [R.3a] 


41. 9° 42. (3)° 

Divide and simplify. [R.7a] 

Pra a 16, 
S48 gil 


40. 


Simplify: (x~3)*. [R.7b] 


(3) 44, 2.7} 
x -3 
xo 48. x 


UM, cede tata tee stots or beh rete Teac rhcla attend ete ent ees 


49. Simplify: (5Y)?¥?. 
Graph. 
5l. y = 2% + 2% 52, y = |2" — 2| 


Graph both equations using the same set of axes. 
55. y= ae) gag 0) 


53. 


56. 


y= (a) =| 54, y=2” 


y=Vxu=PV 


57. mwa Use a graphing calculator to graph each of the equations in Exercises 51-54. 
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Composite Functions and 


Inverse Functions 


Later in this chapter, we discuss two closely related types of functions: 
exponential functions and logarithmic functions. In order to properly 
understand the link between these functions, we must first understand 
composite functions and inverse functions. 


OBJECTIVES 


a | Find the composition 
of functions and express 
certain functions as a 
composition of functions. 


Db | Find the inverse of a 
relation if it is described as 
a set of ordered pairs or as 
an equation. 


G Given a function, 
determine whether it is 
one-to-one and has an 
inverse that is a function. 


| Find a formula for the 
inverse of a function, if it 
exists, and graph inverse 
relations and functions. 


EE} COMPOSITE FUNCTIONS 


Functions frequently occur in which some quantity depends on a variable 
that, in turn, depends on another variable. For instance, a firm’s profits 
may be a function of the number of items the firm produces, which may 
in turn be a function of the number of employees hired. In this case, the 
firm’s profits may be considered a composite function. 

Let’s consider an example of a profit function. Tea Mug Collective sells 
hand-painted tee shirts. Suppose that the monthly profit p, in dollars, from 
the sale of m shirts is given by p = 15m — 1200, and the number of shirts 
m produced in a month by x employees is given by m = 40x. 

If Tea Mug Collective employs 10 people, then in one month they can 
produce m = 40(10) = 400 shirts. The profit from selling these 400 shirts 
would be p = 15(400) — 1200 = 4800 dollars. Can we find an equation 
that would allow us to calculate the monthly profit on the basis of the num- 


G Det eiamnevnennet a ber of employees? We begin with the profit equation and substitute: 


function is an inverse by 
checking its composition 
with the original function. 


p = 15m — 1200 
= 15(40x) — 1200 _—_ Substituting 40x for m 
= 600x — 1200. 


The equation p = 600x — 1200 gives the monthly profit when Tea Mug 
Collective has x employees. 

To find a composition of functions, we follow the same reasoning 
above using function notation: 


p(m) = 15m — 1200, Profit as a function of the number 
of shirts produced 


m(x) = 40x; Number of shirts as a function of 
the number of employees 


p(m(x)) = p(40x) 
= 15(40x) — 1200 
= 600x — 1200. 


If we call this new function P, then P(x) = 600x — 1200. This gives profit 
as a function of the number of employees. 

We call P the composition of p and m. In general, the composition of f 
and gis written fo g andis read “the composition of f and g,” “f composed 
with g,” or “f circle g.” 

It is not uncommon to use the same variable to represent the input in 
more than one function. 


Throughout this chapter, keep in mind that equations such as 
Tea Mug Collective's Shane m(x) = 40x and m(t) = 40t describe the same function. Both equa- 
Kimberlin, Alaskan artist tions tell us to find a function value by multiplying the input by 40. 
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COMPOSITE FUNCTION 


The composite function f° g, the composition of f and g, is 
defined as 


(feg8)(x) = f(g(x)). 


We can visualize the composition of functions as follows. 


Outputs 
F(g(x)) 


EXAMPLE 1. Given f(x) = 3x and g(x) = 1 + x*: 
a) Find (f° g)(5) and (g°f)(5). 
b) Find (f° g)(x) and (g° f)(x). 
We consider each function separately: 
f(x) = 3x 
and g(x) =1 + x’. 
a) (fog)(5) = f(g(5)) =f + 5°) = f(26) = 3(26) = 78; 
(g°f)(5) = g(f(5)) = g(3 + 5) = g(15) = 1+ 157 = 1+ 225 = 226 
b) (f° 8)(x) = fls(x)) 
= f(l + x) 
= 3(1 2) 
= 3+ 3x" 
(g°f)(x) = a(f(x)) 
= g(3x) Substituting 3x for f(x) 
1+ (3x)? 
= 1+ 9x? 


This function multiplies each input by 3. 
This function adds 1 to the square of each input. 


Substituting 1 + x? for g(x) 


We can check the values in part (a) with the formulas found in part (b): 


(f° g)(x) = 3+ 3x? (gof)(x) = 1+ 9x? 
(feg)(5)=3+3-5? (gof)(5)=1+ 9-5? 


= 3. res: © 25 =1+9-25 
=3+ 75 = 14225 
= 78; = 226. 


Do Exercise 1. D 


&(x) 


Output 


F(g(5)) = f(26) 
A composition machine for Example 1 


1. Given f(x) = x + 5and 
g(x) = x* — 1, find (fe g)(x) 
and (g°f)(x). 


Answer 
1. x? + 45x? + 10x + 24 
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2. Given f(x) = 4x + 5and 
g(x) = Vx, find (fe g)(x) 
(g°f)(x)- 


(fe g)(x) = fls(x)) 


and cs 


3. Find f(x) and g(x) such that 
h(x) = (f° g)(x). Answers 


may vary. 


a) h(x) = Wx? +1 


b) h(x) S (x + 5)! 


Answers 


2. 4Wx +5; Wax +5 
3. (a) f(x) = Wx a(x) = 37 +1; 


(b) f(x) = - g(x) =x+5 


Guided Solution: 
2. x, Wx,5,4x + 5 
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Example 1 shows that (f° g)(5) # (g°f)(5) and, in general, 
(fes)(x) ~ (gef)(x). 
EXAMPLE 2 Given f(x) = Vx and g(x) = x — 1, find (f° g)(x) and 
(g°f)(). 
(fe g)(x) = f(g(x)) = fle — 1) = Vx- 1; 
(ge f)(x) = g(f(x)) = g(Vx) = Vx-1 


<@ Do Exercise 2. 


It is important to be able to recognize how a function can be expressed, 
or “broken down,” as a composition. Such a situation can occur in a study 
of calculus. 


EXAMPLE 3 Find f(x) and g(x) such that h(x) = (fe g)(x): 
h(x) = (7x + 3). 


This is 7x + 3 to the 2nd power. Two functions that can be used for the 
composition are f(x) = x* and g(x) = 7x + 3. We can check by forming 
the composition: 


h(x) = (feg)(x) = f(g(x)) = f(t + 3) = (7x + 3)? 


This is the most “obvious” answer to the question. There can be other less 
obvious answers. For example, if 


f(x) = (x= 1)? and g(x) = 7x +4, 
then 
h(x) = (f° g)(x) = fla(x)) = f(x + 4) = (7 + 4 - 1)? = (7x + 3). 


< Do Exercise 3. 


GR INveRsES 


A set of ordered pairs is called a relation. A function is a special kind of 
relation in which to each first coordinate there corresponds one and only 
one second coordinate. 

Consider the relation h given as follows: 


h = {(—7,4), (3, -1), (—6, 5), (0, 2)}. 


Suppose we interchange the first and second coordinates. The relation we 
obtain is called the inverse of the relation h and is given as follows: 


Inverse of h = {(4, —7), (—1,3), (5, —6), (2, 0)}. 


INVERSE RELATION (ORDERED PAIRS) 


Interchanging the coordinates of the ordered pairs in a relation 
produces the inverse relation. 


Exponential Functions and Logarithmic Functions 


EXAMPLE 4 Consider the relation g given by 


g= 12.4) (-1,3)4-2,0)}. 
In the following figure, the relation g is shown in red. The inverse of the 
relation is 


{(4,2), (3, -1), (0, —2)} 


and is shown in blue. 


5 
Relation g 7 (2, 4). ie 


(1,3) 7 2) 


(-3, 0) nea } 


Od =o oe 123 4 5 
e 
7 
4 (3,-1) 


7 
Op 2, 
7% —3 ( ) 
7 
Zz 
7 


Inverse of g 


eV 


Do Exercise 4. D> 


INVERSE RELATION (EQUATION) 


If a relation is defined by an equation, interchanging the variables 
produces an equation of the inverse relation. 


EXAMPLE 5 Find an equation of the inverse of y = 3x — 4. Then graph 
both the relation and its inverse. 


We interchange x and y and obtain an equation of the inverse: 
x= 3y —- 4. 


Relation: y = 3x — 4. —» Inverse: x = 3y — 4 


5B x y 
0 —4 0 
1 —1 1 
2 2 2 
3 5 3 


Do Exercise 5. D> 


Note in Example 5 that the relation y = 3x — 4 is a function and its 
inverse relation x = 3y — 4 is also a function. Each graph passes the vertical- 
line test. (See Section 2.2.) 


4. Consider the relation g 
given by 
g = {(2,5),(—1,4), (-2,1)}. 
The graph of the relation is 
shown below in red. Find the 
inverse and drawits graph. 


oh 


Find an equation of the inverse 
relation. Then complete 


the table and graph both 
the original relation and its 
inverse. 
Relation: 
x yy, 
y=6- 2x 
0 6 
2 2 
3 0 
5 —4 
Inverse: es y 
0 
2 
3 
5 
yA y=x 
: 7” 
7 
5 7 
4 P steaes 
3 4 
Ze 
4 
arse ie2sts ey 
4-2 
03.33 
7 
y =4 
et =5 
4 <6 
A 
Answer 


4. Inverse of g = {(5,2), (4, —1), (1, —2)} 


Answer to Margin Exercise 5 is on p. 682. 
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6. Find an equation of the inverse 
relation. Then complete the 
table and graph both the 
original relation and its inverse. 
Relation: 


- V 
youx—4x+ 7 


rwoONOrHF CO & 
N PW BPN 


Inverse: 
Vr yar 
a lndat a 
sean eece 
ree oe : 
feed rot 
CAZ 
=o) 1.2.3.4.5.6 Ff 
H gh 4 
Cs 
wt “=5 
t <6 
zB. 
Answers 
5. Inverse: 
x=6- 2y 


alwlnio|l< 


x=y-4y+7 


0 


1 


—6 4 2 74 2: 41: 6 
x 


x 
7 
4 
3 
4 


2 
ee 
Ye Sy? —4y +7 3 
v 
ue +6 7 4 


EXAMPLE6 Find an equation of the inverse of y = 6x — x”. Then graph 
both the original relation and its inverse. 


We interchange x and y and obtain an equation of the inverse: 


x = 6y — ae 
Relation: y = 6x — x7 —» Inverse: x = 6y — y? 
x 
=] 
0 
1 
3 
5 


Note in Example 6 that the relation y = 6x — x” is a function because 
it passes the vertical-line test. However, its inverse relation x = 6y — y’ is 
not a function because its graph fails the vertical-line test. Therefore, the 
inverse of a function is not always a function. 


< Do Exercise 6. 


Ee) INVERSES AND ONE-TO-ONE FUNCTIONS 


Let’s consider the following two functions. 


(Domain) (Range) PLATFORM MANUFACTURER 
(Domain) (Range) 
—3 ——> -27 
2s -8 Xbox ———> Microsoft 
=) — Ss 7 DS 
0o—> 0 Wii — Nintendo 
iT se j PlayStation 
2 > 8 Vita —_______5 Sony 
3——— 27 : 


Suppose we reverse the arrows. Are these inverse relations functions? 


CUBE ROOT NUMBER 
(Range) (Domain) 


VIDEO GAME 

PLATFORM MANUFACTURER 
Range Domain 

- a (Range) ( ) 

= 2. <= 8 

== 1 


Xbox ——————_ Microsoft 


DS 

Wii aa Nintendo 
PlayStation 

Vita — Sony 


0 <—___ 0 
| <———_ 1 
2 =< 8 
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We see that the inverse of the cubing function is a function. The in- 
verse of the game platform function is not a function, however, because, 
for example, the input Nintendo has two outputs, DS and Wii. Recall that 
for a function, each input has exactly one output. However, it can happen 
that the same output comes from two or more different inputs. If this is the 
case, the inverse cannot be a function. When this possibility is excluded, 
the inverse is also a function. 

In the cubing function, different inputs have different outputs. Thus its 
inverse is also a function. The cubing function is what is called a one-to- 
one function. 


ONE-TO-ONE FUNCTION AND INVERSES 


A function f is one-to-one if different inputs have different 
outputs—that is, 


if aA b, then f(a) ~ f(b). Or, 


A function f is one-to-one if when the outputs are the same, the 
inputs are the same—that is, 


if f(a) =f(b), then a=b. 


If a function is one-to-one, then its inverse is a function. 


How can we tell graphically whether a function is one-to-one and thus 
has an inverse that is a function? 


EXAMPLE 7 The graph ofthe exponential function f(x) = 2*, or y = 2", 
is shown on the left below. The graph of the inverse x = 2” is shown on the 
right. How can we tell by examining only the graph on the left whether it 
has an inverse that is a function? 


epee aoe aay 123 4 x 


We see that the graph on the right passes the vertical-line test, so we 
know that it is the graph of a function. However, if we look only at the graph 
on the left, we think as follows: 

A function is one-to-one if different inputs have different outputs. 
That is, no two x-values will have the same y-value. For this function, no 
horizontal line can be drawn that will cross the graph more than once. The 
function is thus one-to-one and its inverse is a function. 3] 


THE HORIZONTAL-LINE TEST 


If it is possible for a horizontal line to intersect the graph of a function 
more than once, then the function is not one-to-one and therefore its 
inverse is not a function. 
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Determine whether the function is A graph is that of a function if no vertical line crosses the graph more 
one-to-one and thus has an inverse than once. A function has an inverse that is also a function if no horizontal 
that is also a function. line crosses the graph more than once. 
7 f(x) =4-x 

EXAMPLE 8 Determine whether the function f(x) = x? is one-to-one 
and has an inverse that is also a function. 

The graph of f(x) = x’, or y = x”, is shown on the left below. There 
are many horizontal lines that cross the graph more than once, so this 
function is not one-to-one and does not have an inverse that is a function. 


y 
& : f(x) =x, 
7 or 
6 ax 
5 
3 ae 
2 
a 
> 
ee men 123 4 x 
9. f(x) = 4 
(Sketch this graph yourself.) 
y The inverse of the function y = x” is the relation x = y”. The graph of 
‘ x = y’is shown on the right above. It fails the vertical-line test and is not a 
2 function. 


—5—4—-3-2-1 12345 


ie <@ Do Exercises 7-10. 


ds INVERSE FORMULAS AND GRAPHS 


If the inverse of a function f is also a function, it is named ti (read 
y “f-inverse’”). 


10. f(x) = |x| - 3 
(Sketch this graph yourself.) 


dpedugaa se DPR HS DabednNe de ba sMeeMhA Rae AMEE Caution! ich Besipidioloibidee ls dtiale siciacd odibidloaiale d epada aes eaten 


w$r473227]) 123 45 x 


The —1in f !is notan exponent and f | does not represent a reciprocal! 


Suppose that a function is described by a formula. If it has an inverse 
that is a function, how do we find a formula for the inverse function? If for 
any equation with two variables such as x and y we interchange the vari- 
ables, we obtain an equation of the inverse relation. We proceed as follows 
to find a formula for f"'. 


Ifa function f is one-to-one, a formula for its inverse f-' can be 
found as follows: 


—_ 


. Replace f(x) with y. 

2. Interchange x and y. (This gives the inverse relation.) 
3. Solve for y. 

4. Replace y with f'(x). 


Answers 
7. Yes 8. No 9. Yes 10. No 
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EXAMPLE 9 Given f(x) =x +1: 

a) Determine whether the function is one-to-one. 
b) Ifit is one-to-one, find a formula for f'(x). 

c) Graph the inverse function, if it exists. 


a) The graph of f(x) = x + 1 is shown below. It passes the horizontal-line 
test, so it is one-to-one. Thus its inverse is a function. 


This gives the 


inverse relation. 


b) 1. Replace f(x) with y: y=xt. 
2. Interchange x and y: x=ytl. 
3. Solve for y: x-l=y. 


4. Replace y with f-'(x): f(x) =x—- 1. 


c) We graph f '(x) = x — 1,ory = x — 1. The graph is shown below. 


-5-4-3-2-1 x 


f@)=x-1 


EXAMPLE 10 Given f(x) = 2x — 3: 

a) Determine whether the function is one-to-one. 
b) Ifit is one-to-one, find a formula for f~'(x). 

c) Graph the inverse function, if it exists. 


SECTION 8.2 


Graphing an Inverse 
Function The DRAWINV opera- 
tion can be used to graph a func 
tion and its inverse on the same 
screen. A formula for the inverse 
function need not be found in 
order to do this. The graphing cal- 
culator must be set in FUNC mode 
when this operation is used. 

To graph f(x) = 2x — 3 and 
f (x) using the same set of axes, 
we first clear any existing equations 
on the equation-editor screen and 
then enter y; = 2x — 3.We 
graph the function and then use 
the DRAWINV operation to graph 
its inverse. The graphs are shown 
here in a squared window. 


Drawlnv Y1 


—9fiiui14 Ariiiiiig9 


—6 


EXERCISES: Use the DRAWINV 
operation on a graphing calculator 
to graph each function with its 
inverse on the same screen. 


1. = 5 

2 

@ . 3x 
x7 +2 


x? - 3 
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Given each function: 


a) Determine whether it is 


one-to-one. 


b) Ifitis one-to-one, finda 
formula for the inverse. 


c) Graph the inverse function, 


if it exists. 


ll. f(x) =3-x 


Answers 
11. (a) Yes; (b) f-'(x) = 3 — x; 


fU@) =3-x 
12. (a) Yes; (b) g 1(x) = ; 
(c) 


¥+2 


gas] 


a) The graph of f(x) = 2x — 3 is shown below. It passes the horizontal- 
line test and is one-to-one. 


-5 -4-3-2-1 x 


b) 1. Replace f(x) with y: y = 2x — 3. 
2. Interchange x and y: x= 2y- 3. 
3. Solve for y: 3 = 2y 
3 — 
2 e 
to 
4. Replace y with f-'(x): f-'(x) = = 5 
c) We graph 
eS 
P@s TF oa 
2 
ieee 
.— a ES 


< Do Exercises 11 and 12. 


Let’s consider inverses of functions in terms of a function machine. 
Suppose that a one-to-one function f is programmed into a machine. Ifthe 
machine is run in reverse, it will perform the inverse function f '. Inputs 
then enter at the opposite end, and the entire process is reversed. 


Ra, fa) 


~<_) Outputs 
Seas a 


x 
“> Inputs 
<a 


Inputs 


fx) 
Outputs 


y 
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Consider f(x) = 2x — 3 and f'(x) = (x + 3)/2 from Example 10. 
For the input 5, 


f(5) =2-5-3=10-3=7. 
The output is 7. Now we use 7 for the input in the inverse: 


7+3 10 
2 2 


ie 3 ae = 5. 
The function f takes 5 to 7. The inverse function f ’ takes the number 7 
back to 5. 


f 
ee 


5 7 


Wee ee 
me 


How do the graphs of a function and its inverse compare? 


EXAMPLE 11 Graph f(x) = 2x — 3and f‘(x) = (x + 3)/2 using the 
same set of axes. Then compare. 

The graph of each function follows. Note that the graph of f ' can be 
drawn by reflecting the graph of f across the line y = x. Thatis, ifwe graph 
f(x) = 2x — 3in wetink and fold the paper along the line y = x, the graph 
of f-'(x) = (x + 3)/2 will appear as the impression made by f. 


13. Graph g(x) = 3x — 2and 
g \(x) = (x + 2)/3 using the 
same set of axes. 


When x and y are interchanged to find a formula for the inverse, we 
are, in effect, flipping the graph of f(x) = 2x — 3 over the line y = x. For 
example, when the coordinates of the y-intercept of the graph of f, (0, —3), 
are reversed, we get the x-intercept of the graph of f~', (—3, 0). 


The graph of f | is a reflection of the graph of f across the line y = x. 


Do Exercise 13. D> 
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EXAMPLE 12 Consider g(x) = x* + 2. 


a) Determine whether the function is one-to-one. 
b) Ifit is one-to-one, find a formula for its inverse. 
c) Graph the inverse, if it exists. 


a) The graph of g(x) = x? + 2 
is shown at right in red. It 
passes the horizontal-line test 
and thus is one-to-one. 


14. Given f(x) = x* + 1: 
a) Determine whether the 
function is one-to-one. 


b) 1. Replace g(x) with y: = x3 + 2, 
b) Ifitis one-to-one, finda ) p a(x) y y P 
formula forits inverse. 2. Interchange x and y: x=y? +2, 
c) Graph the function and its 3. Solve for y: Lo = 3" 
inverse using the same set Wx —2= j. Since a number has only one 
of axes. cube root, we can solve for y. 
y 4. Replace ywithg (x): g(x) = Vx — 2. 
4 c) To find the graph, we reflect the graph of g(x) = x? + 2 across the line 


y = x, as we did in Example 11. It can also be found by substituting into 
g \(x) = Wx — 2 and plotting points. 


<@ Do Exercise 14. 


We can now see why we exclude 1 as y 
a base for an exponential function. 
Consider 


f(x) =a=Y=1. f@=P=1 
> 


The graph of f is the horizontal line 
y = 1. The graph is not one-to-one. 
The function does not have an inverse 
that is a function. All other positive 
bases yield exponential functions that are one-to-one. 

If a function f is one-to-one, then the domain of f is the range of f', 
and the range of f is the domain of f"!. 


Answer DOMAIN AND RANGE OF INVERSE FUNCTIONS 


14. (a) Yes; (b) f1(x) = Wx - 1; 
(c) 


x 


The domain of a one-to-one function f is the range of the inverse f ’. 
The range of a one-to-one function f is the domain of the inverse f ?. 


fd) =x9 +1 
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re | INVERSE FUNCTIONS AND COMPOSITION 


Suppose that we used some input x for the function f and found its output, 
f(x). The function f~' would then take that output back to x. Similarly, if 
we began with an input x for the function f~' and found its output, f-'(x), 
the original function f would then take that output back to x. 


Ifa function f is one-to-one, then f‘ is the unique function for which 


(feof )(x) =x and (feof ™)(x) = x. 


15. Let f(x) = 2x — 4. 
Use composition to show that 


EXAMPLE 13 Let f(x) = 2x — 3. Use composition to show that Pipe 3x + 12 
a x+3 a 
f(x) = a (See Example 10.) 
We find (f ' ° f)(x) and (f° f~')(x) and check to see that each is x. Answer 
= = = s 15. (f' °f)(x) =f (f(x) = f(x — 4) 
(ff )(x) =f" G(x) (fof )(x) = fF "(x)) _ 3x4) +12 
= f (2x — 3) _ (: + ;) aan Ve 
_ (2x — 3) q5'8 2 -aet 
7 + xy. 
2 =2-57 5-3 = Fax 
== es ery =) = (=) 
7 2 _ 2 ° = (25) -4 
=X; =x 3\ 2 


_ 6x + 24 © 


Do Exercise 15. D> 


=x+4-4=x 


For Extra Help MathXL° i. —— 
MyMath Lab” PRACTICE WATCH san REVIEW 


[(V{ Reading Check 


Choose from the column on the right the word that best completes each statement. 
Words may be used more than once or not at all. 


RC1. Any set of ordered pairs is a(n) ; composition 
RC2. The relation {(3, 6), (0, —1), (2,5)} is the of pean 
{(6,3), (—1,0), (5, 2)}. unction 
horizontal 
RC3. Ifthe graph ofa function passes the -line test, the inverse 
ae : one-to-one 
of the function is also a function. . 
relation 
RC4. A function whose inverse is also a function is called a(n) vertical 
function. 
RC5. The function g(x) = x — 10isthe of f(x) = x + 10. 
RC6. The function g(x) = (x — 1)?isthe of the functions given by 


f(x) = x? and h(x) = x - 1. 
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ER rina (fe g)(x) and (ge f)(x). 


1. f(x) = 2x — 3, 2. f(x) = 9 — Gx, 3. f(x) = 3x? + 2, 4, f(x) = 4x + 3, 
g(x) = 6 — 4x g(x) = 0.37x + 4 g(x) = 2x-1 Wa) 29 = 5 
8. f(x) = 4x? — 1, 6. f(x) =, 7. fix) = x2 + 5, 8. f(x) = 
2 7 2 As) =a 5 x 
g(x) = 7 B(x) = 2x" + 3 a(x) =x-— 1 


Find f(x) and g(x) such that h(x) = (fe g)(x). Answers may vary. 


9. h(x) = (5 — 3x)? 10. h(x) = 4(3x — 1)? + 9 Ll. h(x) = V5x + 2 12, hle)= (39° = 7) 
13. h(x) = — + 14. h(x) = : +4 15. h(x) = x3 16. h(x) = Vx -7-3 
17. h(x) = (Vx + 5)! 18. h(x) = x : 


iB) Find the inverse of each relation. Graph the original relation in red and then graph the inverse relation in blue. 


19. {(1,2), (6, -3), (—3, —5)} 20. {(3, -1), (5,2), (5, —3), (2, 0)} 
y y 
5 5 
4 4 
3 3 
2 2 
1 1 
574737271) 123 45 x 7574737271) 123 45 hd 
=) -2 
=3 =3 
L4 —4 
=5 —5 
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Find an equation of the inverse of the relation. Then complete the second table and graph both the original relation and 
its inverse. 


21. y= 2x + 6 22. y= 5x7 - 8 
x y x Wy 
=] 4 4 
0 6 6 
1 8 8 
2 10 10 
3 12 12 
y 
12 
10 
8 
6 
4 
2 
eee Ot okie ea ie eee 12-10-8-6-4-2 ,| 2 4 6 8 O12 x 
—4 —4 
—6 —6 
~8 —8 
-10 —10 
-12 =12 


a Determine whether each function is one-to-one. 


23. f(x) =x-5 24. f(x) = 3 — 6x 25. f(x) =x? - 2 26. f(x) = 4— x’ 


27. f(x) = |x| —3 28. f(x) = |x — 2| 29. f(x) = 3° 30. f(x) = (4)* 


| Determine whether each function is one-to-one. If it is, find a formula for its inverse. 


31. f(x) = 5x —2 32. f(x) = 4 + 7x 33. f(x) = = 34. f(x) = ; 

35. f(x) = 4x+7 36. f(x) = —ix +2 37. f(x) = e - A 38. f(x) = — 
39. f(x) =5 40. f(x) = -2 Al. f(x) = = — ; 42. f(x) = 7 : ; 
43. f(x) =x°-1 44, f(x) =x +5 45. f(x) = Wx 46. f(x) = Wx—4 


SECTION 8.2 Composite Functions and Inverse Functions : 691 


Graph each function and its inverse using the same set of axes. 
47. f(x) = 4x —- 3, 48. g(x) =x+4, 
Fe) = —___.. e) = -—___. 


VA VA 

5 £5 

4 4 

Qilitianthacteiieenee sedi botavl econ t icin 3 

sisnieiabentie 2|.- 2 

: oe 1 
- > - - - > 
:524-3-2-1,/.1.2.3.4 5 5 x ~5-4-3-2-1)|.1.2 3.4 5 5% 

ig a2 

Lgl. 4 

L5 iB 


VA VA 

os 5 

tay. 1) Pe 4 

rey be 3 

2 2 
ee Ul ee 1 

~574—-3—2-1) 123.4 5 :% wor4csr271) L233 4 5.2 x 
: is H mu : a5 : 

13 —3 

L4 —4 

L5 |}. 5 
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re | For each function, use composition to show that the inverse is correct. 


BL. f(x) = 4x, 52. f(x) = x — 3, 53. f(x) == ; A 
re = 4X mes =x+3 fe) =? —7 
3 1 =x 
54, f(x) = poh 55. f(x) = a 56. f(x) = x° — 5, 
f= Vets 
i _ 4x +4 = _ 
f(x) = 3 a) eran 


Find the inverse of the given function by thinking about the operations of the function and then reversing, or undoing, 
them. Then use composition to show whether the inverse is correct. 


Function Inverse Function Inverse 
57. f(x) = 3x f(x) = 58. f(x) =4x+7 Pas 
59. f(x) = —x f(x) = 60. f(x) = Vx —5 (0 = ___, 
61. f(x) = Wx —5 f(x) = 62. f(x) =x! f (x) = 
63. Dress Sizes in the United States and France. Asize-6 64. Dress Sizes in the United States and Italy. Asize-6 


dress in the United States is size 38 in France. A function 

that converts dress sizes in the United States to those 

in France is 
f(x) = x + 32. 

a) Find the dress sizes in France that correspond to 
sizes of 8, 10, 14, and 18 in the United States. 

b) Determine whether this function has an inverse 
that is a function. If so, find a formula for the 
inverse. 

c) Use the inverse function to find dress sizes in the 
United States that correspond to sizes of 40, 42, 46, 
and 50 in France. 


dress in the United States is size 36 in Italy. A function 

that converts dress sizes in the United States to those 

in Italy is 
f(x) = 2(« + 12). 

a) Find the dress sizes in Italy that correspond to 
sizes of 8, 10, 14, and 18 in the United States. 

b) Determine whether this function has an inverse 
that is a function. If so, find a formula for the 
inverse. 

c) Use the inverse function to find dress sizes in the 
United States that correspond to sizes of 40, 44, 52, 
and 60 in Italy. 
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Seid I URVCS VAIN cesses sens ccan chi oecs ocean cd ccdecea i oedindacbedhex edie dendebidaiSerieesdelnclalileccveclindsDbeinnssoAuclee ee 


Use rational exponents to simplify. [6.2d] 


65. W/a2 66. ¥/81 67. V64x°y° 68. W/81a°b? 


Simplify. 

69. i” [6.8d] 70. (125x3y~*z°) 2/3 [6.2¢] 71. V2400 [6.3a] 

Multiply. 

Ze Ia =—7) (2b 73. (2y= 5)? [42¢] 74. (7a + (ia = c)° [A2d] 
VIDEOS US isos catsirsereshdesoasiteiced inatencateccdunaiteeeichttuta Sbnlbecoulshwecteben oleieda santibesed cane mtinigetaae tcealod cies sree a 


fasa In Exercises 75-78, use a graphing calculator to help determine whether or not the given functions are inverses of 
each other. 


75. f(x) = 0.75x? + 2; g(x) = fe 76. f(x) = 14x* + 3.2; g(x) = | — 


77. f(x) = V2.5x + 9.25; g(x) = 0.4x” — 3.7,x = 0 78. f(x) = 0.8x1/? + 5.23; g(x) = 1.25(x? — 5.23),x = 0 
79. lmsa Usea graphing calculator to help match each function in Column A with its inverse from Column B. 
Column A Column B 
3. 
=U) 
(1) y = 5x° + 10 A y= 8 
(2) y = (5x + 10)9 B. y= | - — 10 
x — 10 
(3) y = 5(x + 10)9 G y= a : 
Wx — 10 
(4) y = (5x)? + 10 D. y= 


In Exercises 80 and 81, graph the inverse of /f. 
80. y 81. y 


> = 
x x 
82. Examine the following table. Does it appear that f and 83. Assume in Exercise 82 that f and g are both linear 
g could be inverses of each other? Why or why not? functions. Find equations for f(x) and g(x). Are f 
and g inverses of each other? 
x f(x) a(x) 
6 6 6 
7 6.5 8 
8 wh 10 
9 7.5 12 
10 8 14 
11 8.5 16 
12 9 18 
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Logarithmic Functions 


We are nowready to study inverses of exponential functions. These functions 
have many applications and are referred to as logarithm, or logarithmic, 
functions. 


BE GRAPHING LOGARITHMIC FUNCTIONS 


Consider the exponential function f(x) = 2*. Like all exponential func- 
tions, f is one-to-one. Can a formula for f ! be found? To answer this, we 
use the method of Section 8.2: 


1. Replace f(x) with y: y= 2%. 

2. Interchange x and y: x = 2", 

3. Solve for y: y = the power to which we raise 2 to 
get x. 


5. Replace y with f-'(x): f'(x) = the power to which we raise 2 to 
get x. 


We now define a new symbol to replace the words “the power to which 
we raise 2 to get x.” 


MEANING OF LOGARITHMS 


log, x, read “the logarithm, base 2, of x,” or “log, base 2, of x,” means 
“the power to which we raise 2 to get x.” 


<= 
> 


ow eka AN OC O 


f~"(@) = log, x 
> 


2 3 4 5 6 “7 8 9 ¢ x 


Thusif f(x) = 2*, then f-'(x) = log, x. Note that f-1(8) = log,8 = 3, 
because 3 is the power to which we raise 2 to get 8; that is, 2 = 8. 

Although expressions like log, 13 can be only approximated, remem- 
bet that log, 13 represents the power to which we raise 2 to get 13. That is, 
2's 13 = 13. 


Do Exercise 1. > 


OBJECTIVES 


a | Graph logarithmic functions. 


| Convert from exponential 
equations to logarithmic 
equations and from logarith- 
mic equations to exponen- 
tial equations. 


Solve logarithmic equations. 


Find common logarithms on 
a calculator. 


1. Write the meaning of log, 64. 
Then find log, 64. 


Answer 


1. log, 64 is the power to which we raise 2 to 
get 64; 6 
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For any exponential function f(x) = a‘, the inverse is called a loga- 
rithmic function, base a. The graph of the inverse can, of course, be drawn 
by reflecting the graph of f(x) = a” across the line y = x. It will be help- 
ful to remember that the inverse of f(x) = a* is given by f '(x) = log,x. 
Normally, we use a number a that is greater than 1 for the logarithm base. 


 |[ Ff" @=s.» 
y=log,x,a>1 


LOGARITHMS 


The inverse of f(x) = ais given by 
f(x) = logax. 


We read “log, x” as “the logarithm, base a, of x.” We define y = log, x 
as that number y such that a’ = x, where x > 0 and ais a positive 
constant other than 1. 


It is helpful in dealing with logarithmic functions to remember that 
the logarithm of a number is an exponent. For instance, log, x is the expo- 
nent yin x = @’. Keep thinking, “The logarithm, base a, of anumber x is 
the power to which a must be raised in order to get x.” 


EXPONENTIAL FUNCTION LOGARITHMIC FUNCTION 


f(x) = a* f(x) = logax 
a>0,a#l1 a>0a#l 


Domain = The set of real numbers Range = The set of real numbers 
Range = The set of positive numbers | Domain = The set of positive numbers 


Why do we exclude 1 from being a logarithm base? See the graph below. 
If we allow 1 as a logarithm base, the graph of the relation y = log, x, or 
x = P = 1, isa vertical line, which is not a function and therefore not a 
logarithmic function. 


VA 
y = log, x, 
or 
x= 1 Nota 
function 
7 
-2 --1 2 x 
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EXAMPLE 1 


Graph: y = f(x) = log; x. 


The equation y = log, x is equivalent to 5” = x. We can find ordered 
pairs that are solutions by choosing values for y and computing the cor- 
responding x-values. 


tory Gc 5 = 1. 
1 x, or 5” y 
For y= Lx%=— 5° = 5. 
Fory = 2x2= 5" = 25. 7 0 
For y = 3,x = 5° = 125. 2 : 
1 25 2 
Fory = <-1x«=5'=— 125 3 
5 i 24 
1 : 
Fory = -2,x= 57 =— 35 es 
25 


The table shows the following: 


+77) Select y. 


2 tex. 
geal St; (2) Compute x. 
log,5 = 1; 
logs25 = 2; These can all be checked 
log, 125 = 3; using the equations above. 
logss = —]; 
logss5 = —2. 
We plot the ordered pairs and con- 
nect them with a smooth curve. y=x 71 
The graph of y = 5* has been oo 
shown only for reference. wa 
y=log;x 


71 a 
ae ce eae 123 4 5 6 7 8 a 
Oe 
Ve ie 
wt =3 
7 
Zz —4 


Do Exercise 2. D> 


|b CONVERTING BETWEEN EXPONENTIAL 
EQUATIONS AND LOGARITHMIC EQUATIONS 


We use the definition of logarithms to convert from exponential equations 
to logarithmic equations. 


CONVERTING BETWEEN EXPONENTIAL EQUATIONS 
AND LOGARITHMIC EQUATIONS 


y = logax—® a” = x; 


a’ = x—» y = log,x 


Be sure to memorize this relationship! It is probably the most 
important definition in the chapter. Often this definition will be a 
justification for a proof or a procedure that we are considering. 


SECTION 8.3 


2. Graph: y = f(x) = log;x. 


Answer 


y =f(x) = log,x 


Logarithmic Functions 
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Convert to a logarithmic equation. 
3. 6 = 


4. 10° = 0.001 
5. 16°?9 = 2 


6. m' = P 


Convert to an exponential 
equation. 


7. log,32 = 5 


8. log,) 1000 = 3 


9. log,Q = 7 
10. log, M = x 
Solve. 


11. logipx = 4 
OQ = x 
=x 


12. log,81 = 4 


13. logysx = —2 


Answers 


3. 0 = log,l 4. —3 = log,)0.001 

5. 0.25 = logig2 6. T = log,,P 

7. 2 = 32 8. 10°=1000 9. a’ =Q0 
1 


10. t*=M 11. 10,000 12.3 13. rn 


Guided Solution: 
11. 4, 10,000 


EXAMPLES Convert to a logarithmic equation. 


V V | 


2.8 = 2 —» x= log,8 The exponent is the logarithm. 


‘ i The base remains the same. 
3B y' =4—»-1= log, 4 
4, a® = c—»b = log,c 


< Do Exercises 3-6. 


We also use the definition of logarithms to convert from logarithmic 
equations to exponential equations. 


EXAMPLES Convert to an exponential equation. 


V y 


5. y = log35 —» 3”%=5 The logarithm isthe exponent. 


i 4 The base does not change. 


6. —2 = log, 7 —ea’=7 
7. a = log,d —» b* =d 


< Do Exercises 7-10. 


re SOLVING CERTAIN LOGARITHMIC EQUATIONS 


Certain equations involving logarithms can be solved by first converting 
to exponential equations. We will solve more complicated equations later. 


EXAMPLE 8 Solve: log,x = —3. 


log,x = —3 
= % Converting to an exponential equation 
1 — 
33 = X 
1 
Sy 
8 


Check: log, 3 is the exponent to which we raise 2 to get 5. Since 2° = }, we 
know that } checks and is the solution. e 


EXAMPLE 9 Solve: log,16 = 2. 


log, 16 = 2 
x = 16 Converting to an exponential equation 
x=4 or x=-4 Using the principle of square roots 


Check: log,16 = 2 because 4* = 16. Thus, 4 is a solution. Since all loga- 
rithm bases must be positive, log_, 16 is not defined. Therefore, —4 is nota 
solution. 


< Do Exercises 11-13. 
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To think of finding logarithms as solving equations may help in some 
cases. 


EXAMPLE 10 Find log,, 1000. 
Method 1: Letlog;) 1000 = x. Then 


10* = 1000 Converting to an exponential equation 
10* = 10° 
x= 3. The exponents are the same. 


Therefore, log,, 1000 = 3. 

Method 2: Think ofthe meaning of log), 1000. It is the exponent to which 
we raise 10 to get 1000. That exponent is 3. Therefore, log;, 1000 = 3. 0 
EXAMPLE 11 Find log,, 0.01. 

Method 1: Letlog,,0.01 = x. Then 


10* = 0.01 Converting to an exponential equation 
1 
10* = -— 
100 
10* = 10° 
x= —2, The exponents are the same. 


Therefore, log,,0.01 = —2. 


Method 2: log), 0.01 is the exponent to which we raise 10 to get 0.01. Noting 
that 


1 1 e 
0.01 = — =—,=10%, 
100 10 
we see that the exponent is —2. Therefore, log,)0.01 = —2. a) 


EXAMPLE 12 Find log, 1. 
Method 1: Letlog,1 = x. Then 


5 =1 Converting to an exponential equation 
5% — 5° 
x ="0; The exponents are the same. 


Therefore, log, 1 = 0. 


Method 2: log, 1 is the exponent to which we raise 5 to get 1. That expo- 
nent is 0. Therefore, log, 1 = 0. 


Do Exercises 14-16. D> 


THE LOGARITHM OF 1 


For any base a, 


log, 1 = 0. 


The logarithm, base a, of 1 is always 0. 


Find each of the following. 


cs) 14. logy) 10,000 


Let log}, 10,000 = x. 


* = 10,000 
10° = : 
BG — 


15. log; 0.0001 


16. log; 1 


Answers 
14.4 15. —-4 16.0 


Guided Solution: 
14. 10, 10,4 
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Simplify. 
17. log31 18. log;3 
19. log.c 20. log, 1 


Find the common logarithm, to 
four decimal places, on a scientific 


calculator or a graphing calculator. 


21. log 78,235.4 
22. log 0.0000309 
23. log (—3) 


24. Find 
log 1000 and _ log 10,000 


without using a calculator. 
Between what two whole 
numbers is log 9874? Then 
ona calculator, approximate 
log 9874, rounded to four 
decimal places. 


Answers 


17.0 181 19.1 20.0 21. 4.8934 
22. —4.5100 23. Does not exist as a real 
number 24. log 1000 = 3, log 10,000 = 4; 
between 3 and 4; 3.9945 


The proof follows from the fact that a° = 1. This is equivalent to the 
logarithmic equation log, 1 = 0. 

Another property follows similarly. We know that a’ = a for any real 
number a. In particular, it holds for any positive number a. This is equiva- 
lent to the logarithmic equation log, a = 1. 


THE LOGARITHM, BASE a, OF a 


For any base a, 


log,a = 1. 


EXAMPLE 13 Simplify: log,, 1 and log, t. 
log, 1 = 0; log,;t = 1 


< Do Exercises 17-20. 


dd FINDING COMMON LOGARITHMS 
ON A CALCULATOR 


Base-10 logarithms are called common logarithms. Before calculators be- 
came so widely available, common logarithms were used extensively to do 
complicated calculations. The abbreviation log, with no base written, is 
used for the common logarithm, base-10. Thus, 


Be sure to memorize 
log29 means log) 29. loga = ‘logs 


We can approximate log 29. Note the following: 


log 100 = log;) 100 = 2; 
log 29 = 2; It seems reasonable to conclude 
that log 29 is between 1 and 2. 


log 10 = logi9 10 


The calculator key for common logarithms is generally marked Gy. 
We find that 


log 29 ~ 1.462397998 ~ 1.4624, 


rounded to four decimal places. This also tells us that 10'*°*" ~ 29. 
On some scientific calculators, the keystrokes for doing such a calcula- 
tion might be 


CVUGE!. 


If we are using a graphing calculator, the keystrokes might be 
GW GB. siThedisplaywouldthenread 1.462397998. 


EXAMPLES Find the common logarithm, to four decimal places, ona 
scientific calculator or a graphing calculator. 


The display would thenread 1.462398. 


Function Value Readout Rounded 
14. log 287,523 5.458672591 5.4587 
15. log 0.000486 —3.313363731 —3.3134 


NONREAL ANS Does not exist 


as a real number 


16. log (—5) 
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In Example 16, log (—5) does not exist as a real number because there 
is no real-number power to which we can raise 10 to get —5. The number 10 
raised to any power is nonnegative. The logarithm of a negative number does 
not exist as a real number (though it can be defined as a complex number). 


Do Exercises 21-24 on the preceding page. D> 
We can use common logarithms to express any positive number as a 
power of 10. Considering very large or very small numbers as powers of 10 


might be a helpful way to compare those numbers. 


EXAMPLE 17 Complete the following table to express each number in 25. Complete the following table 


the first column as a power of 10. Round each exponent to the nearest ten- to express each number in the 
thousandth. first column as a power of 10. 
We simply find the common logarithm of the number using a calculator. Round each exponent to the 


nearest ten-thousandth. 


4 4 ~ 109-5021 AS A POWER 
625 625 ~ 102-7959 OF 10 
134,567 134,567 ~ 10°28 8 
0.00567 0.00567 ~ 10 77464 947 
0.000374859 0.000374859 ~ 10 °°4261 634,567 
186,000 186,000 ~ 10°7695 0.00708 
186,000,000 186,000,000 ~ 10°69 0.000778899 
18,600,000 
1860 
Do Exercise 25. D 


The inverse of a logarithmic function is an exponential function. Thus, 
if f(x) = logx, then f-'(x) = 10”. Because of this, on many calculators, the 
& key doubles as the key after a @p or |SHIFT| key has been pressed. 
To find 10°*°*’ on a scientific calculator, we might enter 5.4587 and press 
Gor), On many graphing calculators, we press Gy Go»), followed by 5.4587. In 
either case, we get the approximation 10°*°*’ ~ 287,541.1465. Compare this 


computation to Example 14. Note that, apart from the rounding error, 10°*°°" 
takes us back to about 287,523. 26. Find 10****4 using a calculator. 
(Compare your computation to 
Do Exercise 26. > that of Margin Exercise 21.) 
Using the scientific keys on a calculator would allow us to construct a 
graph of f(x) = log;y)x = logx by finding function values directly, rather 
than converting to exponential form as we did in Example 1. 
YA 
x F(x) 
4 
0.5 —0.3010 
1 0 : F(x) = log yx 
: (9, 0.95 
2 0.3010 
3 0.4771 eon 123 45 67 8 9 x 
5 0.6990 -2 
9 0.9542 . 
10 1 
L Answers 


25. 199-9931. 102-9763. 199-8025. 1972-1500. 
103-1085; 197-2695; 1937695 26, 78,234.8042 
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[(V{ Reading Check 


Use the powers in the column on the right to find each logarithm. 
RCl1. logy 100 = 


RC2 
RC3 
RC4 


. log39 = 


- log, 8 = 


. log, 1024 = 


Graph. 


1. f(x) = log, x, ory = log,x 
y = log,sx —> x = 


YA 
x, or 27 y 
4 
0 3 
sea eeeesha 2 
1 1 
al 123 45 6 7 8 9 x 
2 al 
ae -2 
3 =3 
=I 
—2 
—3 
3. f(x) = logi/3x 
y 
TITY 
4 
3 
Poreveretecty Crreerrrectreres 2 
1 
> 
Sat tc cde Oe act Dian cae oe 
—2 
—3 
Nesaoes Maredags —4 
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x, or 10” 


V 
0 


4. f(x) = logy/2x 


MathXL’ = 
PRACTICE WATCH READ REVIEW 
= 100 
20 = 1024 


2. f(x) = log) x, or y = logigx 
y = logiyx— x = 


YA 

4 

3 

2 

il 
a[12345 6789 * 
—2, 

-3 

—4 


12.3 4 5.6 7.8 9 


> 
x 
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Graph both functions using the same set of axes. 


5. f(x) = 3%, f(x) = log,x 6. f(x) = 4, f(x) = logyx 

Ri x 

12 12 

10 10 

8 8 

6 6 

4 4 

2 2 

—12-10—-8 -6 -4 nes 2 4 6 8 10 12 < —12-10-8 -6 -4 Sea, 2 4 6 8 10 12 x 

—4 —4 

—6 —6 

~8 —8 
—10 —10 
-12 -12 


Db | Convert to a logarithmic equation. 


3: 2. Or a 1 —5 1 
7. 10° = 1000 8. 107 = 100 9. 5° = — 10. 4° = — 
125 1024 
ll. 38 = 2 12. 16/4 = 2 13. 1093919 = 9 14. 10°477! = 3 
15. e=t 16. p* = 17; OS 2 16; 2? =F 
19. e* = 7.3891 20. e? = 20.0855 21. e? = 0.1353 22. e * = 0.0183 
Convert to an exponential equation. 
23. w = log, 10 24. t = log;9 25. log,36 = 2 26. log77 = 1 
27. log,)0.01 = —2 28. log, 0.001 = —3 29. log;)8 = 0.9031 30. log;,2 = 0.3010 
31. log,100 = 4.6052 32. log,10 = 2.3026 33. log,Q=k 34. log,,P =a 
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35. log3;x = 36. 
39. log, 16 = x 40. 
43. log,25 = 1 44, 
47. log.x = —1 48. 


Find each of the following. 


51. log), 100 52. 

55. logigl 56. 

59. log, 49 60. 

63. eee 64. 
81 

67. loge 68. 


log,x = 3 


log,25 = x 


log,9 = 1 


log;x = —2 


log} 100,000 


logo 10 


logs 125 


log, 1 


37. 


Al. 


45. 


49. 


53. 


57. 


61. 


65. 


69. 


log,16 = 2 


log,;27 = x 


log;x = 0 


1 
loggx = 3 


log;) 0.1 
logs 625 


log, 8 
logg 1 


logs79 


id | Find the common logarithm, to four decimal places, on a calculator. 


71 


75 


. log 78,889.2 


. log (—97) 


72. 


76. 


log 9,043,788 


logo 


73. 


77. 
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log 0.67 


( 289 ) 
ga 
8\ 397 


38. 


42. 


46. 


50. 


54. 


58. 


62. 


66. 


70. 


74. 


78. 


log, 64 = 3 


log, 16 = x 


log.x = 0 


1 
log3.x = . 


log;) 0.001 
log, 64 


logs 64 
log, 6 


logs 2 


log 0.0067 
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79. Complete the following table to express each 80. Complete the following table to express each 
number in the first column as a power of 10. Round number in the first column as a power of 10. Round 
each exponent to the nearest ten-thousandth. each exponent to the nearest ten-thousandth. 


NUMBER EXPRESSED AS A POWER OF 10 | NUMBER | EXPRESSED AS A POWER OF 10 
7 


6 


84 314 
987,606 31.4 


0.00987606 31,400,000 


98,760.6 0.000314 
70,000,000 3.14 


7000 0.0314 


Ska Maintemance ooiiiiiiiccccccccccccccccccccccccseevsevevstvevecsevevsevevsevevssvevsevevasievavsevevisvavsevevisevavisvatevavieveveveees 


Perform the indicated operations and simplify. 


r-9 3t—6 c p 
7 : [5.1d] 82. — = : iy 5 
t’—-—4t+4 3t+9 Cc =p pe Ko = xX 2 2x> 3x 1 


[5.2b] 


81. 


Factor completely. 
84. 100x? — 9 [4.6b] 85. 3x° — 24x? + 48x [4.6a] 86. 64a° — y* [4.6d] 


87. 2x3 — 3x2 + 2x -— 3 [4.3b] 88. 10f° + 1973-15 [4.5a,b] 


UMN hehe O hate h tne ctc te rt stese lend ag ected cee anccea ba elen atte atlanta garetts heeled 


Graph. 
89. f(x) = log;|x + 1| 90. f(x) = log, (x — 1) 


Solve. 


bo 


91. logj5x = 3 92. |log,x| = 3 93. logy.x = 2 


94. log, (3x — 2) = 2 95. log, (2x + 1) = -1 96. logy) (x* + 21x) = 2 


Simplify. 
97. logy /a ea 98. logs, 3 - log; 81 99. log, (log, (log; 81)) 


100. log, (log, (log, 256) ) 101. log)/5 25 
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Properties of 


Logarithmic Functions 


OBJECTIVES 


a | Express the logarithm of a 
product as a sum of loga- 
rithms, and conversely. 


Express the logarithm of a 
power as a product. 


Express the logarithm of a 
quotient as a difference of 
logarithms, and conversely. 


Convert from logarithms 
of products, quotients, 

and powers to expressions 
in terms of individual loga- 
rithms, and conversely. 


Simplify expressions of the 
type log, ak. 


SKILL TO REVIEW 


Objective 6.2c: Use the laws 
of exponents with rational 
exponents. 


Simplify. 
26 


1. (a) 10° - 107°; (b) G 


2. (73/4)8/6 


Express as a sum of logarithms. 
1. logs (25 + 5) 2. log, (PQ) 


Express as a single logarithm. 
3. log3;7 + log35 


4. log,J + log, A + log,M 


Answers 
Skill to Review: 


1 
1. (a) 107%, or io 0.01; (b) 2%, or 16 


2, 75/8 


Margin Exercises: 
1. log,;25 + log;5 2. log, P + log,Q 
3. log;35 4. log, JAM) 


We now establish some basic properties that are useful in manipulating 
logarithmic expressions. 


[ER LOGARITHMS OF PRODUCTS 


PROPERTY 1: THE PRODUCT RULE 


For any positive numbers M and N and any logarithm base a, 


log, (M:N) = log,M + log,N. 


(The logarithm of a product is the sum of the logarithms of the 
factors.) 


EXAMPLE 1 
log, (4+ 16) = log, 4 + log 16 


Express as a sum of logarithms: log, (4 - 16). 


By Property 1 0 


EXAMPLE 2 Express as asingle logarithm: log; 0.01 + log;, 1000. 


logio 0.01 + logio 1000 = logio (0.01 x 1000) 
= log), 10 


By Property 1 


< Do Margin Exercises 1-4. 


A Proof of Property 1 (Optional): Weletlog,M = xandlog, N = y. Con- 
verting to exponential equations, we have a* = M and a’ = N. Then we 
multiply to obtain 


M:N=a*: @ = a**). 

Converting M+ N = a**’ back to a logarithmic equation, we get 
log,(M:N)=x+y. 

Remembering what x and y represent, we get 


log, (M+ N) = log,M + log,N. 
GE} LOGARITHMS OF POWERS 


PROPERTY 2: THE POWER RULE 


For any positive number M, any real number k, and any logarithm 
base a, 


log, Mk = k- log, M. 


(The logarithm of a power of M is the exponent times the logarithm 
of M.) 
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EXAMPLES Express as a product. 
3. log,9° 


—5log,9 By Property 2 
4. log, Ws = log, 51/4 Writing exponential notation 


= flog, 5 By Property 2 
Express as a product. 


Do Exercises 5 and 6. > 5. log, 4° 6. log, V5 


A Proof of Property 2 (Optional): Weletx = log, M. Then we convert to an 
exponential equation to get a” = M. Raising both sides to the kth power, 
we obtain 

@yf=My or = MM 


Converting back to a logarithmic equation with base a, we getlog, M* = xk. 
But x = log, M, so 


log, M* = (log, M)k = k- log, M. Properties of 
Logarithms Use a table ora 
graph to determine whether each 
ee LOGARITHMS OF QUOTIENTS of the following is correct. 


1. log (5x) = log5 : logx 


PROPERTY 3: THE QUOTIENT RULE . log (5x) = log5 + logx 


2 = . 
For any positive numbers M and N and any logarithm base a, elope lees loge 


. logx*” = 2logx 


M 
log, — = log, M — log, N. _ logx 
N . log| — a tae 
log 3 
(The logarithm of a quotient is the logarithm of the numerator minus 
the logarithm of the denominator.) . logx — log3 


2) = logx + log2 
2) = logx : log2 


6 
EXAMPLE 5 Express as a difference of logarithms: logs Ty 


6 
log: 5 = log,6 — log,U By Property 3 Oo 


EXAMPLE 6 Express asa single logarithm: log, 17 — log, 27. 


17 
log, 17 — log, 27 = log, —— ___ By Property3 0 
27 7. Express as a difference of 
logarithms: 
EXAMPLE 7 _ Express asa single logarithm: log), 10,000 — log), 100. P 
log, —. 
10,000 at) 
logio 10,000 = logio 100 = lo810 7 00 = logi9 100 
8. Express as a single logarithm: 
Do Exercises 7 and 8. > log, 125 — log, 25. 


A Proof of Property 3 (Optional): The proof makes use of Property 1 and 
Property 2. 


M 1 = 1 = 
loa; = log, M- nN log, MN! nN NN 


= log,M + log,N ' By Property 1 
= log, M + (1) log, N By Property 2 Answers 
— log, M = log, N 5. 5log;4 6. “log, 5 7. log, P — log,Q 


8. log, 5 
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| USING THE PROPERTIES TOGETHER 


EXAMPLES Express in terms of logarithms of w, x, y, and z. 
2. 3 


8. log,” = log, (x°y3) — log, z4 
« lOgg—a og, (x“y”) — log, z Using Property 3 
Zz 
: ; . = log, x” + log, y® — log,z* Using Property 1 
xpress in terms of logarithms of w, _ ; 
x, y, and z. = 2log,x + 3log,y — 4log,z Using Property 2 
3 
9. lo JE 1/4 
a xy 9. log, .; ate = log, (3) Writing exponential notation 
Zz Zz 
x? xy 
10. log, <F = flog, 3 Using Property 2 


= }(log, (xy) — log, z°) Using Property 3 (note the 


x3y4 res parentheses) 
11. log, Zap = }(log,x + log,y — 3log,z) | Using Properties 1 and 2 


= log,x*y* — log, = flog,x + jlog,y — jlog,z Distributive law 
= (log, x? + lo — 
(lo8a : Be ) 10. logy; = log, (xy) — log, (w%z*) —_ Using Property 3 
(log, z ae log, ) We 
= log, x + log, y* — = (log,x + log,y) — (log,w? + log,z*) — UsingProperty1 
las, = = log,x + log,y — log, w* — log, z* Removing 
= ee parentheses 
ae Mey = log, x + log,y — 3log,w — 4log,z Using Property 2 


oe 2 = log, w 
<«@ Do Exercises 9-11. 


EXAMPLES Express as a single logarithm. 
1 
11. 9 108 ax — Tlog,y + log,z 


= log, x'/? — log,y’ + log,z Using Property 2 


Vx 

= log, Pu + log,z Using Property 3 
zVX 

= log, cafe Using Property 1 


Express as a single logarithm. 12. log, ne + log, Vbx 
x 


1 
12. 5log,x — log,y + 7 08az 


= log, b — log, Vx + log, Vbx Using Property 3 
wy = log, b — slog, x + log, (bx) Using Property 2 
13. loga — log, V bx = log, b — Slog,x + $(log,b + log,x) Using Property 1 


= log, b — slog,x + jlog,b + slog, x 


Answers 3 log, b Collecting like terms 


3 1 1 = logb* Using Property 2 
9. 9 8az = 3 loBax = 2 Ba 


10; dios Sing ep ~ loge Example 12 could also be done as follows: 


11. 3log,x + 4log,y — 5log,z — 9log,w 


51/4 54 b b eI 
ie” : pea log, ae + log, Vbx = log, (4. Vix) Using Property 1 
1 
13. log, —~, or log, b~/? b 
“pve = loge ( Po: Vb: vz) 
Guided Solution: Vx 
11. ow, y', w, log, w,5,9 — log, (bVb), or log, p3/2. 
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Do Exercises 12 and 13 on the preceding page. > 


EXAMPLES Given log, 2 = 0.301 and log, 3 = 0.477, find each of the 


following, if possible. 
13. log,6 = log, (2 - 3) = log,2 + log,3 Property 1 


0.301 + 0.477 = 0.778 


2 
14. logay log,2 — log, 3 Property 3 


= 0.301 — 0.477 = —0.176 


15. log, 81 = log, 3* = 4log,3 
= 4(0.477) = 1.908 


Property 2 


1 
16. logaz = log, 1 — log,3 Property 3 
= 0 — 0.477 = —0.477 
4 1 1 
17. log, Va = log,a’? = 9 O84 =,°1= 5. Property2 


18. log, 2a = log,2 + log,a 
= 0.301 + 1 = 1.301 


Property 1 


19. log, 5 There is no way to find this using these properties 
(log,5 # log,2 + log,3). 
20 log,3 _ 0.477 2 We simply divide the logarithms, 


“log,2 0.301 not using any property. 


Do Exercises 14-22. > 


G THE LOGARITHM OF THE BASE TO A POWER 


PROPERTY 4 


For any base a, 


log, a‘ = k. 


(The logarithm, base a, of a to a power is the power.) 


A Proof of Property 4 (Optional): 
fact thatlog,a = 1: 


The proof involves Property 2 and the 


log, a* = k(log,a) 
=k-l1 
=k, 


Using Property 2 
Using log, a = 1 


EXAMPLES Simplify. 


21. log;3’ = 
22, log, 107° = 5.6 
23. log.e ' = —-t 


Do Exercises 23-25. D> 
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er ert Caution! «1 
Keep in mind that, in general, 
log,(M + N) # log,M + log,N, 
log,(M — N) # log,M — log,N, 
log, (MN) # (log, M)(log,N), 
and 

log,(M/N) # (log,M) ~ (log, N). 


Given 
log, 2 = 0.301, 
log, 5 = 0.699, 
find each of the following, if 
possible. 
14. log, 4 15. log, 10 
16. | Z 17. | 2 
: 8a 5 s Bas 
1 a 
18. loga 19. log, Va 
20. log, 5a 21. log,7 
)Gs) 22. log, 16 
= log,2 
= log, 2 
(0.301) 
Simplify. 
23. log, 2° 24. logy, 10°? 


25. log,e'” 


Answers 

14. 0.602 15.1 16. —0.398 17. 0.398 
3 

18. —0.699 19. > 20. 1.699 21. Cannot 


be found using the properties of logarithms 
22. 1.204 23.6 24.3.2 25. 12 


Guided Solution: 
22. 4, 4, 4, 1.204 
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8.4 MyMath Lab’ PRACTICE WATCH READ REVIEW 


Ral Reading Check 


Choose from the column on the right the option that best completes each statement. 


RCI. log, (8+ 4) = a) log, 3 + log, 4 
8\ b) log,8 + logy 4 
RC2. log, 4) — c) log, 8 — log, 4 
‘ d) 8log,4 

RC3. log, 4° = e) 3log,4 
RC4. log, (3-4) = f) 4log,3 
RG5. log, 4 = 
RC6. log, 34 = 
a | Express as a sum of logarithms. 

1. logs (32 - 8) 2. log; (27 + 81) 3. log, (64 - 16) 

4. log, (25 + 125) 5. log, Qx 6. log,8Z 
Express as a single logarithm. 

7. log,3 + log, 84 8. log, 75 + log, 5 9. log. K + log.y 10. log,H + log,M 
Db | Express as a product. 

11. log. y* 12. log, x? 13. log, t® 

14. logy y’ 15. log, C ? 16. log. M ° 
ke Express as a difference of logarithms. 

67 T 2 Zz 

17. loga-— 18. log. 7 19. logy ~ 20. 08a), 
Express as a single logarithm. 

21. log.22 — log,3 22. logg54 — log,9 


| Express in terms of logarithms of a single variable or a number. 


xy 2 qd 
23. log, x’y%z 24. log, 5xy*z? 25. log, —> 26. logy: = 2 
Zz m'n 

4 6 8-12 62,8 

3/_ Xx x af men ab 

27. log, va 28. log, rg 29. loge «| 2b 30. log, ab? 
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Express as a single logarithm and, if possible, simplify. 


2 1 1 
31. 3 Bax = 3 Bay 32. 7 Bax + 3log,y — 2log,x 33. log, 2x + 3(log,x — log, y) 
34. log, x” — 2log, Vx 35. loge 7 — log, Vax 36. log, (x* — 4) — log, (x — 2) 
x 


Given log, 3 = 1.099 and log, 5 = 1.609, find each of the following. 


5 3 

37. log, 15 38. log,8 39. logn3 40. logy = 

1 1 5 
41. logy 42. logy, 43. log, Vb 44. log, Vb? 
45. log, 5b 46. log, 3b 47. log, 2 48. log, 75 
|e | Simplify. 
49. log, e' 50. log, w® 51. log, p” 52. logyY * 
Solve for x. 
53. log, 2’ = x 54, log,94 = x 55. log.e* = —7 56. log,a* = 2.7 


SUT PLATTE CIN IN CS oases gcc ose cesinissccccins ecard ea Cec doc assca whe vb Sadeil@hescditn elas ia scesd teaispvbs cidecvisinedeess atckovantubeties 


Compute and simplify. Express answers in the form a + bi, where i? = —-1. [6.8b,c, d, e] 
2s 
57. i29 58. i 59. (2 + i)(2 — i) 60. | t 
—i 
61. (7 — 8i)— (—16 + 10i) 62. 277+ 57° 63. (8 + 3i)(—5 — 2i) 64. (2 — i)? 
VMTN anc icici cxcneg cea icedcin Snir dhecn seh sete cd osnua dein cee dade enced sbanteste icp ool cassineeatanclebbaeetdl 
65. lass Use the TABLE and GRAPH features to show that 66. laws Use the TABLE and GRAPH features to show that 
logx? ¥ (logx)(logx). log x 
2 (10g *)(108x) # logx — log4. 
log 4 
Express as a single logarithm and, if possible, simplify. 
67. log, (x® — y®) — log, (x* + y”) 68. log, (x + y) + log, (x? — xy + y’) 
Express as a sum or a difference of logarithms. 
— c-—d 
69. log, Vi-s 70. log, Ven d 
Determine whether each is true or false. 
log, P P log, P 
71. = log, = 72. = log, P — log, Q 73. log, 3x = log,3 + log, x 
log, Q Q log, Q 
74. log, 3x = 3log,x 75. log,(P + Q) =log,P + log, Q 76. log, x” = 2log,x 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. The graph of an exponential function never crosses the x-axis. [8.la] 


2. Afunction f is one-to-one if different inputs have different outputs. [8.2c] 


3. log,0 = 1 [8.3c] 


4. loge = log,m — log,n [8.4c] 


Guided Solutions 


cs) Fill in each box with the number and/or symbol that creates a correct statement or solution. 


5. Solve: log;x = 3. [8.3c] 6. Given log, 2 = 0.648 and log, 9 = 2.046, find 
logsx = 3 log, 18. [8.4d] 
loga18 =loga( +) 
=x Converting to an = log, 2 log, 


exponential equation = 0.648 + ak 
=x Simplifying ; 


Mixed Review 
Graph. [8.1al, [8.3a] 


jx a 


“9 
aft} 
af 
AGlleoe 
mis} eee 
Allee 
3) 
oD 
call 


9. f(x) = log,x 
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11. Interest Compounded Annually. Lucas invests $500 
at 4% interest, compounded annually. [8.1c] 


a) Finda function A for the amount in the account 
after ¢ years. 

b) Find the amount in the account at t = 0, att = 4, 
and at t = 10. 


Determine whether each function is one-to-one. If it is, 
find a formula for itsinverse. [8.2c] 


1s fe) — 341 i) =~ 4 2 


Find f(x) and g(x) such that h(x) = (f° g)(x). Answers 
mayvary. [8.2a] 


17. h(x) = 


18. h(x) = V6x — 7 
x+A4 


Convert to a logarithmic equation. [8.3b] 


il 
21. 7° = 343 py, Be 3 
81 


Solve. [8.3c] 


1 
25. log,64 = x 26. log.7 = -2 


Use a calculator to find the logarithm, to four decimal 
places. [8.3d] 


29. log 243.7 30. log 0.23 


Express as a single logarithm and, if possible, simplify. [8.4d] 


1 
BRL loess = Ziloejv se 7 Baz 


Simplify. [8.3c], [8.4e] 


35. log, 1 36. log33 


12. Interest Compounded Quarterly. The Currys 
invest $1500 in an account paying 3.5% interest, 
compounded quarterly. Find the amount in 
the account after 1} years. [8.1c] 


Find (f° g)(x) and (g°f)(x). [8.2a] 
15. f(x) = 2x — 5, 16. f(x) = x? +1, 
SO) = a g(x) = 3x-1 


For each function, use composition to show that the 
inverse is correct. [8.2e] 


19 a) — - 20. f(x) = Wx + 4, 
Phe 2 teeta ats 


Convert to an exponential equation. [8.3b] 


23. log,12 = t 24. log, T= m 


Find each of the following. [8.3c] 


27. log, 49 28. log, 32 


Express in terms of logarithms of x, y,and z. [8.4d] 


Oeye os 
31. logy = 32° log, 41 = 
Zz ke 


34) log, (> — 16) — log, (bh 4) 


S77 log ae 38. log.c° 


Understanding Through Discussion and Writing 


39. The function V(t) = 750(1.2)‘ is used to predict the 
value V ofa certain rare stamp ¢ years after 2010. Do 
not calculate V~'(t) but explain how V ~' could be 
used. [8.2c] 


4l. Find a way to express log, (x/5) as a difference of 
logarithms without using the quotient rule. Explain 
your work. [8.4a, b] 


40. Explain in your own words what is meant by 
log,b = c. [8.3b] 


42. A student incorrectly reasons that 


petal ee eceiatiad 
OBny ee 


= log, x — log,x + log, x 
= log,x. 


What mistake has the student made? Explain what the 
answer should be. [8.4a, c] 


Mid-Chapter Review: Chapter 8 : 713 


STUDYING FOR SUCCESS 


Take Good Care of Yourself 


{_) Get plenty of rest, especially the night before a test. 


{| Try an exercise break when studying. Often a walk or a bike ride will improve your concentration. 


{} Plan leisure time in your schedule. Rest and a change of pace will help you avoid burn-out. 


Natural Logarithmic Functions 


OBJECTIVES 


a | Find logarithms or powers, 
base e, using a calculator. 


|b | Use the change-of-base for- 
mula to find logarithms with 
bases other than e or 10. 


Gg Graph exponential functions 
and logarithmic functions, 
base e. 


SKILL TO REVIEW 


Objective 8.3d: Find common 
logarithms on a calculator. 


Find the common loga- 
rithm, to four places, ona 
calculator. 


log8 


8 
1. logs 


* log3 


Any positive number other than 1 can serve as the base of a logarithmic 
function. Common, or base-10, logarithms, which were introduced in Sec- 
tion 8.3, are useful because they have the same base as our “commonly” 
used decimal system of naming numbers. 

Today, another base is widely used. It is an irrational number named e. 
We now consider e and natural logarithms, or logarithms base e. 


a | THE BASE e AND NATURAL LOGARITHMS 


When interest is computed n times per year, the compound-interest for- 
mula is 


r \net 
a=p(+*)" 
n 


where A is the amount that an initial investment P will grow to after ¢ years 
at interest rate r. Suppose that $1 could be invested at 100% interest for 
1 year. (In reality, no financial institution would pay such an interest rate.) 
The preceding formula becomes a function A defined in terms of the num- 
ber of compounding periods n: 


A(n) = (: ie x" 


Let’s find some function values, using a calculator and rounding to six 
decimal places. The numbers in the table shown here approach a very 
important number called e. It is an irrational num- 


1 (compounded annually) 

2 (compounded semiannually) 
3 

4 (compounded quarterly) 

5 


100 
365 (compounded daily) 
8760 (compounded hourly) 


Answers 


Skill to Review: 
1. 0.4260 2. 1.8928 
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CHAPTER 8 


Maye € + \' 


ber, so its decimal representation neither terminates 
nor repeats. 


sc00 THE NUMBER e 

$2.25 

$2.370370 e =~ 2.7182818284 ... 

$2.441406 

Rees Logarithms, base e, are called natural loga- 
peice rithms, or Naperian logarithms, in honor of John Na- 
$2.714567 pier (1550-1617), aScotsman who invented logarithms. 
$2.718127 


The abbreviation In is commonly used with nat- 


ural logarithms. Thus, 
In29 means _ log,29. 


We generally read “In 29” as “the natural log of 29,” or simply “el en of 29.” 


Exponential Functions and Logarithmic Functions 


On a calculator, the key for natural logarithms is generally marked @p. 
Using that key, we find that 


In 29 =~ 3.36729583 ~ 3.3673, Be sure to memorize Ina = log, a. 


rounded to four decimal places. This also tells us that e*°°? ~ 29. 

On some scientific calculators, the keystrokes for doing such a calcula- 
tion might be @) @ Gp =|. If we were to use a graphing calculator, the 
keystrokes might be @P@) ©) Gu. 


EXAMPLES Find the natural logarithm, to four decimal places, on a 


calculator. 
Function Value Readout Rounded 
1. In 287,523 12.56905814 12.5691 
2. In 0.000486 —7.629301934 —7.6293 
3. In —5 NONREAL ANS Does not exist as 
a real number 
4. Ine 1 1 
5. Inl 0 0 


Do Exercises 1-5. > 


The inverse of a logarithmic function is an exponential function. Thus, 
if f(x) = Inx, then f-'(x) = e*. Because of this, on many calculators, the 
Gp key doubles as the key after a @ or key has been pressed. 


EXAMPLE 6 Find e'*°®! using a calculator. 


On a scientific calculator, we might enter 12.5691 and press (ex). Ona 
graphing calculator, we might press GY ©), followed by 12.5691 Gig. In 
either case, we get the approximation 


el?5691 —~ 287 535.0371. O 


EXAMPLE 7 Find e '°”‘ using a calculator. 


On a scientific calculator, we might enter —1.524 and press ©*). Ona 
graphing calculator, we might press GQ x), followed by — 1.524 Gig. In 
either case, we get the approximation 


e 1524 ~ 0.2178. 


Do Exercises 6 and 7. > 


b | CHANGING LOGARITHM BASES 


Most calculators give the values of both common logarithms and natural 
logarithms. To find a logarithm with some other base, we can use the fol- 
lowing conversion formula. 


THE CHANGE-OF-BASE FORMULA 


For any logarithm bases a and b and any positive number M, 


SECTION 8.5 


Find the natural logarithm, to four 
decimal places, on a calculator. 


1. In 78,235.4 
2. In 0.0000309 
3. In(-3) 

4. In0 


5. In10 


6. Find e!!°” using a calculator. 
(Compare this computation to 
that of Margin Exercise 1.) 


7. Find e * using a calculator. 


Answers 


1. 11.2675 2. —10.3848 3. Does not exist asa 
realnumber 4. Does not exist 5. 2.3026 
6. 78,237.1596 7. 0.1353 


Natural Logarithmic Functions : 715 


The Change-of-Base 
Formula To finda logarithm 
with a base other than 10 or e, 
we can use the change-of-base 
formula. For example, we can find 
log, 8 using common logarithms. 

We leta = 10,b = 5,and 
M = 8 and substitute in the 
change-of-base formula. We press 
OVO vOGow 
Gas. Note that the parentheses 
must be closed in the numerator 
in order to enter the expression 
correctly. We also close the paren- 
theses in the denominator for 
completeness. The result is about 
1.2920. We could have leta = e 
and used natural logarithms to find 
log; 8 as well. 


log(8)/log(S) 
1292029674 


Some calculators allow us 
to find a logarithm with any base 
directly. 


log.(8) 
1.292029674 


~, 


8. a) Find log,7 using common 


logarithms. 
log 
logs 7 = 
086 log 


b) Find log, 7 using natural 


logarithms. 
Co ——— 
Occ = in 


9. Find log, 46 using natural 
logarithms. 


Answers 
8. (a) 1.0860; (b) 1.0860 9. 5.5236 


Guided Solution: 


8. (a) 


log? In7 
= 1.0860; (b) —~ ~ 1.0860 
log6 ( ine 


A Proof of the Change-of-Base Formula (Optional): We let x = log, M. 
Then, writing an equivalent exponential equation, we have b* = M. Next, 
we take the logarithm base a on both sides. This gives us 


log, b* = log, M. 
By Property 2, the Power Rule, 
xlog,b = log, M, 
and solving for x, we obtain 
— log, M 
log, b- 


But x = log, M, so we have 


which is the change-of-base formula. 


EXAMPLE 8 Find log, 7 using common logarithms. 


We let a = 10, b = 4, and M = 7. Then we substitute into the change- 
of-base formula: 


ine eS logio7 Substituting 10 for a, 
Bs logi 4 4 for b, and 7 for M 


To check, we use a calculator with a power key | y*| or @ to verify that 
44037 ~~ 7. r 


We can also use base e for a conversion. 


ras EXAMPLE 9 Find log,7 using natural logarithms. 


ie = loge? Substituting e for a, 
64 log.4 4 for b, and 7 for M 


= 1.4037 Note that this is the same answer as 
that for Example 8. @ 


EXAMPLE 10 Find log; 29 using natural logarithms. 
Substituting e for a, 5 for b, and 29 for M, we have 


log, 29 
log, 29 = Using the change-of-base formula 
log.5 
In 29 
= —— & 2.0922. 
In5 


<@ Do Exercises 8 and 9. 
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GRAPHS OF EXPONENTIAL FUNCTIONS AND 
LOGARITHMIC FUNCTIONS, BASE e 


EXAMPLE 11 Graph f(x) = e*and g(x) = e™~. 
We use a calculator with an key to find approximate values of e* 
and e ~. Using these values, we can graph the functions. 


Note that each graph is the image of the other reflected across the y-axis. 


EXAMPLE 12 Graph: f(x) = e°™. 


We find some solutions with a calculator, plot them, and then draw the 
graph. For example, f(2) = e °5(?) = e! = 0.4. 


VA 
x e) 05% 
9 
0 1 8 
1 0.6 i 
6 
2 0.4 : 
3 0.2 4 
-1 1.6 3 
-2 | 27 eee. 
-3 4.5 
de ee 123 4 x 


Do Exercises 10 and 11. D> 


EXAMPLE 13 Graph: g(x) = Inx. 


We find some solutions with a calculator and then draw the graph. As ex- 
pected, the graph is a reflection across the line y = x of the graph of y = e*. 


SECTION 8.5 


Graph. 
10. f(x) = e* 


ee aa 123 4 x 


HRwRaarI)Se&© 


———__——___—_- 
eel 1234 x 


Answers 
10. 
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Graph. EXAMPLE 14 Graph: f(x) = In(x + 3). 


12. f(x) = 2Inx We find some solutions with a calculator, plot them, and then draw the 
graph. 


f(@) = In (@& + 3) 


> 
123456789 y 


-3 a [i2348678 x 
13. g(x) = In(x — 2) cs 
y —3 
4 —4 
ona 12345 6 7 8°9 a 
4 The graph of y = In(x + 3) is the graph of y = Inx translated 3 units to 
the left. 
< Do Exercises 12 and 13. 
Answers 


12. 


. f(@) =2Inx g(x) =In(« — 2) 


Graphing Logarithmic Functions We can graph logarithmic functions with base 10 or base e by entering the function 
on the equation-editor screen using the Gp or GP key. To graph a logarithmic function with a base other than 10 or e, we must first 
use the change-of-base formula to change the base to 10 or e, unless our calculator can find other logarithms directly. 

We can graph the function y = log, x ona graphing calculator by first changing the base to e. We leta = e, b = 5,and 
M = xand substitute in the change-of-base formula. We enter y, = In (x)/In (5) on the equation-editor screen, select a window, 


and press Cerarn 7. 


We could have let a = 10 and used base-10 logarithms to graph this function. On some calculators we can enter y = log, (x) directly. 


y = In(x)/In() 


Plot1 Plot2 Plot3 
\Y1 B In(X)/In(5) 
\Y2 = 
\¥Y3 = 
\Y4= 
\Ys = 
\Yo = 
\Y7 = 


EXERCISES: Graph each of the following on a graphing calculator. 
1. y = logox 2. y = log3x 
3. y = logy 2x 4. y = logy/3x 


718 : cnapters Exponential Functions and Logarithmic Functions 


Visualizing 
for Success 


Match each graph with its function. 
A. f(x) = ax? + be tc 
OS he tl) 
Ke) =@,0 <@<il 
f(x) =a,a<0 
f(x) = log,x,0<a<1 
f(x) = log,x,a <0 
f(x) =mx+b,m>0,b<0 
~ fc — nx — 0, = 10, b = 0 


o Ice) = me ae 19,77 < W, lo < C 


f(%) = ax? + bx +c, 
G2U,e=W 


WiGo) = Use oe lene 
“sa V.¢e = 


f(x) = log,zx,a>1 


(x) = ae he bx oc. 
“> Vc > 


. f(x) = mx +b,m<0,b=0 
. f(x) =mx+b,m=0,b>0 


is) =a ,a> 1 


Answers on page A-33 


For Extra Help MathXL° [x — 
MyMath Lab” PRACTICE WATCH eens REVIEW 


Ral Reading Check 


Choose from the list below the option that best completes each statement. Choices may be used more than once. 


a) log;7 
b) log75 
log 5 log7 Ind In 
RC1l. —— = RC2. —— = RC3. —_~ = RC4. —— = 
log7  —— log5 —— In? —— In5  —— 


a | Find each of the following logarithms or powers, base e, using a calculator. Round answers to four decimal places. 


1. In2 2. In5 3. In62 4. In30 5. In 4365 6. In 901.2 
7. In 0.0062 8. In 0.00073 9. In 0.2 10. In 0.04 11. Ind 12. In (—4) 
97.4 786.2 15. Ine 16. Ine? 17. e?7! 18. e°% 
13. In{ —— 14. In{ —— 
558 77.2 
19. e 3 20. e 2-54 21. e*” 22, el 23. Ine® 24, en? 


b | Find each of the following logarithms using the change-of-base formula. 


25. logs 100 26. log; 100 27. log, 100 28. log, 100 29. log765 30. log; 42 
31. logos55 32. logo13 33. log, 0.2 34. log, 0.08 35. log, 200 36. log, 7 
re Graph. 
37. f(x) = e& 38. f(x) = e°* 
VA — el y 
EO) ae 
0 8 0 8 
Ae t v4 
1 6 1 6 
Lalomssts 5 fdas 5 
2 4 2: 4 
Lee . 3 facial 3 
3 7 3 2 
eversetererd (ereersee tere rerrrert: 1 so pevhagees 1 
=] —-4-3-2 oe 123 4 x =] -4-3 eae) 123 4 a 
9 ~2 
3 ~3 
Lt a 
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39. f(x) = 40. f(x) =e* Al. f(x) =e} 42, f(x) =e* +3 


VA YA VA y 
9 9 9 9 
8 8 8 8 
ir 7 7 v4 
6 6 6 6 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
= 
74-3 -2-1 | 123 4 a se sNesdiene ee 123 4 x ~4-3-2-1, 123 4 a a ae ere 123 4 
43. f(x) = e**? AA, f(x) = e*-? 45. f(x) =e*-1 46. f(x) = 2e°°* 
VA YA VA VA 
9 9 9 9 
8 8 8 8 
7 7 7 7 
6 6 6 6 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
> 
74-3 -2-1 | 1234 x ~4-3-2-1,| 123 4 x ~4-3-2-1 | 1.2 3 4 x ~4-3-2-1 | 1.2 3 4 
47. f(x) = In(x + 2) 48. f(x) = In(x + 1) 
VA VA 
x f(x) x F(x) 
4 4 
0 3 0 3 
2 ” 2 
1 1 1 1 
> > 
2 “L,|. 1.2.3. 4.5 67 8 9 x 2 “L,|.1.2.3.45 67 8 9 x 
2 2 
3 -3 3 -3 
ee La 4 
—0:5 4 
=] —0.5 
= 15 —0.75 
Me: J 
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49. f(x) = In(x — 3) 50. f(x) = 2In(x — 2) 51. f(x) = 2Inx 


YA y yA 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
Bae Set keene Fide hia ee alee a [123456789 « 
—2 =2 —2 
—3 —3 —3 
-4 —4 —4 
52. f(x) =Inx — 3 53. f(x) =4Inx+1 54, f(x) = nx? 
aN y VA 
5 
4 4 
4 
3 3 3 
2 2 2 
1 1 1 
—_I7 —_—> 
wy 123 45 67 8 9 x asi 123 45 67 8 9 1G ~574-3-2-1) 12345 1 
-2 = -2 
—3 
—3 =3 
-4 
—4 —4 is 
55. f(x) = |Inx| 56. f(x) = In |x| 
VA YA 
4 5 
3 4 
2 3 
1 2 
= 1 
=i 123 45 67 8 9 x 
~1 a 
=§.—4=3'=—2'=1 12 3 4 5 x 
2 —l 
3 —2 
—4 —3 
-4 
—5 
Skil Maimtemamce iii icccccccccccccececcccecceeveseveseveesevsvevesvevsvsseeuvevsvesesvevsvevereevevevsereeeevevsveseevevevseeeeveen 
Solve. [7.4c] 
57. x? — 6x/4+ 8 =0 58. 2y — 7Vy + 3 = 0 59. x — 18Vx+ 77 =0 60. x* — 25x? + 144=0 
ENN cesses ae erat een a gd aeons ee ce 
Aw Use the graph of the function to find the domain and the range. 
61. f(x) = 10x’e™* 62. f(x) = 7.4e*Inx 63. f(x) = 100(1 — e°**) 


Find the domain. 
64. f(x) = log; x? 65. f(x) = log (2x — 5) 


722 : cHaPTERs Exponential Functions and Logarithmic Functions 


Copyright © 2015 Pearson Education, Inc. 


Solving Exponential Equations 


and Logarithmic Equations 


a | SOLVING EXPONENTIAL EQUATIONS 


Equations with variables in exponents, such as 5* = 12 and 2’* = 64, are 
called exponential equations. Sometimes, as is the case with 2” = 64, we 
can write each side as a power of the same number: 

Qix = 96 
Since the base is the same, 2, the exponents are the same. We can set them 
equal and solve: 

7x = 6 

x= 


We use the following property, which is true because exponential functions 
are one-to-one. 


THE PRINCIPLE OF EXPONENTIAL EQUALITY 


Foranya > 0,a #¥ 1, 


aw = a’ —e x= jy. 


(When powers are equal, the exponents are equal.) 


EXAMPLE 1 Solve: 2°*-° = 16. 


Note that 16 = 2*. Thus we can write each side as a power of the same 
number: 


g3x—-5 —_ 24 
Since the base is the same, 2, the exponents must be the same. Thus, 


3x -—-5=4 
3x = 9 


Check: 


16 TRUE 


The solution is 3. 


Do Margin Exercises 1 and 2. D> 


OBJECTIVES 


a | Solve exponential equations. 


|b | Solve logarithmic equations. 


SKILL TO REVIEW 


Objective 4.8a: Solve quadratic 
and other polynomial equations 
by first factoring and then using 
the principle of zero products. 
Solve. 

lL y’-y-6=0 

2. x7 — 3x =4 


Solve. 
1 3%=9 


2. 4x3 = 64 


Answers 

Skill to Review: 

1, —2,;3) 2. —1,4 
Margin Exercises: 
1.1 2.3 


SECTION 8.6 Solving Exponential Equations and Logarithmic Equations : 723 


724 


CHAPTER 8 


ALGEBRAIC GRAPHICAL CONNECTION 


The solution, 3, of the equation 2*°-° = 16 in Example 1 is the 
x-coordinate of the point of intersection of the graphs of y = 2°*~° 
and y = 16, as we see in the graph on the left below. 


y 
ag (3, 0) 
pp ef pa reer 
ae eee Gey a TT TT 
-5-4-3-2-1,{ 1 2 45 * 
agit 
ee 
—-16+- g(x) = 93x-5 = 16 
20-1 


If we subtract 16 on both sides of 2°*-° = 16, we get 
23*-5 _ 16 = 0. The solution, 3, is then the x-coordinate of the 
x-intercept of the function g(x) = 2*°~° — 16, as we see in the graph 
on the right above. 


When it does not seem possible to write both sides of an equation as 
powers of the same base, we can use the following principle along with the 
properties developed in Section 8.4. 


THE PRINCIPLE OF LOGARITHMIC EQUALITY 


For any logarithm base a, and for x, y > 0, 


log,x = log,y —» x = y. 


(If the logarithms, base a, of two expressions are the same, then the 
expressions are the same.) 


Because calculators can generally find only common or natural loga- 
rithms (without resorting to the change-of-base formula), we usually take 
the common or natural logarithm on both sides of the equation. 

The principle of logarithmic equality is useful anytime a variable appears 
as an exponent. 


EXAMPLE 2 Solve: 5* = 12. y 


5* = 12 


log 5* = log 12 Taking the common logarithm 
on both sides 


(1.5440, 12) 


y=5* 


xlog5 = log12 Property 2 


log 12 i 1.5440 
x= 8 Soa ieaalene Tenke Caution! Aaja Svanasiva alonstsvanes 
log5 


This is not log +! 


This is an exact answer. We cannot simplify further, but we can approximate 
using a calculator: 


_ log12 
7 log5 


=~ 1.5440. 


Exponential Functions and Logarithmic Functions 


We can also partially check this answer by finding 5'°*“° 


515440 ~ 12.00078587. 


We get an answer close to 12, due to the rounding. This checks. 
Do Exercise 3. > 


If the base is e, we can make our work easier by taking the logarithm, 
base e, on both sides. 


EXAMPLE 3 Solve: e® = 1500. 
We take the natural logarithm on both sides: 


e0:06t = 1500 
In e®°6 = In 1500 
log, e°° = In 1500 
0.06¢ = In 1500 
_ In 1500 
0.06 * 


Taking In on both sides 
Definition of natural logarithms 


Here we use Property 4: log, a“ = k. 


We can approximate using a calculator: 


In 1500 7.3132 , 
= = = 121.89. 2000 ++ 
0.06 0.06 y 
+ (121.89, 1500) 
We can also partially check this answer 1000 y= e006 
using a calculator. 00) 
tt 
Check: e068 — 1500 50 100 | 150 200 t 
: 121.89 
9-06(121.89) 2 1500 
e7 3134 
1500.269444 TRUE 


The solution is about 121.89. 


Do Exercise 4. > 


|b SOLVING LOGARITHMIC EQUATIONS 


Equations containing logarithmic expressions are called logarithmic 
equations. We can solve logarithmic equations by converting to equivalent 
exponential equations. 


EXAMPLE 4 Solve: log,x = 3. 
We obtain an equivalent exponential equation: 
t= 2° 


x = 8. 


The solution is 8. 


Do Exercise 5. D> 


using a calculator: - 
pcs) 3. Solve: 7* = 20. 


*~ = 20 


log 7* = log 
-log7 = log 20 
log 20 
CS ———— 
AG = 


4. Solve: e°* = 80. 


5. Solve: log,x = 2. 


Answers 
3. 1.5395 4. 14.6068 5. 25 


Guided Solution: 
3. 20, x, log 7, 1.5395 


SECTION 8.6 Solving Exponential Equations and Logarithmic Equations 


725 


6. Solve: log; (5x + 7) = 2. 


7. Solve: logx + log(x + 3) = 1. 


Answers 


To solve a logarithmic equation, first try to obtain a single logarithmic 
expression on one side and then write an equivalent exponential 
equation. 


EXAMPLE 5 Solve: log,(8x — 6) = 3. 
We already have a single logarithmic expression, so we write an equiv- 
alent exponential equation: 
8x —-6= 4 Writing an equivalent exponential equation 
8x — 6 = 64 
8x = 70 


x = 8, Or;. 


Check: log, (8x — 6) = 3 
log,(8- = — 6) ? 3 

log, (70 — 6) 

log, 64 


3 TRUE 


The solution is *2. 
<« Do Exercise 6. 


EXAMPLE 6 Solve: logx + log (x — 3) = 1. 


Here we have common logarithms. It helps to first write in the 10’s 
before we obtain a single logarithmic expression on the left. 


logi)x + logyy(x — 3) = 1 


logig[x(x — 3)] =1 Using Property 1 to obtain a single logarithm 
x(x — 3) = 10' — Writing an equivalent exponential expression 
x = Sx = 10 
x? — 3x —- 10 =0 
(x + 2)(x —- 5) =0 Factoring 


x+2=0 or x-5=0 Using the principle of zero products 
x= -2 or x=5 


Check: For —2: 


logx + log(x — 3) = 1 The number —2 does not check 
log (—2) + log(—2 — 3) 2 l because negative numbers do 


not have logarithms. 
For 5: 
logx + log(x — 3) = 1 ih 
log5 + log(5 — 3) 2.1 
log5 + log2 
log (5+ 2) 
log 10 
1 TRUE y =logx + log (x — 3) 


The solution is 5. 


< Do Exercise 7. 
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EXAMPLE 7 Solve: log,(x + 7) — log,(x — 7) = 3. 


8. Solve: 
log, (x + 7) — log,(x — 7) =3 loys (Qe = 1D) = lleva (Ge = 41) = 2B. 
logs = ce 3 Using Property 3 logs (2x — 1) — log3(x — 4) = 2 
Pag to obtain a single : ax-1 
logarithm 083 =2 
xt 7 53 Writing an equivalent eee 
x-—7 exponential expression ee 
a 
eet 23 2x-1 
Peau coma 
x+7=8(x—7) Multiplying Fee es 
by the LCM, 
rag Bp = 1 = Oe = 
x+7=8x—56  Usinga = 
distributive law = os 
63 = 7x 
63 
ar 
7 
9=xXx 
Check: logs (x + 7) — logs(x — 7) = 3 
log, (9 + 7) — log,(9 — 7) 2? 3 
log, 16 — logs 2 
logs > 
logs 8 
3 TRUE 
Answer 
The solution is 9. ~ 
. Guided Solution: 
Do Exercise 8. D 8. x — 4,3,9,9,36, 35,5 


For Extra Help MathXL° i. Ee FS 


MyMathLab® _rsscuce waren __sead__seview 


[vf Reading Check 


Determine whether each statement is true or false. 


RC1. 
RC2. 
RCS. 
RC4. 
RCS. 
RC6. 


The solution of 2* = 6is3. 
The solution of 2” = 16 is 4. 


The solution of log, 4 = xis 16. 


The solution of log,8 = 3 is 2. 
The solution of loggx = lis 8. 
The solution of log, 1 = xis 0. 
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1. 2°=8 
5. 2°* = 32 
9. 2° = 11 


13. 5%"? = 125 


17. 4 = 8 
21.e'=0.1 
25. 2% = 3°71 


29. log,x = 4 
33. logx = 1 
37. Inx = 2 


Al. log;(2x +1) =5 
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10. 


14. 


22. 


26. 


30. 


34. 


38. 


3° = 81 

4* = 64 

2* = 20 
ABxt5 — 16 
6° = 10 
e'=0.01 
gxt2 — 5x-1 


logyx = 3 
logx = 3 
Inx=1 


11. 


15. 


19. 


23. 


27. 


31. 


35. 


39. 


42. log, (8 — 2x) = 6 
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. 4 = 256 


. 3° = 27 


e’ = 100 


gO = 06 


(3.6)* = 62 


logsx = —5 


logx = —2 


Inx = -1 


12. 


16. 


20. 


24. 


28. 


32. 


36. 


40. 


. 5 = 125 


2 5% = 625 


2* = 55 


35%. 9 = 27 


e’ = 1000 


(5.2)* = 70 


1 
logy x = a 
logx = —3 


Inx = -3 


43. logx + log(x — 9) = 1 


Copyright © 2015 Pearson Education, Inc. 


44, logx + log(x + 9) =1 45. logx — log(x + 3) = -1 46. log(x + 9) — logx = 1 


47. logs (x + 1) + log,(x — 1) =3 48. log, x + log, (x — 2) = 3 49. log, (x + 6) — logyx = 2 


50. log, (x + 3) — log,(x — 5) = 2 51. log, (x + 3) + logy(x — 3) = 2 52. log, (x + 4) + log, (x — 4) = 2 


53. log; (2x — 6) — log;(x + 4) = 2 54. log, (2 + x) — log,(3 — 5x) = 3 


SUIT PUVA RU NO cass ccna ecco keod ose necked cand pesado xeecns dead abn anid ego sudan ata taste da Saoondibvassnindt onilis 


Solve. 

55. -3 =x-—12<4 [L.5a] 56. |2x —5| >3 [1.6e] 

57. x7 x= 12 [48a] 58. x7 —x = 12 [78a] 

59. Vn —1=8 [6.6a] 60. Vy-3=y-—5 [66a] 

SV IMEIV SNS sscscesscisssiincsccacescenscosiidnin tents sinssilsets sas avadsaivlnentunsisdeentsicaoowbsisidbiahsvienoniepaeniaoeseoel wndesirasinse dabstawsalie 

61. fas Find the value of x for which the natural 62. IAT Use a graphing calculator to check your answers 
logarithm is the same as the common logarithm. to Exercises 4, 20, 36, and 54. 

63. (mea Usea graphing calculator to solve each of the 64. fasA Use the INTERSECT feature of a graphing calculator 
following equations. to find the points of intersection of the graphs of each 
a)e* = 14 pair of functions. 

b) 8e°* = 3 a) f(x) = e&—7, g(x) = 2x4+ 6 
c) xe" = b) f(x) = In3x, g(x) = 3x - 8 
d) 4In(x + 3.4) = 2.5 c) f(x) = nx’, g(x) = —x? 

Solve. 

65. 27* + 128 = 24- 2" 66. 27* = el? 67. 8° = 16°**° 

68. log, (log3;27) = 3 69. log, (log. x) = 0 70. xlog; = log8 

71. logs Vx? — 9 =1 72, 2° +4x = 1 73. log (logx) = 5 

74. logs |x| = 4 75. logx? = (log x)? 76. log; |5x — 7| = 2 

77. log,a* + 4% = 21 78. Vx- Wx Wx Wx = 146 79. 3* — 8+ 3°+15=0 


80. If x = (logy; 5)!°8 125, what is the value of log, x? 
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Mathematical Modeling with Exponential 


Functions and Logarithmic Functions 


OBJECTIVES 


a | Solve applied problems 
involving logarithmic 
functions. 


Db | Solve applied problems 
involving exponential 
functions. 


SKILL TO REVIEW 


Objective 8.6b: Solve logarithmic 
equations. 
Solve. 

1. logx = 2 

2. Inx = —2 


Answers 


Skill to Review: 
1.100 2. e? ~ 0.1353 


Exponential functions and logarithmic functions can now be added to our 
library of functions that can serve as models for many kinds of applica- 
tions. Let’s review some of their graphs. 


VA y y 
x 
= > 
x x 
Exponential: Exponential: Logarithmic: 
f(x) = ab*, or ae™ f(x) = ab™, or ae f(x) =a+b log.x,c>1 


a,b,k>0 ab,k>0 


a | APPLICATIONS OF LOGARITHMIC FUNCTIONS 


EXAMPLE 1 Sound Levels. To measure the “loudness” of any particu- 
lar sound, the decibel scale is used. The loudness L, in decibels (dB), of a 
sound is given by 


L= 10-1 . 
BF 


where / is the intensity of the sound, in watts per square meter (W/m”), 
and I) = 10? W/m”. (J) is approximately the intensity of the softest sound 
that can be heard.) 


a) An iPod can produce sounds of more than 10 °? W/m”, a volume that 
can damage the hearing of a person exposed to the sound for more than 
28 sec. How loud, in decibels, is this sound level? 

b) Audiologists and physicians recommend that earplugs be worn when 
one is exposed to sounds in excess of 90 dB. What is the intensity of such 
sounds? 


Source: American Speech—Language-Hearing Association 


a) To find the loudness, in decibels, we use the above formula: 


I 
L = 10: log— 
Ip 
10705 
= 10: OE gr Substituting 
= 10: log10''” Subtracting exponents 
= 10°11.5 log 10° = a 


= 115. 
The sound level is 115 decibels. 
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b) We substitute and solve for I: 
1. Acoustics. The intensity of 


Z di 1 ti 
i= joxios— sound in normal conversation 
: Ip is about 3.2 X 10 °W/m’. 
How high is this sound level 


I 
a0) = 10° log a Substituting in decibels? 
10 i 
I L = 10- log— 
9= log 2 Dividing by 10 Ip 
9 = logI — log10'* _ Using Property 3 = 10 - log 10-2 
9 = log! — (~12) log 10° = a = 10+ log(3.2 x 10 ) 
—3 = logI Adding —12 = 10- (log3.2 + log 10°) 
1p = 7. Converting to an exponential equation = 10: (0.5051 + ) 
Earplugs are recommended for sounds with intensities that exceed e200. 
10 °W ts m. The sound level is about 
decibels. 
Do Exercises 1 and 2. D> 
EXAMPLE 2 Chemistry: pH of Liquids. Inchemistry, the pH ofa liquid 2. Audiology. Overexposure 
is defined as to excessive sound levels can 


diminish one’s hearing to the 
point where the softest sound 


where [H"] is the hydrogen ion concentration in moles per liter. that is audible is 28 dB. What is 


7. 


pH = —log[H*], 


the intensity of such a sound? 


a) The hydrogen ion concentration of human blood is normally about 
3.98 X 10 ® moles per liter. Find the pH. 


b) The pH of seawater is about 8.3. Find the hydrogen ion concentration. 


a) To find the pH of human blood, we use the above formula: 
pH = —log[H*] = —log[3.98 x 10°] 
= —(—7.400117) Using a calculator 
= 7A, 


The pH of human blood is normally about 7.4. 
b) We substitute and solve for [H™]: 


8.3 = —log[H*] Using pH = —log[H*] 


—8.3 = log[H"] Dividing by —1 
ig? = |] Converting to an exponential equation 
5.01 X 10° ~ [H*]. Using a calculator; writing scientific 
notation Answers 
The hydrogen ion concentration of seawater is about 5.01 < 10° moles 1, About 65 decibels 2. 10°* W/m? 
per liter. Guided Solution: 


1. 3.2 X 10°, 6,6, 65 


SECTION 8.7. Mathematical Modeling with Exponential Functions and Logarithmic Functions : 731 


3. Coffee. The hydrogen ion 
concentration of freshly 
brewed coffee is about 
1.3 X 10 ° moles per liter. 
Find the pH. 


4. Acidosis. Whenthe pH ofa 
patient’s blood drops below 
7.4, a condition called acidosis 
sets in. Acidosis can be fatal at 
a pH level of 7. What would the 
hydrogen ion concentration of 
the patient’s blood be at that 


point? 

Ra les 
= —log[H"] 
= log[H*] 

10 = [H*] 


5. Interest Compounded 
Annually. Suppose that 
$40,000 is invested at 4.3% 
interest, compounded 
annually. 


a) After what amount of time 
will there be $250,000 in the 
account? 


b) Find the doubling time. 


Answers 

3. About 4.9 4. 10’ moles per liter 
5. (a) 43.5 years; (b) 16.5 years 
Guided Solution: 

4G G0 


€ 


<€ Do Exercises 3 and 4. 


Db | APPLICATIONS OF EXPONENTIAL FUNCTIONS 


EXAMPLE 3 Interest Compounded Annually. Suppose that $30,000 is 
invested at 4% interest, compounded annually. In tyears, it will grow to the 
amount A given by the function 


A(t) = 30,000(1.04)*. 
(See Example 6 in Section 8.1.) 


a) How long will it take to accumulate $150,000 in the account? 
b) Let T = the amount of time it takes for the $30,000 to double itself; T is 


called the doubling time. Find the doubling time. 
a) We set A(t) = 150,000 and solve for t: 
150,000 = 30,000(1.04)‘ 
150,000 


= (1.04)' Dividing by 30,000 

30,000 ( ) i id 

5 = (1.04)! 
log5 = log (1.04)' Taking the common logarithm 
on both sides 
log5 = tlog 1.04 Using Property 2 
log5 

=t Dividing by log 1.04 

log 1.04 

41.04 =~ t. Using a calculator 


It will take about 41 years for the $30,000 to grow to $150,000. 


b) To find the doubling time T, we replace A(t) with 60,000 and t with Tand 
solve for T: 


60,000 = 30,000(1.04)7 


2 = (1.04)? Dividing by 30,000 
log 2 = log (1.04)? Taking the common logarithm 
on both sides 
log 2 = T log 1.04 Using Property 2 
log 2 
LS ee VT. Using a calculator 
log 1.04 


The doubling time is about 17.7 years. 
<« Do Exercise 5. 


The function in Example 3 illustrates exponential growth. Populations 
often grow exponentially according to the following model. 


732 : cHaPTERs Exponential Functions and Logarithmic Functions 


EXPONENTIAL GROWTH MODEL 


An exponential growth model is a P(t) 
function of the form 


P(t) = Pye™, k> 0, 


where P, is the population at time 0, 
P(t) is the population at time t, and 
kis the exponential growth rate for PRS F 
the situation. The doubling time is Doubling 
the amount of time necessary for the ae 
population to double in size. 


The exponential growth rate is the rate of growth of a population at any 
instant in time. Since the population is continually growing, the percent of 
total growth after one year will exceed the exponential growth rate. 


EXAMPLE 4 Population Growth in India. In 2013, India’s population 
was 1.27 billion, and the exponential growth rate was 1.31% per year. 
Source: Central Intelligence Agency 

a) Find the exponential growth function. 

b) What will the population be in 2020? 


a) We are trying to find a model. The P(t) 
given information allows us to cre- 
ate one. At t = 0 (2013), the popula- 
tion was 1.27 billion. We substitute 
1.27 for P, and 1.31%, or 0.0131, for 
k to obtain the exponential growth 
function: 


P(t) = Pye L 


= poe. 20 40 60 80 


P(t) = 1.27e°" 


Population of India 
(in billions) 
wo 


Number of years since 2013 


Here P(t) is in billions and f is the 
number of years since 2013. 


b) In 2020, we have t = 7. That is, 7 years have passed since 2013. To find 
the population in 2020, we substitute 7 for f: 

PG) = 1272") 

= 1.39 billion. 

The population of India will be about 1.39 billion in 2020. 


Substituting 7 for ¢ 


Using a calculator 


Do Exercise 6. > 


EXAMPLE 5_ Interest Compounded Continuously. Suppose that an 
amount of money P, is invested in a savings account at interest rate k, com- 
pounded continuously. That is, suppose that interest is computed every 
“instant” and added to the amount in the account. The balance P(t), after t 
years, is given by the exponential growth model 


P(t) = Poe". 


a) Suppose that $30,000 is invested and grows to $34,855.03 in 5 years. 
Find the interest rate and then the exponential growth function. 


6. Population Growth in India. 
What will the population of 
India be in 2025? 


Answer 
6. About 1.49 billion 
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b) What is the balance after 10 years? 
c) What is the doubling time? 


a) We have Py) = 30,000. Thus the exponential growth function is 
P(t) = 30,000e*, 


where k must still be determined. We know that P(5) = 34,855.03. We 
substitute and solve for k: 


34,855.03 = 30,000e*>) = 30,000e%* 
34,855.03 gg 


=e Dividing by 30,000 
30,000 
1.161834 ~ e%* 
In 1.161834 = Ine* Taking the natural logarithm on both sides 
0.15 ~ 5k Finding In 1.161834 on a calculator and 
simplifying In e* 
0.15 
— = 0.03 = k. 
5 


The interest rate is about 0.03, or 3%, compounded continuously. Note 
that since interest is being compounded continuously, the interest 
earned each year is more than 3%. The exponential growth function is 


P(t) = 30,000e°°°", 
b) We substitute 10 for tf: 
P(10) = 30,000e°%() ~ $40,495.76. 


The balance in the account after 10 years will be $40,495.76. 
c) To find the doubling time T, we replace P(t) with 60,000 and solve for T: 


60,000 = 30,000e°%" 


2S Dividing by 30,000 
In2 = Ine®™“? Taking the natural logarithm on both sides 
In2 = 0.03T 
In2 
0.03 =T Dividing 


7. Interest Compounded 
Continuously. 29.) Fd 


a) Suppose that $5000 is 
invested and grows to 
$6356.25 in 4 years. Find 
the interest rate and then 
the exponential growth P(t) 
function. $90,000 > 


b) What is the balance after aan | 
1 year? 2 years? 10 years? 


60,000 + —-—-——— 
c) What is the doubling time? 50,000 + 
40,000 + 
30,000 
20,000 + 


10,000 + 


Thus the original investment of $30,000 will double in about 23.1 years, 
as shown in the following graph of the growth function. 


| P(t) = 30,000e°°% 


Balance 


$—+-—+—- 1} +> 
5 10 15 20 25 30 35 ¢ 
Doubling time = 23.1 years 
Answers 


7. (a) k = 6%, P(t) = 50000; <« Do Exercise 7. 
(b) $5309.18; $5637.48; $9110.59; 
(c) about 11.6 years 
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EXAMPLE 6_ Billionaires. The number of billionaires in the world has 
increased exponentially from 140 in 1987 to 1426 in 2013, as shown in the 
following graph. 


World Billionaires 


= 
a 
So 
i) 


1250 se Pain Sects 
1000 -::: So TEE es <0, ne le is 


~_ 
qa 
o 


a 
So 
So 


Number of billionaires 


i) 
qa 
oo 


1987 1992 1997 2002 2007 2012 2013 
Year 


SOURCE: Forbes 


a) Let t = the number of years since 1987. Then t = 0 corresponds to 
1987 and t = 26 corresponds to 2013. Use the data points (0, 140) and 
(26, 1426) to find the exponential growth rate and then the exponential 
growth function. 


b) Use the function found in part (a) to predict the number of billionaires 
in 2020. 


c) Use the function to determine the year in which there were about 
700 billionaires. 


a) We use the equation P(t) = Pye", where P(t) is the number of billion- 
aires ¢ years after 1987. In 1987, at t = 0, there were 140 billionaires. 
Thus we substitute 140 for Py: 


P(t) = 140e™. 
To find the exponential growth rate k, note that 26 years later, in 2013, 
there were 1426 billionaires. We substitute and solve for k: 
P(26) = 140e(?) Substituting 
1426 = 140e*(6) 


1426 
—— = ¢76k Dividing by 140 
140 
1426 se 
In oT a Ine Taking the natural logarithm on both sides 
2.3210 = 26k Ine*=a 
0.089 ~ k. 


The exponential growth rate is 0.089, or 8.9%, and the exponential growth 
function is P(t) = 140e°°%', where t is the number of years since 1987. 


b) Since 2020 is 33 years after 1987, we substitute 33 for t: 
P(33) = 140e°°3) ~ 2640. 
There will be about 2640 billionaires in 2020. 
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8. Global Mobile Data 
Traffic. The amount of data 
transferred using mobile 
devices is expected to increase 
exponentially from 0.24 
exabytes per month in 2010 to 
4.7 exabytes per month in 2015. 


Source: Cisco 


a) Let P(t) = Pye’, where 


P(t) is the global mobile 
data traffic, in exabytes per 
month, ¢ years after 2010. 
Then t = 0 corresponds to 
2010 and t = 5 corresponds 
to 2015. Use the data points 
(0, 0.24) and (5, 4.7) to find 
the exponential growth rate 
and then the exponential 
growth function. 


b) Use the function found in 


c) 


part (a) to estimate the global 
mobile data traffic per month 
in 2017. 


Assuming exponential 
growth continues at the 
same rate, predict the year in 
which the global mobile data 
trafic will be 

25 exabytes per month. 


Answers 


8. (a) k ~ 0.595; P(t) = 0.24259, 
(b) about 15.5 exabytes per month; (c) 2018 
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c) To determine when there were about 700 billionaires, we substitute 700 
for P(t) and solve for t: 


700 = 140e°-°8% 


=e Dividing by 140 
lng = ine Taking the natural logarithm on both sides 
1.6094 ~ 0.089t Ine* =a 
18 = t. 
YA 
5000 
g 
‘3S 4000 0.089t 
8 P(t) = 140e 
% 3000 
S 
8 2000 
EE 
=} 
4 1000 
700 
10 20 30 40 A 


Number of years since 1987 


We see that, according to this model, 18 years after 1987, or in 2005, 
there were about 700 billionaires. 


< Do Exercise 8. 


In some real-life situations, a quantity or a population is decreasing or 
decaying exponentially. 


EXPONENTIAL DECAY MODEL 


An exponential decay model is P(t) 
a function of the form 


Pi)= Pe", k> 0, 


P(t) = Pye ™ 
where Py is the quantity present 

at time 0, P(t) is the amount 

present at time ¢, and kis the oS t 
decay rate. The half-life is the Baie 
amount of time necessary for 

half of the quantity to decay. 
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EXAMPLE 7 Carbon Dating. The radioactive element carbon-14 has 
a half-life of 5750 years. The percentage of carbon-14 in the remains of 
organic matter can be used to determine the age of that material. Recently, 
near Patuxent River, Maryland, archaeologists discovered charcoal that 
had lost 8.1% of its carbon-14. The age of this charcoal was evidence that 
this is the oldest dwelling ever discovered in Maryland. What was the age 
of the charcoal? 
Source: Roylance, Frank D., “Digging Where Indians Camped Before Columbus,” The Baltimore 
Sun, July 2, 2009 

We first find k. To do so, we use the concept of half-life. When t = 5750 
(the half-life), P(t) will be half of Py. Then 


OSP; = Be *O™) 


0.5 =_°o* Dividing by Py on both sides 


in0.5 = Ine °™ Taking the natural logarithm on both sides 
In 0.5 = —5750k 
In 0.5 
=k 
—5750 
0.00012 ~ k. 


Now we have a function for the decay of carbon-14: 
P(t) = Poe 0°17", ~—s- This completes the first part of our solution. 


(Note: This equation can be used for any subsequent carbon-dating problem.) 

If the charcoal has lost 8.1% of its carbon-14 from an initial amount Pp, 
then 100% — 8.1%, or 91.9%, of Py is still present. To find the age ¢ of the 
charcoal, we solve this equation for f: 


0919, = be We want to find t for which 
P(t) = 0.919P,. 
j1g= 2 Dividing by P, on both sides 
In 0.919 = Ine~°°!? ~~ Taking the natural logarithm on both sides 
In 0.919 = —0.00012t Ine*=a 
In 0.919 
—0.00012 
700 = t. Using a calculator and rounding 


=t Dividing by —0.00012 on both sides 


The charcoal is about 700 years old. 


Do Exercise 9. > 


Reprinted with permission of 
The Baltimore Sun Media Group. 
All rights reserved. 


9. Carbon Dating. InChaco 
Canyon, New Mexico, archae- 
ologists found corn pollen that 
had lost 38.1% of its carbon-14. 
What was the age of the pollen? 


Answer 
9. About 4000 years 
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. Grain Flow. Grain flows 


through spout A four times as 
fast as through spout B. When 
grain flows through both 
spouts, a grain bin is filled 

in 8 hr. How many hours 
would it take to fill the bin if 
grain flows through spout B 
alone? 


. Rectangle Dimensions. The 
perimeter of a rectangle is 

50 ft. The width of the rec- 
tangle is 10 ft shorter than 
the length. Find the length 
and the width. 


. Wire Cutting. A 1086-in. 
wire is cut into three pieces. 
The second piece is 8 in. lon- 
ger than the first. The third is 
four-fifths as long as the first. 
How long is each piece? 


. Plug-in Vehicle Sales. By the 
beginning of 2012, a cumula- 
tive total of 20,000 plug-in 
vehicles had been purchased, 
and this total was increas- 
ing exponentially at a rate of 
375% per year. Write an expo- 
nential growth function V for 
which V(t) approximates the 
cumulative sales of plug-in 
vehicles t years after 2012. 


. Charitable Contributions. 


In 2014, Jeff donated $500 

to charities. This was an 

8% increase over his dona- 
tions in 2012. How much did 
Jeff donate to charities in 


Translating 
for Success 


The goal of these matching questions is 
to practice step (2), Translate, of the five- 
step problem-solving process. Translate 
each word problem to an equation or a 
system of equations and select a correct 
translation from equations A-O. 


AS VG) = 20;000e7°" 
B. 40x = 50(x — 3) 


ee en 0) — 50° 


> sear bie = B00 


500 500 


. x+y = 90, 
0.1x + 0.25y = 16.50 


> 36 ar (gear il) ar (Gear 2) = SO 
4 
BAO 8) = 1080 


spar (6942 2) or (Gear 3) = ck) 
- Vi = ser 
. x” + (x + 8)? = 1086 
26 2(4 — 10) — 50 


500 500 
x x+2 


ar () 


. x + y = 90, 
(hile sr O257 = INeis{0) 


Answers on page A-34 


. Uniform Numbers. 


. Triangle Dimensions. 


. Coin Mixture. 


. Car Travel. 


. Train Travel. 


The 
numbers on three baseball 
uniforms are consecutive 
integers whose sum is 39. 
Find the integers. 


The 
hypotenuse of a right triangle 
is 50 ft. The length of one 

leg is 10 ft shorter than the 
other. Find the lengths of the 
legs. 


A collec- 
tion of dimes and quarters 
is worth $16.50. There are 
90 coins in all. How many of 
each coin are there? 


Emma drove 
her car 500 mi to see her 
friend. The return trip was 

2 hr faster at a speed that was 
8 mph more. Find her return 
speed. 


An Amtrak 
train leaves a station and 
travels east at 40 mph. Three 
hours later, a second train 
leaves on a parallel track 
traveling east at 50 mph. After 
what amount of time will the 
second train overtake the 
first? 


For Extra Help MathXL* e. 
MyM ath Lab” PRACTICE WATCH eaas REVIEW 


[vf Reading Check 


For the exponential growth model P(t) = Pye“, k > 0, match each variable with its description. 


RCI. k a) Doubling time 

RC2 P(t) b) Exponential growth rate 
, c) Population at time 0 

RC3. Py d) Population at time t 

RC4. T, where 2P) = Pye*" 


a | Solve. 


Sound Levels. Use the decibel formula from Example 1 for Exercises 1-4. 


1. Blue Whale. The blue whale is not only the largest 2. Jackhammer Noise. A jackhammer can generate 
animal on earth, it is also the loudest. The call ofa sound measurements of 130 dB. What is the intensity 
blue whale can reach an intensity of 10°* W/m’. What of such sounds? 


is this sound level, in decibels? 


3. Dishwasher Noise. A top-of-the-line dishwasher, 4. Sound ofan Alarm Clock. The intensity of sound of 
built to muffle noise, has asound measurement of an alarm clock is 10 *W/m?. What is this sound level, 
45 dB. A less-expensive dishwasher can have a sound in decibels? 
measurement of 60 dB. What is the intensity of each 
sound? 


pH. Use the pH formula from Example 2 for Exercises 5-8. 


5. Milk. The hydrogen ion concentration of milk is 6. Mouthwash. The hydrogen ion concentration of 
about 1.6 X 10 ’ moles per liter. Find the pH. mouthwash is about 6.3 X 10 ’ moles per liter. Find 
the pH. 
7. Alkalosis. When the pH ofa person’s blood rises 8. Orange Juice. The pH of orange juice is 3.2. What is 
above 7.4, a condition called alkalosis sets in. its hydrogen ion concentration? 


Alkalosis can be fatal at a pH level above 7.8. What 
would the hydrogen ion concentration of the person’s 
blood be at that point? 


Walking Speed. Inastudy by psychologists Bornstein and Bornstein, it was found that the average walking speed w, in 
feet per second, ofa person living in a city of population P, in thousands, is given by the function 


w(P) = 0.37In P + 0.05. 


In Exercises 9-12, various cities and their populations are given. Find the walking speed of people in each city. 
Source: International Journal of Psychology 


9. Seattle, Washington: 616,500 10. Albuquerque, New Mexico: 918,876 
11. Chicago, Illinois: 2,707,120 12. Philadelphia, Pennsylvania: 1,547,607 
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Db | Solve. 


13. Otter Population. 


15 


Due primarily to irresponsible 
use of chemicals, England’s otter population declined 
dramatically during the twentieth century until 
otters could be found on only a small percentage of 
riverbanks. After chemical bans were put in place, 

the number of English riverside sites R(t) occupied by 
otters rose significantly and can be approximated by 
the exponential function 


R(t) = 294(1.074)', 
where fis the number of years since 1985. 


Source: Nicolson, Adam, “The Sultans of Streams,” National 

Geographic 223(2), February 2013, pp. 124-134. 

a) How many riverbanks were occupied by otters in 
2010? 

b) In what year were there otters on 1000 riverbanks? 

c) What is the doubling time for the number of 
English riverbanks occupied by otters? 


Homelessness. The number H(t) of U.S. veterans 
from the Iraq and Afghanistan wars who are homeless 
or at risk of becoming homeless can be approximated 
by the exponential function 
H(t) = 56(1.67)‘, 
where fis the number of years since 2000. 
Source: Based on data from the U.S. Department of Veterans Affairs 
a) Find the number of veterans who were homeless or 
at risk of becoming homeless in 2012. 
b) In what year were there 15,000 veterans who were 
homeless or at risk of becoming homeless? 
c) What is the doubling time of homelessness among 
veterans? 


14. 


16. 


Spread ofa Rumor. The number of people who 
hear a rumor increases exponentially. If 20 people 
start a rumor and if each person who hears the rumor 
repeats it to two people per day, the number of people 
Nwho have heard the rumor after ¢ days is given by 
the function 


N(t) = 20(3)! 
a) How many people have heard the rumor after 5 
days? 
b) After what amount of time will 1000 people have 
heard the rumor? 
c) What is the doubling time for the number of people 
who have heard the rumor? 


Salvage Value. Acolor photocopier is purchased for 
$4800. Its value each year is about 70% of its value in 
the preceding year. Its salvage value, in dollars, after ¢ 
years is given by the exponential function 
V(t) = 4800(0.7)'. 
a) Find the salvage value of the copier after 3 years. 
b) After what amount of time will the salvage value 
be $1200? 
c) After what amount of time will the salvage value 
be half the original value? 


Growth. Use the exponential growth model P(t) = Pye“ for Exercises 17-22. 
18. Interest Compounded Continuously. Suppose that 


17. Interest Compounded Continuously. Suppose that 
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Py is invested in a savings account in which interest is 

compounded continuously at 3% per year. 

a) Express P(t) in terms of Py and 0.03. 

b) Suppose that $5000 is invested. What is the balance 
after 1 year? 2 years? 10 years? 

c) When will the investment of $5000 double itself? 
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Py is invested in a savings account in which interest is 
compounded continuously at 5.4% per year. 
a) Express P(t) in terms of P) and 0.054. 
b) Suppose that $10,000 is invested. What is the 
balance after 1 year? 2 years? 10 years? 
c) When will the investment of $10,000 double 
itself? 


19. World Population Growth. 1n 2013, the population 


of the world reached 7.1 billion, and the exponential 
growth rate was 1.1% per year. 


Source: CIA World Factbook 


a) Find the exponential growth function. 
b) What will the world population be in 2016? 
c) In what year will the world population reach 
15 billion? 
d) What is the doubling time of the world population? 


20. Population Growth of the United States. In 2013, 


the population of the United States was 316 million, 
and the exponential growth rate was 0.9% per year. 
Source: U.S. Census Bureau 
a) Find the exponential growth function. 
b) What will the U.S. population be in 2017? 
c) In what year will the U.S. population reach 
350 million? 
d) What is the doubling time of the U.S. population? 


21. U.S. Tax Code. Over the years, the U.S. tax code 


has become increasingly complex. For example, the 
length of the instruction book for the 1040 tax form 
increased exponentially from 2 pages in 1935 to 

189 pages in 2011. 


Source: National Taxpayers Union 


a) Let ¢ = Ocorrespond to 1935 and t = 76 corre- 
spond to 2011. Then ¢ is the number of years since 
1935. Use the data points (0, 2) and (76, 189) to 
find the exponential growth rate and fit an expo- 
nential growth function C(t) = C,e to the data, 
where C(t) is the number of pages in the instruc- 
tion book. 

b) Use the function found in part (a) to estimate the 
total number of pages in the instruction book in 
2013. 

c) When will there be 250 pages in the instruction 
book? 


. First-Class Postage. First-class postage (for the 


first ounce) was 34¢ in 2000 and 46¢ in 2013. Assume 

that the cost increases according to an exponential 

growth function. 

Source: U.S. Postal Service 

a) Let ¢ = Ocorrespond to 2000 and t = 13 corre- 
spond to 2013. Then fis the number of years since 
2000. Use the data points (0, 34) and (13, 46) to 
find the exponential growth rate and fit an expo- 
nential growth function P(t) = Pye to the data, 
where P(t) is the cost of first-class postage, in 
cents, t years after 2000. 

b) Use the function found in part (a) to predict the 
cost of first-class postage in 2018. 

c) When will the cost of first-class postage be $1.00, 
or 100¢? 


FOREVER 


Carbon Dating. Use the carbon-14 decay function P(t) = Pye °°! for Exercises 23 and 24. 


23. Carbon Dating. When archaeologists found the 
Dead Sea scrolls, they determined that the linen 
wrapping had lost 22.3% of its carbon-14. How old 
was the linen wrapping? 
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24. Carbon Dating. 1n2005, researchers were able to 


start a date tree from a seed found at Masada. The 
seed had lost 21.3% of its carbon-14. How old was 
the seed? 
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Decay. Use the exponential decay function P(t) = Pye ™ for Exercises 25 and 26. 


25. 


27. 


29. 


31. 
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Chemistry. The decay rate of iodine-131 is 9.6% per 
day. What is the half-life? 


Home Construction. The chemical urea formal- 
dehyde was found in some insulation used in houses 
built during the mid to late 1960s. Unknown at the 
time was the fact that urea formaldehyde emitted 
toxic fumes as it decayed. The half-life of urea 
formaldehyde is 1 year. What is its decay rate? 


Physical Music Sales. The number of albums sold 
in a physical format (such as a compact disc) has 
decreased exponentially from 451 million albums in 
2007 to 198 million albums in 2012. 


Source: Nielsen Music Industry Reports 


a) Find the exponential decay rate, and write an ex- 
ponential function that represents the number of 
albums A(t), in millions, sold in a physical format 
t years after 2007. 

b) Estimate the number of albums sold in a physical 
format in 2014. 

c) In what year were there 300 million albums sold in 
a physical format? 


Population Decline of Pittsburgh. The population 
of the metropolitan Pittsburgh area declined from 
2.431 million in 2000 to 2.356 million in 2010. Assume 
that the population decreases according to the 
exponential decay model. 


Source: U.S. Census Bureau 


a) Find the exponential decay rate, and write an 
exponential function that represents the popula- 
tion of Pittsburgh t years after 2000. 

b) Estimate the population of Pittsburgh in 2020. 

c) In what year will the population of Pittsburgh 
reach 2.2 million? 
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26. 


28. 


30. 


32. 
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Chemistry. The decay rate of krypton-85 is 6.3% per 
day. What is the half-life? 


Plumbing. Lead pipes and solder are often found in 
older buildings. Unfortunately, as lead decays, toxic 
chemicals can get in the water resting in the pipes. 
The half-life of lead is 22 years. What is its decay 
rate? 


Covered Bridges. There were as many as 15,000 
covered bridges in the United States in the 1800s. 
Now their number is decreasing exponentially, partly 
as a result of vandalism. In 1965, there were 1156 
covered bridges, but by 2007, only 750 covered bridges 
remained. 


Source: National Society for the Preservation of Covered Bridges 


a) Find the exponential decay rate, and write an 
exponential function B that represents the number 
of covered bridges t years after 1965. 

b) Estimate the number of covered bridges in 2002. 

c) In what year were there 900 covered bridges? 


Solar Power. 


Solar energy capacity is increasing 
exponentially worldwide. In 2005, 1460 megawatts 
(MW) of capacity had been installed. This capacity 
had increased to 63,400 MW in 2011. 


Sources: Solarbuzz Inc.; BP Global 


a) Find the exponential growth rate, and write a 
function that represents solar energy capacity 
tyears after 2005. 

b) Estimate the world’s solar energy capacity in 
2014. 

c) In what year will solar energy capacity reach 
500,000 MW? 


33. Most Expensive Furniture. 


As of May 2013, the 

Badminton Cabinet, named for its previous long-term 

location in Badminton, England, held the record 

for the most expensive piece of furniture. The 18th- 

century piece sold for $36.7 million in 2004. The same 

cabinet held the previous record sale price of $15.1 

million, set in 1990. Assume that the cabinet’s value 

increases exponentially. 

Source: Hales, Linda, “A Badminton Cabinet’s Net Gain,” 

Washington Post, December 11, 2004. 

a) Find the exponential growth rate, and write an 
exponential function that represents the value V(t) 
of the cabinet f years after 1990. 

b) Estimate the cabinet’s value in 2015. 

c) What is the doubling time of the value of the 


34. Art Masterpieces. 


As of May 2013, the highest 
auction price for a sculpture was $104.3 million, paid 
in 2010 for Alberto Giacometti’s bronze sculpture 
Walking Man I. The same sculpture was purchased 
for about $9 million in 1990. 


Source: The New York Times, February 2, 2010 


a) Find the exponential growth rate k, and determine 
the exponential growth function that can be used 
to estimate the sculpture’s value V(t), in millions 
of dollars, t years after 1990. 

b) Estimate the value of the sculpture in 2020. 

c) What is the doubling time for the value of the 
sculpture? 

d) How long after 1990 will the value of the sculpture 
be $1 billion? 


cabinet? 
d) In what year did the value of the cabinet first 
exceed $25 million? 


Skill Maite mance iii cccccccccoccccceecccccceveeececeveeveeeevevecvievevveveevisvetvevsvitvatvivttievitvatvsvetvtvetvevesessees 


Solve. 
35. 5x + 6y = —2, 36. x+y- z=0, 37. x7 + 2x +3=0 [7.2a] 
3x + 10y = 2 [3.2a], [3.3a] 3x +y z=6, 
x-yt2z=5  [3.5a] 
6 6 7 2 
38. — + == [5.5a] 39. =— [5.5a] 40. 15x? + 45=0 [7.lal 


MRM sic cece acsearle tet kpc aes a cea eds EN east sce ne teens 


ASA Usea graphing calculator to solve each of the following equations. 
Al, 2* = x° 42, (In2)x = 10Inx 43, x? = 2* 


45. Nuclear Energy. Plutonium-239 (Pu-239) is used in 
nuclear energy plants. The half-life of Pu-239 is 24,360 
years. How long will it take for a fuel rod of Pu-239 to 
lose 90% of its radioactivity? 


Source: Microsoft Encarta 97 Encyclopedia 
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8 Summary and Review 


Key Formulas 
Exponential Growth: P(t) = Poe™ 
Exponential Decay: Pi] he* 
Carbon Dating: P(t) = Pye 0.00012 
Interest Compounded Annually: A=P(1l+r) 
nt 
Interest Compounded n Times per Year: A = of 1+ ") 
Interest Compounded Continuously: P(t) = Poe“, where Py dollars are invested for f years at interest rate k 
Vocabulary Reinforcement 
Complete each statement with the correct term from the column on the 
right. Some of the choices may not be used. 
1. The function given by f(x) = 6* is an example of a(n) exponential 
function. [8.1a] logarithmic 
2. The of a function given by a set of ordered pairs is oe 
found by interchanging the first and second coordinates in each natural 
ordered pair. [8.2a] composition 
3. When interest is paid on interest previously earned, it is called compound 
interest. [8.1c| ‘ 
inverse 
4. Base-10 logarithms are called logarithms. [8.3d] doubling time 
5. The logarithm of a number is a(n) . [8.3a] half-life 
6. A quantity’s is the amount of time necessary for half base 
ofthe quantity to decay. [8.7b] exponent 
Concept Reinforcement 
Determine whether each statement is true or false. 
1. The y-intercept ofa function f(x) = a*is (0,1). [8.1a] 
2. Ifitis possible for a horizontal line to intersect the graph ofa 
function more than once, its inverse isafunction. [8.2c| 
3. log,1 = 0, a>0O = [8.3c| 
4. Ifwe find that log (78) ~ 1.8921 on acalculator, we also know 
that 101897! ~ 78. [8.3d] 
5. In(35) =In7-In5_ [84a] 
6. The functions f(x) = e* and g(x) = Inx are inverses of each 
other. [8.5a| 
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Study Guide 


Objective 8.1a Graph exponential equations and functions. 


Example Graph: f(x) = 4. 
We compute some function values and list the 
results in a table: 


yr 


f(x) = 4 


es 
==3=0" 
fobek soecetne | Wierda ean 


1 1 a ee | 
— a2 — _— " 
1 
jae 8 Raa alee gp | oe 
4 2 | 6 
f(0) =" =1; ; 1 
jij=4=4 4 
f(2)=4= 16. 1 
Now we plot the points (x, f(x)) and 4 
connect them with a smooth curve. 16 


Practice Exercise 
1. Graph: f(x) = 2%. 


iceman 1234 x 


as a composition of functions. 


Objective 8.2a Find the composition of functions and express certain functions 


Example Given f(x) = x — 2and g(x) = x’, 
find (f° g)(x) and (g°f)(x). 
(fe g)(x) = f(g(x)) 
= f(x?) = x? — 2; 
(g°f)(x) = a(f(x)) 
= g(x — 2) = (x — 2)? 
=x? -4% +4 


Example Find f(x) and g(x) such that h(x) = 
(fe g)(x): 
h(x) = Wx — 5. 
Two functions that can be used are f(x) = Wx 
and g(x) = x — 5. There are other correct answers. 


Practice Exercises 
2. Given f(x) = 2x and g(x) = 4x + 1, find 
(fe g)(x) and (g° f)(x). 


3. Find f(x) and g(x) such that h(x) = (f° g)(x): 


ie) = 3x + 2° 


Summary and Review: Chapter 8 
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Objective 8.2c Given a function, determine whether it is one-to-one 
and has an inverse that is a function. 


Example Determine whether the function : Practice Exercise 


(x) = x + 5 is one-to-one and thus has : 4, Determine whether the function f(x) = 3* 
an inverse that is also a function. : icouedte-one, 
The graph of f(x) = x + 5 is shown below. 
No horizontal line crosses the graph more than once, 
so the function is one-to-one and has an inverse 
that is a function. 


If there is a horizontal line that crosses the graph 
of a function more than once, the function is not 
one-to-one and does not have an inverse that is a 
function. 


Objective 8.2d Find a formula for the inverse of a function, if it exists, 
and graph inverse relations and functions. 


Example Determine whether the function Practice Exercises 
f(x) = 3x — lis one-to-one. Ifit is, find a formula 


a 5. Determine whether the function g(x) = 4 — x 
for its inverse. 


: is one-to-one. If it is, find a formula for its 
The graph of f(x) = 3x — 1 passes the inverse. 

horizontal-line test, so it is one-to-one. : 

Now we find a formula for f”'(x). 


1. Replace f(x) with y: y= 3x-1. 
2. Interchange x and y: x= 3y-1. 


3. Solve for y: x+1=3y 
xt1 
-  * 
ered 
4. Replace ywith f-'(x): f/x) = a 
Example Graph the one-to-one function 6. Graph the one-to-one function f(x) = 2x + 1 
g(x) = x — 3 and its inverse using the same set of axes. _: and its inverse using the same set of axes. 


We graph g(x) = x — 3 and then draw its 
reflection across the line y = x. 
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Objective 8.3a Graph logarithmic functions. 


Example Graph: y = f(x) = logyx. : Practice Exercise 
The equation y = log,x is equivalent to 4” = x. : 7, Graph: y = log;x. 
ll —_——_«—* 
For 2x=4? . x : y 
v 2 16 | ; 
4 2 Al) 29 
a has ~* 16 “a 
= = 40 = 1 . 
Fory=0,.x=4 =1. = -] 83 
Fory = 1,x = 4! =4., 4 s 
Fory=2.x*= 4 = 16. : 0 
4 1 
Now we plot these points and 
: 16 2 
connect them with a smooth curve. 
y 
: f@®) = log, x 


> 
Set | eee eae Ue ee PRUNE 


Objective 8.4d Convert from logarithms of products, quotients, and powers 
to expressions in terms of individual logarithms, and conversely. 


Example Express Practice Exercises 
2. : 3 
log aad : 8. Express log, Ee in terms of logarithms 
a 73 y? 
of x and y. 


in terms of logarithms of x, y, and z. 
2. 


xy 
loga = = loga (x*y) — logaz” 
= log, x” + log, y — log, z® 
= 2log,x + log, y — 3log,z 


Example Express 1 
9. Express 3 Bax — 3log, y asa single logarithm. 


1 
4log,x — 7 Bay 
as a single logarithm. 
iL 
4log,x — 9 Ba = log, x* — log, y/” 


4 4 


= lo ' or lo is 
Ba ae! Bay 
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Objective 8.5c Graph exponential functions and logarithmic functions, base e. 


Example Graph: f(x) = e*'. 


Practice Exercises 
10. Graph: f(x) = e* — 1. 


yh 


HRUhRAaArISL 


pe sas 
rae eT 1234 x 


11. Graph: f(x) = In(x + 3). 


ie f(x) 
4 
5 3 
a g(x) =Inx+3 2 
Ej 1 
‘ eee iledee eae OT eo 
ee i 
‘4 -4 
-3 
Objective 8.6a Solve exponential equations. 
Example Solve: 3%! = 81. : Practice Exercise 
3-1 = 8] : 12, Solve: 2°* = 16. 
3x-1 = 31 : 
Since the bases are the same, the exponents must be 
the same: 
x-1=4 
x= 5. 


The solution is 5. 


Objective 8.6b Solve logarithmic equations. 


l| 
a 


Example Solve: logx + log (x + 3) Practice Exercise 


logx + log(x + 3) =1 : 13. Solve: log;(2x + 3) = 2. 
logio [x(x + 3)] = 1 | 
x(x + 3) = 10! 
x? + 3x = 10 
x? + 3x-10=0 
(x + 5)(x — 2) =0 
x+5=0 or x-2=0 
x=-5 or x=2 
The number —5 does not check, but 2 does. The 
solution is 2. 
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Review Exercises 


1. Find the inverse of the relation 


{(—4, 2), (5, -7), (—1,-2), (10,11)}. [8.2b] 


Determine whether each function is one-to-one. If it is, 


find a formula for its inverse. [8.2c, d] 
2X = 3 
2. f(x) =4- x 3. g(x) = = 
4. f(x) = 8x? 8. f(x) =— 
, , 3 > 2x 


6. Graph the function f(x) = x* + 1 and its inverse 
using the same set of axes. [8.2d] 


Graph. 


7. f(x) = 3! [81a] 


S 
> 


x f(x) 


FP wwe TDN © Oo 


Foc eet 123 4 x 


8. f(x) = log3x, ory = log3;x [8.3a] 
y = log3sx-> x= 
Yh 
x, or 3Y y 
4 
0 3 
anise 2 
1 1 
a> “1 [123456789 °% 
i 5 
3 —3 
a ia 
=1 
=2 
= 


9. f(x) =e! [8.5c] 
YA 
x f(x) 
9 
0 8 
1 6 
5 
2 4 
3 2 
1 
an aoe 1234 
—2 
=3 
10. f(x) = In(x— 1) [8.5c] 
yA 
¥ f(s) 
3 
2 
1 
alts Ot eae 
—2 
3) 
—4 


M1. Find (f= g)(x) and (g(x) if (2) = =? 
and g(x) = 3x — 5. [8.2 


12. If h(x) = 
h(x) = 


V4 — 7x, find f(x) and g(x) such that 
(feg)(x). [8.2a] 


Convert to a logarithmic equation. 
13. 10* = 10,000 


[8.3b] 
14, 252 = 5 


[8.3b] 
16. log) /28 = -3 


Convert to an exponential equation. 
15. log,16 = x 


Find each of the following. [8.3c] 
17. log,9 18. logio io 
19. log,,m 20. log,, 1 


x 
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Find the common logarithm, to four decimal places, 
using acalculator. [8.3d] 


78 
21. log (,) 22. log (—4) 


Express in terms of logarithms of x,y, and z. [8.4d] 


2 
23. log, x*y?z* 24. log\*/ 2 
ay 


Express as a single logarithm.  [8.4d] 
25. log, 8 + log, 15 


26. ;loga — logb — 2logc 


Simplify. [8.4e] 
27. login” 28. log,,m ‘ 


Given log, 2 = 1.8301 and log, 7 = 5.0999, find each of 
the following. [8.4d] 


29. log, 28 30. log, 3.5 
31. log, V7 32. log, 4 


Find each of the following, to four decimal places, using 
acalculator. [8.5a] 


33. In 0.06774 34, 9% 
35. e793! 36. Inl 
37. InO 38. Ine 


Find each logarithm using the change-of-base formula. 
[8.5b] 


39. log; 2 40. log, 70 


Solve. Where appropriate, give approximations to four 
decimal places. [8.6a, b] 


41. 


43. 


45. 


47. 


49. 


50. 


51. 


52. 


log3x = —2 42. log,32 = 5 
logx = —-4 44. 3lInx = —6 
5 = 16 46. 2° - 24 = 32 
4 = 8.3 48. e °!' = 0.03 
log, 16 = x 

log,x + logy(x — 6) = 2 


logs (x + 3) — logs (x — 3) = 4 


log; (x — 4) = 3 — log3(x + 4) 


Solve. [8.7a, b] 


53. 


Sound Level. The intensity of sound 

of asymphony orchestra playing at its 
peak can reach 10'’ W/m’. How high 

is this sound level, in decibels? (Use 

L = 10: log (1/Iy) and I = 10°'* W/m.) 
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54. Retail and Advertising. Stores are increasingly 


55. 


delivering information to shoppers through 
smartphones. The amount of sales S(t), in 
billions of dollars, that is influenced by mobile 
devices t years after 2012 can be approximated 
by the exponential function 


S(t) = 159(1.44)" 


Source: Loechner, Jack, “Mobile Shopping Growing Exponen- 
tially,” mediapost.com, July 19, 2012 


a) Estimate the amount of sales influenced by 
mobile devices in 2012, in 2014, and in 2016. 

b) In what year will mobile devices influence 
$1000 billion ($1 trillion) in sales? 

c) What is the doubling time for sales influenced 
by mobile devices? 

d) Graph the function. 


* *- 


Investment. In2011, Lucy invested $40,000 
in a mutual fund. By 2014, the value of her 
investment was $53,000. Assume that the value 
of her investment increased exponentially. 


a) Find the value of k, and write an exponential 
function that describes the value of Lucy’s 
investment f years after 2011. 


56. 


57. 


58. 


59. 


60. 


Synthesis 


Solve. 
61. 


62. 


b) Predict the value of her investment in 2021. 
c) In what year will the value of her investment first 
reach $85,000? 


The population of a colony of bacteria doubled in 
3 days. What was the exponential growth rate? 


How long will it take $7600 to double itself if 
it is invested at 3.4%, compounded continuously? 


How old is a skeleton that has lost 34% of its 
carbon-14? (Use P(t) = Pye 0000124) 


What is the inverse of the function f(x) = 5%, 
ifit exists? [8.3a] 
A. f-\(x) =x? 

C. f-\(x) = logsx 


B. f-'(x) = log,5 
D. Does not exist 


Solve: log (x? 


A. 4 
C. 7 


9) — log(x + 3) =1. [8.6b] 


B. 5 
D. 13 


[8.6a, b] 
In(Inx) = 3 


5*tY = 25, 27°) = 64 


Understanding Through Discussion and Writing 


1. 


3. 


Explain how the graph of f(x) = e* could be 
used to obtain the graph of g(x) = 1 + Inx. 
[8.2d], [8.5a] 


. Christina first determines that the solution of 


log; (x + 4) = lis —1, but then rejects it. What ; 
mistake do you think she might be making? [8.6b] : 


An organization determines that the cost per 
person of chartering a bus is given by the 
function 


100 + 5x 
a a 


where x is the number of people in the group and 
C(x) is in dollars. Determine C~'(x) and explain 
how this inverse function could be used. [8.2d] 


4. 


6. 


Explain how the equation In x = 3 could be solved 
using the graph of f(x) = Inx. [8.6b] 


. Explain why you cannot take the logarithm of a 


negative number. [8.3a] 


Write a problem for a classmate to solve in which 
data that seem to fit an exponential growth 
function are provided. Try to find data ina 
newspaper to make the problem as realistic as 
possible. [8.7b] 


Summary and Review: Chapter 8 


rey 


CHAPTER 


For Extra Help —_ For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab” or on Youffiiq): (search “BittingerInterm” and click on “Channels”). 


5. Find (fe g)(x) and (ge f)(x) if f(x) = x + x? and g(x) = 5x — 2. 


6. Find the inverse of the relation {(—4, 3), (5, —8), (—1, —3), (10, 12)}. 


Determine whether each function is one-to-one. If it is, find a formula for its inverse. 
@ fis) —4x% —3 Sofia) — Got 1)? 9. f(x) = 2— |x| 
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10. Convert to a logarithmic equation: 11. Convert to an exponential equation: 
256"? = 16. m = log, 49. 


Find each of the following. 
12. log, 125 TS loser 14. log, 1 


Find the common logarithm, to four decimal places, using a calculator. 


15. log 0.0123 16. log (—5) 
17. Express in terms of logarithms of a, b, and c: 18. Express as a single logarithm: 
a’b'? ;log,x — 3log,y + 2log, z. 
kG 
G 


Given log, 2 = 0.301, log, 6 = 0.778, and log, 7 = 0.845, find each of the following. 
19. log, 7 20. log, 12 


Find each of the following, to four decimal places, using a calculator. 
21. 1n 807.39 Doe 23. ia 1 


24. Find log;, 31 using the change-of-base formula. 


Solve. Where appropriate, give approximations to four decimal places. 


25 lop.25 — 2 26. log,x = 3 27 logx 4 
28. Inx = + 2957 — ie 
S0nloe( x. 9) log (as) — al 31. log; x + logs (x + 4) = 1 


Test: Chapter 8 
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32. Tomatoes. What is the pH of tomatoes if the hydrogen ion concentration is 6.3 X 10° moles per liter? 


33. 


35. 


37. 


Synthesis 
38. 
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(Use pH = —log[H*].) 


Cost of Health Care. Spending on health care in the 
United States is projected to follow the exponential 
function 


H(t) = 2.37(1.076)*, 
where H is the spending, in trillions of dollars, and 
t is the number of years since 2008. 


Source: National Coalition on Health Care 


a) Find the spending on health care in 2012. 

b) In what year will spending on health care reach 
$5 trillion? 

c) What is the doubling time of health-care 
spending? 


The population of Masonville grew exponentially and 
doubled in 23 years. What was the exponential growth 
rate? 


Solve: log (3x — 1) + logx = 1. 


. There is exactly one solution, and it is positive. 
. There is exactly one solution, and it is negative. 
. There is no solution. 


Sane 


Solve: log; |2x — 7| = 4. 


. There are one positive solution and one negative solution. 


34. Interest Compounded Continuously. Suppose a $1000 


investment, compounded continuously, grows to 

$1150.27 in 5 years. 

a) Find the interest rate and the exponential growth 
function. 

b) Whatis the balance after 8 years? 

c) When will the balance be $1439? 

d) What is the doubling time? 


36. How old is an animal bone that has lost 43% of its 


carbon-14? (Use P(t) = Pye °°!",) 
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CHAPTERS 


Cumulative Review 


Solve. : 19. Forgetting. Students in a biology class took a final 
1. 8(2x — 3) = 6 — 4(2 — 3x) examination. A forgetting formula for determining 
: what the average exam score would be on a retest 
t months later is 


2. x(x — 3) = 10 S(t) = 78 — 15log(t + 1). 
: a) The average score when the students first took the 
test occurs when ¢t = 0. Find the students’ average 


3 44 — 3) — 15) 4. x+y—-3z2=-l, : score on the final exam. 
Be a 5) at ee ; eae | : b) What would the average score be on a retest after 
== z= L ; 4 months? 


: 20. Acid Mixtures. Swim Clean is 30% muriatic acid. 
5 7 2 _4 : Pure Swim is 80% muriatic acid. How many liters of 
Die = bie se: : each should be mixed together in order to get 100 L 
: of a solution that is 50% muriatic acid? 


. Marine Travel. A fishing boat with a trolling motor 
can move at a speed of 5 km/h in still water. The boat 
travels 42 km downstream in the same time that it 
7,x-8Vx+15=0 8. x4 — 13x2 + 36 = 0 takes to travel 12 km upstream. What is the speed of 
: the stream? 


6 Vx -—1= Vx+4-1 21 


= Be 
heel Sea 22. Population Growth of Brazil. The population of 


Brazil was approximately 201 million in 2013, and the 
exponential growth rate was 0.86% per year. 


= 2 
11. logx — log(x — 8) =1 12. x° + 4x>5 a) Write an exponential function describing the 


growth of the population of Brazil. 
b) Estimate the population in 2015 and in 2020. 
13. |2x — 3|=9 : c) What is the doubling time of the population? 


14, If f(x) = x? + 6x, find a such that f(a) = 11. : 23. Landscaping. A rectangular lawn measures 60 ft by 
: 80 ft. Part of the lawn is torn up to install a sidewalk of 
uniform width around it. The area of the new lawn is 
2400 ft?. How wide is the sidewalk? 


1 1 i 
15. Solve D = ge ford, UG SoWe= sr = = =ior~, 
lo ae @ jo @ 


i 
24. Given that y varies directly as the square of x and 
inversely as z, and y = 2 when x = 5andz = 100. 


17. Find the domain of the function f given by What is y when x = 3 andz = 4? 
= : 
Ts 3x? — 5x — 2 Graph. 
: 25. 5x = 15 + 3y 26. —2x — 3y = 6 


18. Chocolate Making. Greene Brothers’ Chocolates 
are made by hand. It takes Anne 10 min to coat a tray > gn, f(x) = 2x2 — 4x -—1 Bie) — 
of truffles in chocolate. It takes Clay 12 min to coat a : 
tray of truffles. How long would it take Anne and Clay, 


working together, to coat the truffles? 29. y = log3x 


Cumulative Review: Chapters 1-8 755 


Perform the indicated operations and simplify. @ 


30) (xe — Gx — 3) —1(3x2 5x = 2) : 45. Rationalize the denominator: ers 


SIS 


46. Multiply these complex numbers: 


S1Gx 2) 2 (lo WV 3)(6— 2773), 


32. (5a + 3b)(2a — 3b) 47. Find the inverse of f if f(x) = 7 — 2x. 


48. Find an equation of the line containing the point 


ae fea ese I gee ee (—3, 5) and perpendicular to the line whose equation 
: Bear @ © x2 = 9 : is 2x + y = 6. 
3 : 49. Express as a single logarithm: 
ae 3logx — slogy — 2logz. 
34. ; 
2 
Xp ce) ie ie : 
ae : 50. Convert to an exponential equation: 
loss 
eee aa 
“x+6 x?-36 x-6 : Find each of the following using a calculator. Round 
: answers to four decimal places. 
51. log 0.05566 52.1072 
Factor. 
36. 1 — 125x? 37. 6x? + 8xy — By? 
53. In 12.78 Gaeicaag 
4 3 2 2 : 
SB 28 39. 2m" + 12mn + 18n : 55. Complete the square: f(x) = —2x* + 28x — 9. 


A. f(x) = 2(x — 7)? — 89 
Gs) = Ser TP = ae 
40. x* — 16y* C. f(x) = —2(x — 7)? — 107 
D. f(x) = —2(x — 7)? + 89 


41. For the function described by 


56. Solve B = 2a(b? — c?) forc. 
GR) == 8h debs Se 


: BB eee, 
find h(—2). : ac=J5-s B. c= —,/— — b? 
2b 2a 
2ab7— B 
C. c = 2a(b? — B?) Dice 
A2Divides(s <—5x 4 2a. 6) (rear 2a 
SYN€HCSIS cn 
For the radical expressions that follow, assume that all 
variables represent positive numbers. Solve. 
43. Multiply and simplify: Vixy3 - V 28x7y. 57 5 alas 5x 


“3x-3 3x+6 x?+x-2 
58. log V3x = Vlog 3x 
W408 
40xy 


44, Divide and simplify: roe : 59. Train Travel. A train travels 280 mi at a certain 
xy speed. If the speed had been increased by 5 mph, the 
trip could have been made in 1 hr less time. Find the 
actual speed. 
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CHAPTER 


9.1 Parabolas and Circles 

9.2 Ellipses 

Mid-Chapter Review 

9.3. Hyperbolas 

Visualizing for Success 

9.4 Nonlinear Systems of Equations 
Summary and Review 

Test 

Cumulative Review 


Conic Sections 


STUDYING FOR SUCCESS 


Preparing for the Final Exam 


{| Browse through each chapter, reviewing highlighted or boxed information and noting 


important formulas. 


UO 
=) 
L) 


OBJECTIVES 


a. | Graph parabolas. 


Db) Use the distance formula 
to find the distance 
between two points whose 
coordinates are known. 


G Use the midpoint formula 
to find the midpoint of a 
segment when the coordinates 
of its endpoints are known. 


Given an equation of a circle, 
find its center and radius and 
graph it. Given the center 
and the radius of a circle, 
write an equation of the 
circle and graph the circle. 


SKILL TO REVIEW 


Objective 7.6a: For a quadratic 
function, find the vertex, the line 
of symmetry, and the maximum 
or minimum value, and then 
graph the function. 


For each quadratic function, 
find (a) the vertex, (b) the 
line of symmetry, and (c) the 
maximum or minimum value. 
Then (d) graph the function. 
lL. fie) = 2 2 4y 1 
2. f(x) = -x? + 4x - 3 


Answers 


Answers to Skill to Review Exercises 1 and 2 are 
on p. 759. 
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Attend any exam tutoring sessions offered by your college or university. 
Retake the chapter tests that you took in class, or take the chapter tests in the text. 
Work through the Cumulative Review for Chapters 1-9 as a sample final exam. 


Parabolas and Circles 


This section and the next two examine curves formed by cross sections of 
cones. These curves are graphs of second-degree equations in two variables. 
Some are shown below. 


CONIC SECTIONS IN THREE DIMENSIONS 
< BD ) r | ¢< so ; Cc BD 


a j 
7 
\7 
a 1 y 
a = Y / 
\ \ 
j 4 


v v v 
Yr Yr y \U/ 
Circle Ellipse Parabola Hyperbola 


CONIC SECTIONS GRAPHED IN A PLANE 


EE PARABOLAS 


When a cone is cut by a plane parallel to a side of the cone, as shown in 
the third figure above, the conic section formed is a parabola. General 
equations of parabolas are quadratic. Parabolas have many applications 
in electricity, mechanics, and optics. A cross section of a satellite dish is 
a parabola, and arches that support certain bridges are parabolas. (Free- 
hanging cables have a different shape, called a catenary.) An arc of a spray 
can have part of the shape of a parabola. 


EQUATIONS OF PARABOLAS 


y= ax? + bxt+e (Line of symmetry is parallel to the y-axis.) 
x=ay>+byt+e (Line of symmetry is parallel to the x-axis.) 


Recall from Chapter 7 that the graph of f(x) = ax* + bx + c (with 
a ~ 0) isa parabola. 


EXAMPLE 1. Graph: y = x? — 4x + 9. 


First, we must locate the vertex. To do so, we can use either of two The arch supporting the cable-stayed 
approaches. One way is to complete the square: Zhivopisny bridge in Moscow, Russia, 


is in the shape of a parabola. 
y= @ = 4x) 4+ 9 peorap 


= (x*-— 4x+0)+9 Adding 0 
= (x? -4x+4-4)+9 3(—4) = —2; (2)? = 4; 
substituting 4 — 4 for 0 
= (x? -— 4x + 4) +(-4+9)  Regrouping 
= (x= 2)? +5. Factoring and simplifying 
The vertex is (2, 5). 


A second way to find the vertex is to recall that the x-coordinate of the 
vertex of the parabola given by y = ax* + bx + cis —b/(2a): 


To find the y-coordinate of the vertex, we substitute 2 for x: 
y=x?-4x+9 
= 2 — 4(2)+9=5. 


Either way, the vertex is (2,5). Next, we calculate and plot some points 
on each side of the vertex. Since the x?-coefficient, 1, is positive, the graph 


opens up. 
VA 
x A 
2 5 <— Vertex (4, 9) 
0 9 |<-y-intercept ° Answers 
4 
1 6 6 (3, 6) Skill to Review: 
3 6 5 4 ee (=1, ra (b) x = —1; (c) minimum: —3 
when x = —1; 
4 9 aa (d) x=-1y 
3 ' 
—— 2h-y =x? - 4x49 
1). =(-2)? +5 
~5-4-3-2-1 | 123 4 5 x varia 
(=1, —3) il 


f(x) = 2x? 4+ 4x -1 


2. (a) (2,1); (b) x = 2; (c) maximum: 1 
when x = 2; 


(d) 
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1. Graph: y = x* + 4x + 7. 


2. Graph: x = y? + 4y + 7. 


x=y*+4y+7 
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CHAPTER 9 Conic Sections 


GRAPHING y = ax? + bx + ¢ 


To graph an equation of the type y = ax” + bx + c(see Section 7.6): 


1. Find the vertex (h, k) either by completing the square to 
find an equivalent equation y = a(x — h)* + k, orby using 
x = —b/(2a) for the x-coordinate and substituting to find the 
y-coordinate. 


2. Choose other values for x on each side of the vertex, and compute 
the corresponding y-values. 


3. The graph opens up for a > 0 and opens down for a < 0. 


< Do Exercise 1. 


Equations ofthe formx = ay* + by + crepresent horizontal parabolas. 
These parabolas open to the right for a > 0 and open to the left fora < 0 
and have lines of symmetry parallel to the x-axis. 


EXAMPLE 2. Graph: x = y” — 4y + 9. 


This equation is like that in Example 1 except that x and y are inter- 
changed. That is, the equations are inverses of each other. The vertex is 
(5,2) instead of (2,5). To find ordered pairs, we choose values for y on 
each side of the vertex. Then we compute values for x. Note that the x- and 
y-values of the table in Example 1 are interchanged. The graph in Exam- 
ple 2 is the reflection of the graph in Example 1 across the line y = x. You 
should confirm that, by completing the square, we get x = (y — 2)? + 5. 


YA 
x y 
2 (9, 4) 
5 2 |<— Vertex 4 (6,3) 
9 0 |<— x-intercept 3 
6 1 2 (5, 2) 
6 3 1 (6, 1) (9, 0) 
9 4 ea 123 45 67 8 3 
—2, 
i oe -3 x=y?—4y+9 
i (1) Choose these values for y. -4 
(2) Compute these values for x. 5 


GRAPHING x = ay? + by +c 


To graph an equation of the type x = ay* + by + c: 


1. Find the vertex (h, k) either by completing the square to 
find an equivalent equation x = a(y — k)? + h, or by using 
y = —b/(2a) for the y-coordinate and substituting to find the 
x-coordinate. 


2. Choose other values for y that are above and below the vertex, 
and compute the corresponding x-values. 


3. The graph opens to the right ifa@ > 0 and opens to the leftifa < 0. 


< Do Exercise 2. 


EXAMPLE 3 Graph: x = —2y? + l0y — 7. 
We use the method of completing the square to find the vertex: 
x= —2y?+ loy-—7 
a ayy 7 
—2(y? — 5y + 0) —7 Adding 0 
Ay -oys a a)7 a3) gl) =a 
substituting 3 — 3 for 0 
2(y? Sy + 2) + ( 2)( 2) 7 Using the distributive law 
= -2y? = 5y + 8) 4B -7 
aie aoe wees 
The vertex is GB 3). 
For practice, we also find the vertex by first computing its y-coordinate, 
—b/(2a), and then substituting to find the x-coordinate: 


Factoring and simplifying 


—_ b_ 10 5 
bao) ip 
x = —2y? + loy — 7 = —2(3)? + 10(3) -— 7 


To find ordered pairs, we first choose values for y and then compute values 
for x. A table is shown below, together with the graph. The graph opens to 
the left because the y*-coefficient, —2, is negative. 


YA 
x yy 
7 
oe 2 |<— Vertex (—7,5) 6 
-7 0 |<—x-intercept (1, 4) 
= =u" = 
5 2 x=—2y"+ 10y—7 3 ae 
5 | 3 Car) 
1] 1 7,9) 
I 4 ek Once actakeuce | 123 4 5 67 8 x 
=f, 5 -2 
—3 


is (1) Choose these 
values for y. 
(2) Compute these 


values for x. 


v 


Do Exercise 3. 


Graphing Parabolas 
as Inverses Suppose we want 
to use a graphing calculator to 
graph the equation 


x=y—4yt+9 (1) 
One way to do this is to note that 


this equation is the inverse of the 
equation 


y=x-4+4+9 (2) 


We enter y,; = x? — 4x + 9. 
Next, we position the cursor over 
the equals sign and press Gg. 


This deselects that equation, so its 
graph will not appear in the win- 
dow. Then we use the DRAWINV 
feature to graph equation (1). 
Since y, has been deselected, only 
the graph of equation (1) will 
appear in the window. 


EXERCISES: Use the DRAWINV 
feature to graph each equation on 
a graphing calculator. 


lLx=y?+4y+7 
2.x = -2y? + 1l0y— 7 
3. x = 4y? — lay +5 


3. Graph: x = 4y? — 12y + 5. 


x= 4y?-12y +5 
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CHAPTER 9 Conic Sections 


| THE DISTANCE FORMULA 


Suppose that two points are on a horizontal line, and thus have the same 
second coordinate. We can find the distance between them by subtracting 
their first coordinates. This difference may be negative, depending on the or- 
der in which we subtract. So, to make sure that we get a positive number, we 
take the absolute value of this difference. The distance between two points 
on a horizontal line (x,, y;) and (x, y;) is thus |x. — x,|. Similarly, the dis- 
tance between two points on a vertical line (x, y,) and (x2, yx) is |y. — yy|- 


y 
(Xz Yo) 
The distance between 
(x, y;) and (xp, yy) = |x2 — | d 
aA _ yo - ¥I 
i | 
T T 
(xp, yy) (Xa, y1) 
(xp) * 4 (xy) 
xq ~ Xy 
x 


Now consider any two points (x), y,) and (Xs, y2). If x) ~ x, and 
y, * Yo, these points are vertices of a right triangle, as shown. The other 
vertex is then (x,, y,). The lengths of the legs are |x. — x,|and |y. — y,|. We 


find d, the length of the hypotenuse, by using the Pythagorean equation: 
a? = |x, — x/? + lye — ysl”. 


Since the square of a number is the same as the square of its opposite, we 
don’t need these absolute-value signs. Thus, 


a= (o> tale + (y2 - y)*. 


Taking the principal square root, we obtain the formula for the distance 
between two points. 


THE DISTANCE FORMULA 


The distance between any two points (xj, y;) and (x», yz) is given by 
d= V(x, - 4) + 2 - i) 


This formula holds even when the two points are on a vertical line ora 
horizontal line. 


EXAMPLE 4 _ Find the distance between (4, —3) and (—5, 4). Give an exact 
answer and an approximation to three decimal places. 


We substitute into the distance formula: 


d= V(-5 — 4)? + [4- (-3) Substituting 


— \//_9)\2 2 Find the distance between each 
— ( 9) +7 : : : 
; pair of points. Where appropriate, 
= V130 = 11.402. Using a calculator give an approximation to three 
decimal places. 


4. (2,6) and (—4, —2) 


5. (—2, 1) and (4, 2) 
d= V (x2 = x,)* a = yi) 
=Va-( )¥+@- } 
=V 742 
— 


V 130 ~ 11.402 


Do Exercises 4 and 5. D> 


[} MIDPOINTS OF SEGMENTS 


The distance formula can be used to derive a formula for finding the mid- 
point of a segment when the coordinates of the endpoints are known. 


THE MIDPOINT FORMULA 


If the endpoints of a segment are (xj, y;) and (x, yz), then the 
coordinates of the midpoint are 


X + X2 Yi + Yo y 
2.” 2 , (Xp Yo) 
sm 
(To locate the midpoint, determine # +m Wt 
the average of the x-coordinates Oy ye 2’ 2 


and the average of the 
y-coordinates.) 


EXAMPLE 5 Find the midpoint of the segment with endpoints (—2, 3) 
and (4, —6). 


Using the midpoint formula, we obtain 
Find the midpoint of the segment 


(= +434 =) (2 =) ( >) with the given endpoints. 
» OF —, — ], OF iF 


; a 


2 2 2’ 2 2) 6. (—3, 1) and (6, —7) 
Do Exercises 6 and 7. D> 7. (10, —7) and (8, —3) 
Answers 
3 
4.10 5. V37 ~ 6.083 6. (3 -3) 
7. (9,-5) 
Guided Solution: 


5. —2, 1, 6,37, 6.083 
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(x, y) 


(x, y) 


(x—h)? + (y—-k? =r? 


ER cIRCLES 


Another conic section, or curve, shown in the figure at the beginning of 
this section is a circle. A circle is defined as the set of all points in a plane 
that are a fixed distance from a point in that plane. 
Let’s find an equation for a circle. We call the center (h, k) and 
let the radius have length r. Suppose that (x, y) is any point on the 
circle. By the distance formula, we have 


V(x — hy? + (y— k= 1. 
Squaring both sides gives an equation of the circle in standard form: 
(x= hy + Gy — bP = r?. 


When h = Oandk = 0, the circle is centered at the origin. Otherwise, 


8. Find the center and the radius 
of the circle 


(x — 5)? + (y+ 3 =9. 
Then graph the circle. 


9. Find the center and the radius 
of the circle x* + y? = 64. 


Answers 


8. 9. (0,0);r = 8 


~s|-Center: (5, -i) 
Radius: 3 
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> 
. we can think of that circle being translated |h| units horizontally 
and |k| units vertically from the origin. 


EQUATIONS OF CIRCLES 


A circle centered at the origin with radius r has equation 


x? + y? = 7’, 
A circle with center (h, k) and radius r has equation 


(x — h)? + (y—k)? =r’. — (Standard form) 


EXAMPLE 6 Find the center and the radius and graph this circle: 

(x + 2)? + (y — 3)? = 16. 

First, we find an equivalent equation in standard form: 
p= (2+ os as. 


Thus the center is (—2,3) and the radius is 4. We draw the graph, shown 
below, by locating the center and then using a compass, setting its radius at 4, 
to draw the circle. 


(x + 2)? + (y— 3)? =16 


< Do Exercises 8 and 9. 


EXAMPLE 7 Write an equation ofa circle with center (9, —5) and 


radius V2. 
We use standard form (x — h)? + (y — 
(x — 9)? + [y — (-5)P = (v2)? 
(x — 9)? + (y+ 5)? = 2. 


k)? = r? and substitute: 


Substituting 
Simplifying 


Do Exercise 10. > 


With certain equations not in standard form, we can complete the 
square to show that the equations are equations of circles. 


EXAMPLE 8 Find the center and the radius and graph this circle: 


x? + y? + 8x — 2y+15=0. 


First, we regroup the terms and then complete the square twice, once 


with x* + 8x and once with y” — 2y: 
x? + y? + 8x — 2y + 15 
(x? + 8x) + (y? — 2y) 


(x? + 8x + 0) + (y? — 2y + 0) 
(x* + 8x + 16 = 16) + G? —2y+1-1) 


(x® + 8x + 16) + (y? — 2y+1)-— 16-1 
(x* + 8x + 16) + (y? — 2y + 1) 


(x 4)? + (y = 1)? 


[eo ey Peay 


The center is (—4, 1) and the radius is V2. 


x? +y?4+ 8x—2y+15=0 


[x — (-4)? + (y- 1)? = (V2)? 


(-4, 1) 


=0 

= —15 Regrouping and 
subtracting 15 
Adding 0 

(3)? = 4 = 16; 
(P= 1 
substituting 

16 — 16and 

1 — 1 for0 


Regrouping 


Adding 
16 and 1 
on both 
sides 


=-15 
-15 


= 15 
= =15 + 16 1 


=2 


= (vay 


Factoring and 
simplifying 


Writing standard 
form 


-6-5 =3 -2 


-1 1 
ml 


BY 


Do Exercise 11. D> 


10. Find an equation ofa circle with center 


(—3, 1) and radius 6. 


(x — ( 


11. 


@ Wit Goni=7 
o- iy 
G@ +3) +=} = 


Find the center and the radius 
of the circle 


x? +2x+ y?—4y+2=0. 
Then graph the circle. 
Answers 


10. (x + 3)? + (y — 1)? = 36 
11. Center: (—1, 2); radius: V3; 


x? + 2x+ y?—-4y+2=0 


Guided Solution: 
10. —3, 1, 6, 36 
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Graphing Circles — Equations of circles are not functions, so they cannot be entered directly in “y =" form on a graphing 
calculator. Nevertheless, there are three methods for graphing circles. 

Suppose we want to graph the circle (x — 3)? + (y + 1)? = 16. One way to graph this circle is to use the CIRCLE feature from 
the DRAW menu. The center of the circle is (3, —1) and its radius is 4. To graph it using the CIRCLE feature from the DRAW menu, we 
first press C¥=_) and clear all previously entered equations. Then we select a square window. We will use [ —3, 9, —5, 3]. We press GD 
to go to the home screen and then Qyy Ge) ©) to display “Circle(.” We enter the coordinates of the center and the radius, 
separating the entries by commas, and close the parentheses: @) QC) GC) GDP GP GD. 


Circle(3, —1, 4) 


—3)44 | 


75 


When the Graph screen is displayed, we can use the CLRDRAW operation from the DRAW menu to clear this circle before we graph 
another circle. To do this, we press GQ Ga) GD. 

Another way to graph a circle is to solve the equation for y first. Consider the equation above: 

(x — 3)? + (y+ 1) = 16 
(y + 1)? = 16 — (x — 3)? 
yt1= £V16 — (x - 3) 
y=-1+ V16—- (x - 3). 

Now we can write two functions, y, = —1 + V16 — (x — 3)? andy) = —1 — V16 — (x — 3)”. When we graph these 
functions in the same window, we have the graph of the circle. The first equation produces the top half of the circle and the second 


produces the lower half. The graphing calculator does not connect the two parts of the graph because of approximations made near 
the endpoints of each graph. 


y, = -1+V16- (&« — 3), 
Yy = —1—V16 — (« — 3/2 
3. i 


Plot1 Plot2 Plot3 

\Y1 BH -1+V¥(16-(X-3)2) 

Vee 2m -3f. fl. 1 111.\ 14/9 
Y3= 


\Y4 = 


\Y¥s = 
\Yo = 
\Y7= 


Circles can also be graphed using the CONICS app from the APPS menu. 
EXERCISES: Graph each circle using both methods above. 
L. (x — 1)? + (y+ 2)2=4 2. (ey y= ay = 2 
3. x? + y? - 16=0 4, 4x? + 4y? = 100 
5. x7 + y?-— 10x-11=0 
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For Extra Help ; MathXL° . = 
MyM ath Lab PRACTICE WATCH READ REVIEW 


(vf Reading Check 


Determine whether each statement is true or false. 


RC1. 


RC2. 


Parabolas and circles are examples of conic sections. 


The graph of y = x? — 3x + 4isa parabola that opens down. 
g 


RC3. The distance formula can be used when two points are on a vertical line. 
RC4. The x-coordinate of the midpoint of two points is the average of the x-coordinates 
of the points. 
RC5. The center of the circle given by x” + y? = 10is (0,0). 
RC6. The radius of the circle given by x” + y” = 10is 10. 
EI Graph each equation. 
2.x= y? Bx=y?+4y+1 4.y=x*—-2x+3 
YA YA VA 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
= > 
~574-372-1) 123 4 5 x 574737271) 123 45 x 75747-37271) 123 4 5 xX 
—2 —2 =—2 
3 —3 -3 
—4 —4 —4 
—5 —5 —5 
5. y= —x? + 4x-—5 6.x=4-3y-y’ 7. x = —3y? — by- 1 8. y = —5 — 8x — 2x? 
y y YA YA 
5 5 5: 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 I 
~ > = = 
mona e oy, 123 45 x. 7574737271), 123 4 5 x 7574737271) 12 °3.4 5 x ~574-372-1) 123 45 x 
=2 —2 —2 =—2 
=3 —3 —3 —3 
-4 —4 4 —4 
—5 5 —5 =5 
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Db | Find the distance between each pair of points. Where appropriate, give an approximation to three decimal places. 


9 


24 


. (6, —4) and (2, —7) 


. (8,3) and (8, —3) 


. (2.8, -3.5) and (—4.3, -3.5) 


2 (0, V7) and (V6, 0) 


. (a, b) and (0,0) 


. (v8, V3) and (— V5, — V6) 


10. (1,2) and (—4, 14) 


13. (9,9) and (—9, —9) 


16. (6.1, 2) and (5.6, —4.4) 


19. (—23, 10) and (56, —17) 


22. (0,0) and (p,q) 


25. (1000, —240) and (—2000, 580) 


fei Find the midpoint of the segment with the given endpoints. 


27. (—1,9) and (4, —2) 


30 
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. (7, —-3) and (4, 11) 


CHAPTER 9 Conic Sections 


28. (5, 10) and (2, —4) 


31. (—10, —13) and (8, —4) 


11. (0, —4) and (5, —6) 


—_ 
is 


. (2,22) and (—8, 1) 


20. (34, —18) and (—46, —38) 


23. (2, —- V3) and (-V7, V5) 


26. (—3000, 560) and (—430, —640) 


29. (3,5) and (—3,6) 


32. (6, -2) and (—5, 12) 
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33. (—3.4, 8.1) and (2.9, —8.7) 


34. (4.1, 6.9) and (5.2, —6.9) 


37. (V2, -1) and (V3, 4) 


dd | Find the center and the radius of each circle. Then graph the circle. 


39. (x + 1)? + (y+3)? =4 


> 
12345 :x 


> 
12345 : x 


38. (9,23) and (—4,5V3) 


40. (x — 2)? + (y+ 3)? =1 Al. (x — 3)? + y? =2 
YA VA 
5 5: 
4 + 
3 3 
2 2 
1 1 
> > 
—5-4-3-2-1 123 45 % ~574-3—2-1) 123 45 iG 


Find an equation of the circle having the given center and radius. 


45. Center (0,0), radius 7 


47. Center (—5, 3), radius V7 


Find the center and the radius of each circle. 


49. x7 + y* + 8x —- 6y-— 15 =0 


43, x? + y* = 25 44,x°+y2=9 
VA VA 
5 5 
4 4 
3 3 
2 2 
iE 1 
~5-4-3—2-1, 123 45 x ~574-3-2-1) 12345 x 
2 —2 
i3 -3 
L4 —4 
15 5 
46. Center (0,0), radius 4 
48. Center (4, 1), radius 3V2 
50. x7 + y? + 6x — 4y-— 15 =0 51. x? + y? — 8x + 2y 
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52. x? + y? + 6x + 4y+ 12=0 53. x7 + y? — 4x = 0 54. x + y+ l0y — 75 = 0 


Sha Maite mame oiiiiioiicccccccocccccccccecvececvecceeeceeeevevecvevecveveevevevveveevevevitvevitevitvsvitsvivievevsvevisvevtvevenveves 


Solve. [3.2a], [3.3a] 


55. x —y= 7, 56. x + y= 8, 57. y = 3x — 2, 58. 2x + 3y = 8, 59. —4x + 12y = —9, 
x+y=1l x—- y= -24 2x — 4y = 50 x — 2y=—-3 x= By = 2 


Factor. [4.6b] 


60. 4a” — b’ 61. x? — 16 62. a? — 9b’ 63. 64p? — 81q? 64. 400c?d” — 225 
BONN ccc aes as di ce 8ceacipatevce Serta ce sets ai ua rt Redonda eee ek Seared es 
Find an equation ofa circle satisfying the given conditions. 

65. Center (—3, —2), and tangent to the y-axis 66. The endpoints of a diameter are (7,3) and (—1, —3). 


Find the distance between the given points. 
67. (6m, —7n) and (—2m, n) 68. (-3V3,1 — V6) and(V3,1 + V6) 


If the sides of a triangle have lengths a, b, and cand a’ + b? = c’, then the triangle is a right triangle. Determine whether 

the given points are vertices ofa right triangle. 

69. (—8, —5), (6,1), and (—4, 5) 70. Find the point on the y-axis that is equidistant from 
(2, 10) and (6, 2). 


71. Snowboarding. Each side edge of a snowboard is 72. Doorway Construction. Ace Carpentry is to cut an 
an arc ofa circle. The snowboard shown below has a arch for the top of an entranceway. The arch needs 
“running length” of 1150 mm and a “sidecut depth” of to be 8 ft wide and 2 ft high. To draw the arch, the 
19.5 mm. carpenters will use a stretched string with chalk 


attached at an end as a compass. 


mm 


Center = (0, ?) 


a) Using the coordinates shown, locate the center of 


the circle. (Hint: Equate distances.) a) Using a coordinate system, locate the center of 

b) What radius is used for the edge of the board? the circle. 
b) What radius should the carpenters use to draw 

the arch? 
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EER ELLIPsEs 


When a cone is cut at an angle, as shown below, the conic section formed 
is an ellipse. 


AN ELLIPSE IN 
THREE DIMENSIONS 


‘ AN ELLIPSE IN A PLANE 


Ellipse 7 -4 
e \ 


We can draw an ellipse by securing two tacks in a piece of cardboard, 
tying a string around them, placing a pencil as shown, and drawing with 
the string kept taut. The formal mathematical definition is related to this 
method of drawing. 

An ellipse is defined as the set of all points in a plane such that the sum 
of the distances from two fixed points F, and F, (called the foci; singular, 
focus) is constant. In the preceding drawing, the tacks are at the foci. 
Ellipses have equations as follows. 


EQUATION OF AN ELLIPSE 


An ellipse with its center at the origin has equation 


2 2 
x 
7 4, ab>0, ax b. 
a 


ee (Standard form) 


We can almost think ofa circle as a special kind of ellipse. A circle is 
formed when a = b and the cutting plane is perpendicular to the axis of 
the cone. It is also formed when the foci, F, and F,, are the same point. An 
ellipse with its foci close together is very nearly a circle. 

When graphing ellipses, it helps to first find the intercepts. Ifwe replace 
x with 0 in the standard form of the equation, we can find the y-intercepts: 


2 2 
€ FW, 
a b? 
yo 
ao! 
= hb 
y=xb. 


OBJECTIVE 


a | Graph the standard form of 
the equation of an ellipse. 


SKILL TO REVIEW 


Objective 2.5a: Graph linear 
equations using intercepts. 


Find the intercepts and then 
graph the line. 

Lik y= 3 

2. f(x) = —2x — 4 


Answers 


Skill to Review: 
1. x-intercept: (—3, 0); y-intercept: (0, 3); 


x-y=-3 
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Thus the y-intercepts are (0, b) and (0, —b). Similarly, the x-intercepts are 
(a, 0) and (—a, 0). Ifa > b, the ellipse is horizontal and (—a, 0) and (a, 0) 
are vertices (singular, vertex). If a < b, the ellipse is vertical and (0, —b) 
and (0, b) are the vertices. 


Graph each ellipse. wh ‘ 
; ' Vertex (0, b) 
Tee aaa g ee) 
g) 4 
ae cee es (—a, 0) (a, 0) (—a, 0) (a, 0) 
9 4 = 32 ; 2 f cs & x 
= = Vertex Vertex 
a=3,b= a5) 
The x-intercepts are (—3, 0 
and ( : on ( ) Vertex (0, —b) 
The y-intercepts are (0, ) 
and (0,2). a>b a<b 
We plot the intercepts and Plottine th 3 dfillingi iLhened a 
draw thevellipee! otting these points and filling in an oval-shaped curve, we get a grap 
of the ellipse. Ifa more precise graph is desired, we can plot more points. 
ge cee cegee INTERCEPTS AND VERTICES OF AN ELLIPSE 
= For the ellipse 
x.y 
ep” 
‘ P the x-intercepts are (—a, 0) and (a, 0), and the y-intercepts are (0, —b) 
pe ie een and (0, b). Ifa > b, then (—a, 0) and (a, 0) are the vertices. Ifa < b, 
9 25 then (0, —b) and (0, b) are the vertices. 
y 
3 wy? 
i EXAMPLE 1. Graph: rs + a =1. 
3 Note that 
= 2 2 2 2 
ee a a=2,b=3 
4 9 2 3 
Answers Thus the x-intercepts are (—2,0) and (2,0), and the y-intercepts are 
2 ‘j 7 (0, -3) and (0,3). The vertices are (0, —3) and (0,3). We plot these points 


and connect them with an oval-shaped curve. To be accurate, we might 
find some other points on the curve. We let x = 1 and solve for y: 


a, ie 
ley see 
4 9 
1 2 
sot +5) = 36-1 
4 9 
1 y? 
Ste a 36-— + 36: = 36 
4 9 
9 + 4y? = 36 
Ay” = 27 
27 
2. 8 
- 4 
27 
=+,/— = +26 
. 4 
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Thus, (1, 2.6) and (1, —2.6) can also be plotted and used to draw the graph. 


Similarly, the points (—1, —2.6) and (—1, 2.6) can also be computed and 
plotted. 


¥ 
Vertex: 
0,3 2 2 
8) eel wy 
4 9 
(-1, 2.6) (1, 2.6) 
(—2, 0) (2, 0) 
-5-4-3 3.4 5 x 
(-1, -2.6) (1, -2.6) 
7 Vertex: 
(0, —3) 


Do Exercises 1 and 2 on the preceding page. > 


EXAMPLE 2. Graph: 4x? + 25y”? = 100. 


To write the equation in standard form, we multiply both sides by j49: 


1 1 sess 
——(4x? + 25y”) = —(100) Multiplying by 795 to get 1 on 


100 100 the right side 
1 1 
— (4x?) + —(25y”) = 1 
100 100 eee 
Simplifying 
x? oy? 
i 
25 4 
2 2 
x 
52 + 7 =] a= 5,b =2 


The x-intercepts are (—5,0) and (5,0), and the y-intercepts are (0, —2) 
and (0, 2). The vertices are (—5, 0) and (5,0). We plot the intercepts and 
connect them with an oval-shaped curve. Other points can also be com- 
puted and plotted. 


YA 
5 2 2 
| 40° + 25y” = 100 


3 
(0, 2) 
Vertex: 


(-5, 0) 


Vertex: 
(5, 0) 
> 


-6 6 x 


(0, =2) 


Do Exercise 3. > 


cs) 3. Graph: 16x? + 9y? = 144. 
16x” + 9y? = 144 


1 1 
—— (16x? + 9y?) = ——(144 
pe) ag) 


a=3,b= 
The x-intercepts are (—3, 0) 
and ( 0). 


The y-intercepts are (0, ) 
and (0, 4). 


We draw the ellipse. 


4. Graph: 
(a 2)? 
16 9 


(x + 2)? 
16 9 


2 WED 


Guided Solution: 
3. 16,1,4,4,3, —4 
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Graphing Ellipses —\n 
a Calculator Corner on p. 766, we 
graphed a circle by first solving the 
equation of the circle for y. We can 
graph an ellipse in the same way. 
Consider the ellipse in Example 2: 
4x? + 25y* = 100 
25y* = 100 — 4x? 
00 — 4x? 
25 


= 2 
fe / 100 a 
25 
Now we enter 
1100 — 4x? F 
= ,/—— an 
al 35 


100 — 4x? 
25 


v2 = 


and graph these equations in a 
square window. 

Ellipses can also be graphed 
using the CONICS app in the APPS 
menu. 


EXERCISES: Graph each ellipse. 


. 16x + 9y? = 144 
(= 1) Or?) _ 
, 4 9 


(ener . yaar 
“16 9 
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Horizontal translations and vertical translations, similar to those used in 
Chapter 7, can be used to graph ellipses that are not centered at the origin. 


STANDARD FORM OF AN ELLIPSE 


The standard form ofa horizontal ellipse or a vertical ellipse centered 
at (h, k) is 


(xh) | (y— k) _ - (h, k + b) 


(h—b,k) € (h+a,k) 
The vertices are (h + a,k) and 
(h — a,k) if horizontal; (h, k + b) alesis 
and (h, k — b) if vertical. | 7 


ody, WIRY 


EXAMPLE 3° Graph: —— ; 


Note that 


G@= I, y+? _ nak, yt sP 
4 9 2 3 


Thus, a = 2andb = 3.To determine the center of the ellipse, (h, k), note that 


(= 1? +5)? _ (= 1h 8)? 
2? 3? 2? 3? 


Thus the center is (1, —5). We locate (1, —5) and then plot (1 + 2, —5), 
(1 — 2,—-5),(1,—-5 + 3), and (1, —5 — 3). These are the points (3, —5), 
(-1, -5), (1, -2), and (1, —8). The vertices are (1, —8) and (1, —2). 


VA 


2 -~1)2 a 
@-1? , O+5? _, 
1 4 9 


> 
-4-3-2-1 123 45 6 x 
(1, —2): vertex 


(-1, -5) (3, —5) 


(1, —8): vertex 


Note that this ellipse is the same as the ellipse in Example 1 but translated 
1 unit to the right and 5 units down. 


< Do Exercise 4 on the preceding page. 


Ellipses have many applications. The orbits of planets and some com- 
ets around the sun are ellipses. The sun is located at one focus. Whisper- 
ing galleries are also ellipses. A person standing at one focus will be able 
to hear the whisper of a person standing at the other focus. One example 
of a whispering gallery is found in the rotunda of the Capitol building in 
Washington, D.C. 


Planetary orbit 


Whispering gallery 


A medical instrument, the lithotripter, uses shock waves originating at 
one focus to crush a kidney stone located at the other focus. 


Kidney Source 
of shock 
waves 


Wind-driven forest fires can be roughly approximated as the union 
of “half”-ellipses. Shown below is an illustration of such a forest fire. The 
smaller half-ellipse on the left moves into the wind, and the elongated half- 
ellipse on the right moves out in the direction of the wind. The wind tends to 
spread the fire to the right, but part of the fire will still spread into the wind. 


SOURCE: “Predicting Wind-Driven Wild Land Fire Size and Shape,” Hal Anderson, Research Paper INT-305, U.S. 
Department of Agriculture, Forest Service, February 1983. 
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For Extra Hel 4 = 
u MathXL = |% 
® \ 
MyMath Lab PRACTICE WATCH READ REVIEW 
[Vj Reading Check 
For each term, write the letter of the appropriate labeled part of the drawing. 
RCl. Ellipse * 
A 
RC2. __—~*Focus \ 
D 
RG3. Center 
RC4. Vertex 
a | Graph each ellipse. 
2 2 2 2: 2 2: 
x x 
i; 424 a er are aes | 
9 36 6 25 1 4 
y y y 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
~5747-372-1) 123 4 5 x ~574—372-1, 123 45 A ~5747-372-1), 123 45 
19 2, 2 
ig —3 3 
Lg —4 4 
i5 —5 5 
ee. ¥ 
4,—+—=] 5. 4x? + 9y* = 36 6. 9x? + 4y”? = 36 
oS (Hint: Divide by 36.) 
YA YA YA 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 1 1 
> = 
~57473—2-1) 123 4 5 x 7574737271) 12345 % ~5-4-3-2-1, 123 45 
—2 —2 —2 
13 —3 ated 
4 4 -4 
L5 —5 =5 
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VA 
5 
4 
3 
2 
1 
> 
7574737271) 123 45 x 
are. 
3 
—4 
—5 
10. 5x? + 7y? = 35 
VA 
5 
4 
3 
2 
1 
> 
~574—-3—2-1) 123 4 5 x 
2 
—3 
—4 
=—5 


9 25 
VA 
5 
4 
3 
2 
1 
—5-4-3-2-1,| 123 4 5 
42 
43 
-4 
-5 


x 


8. 9x? + 16y” = 144 


1 2.3.4 5 


11. 12x? + 5y? — 120 = 0 


123 45 


x 


4 9 
VA 
5 
4 
3 
2 
1 
—5-4-3-2-1,| 123 4 5 
42 
43 
“4 
45 


9. 2x? + 3y2 = 


-5-4-3-2-1,| 1 


23 45 


12. 3x? + 7y? — 63 = 0 


123 4 5 


(ey? | (y+2" _, 


x 


16 25 
y 
5 
4 
3 
2, 
1 
7574737271, 12345 x 
at 
gs) 
—4 
a= 
SECTION 9.2 Ellipses 
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x + 3) — 2)? 
16. ( 7 ) Y 5 _ 1 17, 12(x — 1)? + 3(y + 2)? = 48 18. 4(x — 2)? + 9(y + 2)? = 36 
¥ VA VA 
5 ist 5 
4 4 4 
3 3 3 
2 2. 2 
1 1 1 
> 
posts aes ly 123 45 x ~574—-372-1) 12345 x ~574-3—-2-1) Lt 2) 3-4-5 x 
2 —2 —2 
ig —3 3 
4 <4 4 
—5 —5 <5 
19. (x + 3)? + 4(y + 1) — 10 =6 20. 8(x + 1)? + (y+ 1)? - 12=4 
VA y 
5 5 
4 4 
3 3 
2 2 
it 1 
> > 
~574-372-1) 23 AS xX T5473 727-1) I 2.3 4 5 x. 
) —2 
=3 3 
4 4 
5 5 


Skill Maimtemance iii iccccccecceccoccccecceccecceveeveeeesevtevetveevesviteetvetvesvitvittrevtevettisvisvittvitvtvtsveseeeess 


Solve. Give exact solutions.  [7.2a] 
21. 3x° — 2x +7=0 22. 3x — 12x +7=0 23. x7 +x+2=0 24. x? + 2x = 10 


Solve. Give both exact and approximate solutions to the nearest tenth. [7.2a] 


25. x2 + 2x-17=0 26. x? — 2x = 10 27. 3x7 — 12x +7= 28. 2x7 + 3x -4=0 
10 — x? + 5x 
Convert to a logarithmic equation. [8.3b] Convert to an exponential equation. [8.3b] 
29.a'= 30. 8° = 17 31. In24 = 3.1781 32. p = log. W 
SyMtesis cc cece cece cee eeseeebtestbestestitiseiististisiseisissisististiissisiitistieittisiitieseestieisesieesseeneees 
Find an equation of an ellipse that contains the following points. 
33. (—7, 0), (7,0), (0, —5), and (0,5) 34. (—2,—1), (6,—1), (2, 4), and (2, 2) 
35. Theatrical Lighting. The spotlight ona pair ofice 36. Complete the square as needed and find an equiva- 
skaters casts an ellipse of light on the floor below lent equation in standard form: 
them that is 6 ft wide and 10 ft long. Find an equation x? — 4x + 4y* + By — 8 = 0. 


of that ellipse if the performers are in its center, x is 
the distance from the performers to the side of the 
ellipse, and y is the distance from the performers to 
the top of the ellipse. 
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Mid-Chapter Review 


Concept Reinforcement 


Determine whether each statement is true or false. 


1. The graph of y — x* = 5isaparabola opening up. [9.1a] 


2, 2, 
2. The graph of a oF - = lis an ellipse with its center at the origin. [9.2a] 


Gaal a4: 
105) oe 
atthe origin. [9.2a] 


3. The graph of = lis an ellipse with its center not 


4. The graph of (x — 1)? + (y — 4)? = 16isacircle with its center at 
(1-4), (pidl 


Guided Solutions 


Fill in each blank with the number or the expression that creates a correct solution. 


cs) 5. For the points (—6, 2) and (4, —1): 
a) Find the distance between the points. [9.1b] 
b) Find the midpoint of the segment with the given endpoints. [9.1c] 


We let (x;, y;) = (—6, 2) and (x, y2) = (4, -1). 
a) d= V(x. — m)? + (w — nn)? = V( = mom = —— Nee Wie 


= a. = 


Xt Xo Vit yo\ ap 4b 2 ar = = 
(eS 


6. Find the center and the radius of the circle 
x? + y? — 20x + 4y+ 79=0. [9.1] 


x? — 20x + y* + 4y= 


ye Dhy s + y? + 4y 4 = -79+ ~ 
(e- tt P= 
(x — ey y= 2 Center: ( ; ); radius: 


Mixed Review 


Find the distance between each pair of points. Where appropriate, give an approximation to three decimal places. [9.1b] 
7. (5, —6) and (2, —9) 8. (2.3, 8) and (—8, 4.2) 9. (0, V6) and (— V5, 0) 


Find the midpoint of the segment with the given endpoints. [9.1c] 


1 1 
10. (—11,3) and (—8, 12) 11. (-3 +) and (G =) 12. (7.2, —4.6) and (—10.2, —3.2) 


Mid-Chapter Review: Chapter 9 779 


Find the center and the radius of each circle. 


13. x° + y? = 121 


15.% 4. (y 5) — 14 


Find an equation of the circle having the given center and radius. 


17. Center (0, 0), radius 1 


19. Center (—8, 6), radius V17 


[9.1] 


14, (x — 13)? + (y + 9)? = 109 


16 Or ay 


[9.1d] 


i 3} 8 
18. Center | ——, — ], radius — 
2 ah D, 


20. Center (3, —5), radius 2V5 


0 


Graph. [9.1al], [9.1d], [9.2a] 
ys 2 2 2 2 
Als or ae = DPs i) = i sp 2 — Il 2, (= WP (vr ZrSeo9 Bh r= ye =2 
YA YA YA YR 
5 5 5 i) 
4 4 4 4 
3 3 o) 8 
2 2 2 2 
1 il il il 
poeta sana Il 74 eh 2B) eG Bete | We 58 sols dae tel L253) 45 e mieten ten Ler iL at eh Bs 
= = =2 72 
<3 = = ae 
—4 —4 —4 —4 
=8 =8 =5 -5 
9 = ie 3) oe 
258k oy ag, | ) _¥ ar ee eee) 28) — 6 a 
4 4 9 T6ue 
YA YA VA YA 
5 5 5 o 
4 4 4 4 
&) 3 a) 8) 
2 2 2 2 
i il il i 
SS 2) Sa ae SS = 12 a Ae x SOR Om Ww a) Bh iG SS On neo 


Understanding Through Discussion and Writing 


29, asa Howcoulda graphing calculator be used to graph 


an equation of the form x = ay”? + by + c? 


[9.1a] 


31. An eccentric person builds a pool table in the shape of 
an ellipse with a hole at one focus and a tiny dot at the 
other. Guests are amazed at how many bank shots the 
owner of the pool table makes. Explain how this can 


happen. 


[9.2a] 
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30. Is the center ofa circle part of the circle? Why or 


why not? [9.1d] 


32. (mwa 


jmwa Wind-Driven Forest Fires. 


a) Graph the wind-driven fire formed as the union of 


the following two curves: 


x 


2 


2) 


y 


10.37 


4.8 


= il, 


ae c= (0p 


x 


2 


2 


3.67 


alae 
4.87 


= i, 


xe == (0 


b) What other factors do you think affect the shape of 


forest fires? [9.2a] 


x 
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STUDYING FOR SUCCESS = Looking Ahead 


(_| As you register for next semester’s courses, evaluate both your work and your family 


commitments. 


{_) Ifyou are registering for another math course, consider keeping your notes, tests, and 


text from this course as resources. 


Hyperbolas 


EE} HYPERBOLAS 


A hyperbola looks like a pair of parabolas, but the actual shapes are differ- 
ent. A hyperbola has two vertices and the line through the vertices is known 
as an axis. The point halfway between the vertices is called the center. 


a > vertices 
\ ! 
\ . 
I 
\ 
\ 
\ 
I 
Parabola Hyperbola in Hyperbola in a plane 


three dimensions 


EQUATIONS OF HYPERBOLAS 


Hyperbolas with their centers at the origin have equations as follows: 
2 2 2 2 


x 
Axis horizontal: —> - => =1] Axis vertical: — - = = 1. 
a Yr a 


To graph a hyperbola, it helps to begin by graphing two lines called 
asymptotes. Although the asymptotes themselves are not part of the graph, 
they serve as guidelines for an accurate sketch. 


ASYMPTOTES OF A HYPERBOLA 


For hyperbolas with equations as given above, the asymptotes are 
the lines 


_b. ng ya 2 
y= Gx and y= —ox. 


OBJECTIVES 


a | Graph the standard form of 
the equation of a hyperbola. 


|b Graph equations 
(nonstandard form) of 


hyperbolas. 


SKILL TO REVIEW 


Objective 1.2a: Solve a formula 
for a specified letter. 
1. Solve xy = —7 for x. 


2. Solve 16x” — 9y? = 144 
for x?. 


Answers 
Skill to Review: 


7 
LoS 

y 

144 + 9y” 


is "76 


SECTION 9.3 Hyperbolas 781 


1. Graph ae ery 
1 25 
on y? 
16 25 # 2 
a=4,b= 


5 
The asymptotes are y = —x 
and y = . 


The hyperbola is horizontal. 


The x-intercepts are (—4, 0) 
and ( ,0). 

We sketch the asymptotes, plot 
the intercepts, and draw the 
hyperbola. 


LARA dt 


Answer 


a 
16 25 
Guided Solution: 


5 
1. 5,5, ——x, 4 
4 
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cs 


Axis vertical 


Axis horizontal 


As a hyperbola gets further away from the origin, it gets closer and 
closer to its asymptotes. The larger |x| gets, the closer the graph gets to an 
asymptote. The asymptotes act to “constrain” the graph of a hyperbola. On 
the other hand, parabolas are not constrained by any asymptotes. 

The next thing to do after sketching asymptotes is to plot vertices. Then 
it is easy to sketch the curve. 


ey 
EXAMPLE 1 Graph: = 1. 
Note that 
2 2 2 2 
= D8 : Identifying a and b 


4 9 22 3? 


soa = 2andb 


3 


es 


3. The asymptotes are thus 


3 
and y aa 
We sketch them, as shown in the graph on the left below. 

For horizontal hyperbolas or vertical hyperbolas centered at the origin, 
the vertices also serve as intercepts. Since this hyperbola is horizontal, we 
replace y with 0 and solve for x. We see that x”/2? = 1 whenx = +2. The 
intercepts are (2,0) and (—2, 0). You can check that no y-intercepts exist. 
The vertices are (—2, 0) and (2, 0). 

Finally, we plot the intercepts and sketch the graph. Through each in- 
tercept, we draw a smooth curve that approaches the asymptotes closely, 
as shown. 


N@ 


Asymptotes 


< Do Exercise 1. 


EXAMPLE 2. Graph: 


Note that 
The intercept distance is 


found in the term without the 
36 4 62 92 minus sign. Here there is a y 
4h in this term, so the intercepts 
are on the y-axis. 


The asymptotes are thus y = $x and y = —$x, or y = 3x andy = —3x. 

The numbers 6 and 2 can be used to sketch a rectangle that helps with 
graphing. Using +2 as x-coordinates and +6 as y-coordinates, we form 
all possible ordered pairs: (2, 6), (2, —6), (—2, 6), and (—2, —6). We plot 
these pairs and lightly sketch a rectangle through them. The asymptotes 
pass through the corners (see the figure on the left below). Since the hyper- 
bola is vertical, we plot its y-intercepts, (0, 6) and (0, —6). The vertices are 
(0, —6) and (0, 6). Finally, we draw curves through the intercepts toward 
the asymptotes, as shown below. 


y y 
\ 7 \ 7 
\ 9 7 \ ‘A 
y= —3x \ : | y=3x y= —3x \ | y= 3x 
\ / 
ae 7 ae \ ! 
\ 1 \ / 
\ 7 i" ——'- (0, 6): vertex 
| 5 | 5 
\ 71 \ i 
i Mua Ld Mid lal 
\ 71 \ / 
61 $e Bp ad 18 ee ee 
I \ ro I oy / un x2 
Pe 2 be porn bey bog —-—=l1 
I Y fot 1 ov ds 36 4 
1 7 1 I V7 
| Vv j NM 
t > 
$583 Ia i 11,3456 % a ee Mi 3456 x 
1 if|vi | 1 TAA 
a) 42) tg poobeew 
\ / \ 
I P3ypoy P3po4 
/ \ / \ 
ie Papin Me ims cae 
Vig \l | tuiB \ 
rs Ml i! a (0, —6): vertex 
i) 2 \ 
fot \ 
/ \ 
7 —8 \ 
J 7 \ / \ 
7 9 \ i \ 
/ \ J \ 


Do Exercise 2. > 


Although we will not consider these equations here, hyperbolas with 
center at (h, k) are given by 


=n? O-? _, .. WHR? Gon? 
a b? b? a? 


1. 


Hyperbolas have many applications. A jet breaking the sound barrier 
creates a sonic boom with a wave front the shape of a cone. The intersec- 
tion of the cone with the ground is one branch of a hyperbola. Some com- 
ets travel in hyperbolic orbits, and a cross section of certain lenses may be 
hyperbolic in shape. 


Answers 
2. (a) 


2 2 
We ee 
9 49-1 
SECTION 9.3 


(b) 


Hyperbolas 
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3. Graph: xy = 8. 


Answer 


784 
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|b | HYPERBOLAS (NONSTANDARD FORM) 


The equations for hyperbolas just examined are the standard ones, but 
there are other hyperbolas. We consider some of them. 


Hyperbolas having the x- and y-axes as asymptotes have equations 
as follows: 


xy = cc, where cis anonzero constant. 


EXAMPLE 3 Graph: xy = —8. 
We first solve for y: 


8 
w= = Dividing by x on both sides. Note that x # 0. 
Next, we find some solutions, keeping the results in a table. Note that x can- 


not be 0 and that for large values of |x|, y will be close to 0. Thus the x- and 
y-axes serve as asymptotes. We plot the points and draw the hyperbola. 


VA 
x y 
=-8 
BoM Bf ae 
=3 4 : 
2 
4!) = = 
4 2 -8-6-4 mer) 2 4 x. 
1 || =8 - 
—6 
=] 8 -~8 
go) ad 
-~8 1 
ES, 


< Do Exercise 3. 


Graphing Hyperbolas — Graphing hyperbolas is similar to graphing cir- 
cles and ellipses. First, we solve the equation of the hyperbola for y and then graph 
the two resulting functions. Consider the hyperbola 


Solving for y, we get 


7 7 
i= ave —25 and y= “ave — 25. 


Now, we graph these equations in a square viewing 
window. Hyperbolas can also be graphed using 
the CONICS app from the APPS menu. 


EXERCISES: Graph each hyperbola. 


3. 16x” — 3y* = 48 4, 45x” — 9y? = 405 


Visualizing 
for Success 


Match each equation with its graph. 
i 4y a = 16 


a Gy 6 20 


Answers on page A-38 


[(V| Reading Check 


For each term, write the letter of the appropriate labeled part of the drawing. 


RCI. ___ Asymptote 
RC2. _ Axis 

RC3. _— Branch 
RC4. ___ Center 
RC5. ___ Hyperbola 


RC6. _—iVertex 


a | Graph each hyperbola. 


2 
yx 
i, =I 
9 9 
VA 
5 
4 
3 
2 
1 
> 
~574—-372-1) 12345 x 
—2 
—3 
4 
—5 
2 2 
y x 
| a | 
16 9 
VA 
5 
4 
3 
2. 
1 
> 
—5—4—3-2-1 12345 BG 
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For Extra Help 


MyMathLab*” 


MathXL’ 


PRACTICE 


=—— 
Earn Pp 
aoe: Ke 

WATCH READ REVIEW 


2. 2 
x ys; 
ieee | 
16 16 
YA 
5 
4 
3 
2 
1 
> 
~574—-3—2-1) 123 45 x 
—2 
3 
—4 
—5 
2 2 
y x 
oS SS] 
36 9 
YA 
5 
4 
3 
2 
iL. 
> 
=b=4—3>2-1 123 45 x 


lS 


123 45 


> 
12345 
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Ey = 2 ]25 8.x?-y?=4 9x? =1+y? 
J: y VA 
5 5: 5 
4 4 4 
3 3: 3 
2; 2 2 
1 1 1 
7574737271) 12345 ~5-4—-3-2-1) 1 2. 3: 4 5 x T574-3-2-1) 12345 x. 
—2 —2 2 
—3 —3 3 
4 —4 —4 
—5 —5 —5 
2. => 2 2 _ 2 Do ee 
10. 9y~ = 36 + 4x ll. 25x 16y*~ = 400 12. 4y 9x* = 36 
YH y yA 
5 5 5 
4 4 4 
oS 3 3 
2 2 2 
1 1 1 
> 
7574-37271) 12345 7574-37271) 12345 x 7574737271) 12345 Ke 
—2 2 —2 
+3 3 -3 
—4 —4 —4 
—5 —5 —5 
fbr Graph each hyperbola. 
13. xy = —4 14. xy = 6 15. xy = 3 16. xy = —9 
YH YA YR YA 
5 5 5 5 
4 4 4 4 
3) 3: 3 3 
2 2 2 2 
1 1 1 1 
> > 
~5747372-1) 12345 x ~574—-372-1) 123465 x 574737271) 12 3 45 x ~5747372-1) 12345 
=2. —2 —2 =2 
—3 —3 —3 =3, 
—4 —4 —4 —4 
—5 —5 a5 —5 
SECTION 9.3. Hyperbolas 


17. xy = —2 18. xy = -1 
VA y 
5 5. 
4 4 
3 3 
2 2 
1 al 

~574—-3-2-1) 123 4 5 Ee 757473271) 12345 
—2 2 
—3 —3 
—4 —A4 
—5 —5 


Skill Maintenance 


Solve. 


21. 3(x— 1) -—4(x- 2) =5+x 


23.-4<5-y<2 [l.al 
25. 2x7 + 5x =3 [48a] 
27. Vx+5=x-1 [66a] 


Synthesis 


29. lass Usea graphing calculator to check your answers 


to Exercises 1, 8, 12, and 20. 


Classify the graph of each of the following equations as a circle, an ellipse, a parabola, or a hyperbola. 


[1.4c] 


31. x? + y? — 10x + 8y — 40 =0 
33. 1 — 3y = 2y?- x 
35. 4x” + 25y? — 8x — 100y + 4=0 


37.x7+y2=8 


39;.x% = 


Al, 3x? + 5y? + x? = y? + 49 
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x 


19 = 20 = 
eS eee 

y YA 
5 5 
4 4 
3 3 
2 2 
1 1 

~5-4-3-2-1) 123 45 % ~5-4-3—2-1) 
=) 2 
—3 —3 
—4 —4 
=5 —5 

22. 0.2a — 0.7 = 0.65 [1.1d] 

24. |x| >7_ [1.6e] 

3 
26. = —— [5.5a] 
wad + 6 
28. logyx = [8.6b] 
x= 2) =2y 
30. Graph ( ) Y — 
16 9 


32 


34. 


«pyri = 2x 


9x" — Ay" = 36x 4 


2 2 
a6 eg 
7 7 
2 
38. y = — 
40. y+ 6x =x? +5 


42. 


24y 


56x? — 17y? = 234 — 13x? — 38y? 


36 = 0 


123 45 


x 
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Nonlinear Systems of Equations 


All the systems of equations we studied in Chapter 3 were linear. We now 
consider systems of two equations in two variables in which at least one 
equation is nonlinear. 


OBJECTIVES 


a | Solve systems of equations 
in which at least one 
equation is nonlinear. 


|b | Solve applied problems 
involving nonlinear systems. 


EB} ALGEBRAIC SOLUTIONS 


We first consider systems of one first-degree equation and one second- 
degree equation. For example, the graphs may be a circle and a line. If so, 
there are three possibilities for solutions. 


SKILL TO REVIEW 


Objective 3.2a: Solve systems of 
equations in two variables by the 
substitution method. 


nV 


Solve each system by the 
substitution method. 


1. 3x — 4y = 8, 


x—-—3y=1 
2.x =3- 5y, 
2x+y= —-6 


For L,, there is no point of intersection of the line and the circle, hence 
no solution of the system in the set of real numbers. For L,, there is one 
point of intersection, hence one real-number solution. For L3, there are two 
points of intersection, hence two real-number solutions. 

These systems can be solved graphically by finding the points of 
intersection. In solving algebraically, we use the substitution method. 


EXAMPLE 1 Solve thi tem: ‘ 
olve this system Solving Nonlinear 


xv+y?=25, (D (The graph is a circle.) Systems of Equations 
3x — 4y = 0. (2) (The graph is a line.) EXERCISES: 
We first solve the linear equation (2) for x: 1. Use the INTERSECT feature 
x=4 (3) to solve the systems of 
ay: equations in Examples 
We then substitute $y for x in equation (1) and solve for y: 1 and 2. Remember that 
4_\2 2 each equation must 
Gy? 7 - =A be solved for y before 
gry = 25 it is entered in the 
By? = 25 calculator. 
y=s 2. Use the INTERSECT feature 
y= +3. to solve the systems of 
equations in Margin 
Now we substitute these numbers for y in equation (3) and solve for x: Exercises 2 and 3. 


x=3(3)=4; x= 4-3) =-4, 


Answers 
Skill to Review: 


SECTION 9.4 Nonlinear Systems of Equations : 789 


Solve. Sketch the graphs to confirm 
the solutions. 


1. x2 + y? = 25, 
y-x=-l 


2. 
y 
3. Solve: 
y+ 3x = 1, 
x? — axy = 5. 
Answers 


790 =: cHapPTER9 Conic Sections 


Check: For (4,3): 


x? + y? = 25 3x — 4y = 0 
+ 32 2 25 3(4) — 4(3) 2.0 
16+ 9 12 — 12 
25 TRUE 0 TRUE 

For (—4, —3): 

x? + y? = 25 3x — 4y = 0 
(—4)? + (—3)? 2 25 330) = als) 2 0 

16+9 —12 + 12 

25 TRUE 0 TRUE 


The pairs (4, 3) and (—4, —3) check, so they are solutions. We can see 
the solutions in the graph. The graph of equation (1) is a circle, and the 
graph of equation (2) is a line. The graphs intersect at the points (4, 3) and 
(—4, -3). 


< Do Exercises 1 and 2. 


EXAMPLE 2 Solve this system: 


y+ 3 = 2x, (1) 
x*+2xy=-1. (2) 


We first solve the linear equation (1) for y: 


y = 2x — 3. (3) 
We then substitute 2x — 3 for y in equation (2) and solve for x: 
x? + 2x(2x — 3) = —1 


x? + 4x? — 6x = -1 
5x* — 6x + 1=0 
(5x — 1)(x - 1) =0 
5x -1=0 or x-1=0 


Factoring 


Using the principle of zero 
products 


pe i or x=1. 
Now we substitute these numbers for x in equation (3) and solve for y: 
y=2(3)-3=-8; y=2(1)-3=-1 
The check is left to the student. The pairs (3, —8) and (1, —1) are solutions. 


< Do Exercise 3. 


EXAMPLE 3 Solve this system: 
xt+y=5, (The graph is a line.) 
y=3-x*. (The graph isa parabola.) 
We substitute 3 — x? for y in the first equation: 
eigeg as 
=o fe > 2 = 0 
xv —x+2=0. Multiplying by —1 pcs) ze Sols 
To solve this equation, we need the quadratic formula: 5x + 2y = 


—b + Vb? — 4ac _ =—(=]) = V(-1) — 4(1)(2) 


x= 


Dev 8 eee dg NT, 9 
2 = 9 oe eae ta SUSI MES Sey ae first 


Then solving the first equation for y, we obtain y = 5 — x. Substi- lg EOL SUNT ELH OE Ye 


tuting values for x gives us 9( )? — 4y? = 36 
4 
= (3 vi,) =8 Vi. o( Ay?) - ay? = 36 
4 ; : 25 
2 2 2 2, 
d 362 _ 100,» _ a 
= y 25° 
i. Vi 9 v7 
y=5 ( ‘ a i ee = 
2 2 2 2 25) 
The solutions are oe 225 
€ se vi, 9 <i) ; aE 
a. 2° pee a= 
and 
€E ee, i wi) 
i, i}. 
a i ae 2S ese 
5 4 


There are no real-number solutions. 
: : : IS 
Note in the figure at right that the Tae then 


2 
2a 2(1) SOKeie se 2y = Oars x= ae 


nonreal complex-number solutions 
tells us that the graphs do not intersect. 


graphs do not intersect. Getting only D ( 15 7 
. ih = 
5 4 


Do Exercise 4. D> 


3. 
a = 
Two second-degree equations can have common solutions in 


various ways. If the graphs happen to be a circle and a hyperbola, 
for example, there are six possibilities, as shown below. 


¥ ¥ 
x x x 
4 real solutions 3 real solutions 2 real solutions 
Answer 
y y y ( 3,281), (3: 5) 
4, | =—S,—24,| =5.-——1 
2 4 2 4 
a ie a Guided Solution: 
2 15, 15, 
4. ——y, 25, 64, 16, 4, 2,2, —i, -—i 
iS) 4 4 
2 real solutions 1 real solution 0 real solutions 
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5. Solve: res 


2) — 3x 1G, 
by” + 2x” = 53. 
To eliminate the x?-terms, 


multiply the first equation by 
2 and the second equation by 


Ay* — 6x? = 
15y? + 6x? = 
19y? = 
p= 
y= 
Substitute 3 for yin 


5y® + 2x? = 53: 

5(3)- 2x — 53 

+ 2x7 = 53 
2x? = 


—— 


x= 


We get the same result when 
y = —3. The solutions are 


(2,3),(2  =)( +3), 
and (—2, Me 


Answer 
5. (2,3), (2, -3), (—2,3), (—2, -3) 


Guided Solution: 
5. 3,12, 159, 171, 9, 3, 45, 8, 4, 2, —3, —2, —3 
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To solve systems of two second-degree equations, we can use either the 
substitution method or the elimination method. The elimination method 
is generally used when each equation is of the form Ax? + By” = C. Then 
we can eliminate an x*- or a y?-term. 


EXAMPLE 4 Solve: 
2x* + 5y? = 22, = (1) 
3x7 — y* = -1, (2) 
In this case, we use the elimination method: 
2x* + 5y? = 22 
15x? — 5y? = -5 Multiplying by 5 on both sides of equation (2) 


17x = 17 Adding 
=] 
x= 1. 
Ifx = 1,x? = 1, andifx = —1, x” = 1, so substituting either 1 or —1 for x 
in equation (2) gives us 
3x? — y? = =1 
$-1-—y' =-1 Substituting 1 for x? 
3-y?=-1 
-y? =-4 
y=4 
y= +2. 


Thus if x = 1,y = 2 or y = —2, yielding the pairs (1,2) and (1, —2). If 
x= —ly = 2ory = —2, yielding the pairs (—1, 2) and (—1, —2). 


Check: Since (2)? = 4, (—2)? = 4, (1)? = 1,and(—1)? = 1, wecancheck 
all four pairs at one time. 


2x? + By? = 22 3x2 — y? = -1 
2(£1)? + 5(£2)? ? 22 3(2 1)? = (22)? ? =1 
2+ 20 3-4 
22 TRUE —l TRUE 


The solutions are (1, 2), (1, —2), (-1, 2), and (—1, —2). 
< Do Exercise 5. 

When one equation contains a product of variables and the other equa- 
tion is of the form Ax? + By” = C, we often solve for one of the variables in 


the equation with the product and then substitute in the other. 


EXAMPLE 5 Solve: 
x* + 4y* = 20, (1) 


xy = 4. (2) 
Here we use the substitution method. First, we solve equation (2) for y: 
me 
Laer 


Then we substitute 4/x for y in equation (1) and solve for x: 


2 ay 
x +a(4) = 20 
x 


> 64 
x + — = 20 
x 
x? + 64 = 20x? 
x* — 20x? + 64 = 0 


u* — 20u + 64 =0 
(u — 16)(u— 4) =0 
u=16 or u=4. 


Multiplying by x? 


Obtaining standard form. This 
equation is quadratic in form. 


Letting u = x? 
Factoring 


Using the principle of zero products 


Next, we substitute x” for u and solve these equations: 


= 16 of a°=4 
+4 or x= +2, 


x 


Then x = 40orx = —4orx = 2orx = —2.Sincey = 4/x,ifx = 4,y = 1; 
ifx = —4,y= -l,ifx = 2,y = 2; andifx = —2,y = —2. The ordered 


pairs (4, 1), (—4, —1), (2, 2), and (—2, —2) check. They are the solutions. 


6. Solve: 
VP+xy+y=19, 


Do Exercise 6. D> xy = 6. 


EE} SOLVING APPLIED PROBLEMS 


We now consider applications in which the translation is to a system of 
equations in which at least one equation is nonlinear. 


EXAMPLE 6 Architecture. 


For a college fitness center, an architect 


plans to lay out a rectangular piece of land that has a perimeter of 204 m 
and an area of 2565 m”. Find the dimensions of the piece of land. 


1. Familiarize. We make a drawing of the area, labeling it using / for the 


length and w for the width. 


hos 4 7 Wy 
ee All 


4 } 


Lt < 
Perimeter = 2] + 2w 


ii’ 


= 204 


2. Translate. We then have the following translation: 


Perimeter: 2] + 2w = 204; 
Area: lw = 2565. 
3. Solve. We solve the system 


21+ 2w = 204, 
lw = 2565. 


(The graph is a line.) 
(The graph is a hyperbola.) 


Answer 
6. (3,2), (—3, —2), (2,3), (—2, -3) 
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7. The perimeter of a rectangular 
mural is 34 m, and the length 
of a diagonal of the mural is 
13 m. Find the dimensions of 
the mural. 


8. HDTV Dimensions. The ratio 
of the width to the height of the 
screen of an HDTV is 16 to 9. 
Suppose an HDTV screen has 
a 46-in. diagonal screen. Find 
the width and the height of the 
screen. 


Answers 


7.12mby5m _ 8. Width: about 40 in.; 
height: about 22.5 in. 
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We solve the second equation for / and get 1 = 2565/w. Then we substi- 
tute 2565/w for J in the first equation and solve for w: 


(=) 
2( —— ] + 2w 
Ww 


2(2565) + 2w* = 204w Multiplying by w 
ying 


204 


2w” — 204w + 2(2565) = 0 Standard form 
w” — 102w + 2565 = 0 Dividing by 2 
—(-102) + V(-102)? — 4-1-2565 
W —— 
2+] 


Quadratic formula. Factoring could also 
be used, but the numbers are quite large. 


102 + V144 _ 102 + 12 
2 2 
w= 57 or w= 45. 
If w = 57, then | = 2565/w = 2565/57 = 45. If w = 45, then /= 


2565/w = 2565/45 = 57. Since length is generally considered to be 
greater than width, we have the solution / = 57 and w = 45, or (57, 45). 


4. Check. Ifl = 57and w = 45, the perimeter is 2 - 57 + 2° 45, or 204. 
The area is 57 « 45, or 2565. The numbers check. 


5. State. The length is 57 m and the width is 45 m. 


w= 


< Do Exercise 7. 


EXAMPLE 7 HDTV Dimensions. The ratio of the width to the height 
of the screen of an HDTV (high-definition television) is 16 to 9. Suppose a 
large-screen HDTV has a 70-in. diagonal screen. Find the height and the 
width of the screen. 


1. Familiarize. We first 
make a drawing and label 
it. Note that there is a right 
triangle in the figure. We 
leth = the height and 
w = the width. 


2. Translate. Next, we 


translate to a system of 
equations: 


h? + w* = 707, 0r 4900, = (1) 
Ww 16 


= rs (2) 


nh 
3. Solve. We solve the system and get (h, w) ~ (34, 61) and (—34, —61). 
4. 


Check. Widths cannot be negative, so we need check only (34, 61). In 
the right triangle, 347 + 61? = 1156 + 3721 = 4877 ~ 4900 = 70°. 
Also, § ~ *2. 


5. State. The height is about 34 in., and the width is about 61 in. 


< Do Exercise 8. 


For Extra Help ; MathXL° e.) = 
9.4 MyMath Lab PRACTICE WATCH READ REVIEW 


Ral Reading Check 


Determine whether each statement is true or false. 


RC1. The solutions of systems of two equations with two variables are ordered pairs. 


RC2. Ifthe graphs of the equations in a system are a line and a circle, then the system has 
at least one real solution. 


RC3. Systems of equations that contain at least one nonlinear equation can be solved 
only by using the substitution method. 


RC4. We may need to use the quadratic equation when solving a system of equations. 


a | Solve. 


1. x? + y’ = 100, 2. x? + y® = 25, 3. 9x" + 4y” = 36, 4. 4x° + 9y* = 36, 
y-x=2 y-x=1 3x + 2y = 6 3y + 2x = 6 
YA 
> > 
x & -5-4-3 
5. y2=x+ 3, 6. y = x’, 7. x — xy + 3y” = 27, 8. 2y? + xy + x? = 7, 
2ay=xt+4 3x =yt2 x-yr x—2y=5 
9. x? — xy + 3y? = 5, 10. a? + 3b? = 10, ll.a+b=-6, 12. 2y* + xy = 5, 
x-y=2 a-b=2 ab = —7 4y+x=7 
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13. 2a + b = 1, 14, 4x” + 9y” = 36, 15. x? + y? =5, 16. 4x” + 9y” = 36, 
b=4-2@ x+3y=3 x-y=8 y-x=8 
17. x? + y? = 25, 18. y = x’, 19. x7 + y? =9, 20. y? — 4x? = 4, 
yy=xt+5 x=y? -y=9 4x2 + y?=4 
yA YA 
5 
4 
3 
> > > 
x x —5-4-3-2 23 45 x 
3 
-4 
+5 
21. x? + y? = 20, 22. x7 + y?=5, 23. x2 + y? = 13, 24, x7 +y?+ 6by+5=0, 
xy = 8 xy = 2 xy=6 x? +y*—22x-8=0 
25. 2xy + 3y? = 7, 26. xy — y 27. 4a* — 25b* = 0, 
3xy — 2y7=4 2xy — 3y 2a* — 10b? = 3b + 4 
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28. m? — 3mn + n?+1=0, 29. ab — b* = -4, 
3m? — mn + 3n? = 13 


30. a’? + b? = 14, 
ab = 3V5 


31. x? + y? = 25, 32. x7 + y? = 1, 


9x? + 4y? = 36 


15 Solve. 


33. Art. Elliot is designing a rectangular stained glass 
miniature that has a perimeter of 28 cm and a diagonal 
of length 10 cm. What should the dimensions of the 
glass be? 


9x* — 16y? = 144 


34. Dimensions ofa Van. The cargo area ofa delivery 
truck must be 108 ft?, and the length of a diagonal of 
the truck must accommodate a roll of carpet that is 
15 ft wide. Find the dimensions of the cargo area. 


35. Arectangle has an area of 14 in” and a perimeter of 
18 in. Find its dimensions. 


37. The diagonal ofa rectangle is 1 ft longer than the 
length of the rectangle and 3 ft longer than twice the 
width. Find the dimensions of the rectangle. 


39. The area ofa rectangle is V2 m’, and the length of a 
diagonal is V3 m. Find the dimensions. 


36. Arectangle has an area of 40 yd’ and a perimeter of 
26 yd. Find its dimensions. 


38. It will take 210 yd of fencing to enclose a rectangular 
field. The area of the field is 2250 yd’. What are the 
dimensions of the field? 


40. The area ofa rectangle is V3 m’, and the length ofa 
diagonal is 2 m. Find the dimensions. 
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4l. Garden Design. A garden contains two square 42. HDTV Screens. The ratio of the length to the height 


peanut beds. Find the length of each bed if the sum of of an HDTV screen (see Example 7) is 16 to 9. 
their areas is 832 ft* and the difference of their areas The Remton Lounge has an HDTV screen witha 
is 320 ft*. 42-in. diagonal screen. Find the dimensions of the 
screen. 

43. Computer Screens. The ratio of the length to the 44. Investments. Atalocal bank, an amount of money 
height of the screen on a computer monitor is invested for 1 year at a certain interest rate yielded 
4 to 3. A laptop has a 31-cm diagonal screen. Find the $225 in interest. The bank officer said that if $750 
dimensions of the screen. more had been invested and the rate had been 1% 


less, the interest would have been the same. Find the 
principal and the rate. 


Skill Maimte mance iii ccccccceccccccccccceccececvseveceseceseveeetesevsevisveseasvisvisvsvrettevasvitvtvtsvittvstvsvsesseses 


Find a formula for the inverse of each function, ifit exists. [8.2d], [8.3a], [8.5a| 


45. f(x) = 10° 46. f(x) = Vx+2 47. f(x) = |x| 
3 De 
48. = 49. = 7 =] 
8. f(x) = =~ 9. f(x) = 50. f(x) = Inx 
NB sete eah ste cit eecanestaretin sean ssc wet deoeectipgetton Aaasteriaces tana Acs teateia in sc eines 
5 
51. Solve: a+b=~— 52. Find the equation of an ellipse centered at the 
6 origin that passes through the points (2, —3) and 
4,8 _ (1,13), 
b a 6 
53. A piece of wire 100 cm long is to be cut into two pieces 54, Find the equation ofa circle that passes through 
and those pieces are each to be bent to make a square. (—2, 3) and (—4, 1) and whose center is on the line 
The area of one square is to be 144 cm’ greater than 5x + By = —2. 


that of the other. How should the wire be cut? 


55. Railing Sales. Fireside Castings finds that the total revenue R from the sale of x units of railing is given by the 
function 


R(x) = 100x + x?. 
Fireside also finds that the total cost C of producing x units of the same product is given by the function 
C(x) = 80x + 1500. 


A break-even point is a value of x for which total revenue is the same as total cost; that is, R(x) = C(x). How many 
units must be sold in order to break even? 
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CHAPTER 


9) Summary and Review 


Vocabulary Reinforcement 


Complete each statement with the correct term from the column on the center 
right. Words may be used more than once or not at all. intercept 
1. A(n) is the set of all points in a plane that are a fixed vertex 
distance from a pointinthat plane. [9.1d] 
parabola 
2. The graph of xy = 9 is a(n) . [9.3b] teal 
3. A(n) parabola opens to the left or to the right. [9.1a] ellipse 
4. In the equation of a parabola, the point (h, k) represents the hyperbola 
ofthe parabola. [9.1a] horizontal 
5. In the equation of a circle, the point (h, k) represents the vertical 
ofthe circle. [9.1d] 
6. The point halfway between the vertices of a hyperbola is the 
ofthe hyperbola. [9.3a] 


Concept Reinforcement 


Determine whether each statement is true or false. 
1. The graph of x — 2y* = 3isa parabola opening to the left. [9.1a] 


2. Asystem of equations that represent a parabola and a circle can have 
up to four real solutions. [9.4a] 


2 2 


3. The graph of 5 = 


a 1is a hyperbola with a vertical axis. [9.3a] 


. The radius of the circle given by x? + y? = 7is V7. [9.1d] 


Study Guide 


Objective 9.1a Graph parabolas. 


Example Graph: y = —x? — 2x + 5. Practice Exercise 
y = —(x2 + 2x +0) +5 : 1, Graph: y = —x? - 4x - 1. 
==(" +2e-(1=1)) +5 A 


Son Be) (=1) (1) 45 
(<P oe 1) PIs Ss 


= —(x + 1) + 6, or z 
eer es ee 
The vertex is (—1, 6). Next, we y= x? 2x45 


plot some points on each 
side of the vertex. 


Summary and Review: Chapter 9 799 


Objective 9.1b Use the distance formula to find the distance between two points 
whose coordinates are known. 


Example Find the distance between (2, —5) and Practice Exercise 


(3, 4). Give an exact answer and an approximation to 2. Find the distance between (—2, 10) and (—1, 7). 
tree de crpaliplaces: : Give an exact answer and an approximation to 
Let (x1, 1) = (2, -5) and (Xz, y2) = (—3,4).Then  : three decimal places. 


d= V (x2 x1)? + (¥2 — y1)? 
= V(-3 — 2)? + [4- (-5)2 = V(-5)? + 9 


= V25 + 81 = V106 ~ 10.296. 


Objective 9.1c Use the midpoint formula to find the midpoint of a segment when 
the coordinates of its endpoints are known. 


Example Find the midpoint of the segment with Practice Exercise 


endpoints (15, —6) and (—3, —20). : 3. Find the midpoint of the segment with endpoints 
Let (x1, y,) = (15, —6) and (x2, y2) = (—3, —20). : (17, -14) and (—9, —2). 
Then : 
(Beno #) (A ee) 
2" 2 2  ° 2 
12 —26 
= j = (6, —13). 
(2,38) = 6-13) 


The midpoint is (6, —13). 


Objective 9.1d Given an equation of a circle, find its center and radius and graph it. Given the center 
and the radius of a circle, write an equation of the circle and graph the circle. 


Example Find the center and the radius of this circle. : Practice Exercises 


Then graph the circle. 4. Find the center and the radius of this circle. Then 
(x+ 1)? + (y-— 3)? =9 graph the circle. 
We first write the equation in standard form: (x — 2)? + (y+ 1)? = 16 


otal) Yaa) = sr 
The center is (—1, 3) and the radius is 3. 


—5—4—3-2-1 123.45 x 


(x+1)?+(y-3)?=9 


Example Find an equation of the circle having the 5. Find an equation of the circle having the given 
given center and radius: : center and radius: 
Center: (—6,0); radius: V5. : Center: (0,3); radius: 6. 


(x-—h)??+(y-—kP=r’ Standard form : 
[x — (-6)]? + (y — 0)? = (V5)? : 
(x+6P+y=5 
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Objective 9.2a Graph the standard form of the equation of an ellipse. 


Example Graph: 25x” + 9y” = 225. 


1 il 
25x? + Oy”) = —— + 225 

395 ve 225 

2D: 2 

x 

DA WG 

9 25 

x2 oy? 

zB E Be 1 25x? + 9y” = 225 


The x-intercepts are (—3, 0) and (3, 0), and the 
y-intercepts are (0, —5) and (0,5). The vertices are 
(0, —5) and (0,5). We plot the intercepts and connect 
them with an oval-shaped curve. 


Practice Exercise 
6. Graph: 25x? + 4y* = 100. 


Objective 9.3a Graph the standard form of the equation of a hyperbola. 


Example Graph: = =1,. 


x Cy? 
14 
x2 y? x2 y* 
1 4 FP 2? 
The asymptotes are y = 2x and y = —2x. We sketch them. 
Since the hyperbola is horizontal, the vertices are 


the x-intercepts. We replace y with 0 and solve for x: 


, €4=1b=2 


x? 0? 

—-—=] 

1 4 
x=1 
eS 1, 


The x-intercepts are (—1,0) and (1,0). 
There are no y-intercepts. We plot the 
intercepts and sketch the graph. 


Practice Exercise 


7. Graph: 


Objective 9.4a Solve systems of equations in which at least one equation is nonlinear. 


a 
Example Solve: — + —— = 1, 
4 16 
2x+y=4, 
We solve the linear equation for y: y = —2x + 4. 


We then substitute —2x + 4 for y in the other equation 
and solve for x after we clear fractions: 


4x? + y?=16 Clearing fractions 
Ax? + (—2x + 4)? = 16 
Ax? + (4x? — 16x + 16) = 16 
8x? — 16x + 16 = 16 
8x? — 16x = 0 
8x(x — 2) = 0 
8x =0 or x-2=0 
x=0 or x= 2. 


Next, we substitute these numbers for x in 2x + y = 4, 
or y = —2x + 4, and solve for y: 


y=-2-0+4=4 y=-2:2+4=0. 
The pairs (0, 4) and (2, 0) check and are the solutions. 


Practice Exercise 


8. Solve: 


WY lis, 
36 4 
3y -—x= 
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Review Exercises 


Find the distance between each pair of points. Where 
appropriate, give an approximation to three decimal 
places. [9.1b] 


1. (2,6) and (6, 6) 


bo 


- (—1,1) and (—5, 4) 


ss) 


. (1.4, 3.6) and (4.7, —5.3) 


"~ 


. (2, 3a) and (—1,a) 
Find the midpoint of the segment with the given 
endpoints. [9.1c] 

5. (1,6) and (7,6) 

6. (—1,1) and (—5, 4) 

7. (1, V3) and (3, - V2) 

8. (2, 3a) and (—1,a) 


Find the center and the radius ofeach circle. [9.1d] 
9. (x + 2)? + (y-— 3)? =2 


10. (x — 5)? + y* = 49 


ll. x? + y? — 6x—- 2y+1=0 


12, x7 + y? + 8x — 6y - 10 =0 


13. Find an equation of the circle with center (—4, 3) 
and radius 4V3. [91d] 


14. Find an equation of the circle with center (7, —2) 
and radius 2V5. [9.1d] 


Graph. 
2 2 
x 
15. 7- +7 =1 [92a] 
16 4 
y 
5 
4 
3 
2 
1 


-5-4-3-2-1,| 12345 x 


17.x7+ y?=16 [9.1d] 


12345 :% 


12345 :% 


18.x=y?+ 2y-—2 [9.1al 


19, y = —2x? — 2x4+ 3 


> 
12345 :x 


[9.1a] 


12345 :*x 
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23.x+ y? =2y+1 


eV 


—_——____—- 
-5-4-3-2-1,| 12345 x 


Solve. [9.4a] 

25. x* — y” = 33, 26. x? — 2x + 2y? = 8, 
x+y=11 2ax+y=6 

27x —y = 3; 28. x2 + y? = 25, 
2x-—y=3 -—y=7 

29. x? — y? = 3, 30. x? + y? = 18, 
y=x?-3 2x+y=3 

31. x? + y? = 100, 32, x2 + 2y* = 12, 
2x? — 3y? = —120 xy = 

Solve. [9.4b] 


33. Carton Dimensions. One type of carton used by 
a manufacturer of stationery products exactly fits 
both a notecard of area 12 in* and a pen of length 
5 in., laid diagonally on top of the notecards. What 
are the dimensions of the carton? 


Summary and Review: Chapter 9 : 803 


34. Flower Beds. The sum of the areas of two circular 
flower beds is 13077 ft”. The difference of the 
circumferences is 167 ft. Find the radius of each 
flower bed. 


35. Find two positive integers whose sum is 12 and the 
sum of whose reciprocals is 3. 


36. Vegetable Garden. A rectangular vegetable gar- 
den has a perimeter of 38 m and an area of 84 m’. 
What are the dimensions of the garden? 


37. From the selections below, choose a graphical 
representation of the solution set of the system of 


equations 
1 2 
=<2x' +1, 
y 2 
2x — 3y = —6. 
A. 


38. Find the center and the radius of the circle 
x* + y* + 6x — 1l6y + 66=0. [9.1d] 


A. Center: (—3, 8); radius: 7 
B. Center: (—6, —8); radius: V7 
C. Center: (6, —8); radius: 7 

( 


D. Center: (—3, 8); radius: V7 


Synthesis 2s 
39. Solve: 

4x? — x — 3y? = 9, 

—4+x+y= [9.4a] 


40. Find an equation of the circle that passes through 
(—2, -4), (5, —-5), and (6,2). [9.1d] 


41. Find an equation of the ellipse with the intercepts 
(—7,0), (7,0), (0, =), and (0,3). [9.2a] 


42. Find the point on the x-axis that is equidistant 
from (—3, 4) and (5,6). [9.1b] 


Classify each graph as a circle, an ellipse, a parabola, 
or a hyperbola. 


43. -y + 4x2 =5-— 2x [9.lal 


44, xy = —6 [9.3b] 
x oy? 
45. —+—=1 [9.1d 
ss 23 23 


AG, 43 — 12x? + y? = 21x? + 2y? [9.2a] 


47. 3x? + 3y? = 170 [9.1d] 


48. 


2 2 
x 
a | 
8 2 


Understanding Through Discussion and Writing 


1. We have studied techniques for solving systems 
of equations in this chapter. How do the equations 
differ from those systems that we studied earlier 
in the text? [9.4a] 


2. Consider the standard equations of a circle, a 
parabola, an ellipse, and a hyperbola. Which, if 
any, are functions? Explain. [9.1a], [9.2a], [9.3a] 


3. How does the graph of a hyperbola differ from the 
graph ofa parabola? [9.1a], [9.3a] 


4. If, in 


a = b, what are the asymptotes of the graph? Explain. 
[9.3a] 
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CHAPTER 


For Extra Help For step-by-step test solutions, access the Chapter Test Prep Videos in 
MyMathLab® or on Youffiif) (search “BittingerInterm” and click on “Channels”). 


Find the distance between each pair of points. Where appropriate, give an approximation to three decimal places. 
1. (—6, 2) and (6,8) 2 (3, =@) eiarel (=3, a) 


Find the midpoint of the segment with the given endpoints. 
3. (—6, 2) and (6, 8) ae (8, =@) aioe! (=9, @) 


Find the center and the radius of each circle. 
Gale 2) ys) — 64 6.4°+y + 4% 67 + 4—0 


7. Find an equation of the circle with center (—2, —5) and radius 3V2. 


Test: Chapter 9 805 


14, xy =4 15. x = —y? + 4y 


YA YA 
is 5 
4 4 
a Ss 
2 2 
1 1 
> = 
==A=G=O=i, || 1 2 8 a ee Se=8=3 O11 | 18 8 4 Bs 
+2 +2 
£3 as 
+4 +4 
es a 
Solve. 
2) va 
IE 

16. — eae 1 A ce in a 

16 9 Gy y? 
x 

3x + 4y = 12 eer 
16 g) 

18. Home Office. A rectangular home office has a 19. Investments. Peggyann invested a certain amount of 
diagonal of 20 ft and a perimeter of 56 ft. What are money for 1 year and earned $72 in interest. Sally Jean 
the dimensions of the office? invested $240 more than Peggyann at an interest rate 

that was 2 of the rate given to Peggyann, but she earned 
the same amount of interest. Find the principal and the 
interest rate of Peggyann’s investment. 

20. A rectangle with a diagonal of length 5V/5 yd has an 21. Water Fountains. The sum ofthe areas of two square 
area of 22 yd’. Find the dimensions of the rectangle. water fountains is 8 m2, and the difference of their 


areas is 2m”. Find the length of a side of each square. 


22. From the selections below, choose a graphical representation of the solution set of the system of equations 


Ye 
a 4" 
x ey? — 16, 
A. a B. 
all 
—4 ; 4 x 
ral 
SSVMNCINGSIS ce erg eects sore ney ees eee moe een mena earn 
23. Find an equation of the ellipse passing through (6, 0) 24. Find the points whose distance from (8, 0) is 10. 


and (6, 6) with vertices at (1,3) and (11, 3). 


25. The sum of two numbers is 36, and the product is 4. 26. Find the point on the y-axis that is equidistant from 
Find the sum of the reciprocals of the numbers. (=8, 5) anal (4, =7). 
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CHAPTERS 


Cumulative Review 


Solve. 
1 Tea 1 
12 x x op P| Se 1a 
a 5 5 
&b 8 Ss 4eor 7 < wl 4. 3x+y=4, 
=e = 7p = = 3 
Ser sls, — o6r—10 6. 2x7 =x+3 
6 
to se = = = 7 Gh Woe ar = ae — II 
9. x(x + 10) = —21 10. 2x7 +x+1=0 
Sea al 
He 7 30 12. > 0 
og 2 
13. log, x = 2 x — kao 
15. logyx + logs(x + 7) =3 


16. 


18. 


19. 


36 = War ae = 3 

=30 + Z=4, 

Zor Yo B= 38 

Se oe Bi a 

Foes y=s5 

3 se ap 2 1 
B= eRe 1h wa & 


3 
20. P = 7(M + 2N), for N 


Solve. 


21. 


Oil. Worldwide demand for oil is expected to grow 
exponentially. The amount of oil N(t), in millions of 
barrels per day, demanded tf years after 2000, can be 
approximated by 
N(t) = 77(1.019)*, 

where t = 0 corresponds to 2000. 
Source: euractiv.com 
a) How much oil is projected to be demanded in 2016? 

in 2025? 
b) What is the doubling time? 
c) Graph the function. 
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Cumulative Review: Chapters 1-9 


22. Interest Compounded Annually. Suppose that > Sth (169/2)1/2 
$50,000 is invested at 4% interest, compounded : 
annually. 


a) Find a function A for the amount in the account 

after ft years. 
b) Find the amount of money in the account at t = 0, 

p= Op = Oem e= 0. S(O VA eae Gye) 
c) Graph the function. 


Simplify. : 5 +i 
23. (2x + 3) (x? — 2x - 1) cer a 


34, Retail. The median size ofa grocery store in the 
United States, in amount of square feet, can be 
modeled by the linear function 


g(t) = —700¢ + 53,000, 
2m + lim-6 m—-m+1 where ¢ is the number of years since 2000. 
ie ol m+ 6 a) Find the median size of a grocery store in 2006, 
: in 2010, and in 2012. 
b) Graph the function. 
c) Find the y-intercept. 
d) Find the slope. 
yh cei 2x e) Find the rate of change. 


Median size (in square feet) 


Number of years since 2000 


35. Find an equation of the line containing the points 


ee V75x°y2 : (1,4) and (1,0). 
73x : 
: 36. Find an equation of the line containing the point 
30. 4V/50 — 3V18 (1, 2) and perpendicular to the line whose equation 


13 ee = jy = Bh 
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Graph. 
37. 4y 3x — 12 38. y < -2 
yA YA 
5 5 
4 4 
3 3 
2 2 
1 1 
= 
=B=4-8-2= 1, | 8S Bat 3—4= 1) | 1 2 8 8 Be 
+2 ao 
fas: =o 
4 4 
“ae +5 
2 2 
xy 
sy, = + == 1 40. x* + y? = 2.25 
9 25 
YA VA 
iS: 5 
4 4 
3 3 
2 2 
dl 1 
= 
Boma eee de 3 eS Saleem ae di 23 5G 
-2 —2 
-3 —3 
4 —4 
5 5 
2 ve 
4l.x+y<0, A ol 
a 25 16 
i 2 4), 
y= I 
YA VA 
5. S 
4 4 
3) 33 
2 a 
1 1 
> 
Eile aos 123 aS Boe eT ey onde. % 
ED fed = 
8) =3 
-4 —4 
= =) 


43. (x — 1)? + (y+ 1)? =9 44, f(x) = 2x? - 8x+9 


a VA 
5 S 
4 + 
3: oo 
2 2 
1 1 
TOR eos 2, 3) 45 Bole aly 2353 45 35 
=?) +2 
+3 +3 
+4 -4 
-5 +5 
= =o 
ay, af = abd 46.x=y +1 
VA VA 
So) 5 
4 + 
3 ES 
2 2 
1 1 
~5747-372-1) 2 ote, Blet eee 123 4 5 a5 
= 2 
=5 +3 
—4 4 
=) ea 
47. f(x) =e~ 48. f(x) = log.x 
VA VA 
& 5 
4 4 
3 3 
2 2 
1 i 
- —- 
OS ae eaten, 123 4 5 ental 12s A ae 
: =f) +2 
6) =o) 
+4. +4 
5. Ea} 
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Factor. 
49, 2x* — 12x° + x-6 


61. Find the distance between the points (2, 1) and 


50. 3a? — 12ab — 135b? (8,9). 


62. Find the midpoint of the segment with endpoints 
(Gr 3)randi(370)): 


51. x? — 17x + 72 52. 81m* — n* 
5+ Va 
63. Rationalize the denominator: Faeyr 
53. 16x” — 16x + 4 54, 81a? — 24 3 ae 
Abe = 3 
64. Find th in: = ——_ 
55. 10x2 + 66x — 28 56. 6x3 + 27x2 — 15x HAGUE SS COMTI A) oa 


65. Given that f(x) = 3x? + x, find a such that 


f(a) = 2. 


57. Find the center and the radius of the circle 


x* — 16x + y* + 6y + 68 = 0. 


Solve. 


66. Book Club. A book club offers two types of 
membership. Limited members pay a fee of $20 
per year and can buy books for $20 each. Preferred 
members pay $40 per year and can buy books 
for $15 each. For what numbers of annual book 
purchases would it be less expensive to be a preferred 
member? 


58. Find f ‘(x) when f(x) = 2x — 3. 


59. z varies directly as x and inversely as the cube of y, 
and z = 5whenx = 4and y = 2. Whatis z when 
x = l0andy = 5? 


67. Train Travel. A passenger train travels at twice 
the speed ofa freight train. The freight train leaves 
a Station at 2 A.M. and travels north at 34 mph. The 
passenger train leaves the station at 11 a.m, traveling 


; : é ~ ba oe 
60. Given the function f described by f(x) = x” — 2, find north on a parallel track. How far from the station will 


f(-2). 
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the passenger train overtake the freight train? 


Copyright © 2015 Pearson Education, Inc. 


68. 


69. 


70. 


71. 


72. 


73. 


Perimeters of Polygons. A pentagon with all five 
sides the same size has a perimeter equal to that of 
an octagon in which all eight sides are the same size. 
One side of the pentagon is 2 less than three times 
one side of the octagon. What is the perimeter of each 
figure? 


Ammonia Solutions. A chemist has two solutions 
of ammonia and water. Solution A is 6% ammonia 
and solution B is 2% ammonia. How many liters of 
each solution are needed in order to obtain 80 Lofa 
solution that is 3.2% ammonia? 


Air Travel. An airplane can fly 190 mi with the wind 
in the same time that it takes to fly 160 mi against the 
wind. The speed of the wind is 30 mph. How fast can 
the plane fly in still air? 


Work. Christy can do a certain job in 21 min. 
Madeline can do the same job in 14 min. How 
long would it take to do the job if the two worked 
together? 


Centripetal Force. The centripetal force F ofan 
object moving in a circle varies directly as the square 
of the velocity v and inversely as the radius r of the 
circle. If F = 8 when v = 1 andr = 10, whatis F 
when v = 2andr = 16? 


Rectangle Dimensions. The perimeter of a rectangle 
is 34 ft. The length ofa diagonal is 13 ft. Find the 
dimensions of the rectangle. 


74. 


75. 


76. 


77. 


78. 


79. 


Dimensions ofa Rug. The diagonal of a Persian rug is 
25 ft. The area of the rug is 300 ft”. Find the length and 
the width of the rug. 


Maximizing Area. A farmer wants to fence ina 
rectangular area next to a river. (Note that no fence 
will be needed along the river.) What is the area of 
the largest region that can be fenced in with 100 ft of 
fencing? 


Carbon Dating. Use the function P(t) = Poe °°!" 
to find the age of a bone that has lost 25% of its 
carbon-14. 


Beam Load. The weight W that a horizontal beam 
can support varies inversely as the length L of the 
beam. Ifa 14-m beam can support 1440 kg, what 
weight can a 6-m beam support? 


Fit a linear function to the data points (2, —3) and 
(G =a). 


Fit a quadratic function to the data points (—2, 4), 
(=5, =), zanal (il, =33)). 
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80. Convert to a logarithmic equation: 10° = r. : 87. Population Growth of Nevada. 1n 2012, the 
: population of Nevada was 2,758,931. It had grown 
from a population of 1,998,257 in 2000. Assume that 
the population growth increases according to an 
exponential growth function. 


Source: U.S. Census Bureau 


a) Let f = 0 correspond to 2000 and t = 12 
correspond to 2012. Then ¢ is the number of years 
since 2000. Use the data points (0, 1,998,257) and 
(12, 2,758,931) to find the exponential growth rate 
and fit an exponential growth function P(t) = Pye“ 
to the data, where P(t) is the population of Nevada 

A t years after 2000. 

3(7 log, x — log, y — 8 log, z). b) Use the function found in part (a) to predict the 

population of Nevada in 2015. 

c) If growth continues at this rate, when will the 

population reach 3.5 million? 


81. Convert to an exponential equation: log; Q = x. 


82. Express as a single logarithm: 


83. Express in terms of logarithms of x, y, and z: 


xy \* 
log, es . 


84. What is the maximum product of two numbers whose 
sum is 26? 


85. Determine whether the function f(x) = 4 — x’ is 
one-to-one. 


SYMENCSIS 52552.) ahah te eh as Se 


9 108 
x+12 x? 4+ 12x 


9 
88. Solve: 
58 


86. For the graph of function f shown here, determine : - 
(a) f(2); (b) the domain; (c) all x-values such that 89. Solve: log, (logsx) = 2. 
f(x) = —5; and (d) the range. 


90. Describe the graph of 
2, 2 

a rae 

Ge) aoe 


when a? = b?. 


=1 


91. Diaphantos, a famous mathematician, spent j of his 
life as a child, i as a young man, and ; as a bachelor. 
Five years after he was married, he had a son who 
died 4 years before his father at half his father’s final 
age. How long did Diaphantos live? 
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FRACTION NOTATION 


DETERMINANTS AND 
CRAMER’S RULE 


ELIMINATION USING 
MATRICES 


THE ALGEBRA OF FUNCTIONS 


Appendixes 


Fraction Notation 


OBJECTIVES 


a | Find equivalent fraction 
expressions by multiplying by 1. 


|b | Simplify fraction notation. 


G Add, subtract, multiply, 
and divide using fraction 
notation. 
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a | EQUIVALENT EXPRESSIONS 
AND FRACTION NOTATION 


An example of fraction notation for a number is 


2 <— Numerator 
3 <— Denominator 
The top number is called the numerator, and the bottom number is called 


the denominator. 
The whole numbers consist of the natural numbers and 0: 


0; 1, 2) 3, 4 Specs 


The arithmetic numbers, also called the nonnegative rational numbers, 
consist of the whole numbers and the fractions, such as 3 and 2. 


ARITHMETIC NUMBERS 


The arithmetic numbers are the whole numbers and the fractions, 
such as 8, 3, and g All these numbers can be named with fraction 
notation = where a and b are whole numbers and b = 0. 


Note that all whole numbers can be named with fraction notation. For 
example, we can name the whole number 8 as 2. We call 8 and $ equivalent 
expressions. 

Being able to find an equivalent expression is critical to a study of alge- 
bra. Two simple but powerful properties of numbers that allow us to find 
equivalent expressions are the identity properties of 0 and 1. 


THE IDENTITY PROPERTY OF 0 (ADDITIVE IDENTITY) 


For any number a, 


at+0=a. 


(Adding 0 to any number gives that same number—for example, 
12+ 0 = 12.) 


THE IDENTITY PROPERTY OF 1 (MULTIPLICATIVE IDENTITY) 


For any number a, 


a-l=a. 


(Multiplying any number by 1 gives that same number—for example, 


$1 =3) 


Here are some ways to name the number 1: 
5 3 26 
= — and —. 
5 3 26 


The following property allows us to find equivalent fraction expressions. 


EQUIVALENT EXPRESSIONS FOR 1 


For any number a,a # 0, 


We can use the identity property of 1 and the preceding result to find 
equivalent fraction expressions. 


EXAMPLE 1 Write a fraction expression equivalent to 3 with a denomi- 
nator of 15. 


Note that 15 = 3 - 5. We want fraction notation for that has a denom- 
inator of 15, but the denominator 3 is missing a factor of 5. We multiply by 1, 
using 2 as an equivalent expression for 1. Recall from arithmetic that to 
multiply with fraction notation, we multiply numerators and we multiply 
denominators: 


2 2 
-=-:l Using the identity property of 1 
3. 3 i. 
2:2 qe he 
3°6 sing ~ for 
10 
= is’ Multiplying numerators and denominators 


Do Exercises 1-3. D> 


|b SIMPLIFYING EXPRESSIONS 


We know that 5, z i, and so on, all name the same number. Any arithmetic 
number can be named in many ways. The simplest fraction notation is 
the notation that has the smallest numerator and denominator. We call the 
process of finding the simplest fraction notation simplifying. We reverse 
the process of Example 1 by first factoring the numerator and the denomi- 
nator. Then we factor the fraction expression and remove a factor of 1 using 
the identity property of 1. 


10 
EXAMPLE 2 Simplify: —. 


10 2°5 Factoring the numerator and the denominator. 
15 3°5 In this case, each is the prime factorization. 
2.5 ; ‘ 
= 3 . 5 Factoring the fraction expression 
2 
=—e il 
3 
2 : ne : 
= 3 Using the identity property of 1 (removing a factor of 1) 


1. Write a fraction expression 
equivalent to 3 witha 
denominator of 12. 


2. Write a fraction expression 
equivalent to 3 witha 
denominator of 28. 


3. Multiply by 1 to find three 
different fraction expressions 


7 

for 3. 

Answers 
8 21 14 21 28 
1. 2. Mo Gaia al 
12 28 16’ 24’ 32 


answers may vary 
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36 
EXAMPLE 3 Simplify: = 


36 -2°3:+2°3 . . 
= Factoring the numerator and the denominator 
24 2 23 2 
Zee. 3 . . ; 
= core Factoring the fraction expression 
2° oe 2 2 
3 
=]-- 
2 


mo] 


Removing a factor of 1 8 


It is always a good idea to check at the end to see if you have indeed fac- 
tored out all the common factors of the numerator and the denominator. 


Canceling 


Canceling is a shortcut that you may have used to remove a factor of 1 when 
working with fraction notation. With great concern, we mention it as a pos- 
sible way to speed up your work. You should use canceling only when re- 
moving common factors in numerators and denominators. Each common 
factor allows us to remove a factor of 1 in a product. Canceling cannot be 
done when adding. Our concern is that “canceling” be performed with 
care and understanding. Example 3 might have been done faster as follows: 


3 
6 
36 2°3°2-3 ~~ 3 ea 36 3:12 3 36 3 
= = , = = ? or = “ 
24 2:2°3°2 2 24 2°12 2 24 2 
v3 
2 
HHEISALS HANAANAES AGES TRE Non awA RS eNeeeeGe Caution! rigs hel eon ease en eturere PNAS MASE NSMCNEaT 
The difficulty with canceling is that it is often applied incorrectly in situations 
like the following: 
2+3_, #4+1_1 W_] 
2 "  #t+2 2’ Bao 4 
Wrong! Wrong! Wrong! 


The correct answers are 


2+3 5 4+1 5 
2 2 ALD sG 
ee 
54. 3-18 3 18 18 


, 


Simplify. 
18 38 In each situation, the number canceled was not a factor of 1. Factors are parts 
4, — 5. - of products. For example, in 2 - 3, 2 and 3 are factors, butin 2 + 3,2 and3 
45 8 are not factors. 
= a_i menn enemaenegn Gh nny fob crcmn voeapnptoeaerconoca 
6... — te = ‘é 
27 56 < Do Exercises 4-7. 
Answers 
2 19 8 4 
4 5. 6. 7. 
5 9 3 7 
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We can always insert the number 1 as a factor. The identity property of 1 
allows us to do that. 


18 
EXAMPLE 4 Simplify: —. 


18 


2 2 
12) 3 


| 
8 2:4 4 


72 
EXAMPLE 5 Simplify: —>- 


7 _ 8:9 Factoring and inserting a factor 
9 1-9 of 1 in the denominator 
8° 9 ; | 
= Ig Removing a factor of 1: ; =1 
8 es tiahes 
a 8 Simplifying 


Do Exercises 8 and 9. D> 


MULTIPLICATION, ADDITION, 
SUBTRACTION, AND DIVISION 


After we have performed an operation of multiplication, addition, subtrac- 
tion, or division, the answer may not be in simplified form. We simplify, if 
at all possible. 


Multiplication 


To multiply using fraction notation, we multiply the numerators to get 
the new numerator, and we multiply the denominators to get the new 
denominator. 


MULTIPLYING FRACTIONS 


To multiply fractions, multiply the numerators and multiply the 
denominators: 


aic_are 
bd b-d 
: F . a 9 
EXAMPLE6 Multiply and simplify: 6 as 
5 9 5°9 poe ae : 
ee Multiplying numerators and denominators 
6 25 6:25 
_ _9°3°3 Factoring the numerator and the 
2+3°5°5 denominator 
B° 3:3 Sie 
= 2°RR-5 Removing a factor of 1: ae 1 
3 er 
i implifying 


Do Exercises 10 and 11. > 


Simplify. 
27 48 
8. — 9. — 
54 12 
Multiply and simplify. 
6 25 
10. = - — Il. —-— 
5 12 
Answers 
1 5 35 
&- 94 10> u— 
2 2 16 
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Addition 


When denominators are the same, we can add by adding the numerators 


and keeping the same denominator. 


ADDING FRACTIONS WITH LIKE DENOMINATORS 


To add fractions when denominators are the same, add the 
numerators and keep the same denominator: 
a b atb 
+ = ‘ 


Cc Cc Cc 


To convert from a mixed 
numeral to fraction notation: 


O 5 29 
33 ~ 8<© 
RJ 


(@) Multiply the whole number 
by the denominator: 


3°8 = 24, 


(b) Add the result to the 
numerator: 


24+ 5 = 29. 


©) Keep the denominator. 
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4 5 
EXAMPLE 7 Add: é + e 
The common denominator is 8. We add the numerators and keep the 
common denominator: 
4 5 4+5 9 
8 8 8 8 


In arithmetic, we generally write 3} as 1}. (See a review of converting 
from a mixed numeral to fraction notation at right.) In algebra, you will 
find that improper fraction symbols such as ? are more useful and are quite 
proper for our purposes. 

What do we do when denominators are different? We find a common 
denominator. We can do this by multiplying by 1. Consider adding 3 and ?. 
There are several common denominators that can be obtained. Let’s look 
at two possibilities. 


| 1 3 3 1 3 
Ay > = Ni ie | B. a cr eee a ee 
6 4 6 4 6 4 6 4 
14 3 6 1 2.3.3 
=>—--—-+4+-—-— =—-e—-+—-— 
6 4 4 6 6 2 4 3 
4 18 2 9 
= — — = — + — 
24 24 12 12 
ae aes 
24 12 


= Simplifyi 
12 implifying 


We had to simplify in A. We didn’t have to simplify in B. In B, we used 
the least common multiple of the denominators, 12. That number is called 
the least common denominator, or LCD. Using the LCD allows us to add 
fractions using the smallest numbers possible. 


ADDING FRACTIONS WITH DIFFERENT DENOMINATORS 


To add fractions when denominators are different: 
a) Find the least common multiple of the denominators. That number 
is the least common denominator, LCD. 


b) Multiply by 1, using the appropriate notation n/n for each fraction 
to express fractions in terms of the LCD. 


c) Add the numerators, keeping the same denominator. 
d) Simplify, if possible. 


3. 5 
EXAMPLE 8 _ Add and simplify: 5 + rt 


The LCM of the denominators, 8 and 12, is 24. Thus the LCD is 24. We 
multiply each fraction by 1 to obtain the LCD: 


3 + 5 3.3 5 2 Multiplying by 1. Since 3 - 8 = 24, we 


8 12 83 12 “5 multiply the first number by 2. Since 
2+ 12 = 24, we multiply the second 
number by 3. 


9 10 
= — + — 
24 24 
_ 9 + 10 Adding the numerators and keeping 
24 the same denominator 
19 
=, | 
24 


11 5 
EXAMPLE9  Addand simplify: a + Te 


We first look for the LCM of 30 and 18. That number is then the LCD. 
We find the prime factorization of each denominator: 
11 5 11 5 
30.18 5:2°3  2°3°3' 
The LCD is 5 + 2° 3: 3, or 90. To get the LCD in the first denominator, we 


need a factor of 3. To get the LCD in the second denominator, we need a 
factor of 5. We get these numbers by multiplying by 1: 


Mu, 5 wl 3 a ae 
30 18 5 23. BS 2°3°3 5 ia i ee 
33 25 The denominators are 


+ 
5°2°3°3 2°3°3°5 now the LCD. 


= 58 Adding the numerators 
5+2:+3°+3 and keeping the LCD 

= 2+ 29 Factoring the numerator 
5°2:°3°3 and removing a factor of 1 

_ 29 ee 
ie implifying 


Do Exercises 12-15. D> 


Subtraction 


When subtracting, we also multiply by 1 to obtain the LCD. After we have 
made the denominators the same, we can subtract by subtracting the nu- 
merators and keeping the same denominator. 


9 4 
EXAMPLE 10 Subtract and simplify: aS 


9 4 9 5 4 8 
=-—: 3 The LCD is 40. 


5 8 5 5 
_ 45 32 
40 40 
a 45 — 32 _ 13 Subtracting the numerators and @ 
40 40 keeping the same denominator 


Add and simplify. 

4 3 5 7 
12. = += 13, — + — 

5 5 6 6 

5 7 13 7 
14, = + — 15. — + — 

6 10 24 40 
Answers 
ia ie eS ig S 

5 15 60 
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EXAMPLE 11 Subtract and simplify: 


2 4 
= : The LCD is 10; — already has the LCD. 
10 5 10 5 2 10 


7 2 1=2 
10 10 10 


_ 5 
~ 10 
1-3 1 5 
Subtract and simplify. 5.5 2 Removing a factor of 1: 5 1 
7 2 5 2 
oar ae as 8 <@ Do Exercises 16 and 17. 
Reciprocals 
Two numbers whose product is 1 are called reciprocals, or multiplica- 
tive inverses, of each other. All the arithmetic numbers, except zero, have 
reciprocals. 
Find each reciprocal. EXAMPLES 
4 15 12. The reciprocal of § is because $ - = £ = 1. 
16. V1 19. 7 13. The reciprocal of 9 is} because 9 - $ = 3 = 1 
: 14. The reciprocal of ¢ is 4 because j - 4 = ¢ = 1. 
ar? ae € Do Exercises 18-21. 


Reciprocals and Division 


Reciprocals and the number 1 can be used to justify a fast way to divide arith- 
metic numbers. We multiply by 1, carefully choosing the expression for 1. 


2, 7 
EXAMPLE 15 _ Divide Fs by = 


This is a symbol for 1. 


5 


2 2 5 a wees 7 5 ie 
2 ea t —~3_ 3 7 Multiplying by —. We use 7 because it is the 
3.05 5 5 7 reciprocal of Z. 
2,3 
= Ts Multiplying numerators and denominators 
5° 7 
10 10 
oe a ae — 21 _ 21 35 
22. Divide by multiplying by 1: —3 7 35 — 1 
‘ 35 
2, 10 
4° = Simplifyin @ 
- 91 plitying 


After multiplying in Example 15, we had a denominator of 32, or 1. That 


ser was because we used 2, the reciprocal of the divisor, for both the numerator 
16. a 17. x 18. + 19. - and the denominator of the symbol for 1. 

1 21 
20.- 21.3 22. — 


* 20 < Do Exercise 22. 
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When multiplying by 1 to divide, we get a denominator of 1. What do 
we get in the numerator? In Example 15, we got 3 - 2. This is the product of 
2, the dividend, and 3, the reciprocal of the divisor. This gives us a proce- 
dure for dividing fractions. 


DIVIDING FRACTIONS 


EXAMPLE 16 __ Divide by multiplying by the reciprocal of the divisor: + + 2. 


5 


5 
3 3 is the reciprocal of 2 


Multiplying @ 


alan N|e 


After dividing, always simplify if possible. 


2 #4 
EXAMPLE 17 Divide and simplify: 4 > 5 
a. 4 Oe ‘i. ; 
= oe zis the reciprocal of 5 
3. 9 3 4 
229 
= Gad Multiplying numerators and denominators 
2°3°3 23 
= Removing a factor of 1: —— = 1 
Bo: 222 2°35 
_3 
2 


Do Exercises 23-26. D> 


5 
EXAMPLE 18 Divide and simplify: 6 + 30. 


8 egy 28h 2 1 5-1 Bel 1 1 
6 6 1 6 30 6:30 6:°3°6 6:6. 36 
ie 


5 
Removing a factor of 1: = 16 


3 
EXAMPLE 19 Divide and simplify: 24 + 3 
3 24 3 24 8 24°8 =3:8:8 8:8 
24 = = = — . = = = = 64 
8 1 8 1 3 1*3 1:3 1 


SFE 


. 3 
Removing a factor of 1: = 1 


Do Exercises 27 and 28. D> 


Divide by multiplying by the 
reciprocal of the divisor. Then 


simplify. 
4 "4 5 3 
23). 24, -—-+-— 
3 2 4 2 
2 8 
9 6 
25. 3 26. 6 
12 22 
Divide and simplify. 
7 4 
2h. — = 56. 28. 36 + — 
8 9 
Answers 
8 5 8 
23.— 24.2 25. — 
21 6 15 
1l 1 
26.— 27.— 28. 81 
27 64 
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For Extra Help 


MathXL’ 


MyMath Lab” PRACTICE WATCH 


3 3 5 10 
ho —for 1. 2 —for 1. 
ri (use - or ) 6 (use 10 or ) 


Write an equivalent expression with the given denominator. 


7 ‘ 
5. 7 (Denominator: 24) 


18 49 
7. 8. _— 
27 56 
56 132 
13. — 14, —— 
7 11 
425 625 
19. —— 20. —_ 
525 325 


tA 15 8 
25. — + — 26. —-— 
3 4 16 5 
4 8 3 8 
30. — + — 31. — + — 
5 15 10 15 
11 3 15 5 
35. — — — 36. — — — 
12 8 16 12 
13 
a. 23 2 
40. — = = al. = 
4° 7 = 
3 5 
45. — + 10 46. —~+ 15 
4 6 
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15. 


21. 


3 
6 
56 
a 10. 
14 
19 
= 16. 
76 
2600 
— 22. 
1400 
15 3 
of Ee Rare 
4 44 
9 7 
32, —+ — 
8 12 
7.3 
3% SS 
6 5 
airs 
6 
42. 3 
8 
1 
47. 1000 — —— 
100 


a | Write an equivalent expression for each of the following. Use the indicated name for 1. 


3 20 
<= (use — for 1.) 


5 20 


2 F 
io (Denominator: 54) 


48 
aS MT earns 
27 42 
iw 100 
= 17. — 
51 20 
4800 8° x 
ae 23. —— 
1600 “Xx 
10 11 
28. — + — 
11 10 
5 3 
338 SS 
4 4 
7. 3 
38. — > — 
5 4 
1 
43. 100 + — 
5 
147 
48. —_—- 2 
50 


4 
4. 5 (use — for 1.) 
9 4 


29. 


34. 


39. 


44. 


13 
12, — 
104 
150 
18. — 
25 
13+ v 
24. 
39°-v 
4 13 
—+ — 
9 18 
22 
5 5 
aed 
9° 15 
1 
78+ = 
6 


Determinants and Cramer's Rule 


The elimination method concerns itself primarily with the coefficients and 
constants of the equations. We now introduce a method for solving a system 
of equations using just the coefficients and constants. This method involves 
determinants. 


OBJECTIVES 


a. | Evaluate second-order 
determinants. 


Db Evaluate third-order 
determinants. 


| EVALUATING DETERMINANTS 


The following symbolism represents a second-order determinant: a Scivaspsemeurequatons 


a, b using Cramer's rule. 


a, b, 


To evaluate a determinant, we do two multiplications and subtract. 


EXAMPLE 1 Evaluate: 
2 5 
6 7 

We multiply and subtract as follows: 


2 —5 
647 


=2-+-7-6-(-5) = 14+ 30= 44, a 


Determinants are defined according to the pattern shown in Example 1. 


SECOND-ORDER DETERMINANT 


a, b 
The determinant "| is defined to mean aby — andy. Evatuate 
az 9% : 
3 a‘ 
1. 
4 1 
The value of a determinant is a number. In Example 1, the value is 44. 
5 -=2 
Ze 
Do Exercises 1and2. D> o | 
GF} THIRD-ORDER DETERMINANTS 
A third-order determinant is defined as follows. 
Note the minus sign here. 

a bh CG 

_ by Co Vv b Cy b Cy 
ag bo Co| = Ay ag + a3 

bz C3 bz C3 by Co 
bs % a 2 
= Note that the a’s come from the first column. 
Answers 
1. —-5 2.27 
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Note that the second-order determinants on the right can be obtained by 
crossing out the row and the column in which each a occurs. 


dy —b,—€ 1 bh CY 


Ford: |@), by Co For ay: 


a3; b3; Cs 3 bz C3 


For a3: ad bo Co 


EXAMPLE 2 _ Evaluate this third-order determinant: 


mo - 


1 1 

5 1} =-1 
8 1 

4 1 

| 


oro 


We calculate as follows: 


1-1 eel 0_1 
Evaluate. -] — (-5 +4 
ae ; a ( P] Pal 
ele, 2 me = -1[1-1- 8(-1)] +5(0-1— 8-1) + 4[0-(-1) -1-1] 
ae = -1(9) + 5(—-8) + 4(-1) 
=-9-40-4 
+ =. 2 = —53. 
4, |-2 4 
4 -3 3 <« Do Exercises 3 and 4. 


fe] SOLVING SYSTEMS USING DETERMINANTS 


Here is a system of two equations in two variables: 
axt+ hy = c, 
ox + boy = Co. 


We form three determinants, which we call D, D,, and Dy. 


a, b 
p=|* > In D, we have the coefficients of x and y. 
az by 
Ae a To form D,, we replace the x-coefficients in D 
x la by with the constants on the right side of the 
equations. 
p=-|"& To form D,, we replace the y-coefficients in D 
Yo | C2 with the constants on the right. 


It is important that the replacement be done without changing the order of 
the columns. Then the solution of the system can be found as follows. This 
is known as Cramer’s rule. 


Answers 
3.-6 4. 93 
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CRAMER'S RULE 


EXAMPLE 3 Solve using Cramer’s rule: 
3x — 2y = 7, 
3x + 2y = 9. 
We compute D, D,,, and D,: 


3. -2 
p= [=3-2-3-(-2) =6+6=12 
3 2 
jm —2 
D,= [= 7-2 -9(-2) = 14 + 18 = 32 
g) 2 
3 
D, = = 3°99 327 = 27 — 21 = 6, 
3B 
Then 
D, 32 Dy 6 1 
x= — = — 0r and y=—= == 
D 12 3 D 12 2 
The sahition i (gE 1). 5. Solve using Cramer’s rule: 
4x — 3y = 15, 
Do Exercise 5. D x+ 3y=0. 


Cramer’s rule for three equations is very similar to that for two. 
axt by + coz = dy, 
Ax + boy + Coz = do, 
a3x + bey + C3z = dz 


a bh Cy dq bh Cy 
D=|a, bk. Cc D,= |d, by Cy 
a3; bs C3 d; bs; C3 

a dy Cy 

Dy = |42 dz C 

a3; dz C3 


D is again the determinant of the coefficients of x, y, and z. This time we 


have one more determinant, D,. We get it by replacing the z-coefficients in 
D with the constants on the right: 


a, bh a 
a3 b3 ds 


Answer 
5. (3, -1) 
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6. Solve using Cramer’s rule: 


x= 3 = 12 = 6, 
2x + 3y+ z=9, 
4x + y = 7. 


Answer 
6. (1,3, -2) 
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The solution of the system is given by the following. 


CRAMER'S RULE 


EXAMPLE 4 _ Solve using Cramer’s rule: 
x= 3y + 72 = 13, 
xt+ yr Z2=1], 
x — 2y + 3z= 4. 
We compute D, D,,, Dy, and D,: 


1 -3 7 oy —3 7 
D= 1 ] 1) = —10; D, = il 1 1) = 20; 
1 -2 3 Ay -2 3 
1 fea 7 1 -3 BGs 
D, = 1 1 l|= —-6; D,= \1 1 1| = —24 
1 4 3 1 -2 4 
Then 
D, 20 
x= = = -2; 
D —10 
fe Se 
aan ae eed 
D, 24 1 
Zz = = = e: 
D —10 5 
The solution is (—2, 3, 2). 6 


In Example 4, we would not have needed to evaluate D,. Once we found 
x and y, we could have substituted them into one of the equations to find z. 
In practice, it is faster to use determinants to find only two of the numbers; 
then we find the third by substitution into an equation. 


<@ Do Exercise 6. 


In using Cramer’s rule, we divide by D. If D were 0, we could not do so. 


INCONSISTENT SYSTEMS; 
DEPENDENT EQUATIONS 


If D = 0 and at least one of the other determinants is not 0, then the 
system does not have a solution, and we say that it is inconsistent. 

If D = 0 and all the other determinants are also 0, then there is an 
infinite set of solutions. In that case, we say that the equations in the 
system are dependent. 


10. 


14. 


Fa] Solve using Cramer’s rule. 


17. 3x — 4y = 6, 
5x + 9y = 10 


21. 4x + 2y = 11, 
3x - y=2 


25. 2x — 3y + 5z = 27, 


29. 4x —y-— 3z= 1, 


ax +y+2z=5 


18. 


22. 


30. 


For Extra Help 


Mathx’ [J == 


MyMath Lab’ PRACTICE WATCH READ REVIEW 
in Hs | 4 | 
3. 4. 
—-5 -10 -7 9 
11 2 7 0 -4 
bal “fd =o 
9 8 0 0 0 -6 
3 0 -2 = oS2e =3 2 
5 1 2 11. 3 4 2 12. /2 1 0 
2 0 =1 0 2 3 
2 1 1 3.2 4 =1 6 =—5 
1 2 =] 15. |1 1 16. 4 4 
3 4 -3 1. i 5 3 10 
5x + 8y = 1, 19. —2x + 4y = 3, 20. 5x — 4y = —3, 
3x + 7y=5 3x Ty = 1 7X + 2y = 
3x — 3y = 11, 23. x + 4y= 8, 24. x+ 4y=5, 
9x — 2y=5 3x + 5y = 3 —3x + 2y = 13 
x yr 22 = —3, 27. r— 2s+ 3t= 6, 28. a — 3c = 6, 
x+ 2y+ 3z=4, 2r- s- t=—3, b+ 2c = 2, 
ax+ y z= -3 r+ s+ t= 7a — 3b — 5c = 14 
3x + 2y + 2z = 3, 31. p q r=; 32. x + 2y— 3z2=9, 
x+2y- z2=5, p — 2q —- 3r=3, 2x—- yt 2z= -8, 
2x—4y+ z=0 4p + 5q+ 6r=4 3x—- y-4z=3 
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Elimination Using Matrices 


The elimination method concerns itself primarily with the coefficients and 
constants of the equations. In what follows, we learn a method for solving 
systems using just the coefficients and the constants. This procedure in- 
volves what are called matrices. 


In solving systems of equations, we perform computations with the con- 

stants. The variables play no important role until the end. Thus we can sim- 

plify writing a system by omitting the variables. For example, the system 
3x + 4y = 5, 3 4 5 


simplifies to 
x= 2y = 1 = 2s 1 


OBJECTIVE 


a | Solve systems of two or 
three equations using 
matrices. 


if we omit the variables, the operation of addition, and the equals signs. 
The result is a rectangular array of numbers. Such an array is calleda 
matrix (plural, matrices). We ordinarily write brackets around matrices. 
The following are matrices. 


1 2 

4 1 5 2 1 4 7 145 0 
1 2/5 2 3 1], = 9 

3 2 0 0 -2 0 -3 8 1 

0 0 


The rows of a matrix are horizontal, and the columns are vertical. 


5 —2 2| <———__ row 1 
1 0 1 | <———__ row2 
0 1 2| <————__ row3, 


t ft i 


column 1 column 2 column 3 


Let’s now use matrices to solve systems of linear equations. 


EXAMPLE 1 Solve the system 
5x — 4y = —1, 
—2x + 3y = 2. 
We write a matrix using only the coefficients and the constants, keep- 
ing in mind that x corresponds to the first column and y to the second. A 


dashed line separates the coefficients from the constants at the end of each 
equation: 


5 —4; -1 The individual numbers are 
called elements, or entries. 


1-2 3: 2] 

Our goal is to transform this matrix into one of the form 
[a Db | 
lo diel 


The variables can then be reinserted to form equations from which we can 
complete the solution. 
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We do calculations that are similar to those that we would do if we 
wrote the entire equations. The first step, if possible, is to multiply and/or 
interchange the rows so that each number in the first column below the 
first number is a multiple of that number. In this case, we do so by multiply- 
ing Row 2 by 5. This corresponds to multiplying the second equation by 5. 

S44 , 
-10 15: 10 New Row2 = 5 (Row2) 
Next, we multiply the first row by 2 and add the result to the second row. 
This corresponds to multiplying the first equation by 2 and adding the re- 
sult to the second equation. Although we write the calculations out here, 
we generally try to do them mentally: 
2-5+(-10)=0; 2(-4)+15=7; 2(-1)+10=8. 
° —4 | 4 
0 7 8 New Row 2 = 2(Row1) + (Row 2) 
If we now reinsert the variables, we have 


5x — 4y = -1, (1) 


7y = 8. (2) 
We can now proceed as before, solving equation (2) for y: 
7y = 8 (2) 
y=? 


Next, we substitute 2 for y back in equation (1). This procedure is called 
back-substitution. 


5x —-4y=-1 (1) 


5x —4-$=-] Substituting $ for y in equation (1) 


7 
x=2 Solving for x 


The solution is (3 8) ; 
Do Exercise 1. > 


EXAMPLE 2 Solve the system 
2x -— yt 4z= -3, 
x —4Z7=5, 
6x — y + 2z = 10. 


We first write a matrix, using only the coefficients and the constants. 
Where there are missing terms, we must write 0’s: 


2 -l1 4: -3 (P1) (P1), (P2), and (P3) designate the 
i oO ae! Sl p2 equations that are in the first, 
v2) second, and third position, 
6 —1 2: 10 (P3) respectively. 
Our goal is to find an equivalent matrix of the form 
abciad 
Oe fig). 
00 hii 


A matrix of this form can be rewritten as a system of equations from which 
a solution can be found easily. 


1. Solve using matrices: 


Answer 
1. (-8, 2) 


5x — 2y = —44, 
2x + Sy = —6. 
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2. Solve using matrices: 


x—2y+3z= 
24> Yr 
4x+ yr 
Answer 
2. (-1,2,3) 
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Zz 


Zz 


The first step, if possible, is to interchange the rows so that each num- 
ber in the first column below the first number is a multiple of that number. 
In this case, we do so by interchanging Rows 1 and 2: 

1 0 -4: 5 
2-1 4; -3}. 
6 -1 2: 10 


This corresponds to interchanging 
the first two equations. 


Next, we multiply the first row by —2 and add it to the second row: 


This corresponds to multiplying new 


1 0 -4 5 equation (P1) by —2 and adding it to new 
O =) > His]. equation (P2). The result replaces the 
_ former (P2). We perform the calculations 
6 1 2: 10 
mentally. 


Now we multiply the first row by —6 and add it to the third row: 
1 0-4: 5 
0 -1 12; -13}. 
0 -1 26 } —20 


This corresponds to multiplying equation 
(P1) by —6 and adding it to equation (P3), 


Next, we multiply Row 2 by —1 and add it to the third row: 


1 0 -4: 5 

0-1 2 De 13 This corresponds to multiplying equation 
. (P2) by —1 and adding it to equation (P3). 

0 Q@ WW. =7 


Reinserting the variables gives us 


x —4z=5, (P1) 
-y+12z=-13, (P2) 
14z = —7. (P3) 


We now solve (P3) for z: 
14z=-7 ~~ (P3) 
2= a5 Solving for z 
ZS 5. 
Next, we back-substitute —} for z in (P2) and solve for y: 


-y+12z=-13  (P2) 


—yt+ 12(-}) =-13 Substituting —} for z in equation (P2) 
=y-6> 18 
-y=-7 
y= F. Solving for y 


Since there is no y-term in (P1), we need only substitute —3 for z in (P1) and 
solve for x: 


x-—4z2=5 (P1) 
x — 4(—3) =65 Substituting — for z in equation (P1) 
x+r2=5 
x=3 Solving for x 


The solution is (3, ve —3). 


< Do Exercise 2. 


All the operations used in the preceding example correspond to opera- 
tions with the equations and produce equivalent systems of equations. We 
call the matrices row-equivalent and the operations that produce them 


row-equivalent operations. 


equivalent matrix: 
a) Interchanging any two rows. 


ing the result to another row. 


ROW-EQUIVALENT OPERATIONS 


Each of the following row-equivalent operations produces an 


b) Multiplying each element of a row by the same nonzero number. 
c) Multiplying each element of a row by a nonzero number and add- 


The best overall method of 
solving systems of equa- 
tions is by row-equivalent 
matrices; graphing cal- 
culators and computers 
are programmed to use 
them. Matrices are part of 
a branch of mathematics 
known as linear algebra. 
They are also studied in 
more detail in many courses 
in finite mathematics. 


[= Solve using matrices. 


For Extra Help 


MyMathLab* 


1. 4x + 2y = 11, 2. 3x — 3y = 11, 
3x - y=2 9x —2y=5 

5. 5x — 3y = —2, 6. 3x + 4y = 7, 
4x + 2y=5 —5x + 2y = 10 

9. 4x —y-3z= 1, 10. 3x + 2y + 2z = 3, 
8x t+y- zZ=5, x+2y- z=5, 
2x +y+t+2z=5 2x —4y+ Z= 

13. x- yt2z=0, 14, 4a + 9b = 8, 
e = 2y 32S SI, 8a + 6c = —-1, 
2x- 2y+ z=-3 6b + 6c = —-1 


3. 


11. 


15. 
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PRACTICE WATCH READ REVIEW 
x + 4y = 8, A, x + 4y = 5, 
3x + 5y = 3 —3x + 2y = 13 
- 2x — 3y = 50, 8. 4x + Sy = —8, 
5x + y= 40 7x + 9y = 11 
p q r= 1, 12. x + 2y— 3z=49, 
p — 2q —- 3r=3, 2x -— yt 2z= -8, 
4p + 5q + 6r=4 3x - y—4z=3 
3p + 2r = 11, 16. m n+t=6, 
qg- 7r=4, m— n—-t= 0, 
p-6q=1 m+ ant+t=5 
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The Algebra of Functions 


OBJECTIVE 


a | Given two functions f and g, 
find their sum, difference, 
product, and quotient. 


832 :  APPENDIXES 


THE SUM, DIFFERENCE, PRODUCT, 
AND QUOTIENT OF FUNCTIONS 


Suppose that a is in the domain of two functions, f and g. The input a is 
paired with f(a) by f and with g(a) by g. The outputs can then be added to 


get f(a) + g(a). 
EXAMPLE 1 Let f(x) = x + 4and g(x) = x? + 1. Find f(2) + g(2). 


We visualize two function machines. Because 2 is in the domain of 
each function, we can compute f(2) and g(2). 


oe 


£66 =, | g(x) =x? +1 


a’ 
Fr 
fi 
yt 
7 
(j 


ony 


— 


eee te 
Since 
f(2)=2+4=6 and g(2) =27+1=5, 
we have 
f(2) + g(2) =6+5=11. a 
In Example 1, suppose that we were to write f(x) + g(x) as(x + 4) + 


(x* + 1), or f(x) + g(x) = x2 + x + 5. This could then be regarded as 
a “new” function: (f+ g)(x) = x” + x + 5. We can alternatively find 


f(2) + g(2) with (f + g)(x): 
(f+ g(x) =x? +x4+5 
(f+ g)(2) =2+2+5 
4+245 
= 11, 


Substituting 2 for x 


Similar notations exist for subtraction, multiplication, and division of 
functions. 


THE SUM, DIFFERENCE, PRODUCT, 
AND QUOTIENT OF FUNCTIONS 


For any functions f and g, we can form new functions defined as: 


1. The sum f + g: (f+ g)(x) = flx) + a(x); 

2. The difference f — g: (f— g)(x) = f(x) — g(x); 

3. The product fg: (f* g)(x) = f(x) + g(x); 

4. The quotient f/g: (f/g)(x) = f(x)/g(x), where g(x) # 0. 


EXAMPLE 2 Given f and g described by f(x) = x* — 5andg(x) = x + 7, 
find (f + g)(x), (f — 8)(x), Ff 8)(x), G/8)(x), and (g + g)(x). 
(f + a(x) = f(x) + a(x) = GP? = 5) + TT) Hx? + x4 2; 
F20) =f) — 6) KH OF Sa) Hie Dae aa 
(f+ g)(x) = f(x) + g(x) = (x? — 5)(x + 7) = x? + Tx? — 5x — 35; 


yo 1. Given f(x) = x? + 3and 
(f/g)(x) = f(x)/a(x) = ra g(x) = x? — 3, find each of 

P the following. 

(g- g)(x) = g(x) + g(x) = (x + 7)(x + 7) = x° + 14x + 49 @ a) (f + g)(x) 

Note that the sum, the difference, and the product of polynomials are by — B)ts) 
also polynomial functions, but the quotient may not be. ©) (f> 8)(*) 
d) (f/g)(x) 
Do Exercise 1. D> e) (f° f)(x) 


EXAMPLE 3 For f(x) = x” — xandg(x) = x + 2, find (f + g)(3), 
(f — g)(-1), (f° g)(5), and (f/g)(—4). 
We first find (f + g)(x), (f— g)(x), (f° g)(x), and (f/g)(x). 
Gro) =f{O) tsar -stxs2 
=x? + 2; 
(f- 8)(@) =f) — gs) =x? —x- @ +2) 
=x?-x-x-2 
= x* — 2x — 2; 
(f° g)(x) = fx) * a(x) = (2? — x)(x + 2) 
= x3 + 2x? — x? — 2x 
= x9 + x7? — 2x; 
(x) x?-x 


Soe 
(f/8)(x) = - 


(O° wt" 


Then we substitute. 
(f+ g)(3) =3? +2 Using (f + g)(x) =x? +2 
=9+2=11; 
(f— g)(-1) = (-1)?- 2(-1) -2 Using (f— g)(x) = x? - 2x -2 
=14+2=-2=1; 
(f-g)(5)=5°+5?-—2:5  Using(f- g)(x) = x? + x? - 2x 
= 125 + 25 — 10 = 140; 
_ == 
(f/g)(—4) = 
16+4 20 a) (f + g)(—2) 
= =9 = 2 = —10 b) (f— g)(4) 
c) (f° g)(-3) 
Do Exercise 2. > d) (f/g)(2) 


2. Given f(x) = x? + xand 


: Ss fe g(x) = 2x — 3, find each of 
Using (f/g)(x) = (x? — x)/(x + 2) ne 


Answers 

xe + 3. 
x 
(e) x4 + 6x? +9 2. (a) —5; (b) 15; 
(c) —54; (d) 6 


1. (a) 2x?; (b) 6; (c) x* — 9; (d) 
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For Extra Help : | — > 
MathXL SS I 
| D- MyM ath Lab” PRACTICE WATCH READ REVIEW 


a | Let f(x) = —3x + land g(x) = x” + 2. Find each of the following. 


1. f(2) + g(2) 2. f(-1) + a(-1) 3 
4. f(4) — g(4) 5. f(—1) * a1) 6 
7. f(—4)/8(-4) 8. f(3)/g(3) 9 
10. g(2)/f(2) 11. g(0)/f(0) 12. 
Let f(x) = x? — 3and g(x) = 4 — x. Find each of the following. 

13. (f + g)(x) 14. (f — g)(x) 15. 
16. (f + g)(—5) 17. (f— g)(3) 18. 
19. (f+ g)(x) 20. (f/g)(x) 21. 
22. (f+ g)(—4) 23. (f/g)(0) 24. 


25. (f/g)(—2) 26. (f/g)(—1) 


For each pair of functions f and g, find (f + g)(x), (f — g)(x), (f° g)(x), and (f/g)(x). 


27. f(x) = x’, 28. f(x) = 5x — 1, 29. 
g(x) = 3x-4 g(x) = 2x? 

30. f(x) = a 31. f(x) = => 32. 
i) as remary = - 
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- £(5) — 8(5) 


» f(-2) + g(-2) 


- g(1) — fl) 


g(6) — f(6) 


(f + g)(—4) 


(f — g)(2) 


(f* 8)(-3) 


(f/g)(1) 


f(x) = 


x — 2’ 
g(x) = 4x3 
5 
f(x) — er 
ot) Ss 


Copyright © 2015 Pearson Education, Inc. 


Answers 


CHAPTER R 


Exercise Set R.1, p. 8 

RC1. (c) RC2. (b) RC3. (a) RCA. (f) 

RCS. (e) RCE. (d) 

1. 1,12,V25 3. —6,0,1, —3, —4, 4, 12,-§, 3.45, 53, V25, —2 
5. —6,0, 1, —4, —4, 4, 12, -§, 3.45, 54, V3, V25, —¥2, 
0.131331333133331. .. 7. 12,0 9. —11,12,0 

11. —V5, 7, —3.565665666566665... 13. {m,a,t,h} 

15. {1, 2,3, 4,5, 6,7,8,9,10,11,12} 17. {2,4,6,8,...} 
19. {x|xis a whole number less than or equal to 5}, or 

{x|x is a whole number less than 6} 


21. 


—_ 


4 | and bare integers and b # of 23. {x|x > —3} 


25. > 27< 29.< 31< 33. > #35. < 37. > 
39.< 41.x<-8 43. y=-12.7 45. False 47. True 
49. <++++444 


H 
t 
—2 0 


51. <+++ +4 


53. -33 


55. <++++4++4++4++-+-+> 3557. 6 59. 28 


61.35 63.3 65. 42.8 67.986 69.0 71. < 
73. < 75. 2%, 0.3%, 0.009, 1%, 1.1%, 725, ty Teg 0-11, #, 3, 0.286 


Exercise Set R.2, p. 17 


RC1. Negative RC2. Positive RC3. Negative 

RC4. Positive RC5. Positive RC6. Negative 

RC7. Negative RC8. Negative 

1-28 3.5 5.-16 7-4 9-10 11. —-26 13. 1.2 
15. -8.86 17.-}; 19. -$ 21. 23.5 25.4 

27. -3.7. 29. -10 31.0 33. -4 35. -14 37.0 

39. -46 41.5 43.15 45. —-116 47. -29.25 49. —$ 
51.-; 53. - 55. -% 57. -21 59. -8 61. 24 
63. -112 65. 34.2 67. -12 69.2 71.60 73. 26.46 
75.1 77.-% 79. -2 81.—-7 83.7 85. 03 

87. Notdefined 89.0 91. Notdefined 93.4 95. —8 


b 
97.4 99.5 101. ~ (103. -£ 105.25 107. —6 


109.5 111. -120 113. -$ 115.2 117.3 119.3 
121. —2 123. 7, or 0.923076 125. —%, or —1.62 
127. Notdefined 129. —3,3;3, —4; 0, does not exist; —1, 1; 


al 
4.5, —7s3 —X, e 131. 26,0 132. 26 133. —13, 26,0 


134, V3, 7, 4.57557555755557... 135. —12.47, —13, 26, 0, —33, 74 
136. V3, —12.47, —13, 26, 7, 0, —33, 74, 4.57557555755557. .. 
137. < 138 > 139.< 140.> 141.4 143. 31,250 


Calculator Corner, p. 25 
1.56 2.96 3. 2625 4. —2.4,or-% 


Exercise Set R.3, p. 26 


RC1. False RC2. True RC3. True’ RC4. False 
RC5. False RC6. False RC7. True RC8. True 
1.4 3.5% 5. m 7. (5)? 9. (123.7)? 11. 128 
13. -32 15.4 17. -64 19.3136 21.5 23.1 

id 27 1 2 1 
25.1 27.% 29.16 31. 4 33. ys 35. a? 37. -4 
39.37% 41.b°% 43. (-16)* 45. -4 47. -117 
49.2 51.8 53. —358 55. 144;74 57. —576 
59. 2599 61. 36 63. 5619.712 65. —200,167,769 
67.3 69.3 71.16 73. —-310 75.2 77. 1875 
79. 7804.48 81.12 83.8 85.16 87. —86 
89. 37. 91. -1 93. 22 95. -39 97.12 99. —549 
101. -144 103.2 105.-% 107.9% 109.2 110. 2.3 
111.0 112.900 113. -33 114.—-79 115.33 116. —79 
117. —23. 118. 23 119. —23 120.2 121. 25} 
123.9-5+2-—(8-3+1)=22 125. 3125 
127, (2+ 3)! =(5)'=4;214+ 31 =$4+5=242=3; 
so(2+ 3)! 421431, 


Exercise Set R.4, p. 34 


RC1. (c) RC2. (c) RC3. (a) RC4. (e) ROS. (a) 
RC6. (g) RC7. (b) RCSB. (f) 
1b+8,or8+b 3.c—134 5.5+4gq,orqg+5 


x 
7at+borb+a %x+y,or— 11. x+w,orw+x 
y 


13.n-—m 15.p+qorg+p 17. 3q 19. —18m 
21. 17%s, or0.17s 23. 75t 25. $40-—x 27. —92 
29.3 31.4 33. % or22.5 35.16 37.19 39. 57 
41. $440.70 43. A = 2289.06in’?;C = 169.56in. 45. 243 
46. —243 47. 10,000 48. 28.09 49. x 50. 1 
51.4.5 52. 3x 

53. <+ +++) + HH 


54, <+++4+4+4+-4-++++> 
55.d=r-t 57.9 


Exercise Set R.5, p. 42 


RC1. Commutative RC2. Distributive RC3. Associative 
RC4. 1 RC5. Factors RC6. Terms 

1. —10, —10, 2; 25, 25, —5; 0, 0, 0; 2x + 3x and 5x are equivalent. 
3. —12, —16, —12; 38.4, 51.2, 38.4; 0, 0,0; 4x + 8xand A(x + 2x) 

val 5 7x 2 6a 

are equivalent. os ee 
15. 17. cd+4,dc+4,or4+dc 19.x+ yz, 
x+zy,orzy+x 21.(m+n)+2 23.7: (x+y) 


92 IL-4 1334+w 


Chapter R A-1 


25. a+ (8+ b),(a+ 8) + b,b + (a + 8); others are possible 
27. (7: b)+ a,b: (a-+7),(b° a) - 7; others are possible 

29. 4a+4 31. 8x— 8y 33. —10a — 15b 

35. 2ab — 2ac + 2ad = 37. 2arh + 2ar —- 339. 4ha + shb 
Al. 4a,—5b,6 43. 2x,—3y,-2z 45. 24(x + y) 

47. 7(p—1) 49. 7(x-—3) 51. x(y + 1) 

53. 2(x-yt+z) 55. 3(x+ 2y—1) 57. 4(w — 32+ 2) 
59. 4(5x — 9y —3) 61. a(b+c-—d) 63. ¢ar(rts) 


1 

65. (x+y)? 66.x7+y* 67.— 68. n° 69. —26 
x. 

70. 226 71. No 73. Yes 


Exercise Set R.6, p. 48 


RC1. True RC2. False RC3. True RC4. True 

RC5. True RC6. False 

1.12x 3.-3b 5. 15y 7. lla 9 —8t 1. 10x 

13. llx—5y 15. —4c+ 12d 17. 22x + 18 

19. 1.19x + 0.93y 21. —Za-—4b-27 23. P= 21+ 2w 
25. 2c 27.-b-4 29. -b+3,0r3—b 

31. -t+y,ory—t 33. -x-y-—z 35. —8x + 6y — 13 
37. 2c -5d+3e-—4f 39. 1.2x — 56.7y + 34z + } 
4l.3a+5 43 m+1 45.9d-16 47. -7x+14 

49. -9x +17 51. 17x + 3y-—18 53. 10x — 19 
55. 224-15 57. -190 59. 12x+30 61. 3x + 30 
63. 9x -— 18 65. —4x + 808 67. —14y— 186 69. 13 
70.75 71.94 72. —-24 73. -16 74.16 75. —16 
76. —; 77. 8a-—8b 78. —16a + 24b — 32 

79. 6ax — 6bx + 12cx 80. 16x — By +10 81. 24(a — 1) 
82. 8(3a — 2b) 83. a(b-—c+1) 84. 5(3p + 9q — 2) 
85. (3-8)? +9=34 87.5-2'+(3-—4)*= 40 

89. 23a — 18) + 184 91. —9z + 5x = 93. —x + 19 


Calculator Corner, p. 60 
1. 1.2312 X 104 2.28x10° 3.3x10° 4,1.2x 10" 


Exercise Set R.7, p. 60 


RC1. (c) RC2. (b) RC3. (a) RCA. (e) 
RCS. (f) RC6. (d) 


9 1 1 1 3 5 
1 3G 5 eG a LL. 72x 
se 14 105 8 7 
13. —28m°n? 15. -—, 17.-5, 19. —-g, 21.8 
x x y 
7 1 3 1 1 - 
23.6 25.75 27.9 29. BL. 83. a 
W 
4x° 3x3 1 
35. —3x°z4 37. -—5 39.5 «41. 4 48. S45. 6” 
3y 2y 8 
12 4 9,3 
a 1 8x 
47. 125a°b® 49. a Bl. 62 98 Fe ge 58 s 
x c B 
qps 67021276 64 57p28 
a 
57. a 61. aye 63. 7 5 85. 10 
—5xet1 


71. 8° = 73, 128) —-2ab 


75. 520 y2ac— 2c. ae or 256x206 2¢ 2be+ 2c 77. 2x0t2 b-2 


y y y 
79.4.7xX 10 81.1.6 10° 83. 2.6 x 10° 
85. 1X 10* 87. 673,000,000 89. 0.000066 cm 
91. 1,007,000,000 users 93. 9.66 X 10° 95. 1.3338 x 10°71! 
97.2.5 xX 10° 99.5.0 10% 101. 6.3072 X 10sec 
103. 3.33 X 10° 105. 1.422 x 10?m* 107. 1.2 x 1018 
calculations; 7.2 X 10!% calculations 109. About 2.2 X 10°*Ib 
111. 19x + 4y— 20 112, —23f+ 21 113. -11 114, —231 


115. -8 116.8 117. 27! 119. 121, 4x42 


ab?’ 


A-2 Answers 


Summary and Review: Chapter R, p. 65 


Vocabulary Reinforcement 


1. Inequality 2. Base 3. Variable 4. Factors 
5. Scientific 6. Reciprocals 7. Opposites 8. Commutative 


Concept Reinforcement 


1. False 2. True 3. True 4. False 5. False 6. True 
7. True’ 8. True 


Review Exercises 


1. 2, 3, 0.4545, —23.788 2. {x|xis areal number less than or 
equalto46} 3.< 4.x<19 5. False 6. True 


9.7.23 10.0 11. -2 12-79 13. -3 14-5 
15. -26.7 16.42 17. 10.26 18-2 19.168 20. —4 
21.21 22.-7 23. -—5 24.% 25. Notdefined 

26. -24 27.7 28-23 29.0 30.a° 31. (-7)8 

1 
a’ 


32. 33.x°% 34.59 35. —-116 36. 5x 37. 28%y, 


a 
or0.28y 38 f-9 39. 7; 8 40. —-17 41. —8 


42, 84ft? 43. —4, 16, 36, 6; 95, 225, 25, 105; —5, 25, 25, 5; 
none are equivalent 44. —16, —9,—16, 12; 6, 13,6, 34; —14, —7, 
21x 
—14, 14; 2x — 14and2(x — 7) areequivalent 465. c 
x 
46.-12 47,.a+11 48 y-8 49.9+ (a+b) 
50. (8x)y 51. —6x + 3y 52. Babc + 4ab 53. 5(x + 2y — z) 


54. pt(r+s) 55. —3x + 5y 56. 12c-4 57. 9c—- 4d +3 
58.x+3 59. 6x+ 15 60. 22x—- 14 61. —17m — 12 
10x" 3y? a’ sly” 
62.-—— 63.-—; 64.—[= 65. —> 
y 2x 9b°c 16x 


66. 6.875 X 10° 67. 1.312 x 10! 68. About 4.08 light-years 
69. $6.7 10' 70.D 71. A 72. x” 73, 32 


74. (a), (i); (d), (f); (h), (j) 


Understanding Through Discussion and Writing 


1. Answers may vaty. Five rational numbers that are not integers 
are 3, —3, 63, —0.001, and 1.7. They are not integers because they 
are not whole numbers or opposites of whole numbers. 2. The 
quotient 7/0 is defined to be the number that gives a result of 7 
when multiplied by 0. There is no such number, so we say that the 
quotient is not defined. 3. No; the area is quadrupled. Fora 
triangle with base b and height h, A = 3 bh. For a triangle with base 
2b and height 2h, A = 3+ 2b 2h = 2bh = 4(5bh). 
4. No; the area is quadrupled. For a parallelogram with base b and 
height h, A = bh. For a parallelogram with base 2b and height 2h, 
A = 2b:2h=4(bh). 5. $5 million in $20 bills contains 
5 x 108 
20 
weigh 2.5 X 10° X 2.2 X 10° = 5.5 X 107, or 550 lb. Thus it is 
not possible that a criminal is carrying $5 million in $20 bills ina 
briefcase. 6. For 5”, where nis a natural number, the ones digit 
will be 5. Since this is not the case with the given calculator readout, 
we know that the readout is an approximation. 


= 0.25 X 10° = 2.5 X 10° bills, and 2.5 X 10° bills would 


Test: Chapter R, p. 69 

1. [Ra] V7,7 2. [R.1a] {x|x is areal number greater than 20} 
3. [R.1b] > 4. [R.1b]5 =a _ 5. [R.1b] True 6. [R.1b] True 
7. [R.1c] iS 

8. [R.1d]0 9. [R1d]Z 10. [R2a]—2 11. [R.2a] —13.1 


12. [R.2a]-6 13. [R.2c]-1 14. [R.2c] —29.7 

15. [R.2c]@ 16. [R.2d] —33.62 17. [R.2d]2 

18. [R.2d] —528 19. [R.2e]15 20. [R.2e] —5 

21. [R.2e]$ 22. [R.2e]-82 23. [R.2e] Not defined 

24, [R.2b] 13 25. [R.2b]0 26. [R.3a] gq’ 27. [R.3b] a® 
28. [R.3c] 29. [R.3c] 2 30. [R4a]t+9,or9 +t 


—12 32. [R4b]18 33. [R.4b] 3.75 cm? 


0 
x 
31. [R.4a] — 
y 


4 27x 
34. [R.5a] Yes 35. [R5a]No 36. [R.5b] 5 37. [R.5b] 3 
Xx 


38. [R.5c]gp 39. [R5c]4+¢ 40. [R5c](3 +t) +w 

Al. [R.5c]4(ab) 42. [R5d]—-6a + 8b 43. [R.5d] 3ars + 3ar 
44, [R.5d]a(b—c+ 2d) 45. [R.5d] h(2a + 1) 

46. [R.6a] 10y — 5x 47. [R.6a] 21a + 14 

48. [R.6b] 9x — 7y + 22 49. [R.6b] —7x + 14 

2 9 


3y 6a 
50. [R.6b 10x — 21 51. [R.7a] oy 52. [R.7a] pe 
x 


12 


a 
53. [R.7a] —50a°” 54. [R.7a] -—— _55. [R.7b 
peal Hee) xt l ipa! 
16a*® 
56. [R.7b] —; 57. [R.7c] 4.37 X 10° 
b 


58. [R.7c] 3.741 X 10’ 59. [R.7c] 1.875 X 10° 60. [R.7c] C 
61. [R.5c, d], [R.7b] (b), (e); (d), (f), (h); (i), (j) 


CHAPTER 1 


Calculator Corner, p. 81 
1. Lefttothe student 2. Left to the student 


Exercise Set 1.1, p. 81 


RC1. (d) RC2. (f) RC3. (b) RC4. (c) 
1. Yes 3. No 5. No 7. No 9 Yes 11. No 13. 7 
15. -8 17.27 19. -39 21. 86.86 23. é 25. 6 
27. -4 29. -147 31.32 33. -—6 35. -t 37. 10 
39. 11 41. -12 43.8 45.2 47.21 49. —12 
51. Nosolution 53. —-1 55.2% 57.0 59.1 
61. Allrealnumbers 63. Nosolution 65. 7 67. 2 
69.7 71.5 73. —3 75. Allrealnumbers 77. 5 

2 
79.23 81.3% 83.2 85. al 86. F 87. ae 
88. —2x*y? 89. 12 — 20x 90. —5 + 6x 
91. -12x + 8y—4z 92. -10x + 35y—20 93. 2(x — 3y) 
94. —4(x + 6y) 95. 2(2x —5y+1) 96. —5(2x — 7y + 4) 
97. {1,2,3,4,5, 6, 7,8, 9}; {x|x is a positive integer less than 10} 
98. {—8, —7, —6, —5, —4,—3, —2, -1}; {x|xis a negative integer 
greater than —9} 99. Approximately —4.176 101.2 103. 8 


Exercise Set 1.2, p. 90 


RC1. (d) RC2. (b) RC3. (f) RC4. (a) 
RC5. (c) RC6. (e) 


d A P-—2l P 2A 
lLr=-—- 3h=- & w= ,or——-1l %w7b=— 
t b 2 2: h 
F I 7 E 
9 a=2A-b llm=—- 13t=— 15. ce = — 
a Pr m 
C= AX 1.08T 
17.p=2Q+q 192 y= 21. N= 
B ve 
4 4c - 15 
23. m an 5, or — 25.b=3n-at+c 
Tr 
27. R= 29. B= 
L388 1+ qt 


R— 66 — 12.7h + 6.8a 
6.23 


31. (a) About 1930 calories; (b) w = 


33. (a) About 2340 calories; 
— 1015.25 + 6.74w + 7.29h — K 


b) a 35. (a) 16149; 
(b) a (a) 164g 
P + 299 c(a + 12) 
b) a = ——— _ 37. (a) 50mg; (b) d = —————,, or 
(b) onan (a) g; (b) . 
12c 4 
c+ a 39. —5 40. 250 4l. —2 42. —25 43. 5 
A-amr A 
44.6 45.-6 46-5 4%.s= , Or r 
Tr Tr 
PyVoT, PV, T 
49. V, = ———:P, Vi? 51. 0.8 year 
P,T, TV, 


53. (a) Approximately 120.5 horsepower; 
(b) approximately 94.1 horsepower 


Exercise Set 1.3, p. 103 


RC1. Familiarize RC2. Translate RC3. Solve 

RC4. Check  RC5. State 

1. About27.5mi 3. 45°,52°,83° 5. 26climbers 7. $252 
9. Length: 94 ft; width: 50ft 11. 82ft 13. $265,000 

15. 9,11,13 17. 229and230 19. 90photos 21. $38,950 
23. About 4.2 millioncases 25. (a) $54.6 billion; 

(b) about 5 years after 2012, orin2017 27. 6min 

29. Downstream: 1.25 hr; upstream: 1.875 hr 

31. Upstream: 3 hr; downstream: hr 33. 49 34. 208 


35. 725 36. i 37. $115,243 39. 25% increase 
Al. mZ2 = 120°;mZ1 = 60° 


Mid-Chapter Review: Chapter 1, p. 108 
1. True 2. True 3. False 4. False 


5. 2x -5=1-4x 
2x -—-5 + 4x =1—- 4x + 4x 
6x -5=1 
6x-5+5=14+5 
6x = 6 
6x 6 
6 6 
x=1 
6. Mx + Ny = T 
Mx + Ny — Mx = T — Mx 
Ny = T — Mx 
_ T-— Mx 
~ ON 


7. Yes 8. No 9 No 10. Yes 11. -3 12. —-8 
13.4 14.2 15. Allrealnumbers 16.2 17. —3 
18. Nosolution 19. —-4 20.5 21.3 22, -3# 

zZ— 3w 


P z 
23,.n=— 24 t= ,or-~—-wWw 25.s=4N-rTr 
m 3 


3H +10 3H f 
= ——, or— +5 28 g = ——_ 
2 2 1+ hm 
29. 6922 female graduates 30. 140 calories 31. Length: 7 ft; 
width: 5ft 32. 1.5hr;3hr 33. Equivalent expressions have 
the same value for all possible replacements. Any replacement that 
does not make any of the expressions undefined can be substituted 
for the variable. Equivalent equations have the same solution(s). 

34. Answers may vary. A walker who knows how far and how long 
she walks each day wants to know her average speed each day. 

35. Answers may vary. A decorator wants to have a carpet cut fora 
bedroom. The perimeter of the room is 54 ft and its length is 15 ft. 
How wide should the carpet be? 36. We can subtract by adding 
an opposite, so we can use the addition principle to subtract the 
same number on both sides of an equation. Similarly, we can divide 
by multiplying by a reciprocal, so we can use the multiplication 
principle to divide both sides of an equation by the same number. 


A 
26.B=15-— 27.¢ 
T 


Chapters R-1 A-3 


37. The manner in which a guess or an estimate is manipulated can 
give insight into the form of the equation to which the problem will 
betranslated. 38. Labeling the variable clearly makes the Translate 
step more accurate. It also allows us to determine whether the 
solution of the equation we translated to provides the information 
asked for in the original problem. 


Translating for Success, p. 119 


1.F 21 3C 4E 5D 6J 720 8M 

9. B 10. L 

Exercise Set 1.4, p. 120 

RCl1. (b) RC2. (h) RC3. (c) RC4. (a) RCS. (g) 

RC6. (d) 1. No,no,no,yes 3. No, yes, yes, no, no 

5. (-%,5) 7. [-3,3] 9 (-8,-4) 11. (-2,5) 

13. (—V2, ©) 

15. {x|x > —1}, or (—1, ~) 17. {yly < 6}, or (—%,6) 

oo i 
= 30: 0 6 


19. {ala < —22}, or (—~, —22] 


<—oeeS t+ 
—10 0 
21. {t|t = —4}, or[—4, ~) 23. {y|y > —6}, or (—6, ~) 
SEE ————S > eee 
—4 0 —6 


25. {x|x =< 9}, or(—~, 9] 


ot a ae OO — + 
0 4 0 3 
29. {x|x < —60},or(—%,—60) 31. {x|x > 3}, or (3, 2%) 
<I +4 oH 
-60 -30 0 0 3 
33. {x|x < 0.9}, or(—~,0.9] 35. {x|x = 3}, or (—~, 3] 


37. {x|x < 6}, or (—™, 6) 
41. {yly > 3}, or (3, &) 


39. {yly = —3}, or (—%, —3] 
43. {x|x = 11.25}, or [11.25, ©) 


45. {x|x = st, or (— ©, 4] 47. {yly = -F}, or (— oo ,-2| 
49. {x|x > -$}, ae a 0 ) 51. {m|m >} ,or (4, ©) 
53. {r|r < —3},or(—~,-3) 55. {x|x = 2}, or[2, ©) 

57. {yly<5},or(-~,5) 59. {x|x = 4}, or (—~, 3] 


61. {x|x < 8}, or(—™, 8) 
65. {x|x < }}, or (— 0, if) 
69. {ala = 2}, or (—~, 2] 
71. {wIw< (approximately) 136.7Ib} 73. {S|S = 84} 

75. {B|B = $11,500} 77. {S|S > $7000} 79. {c|c > $735} 
81. {p|p > 80} 83. {s|s < 980ft2} 85. (a) 2010: $2333; 
2014: $2661; (b) more than 13.13 years since 2005, or {¢|t > 13.13} 
87. —9a + 30b 88. 32x — 72y 89. —8a + 22b 

90. —6a+17b 91. 10(3x — 7y—4) 92. —6a(2 — 5b) 

93. —4(2x —6y +1) 94. 5(2n — 9mn + 20m) 95. —11.2 
96.6.6 97. —-11.2 98.66 99. (a) {p|p > 10}; 

(b) {p|p < 10} 101. True 103. All real numbers 

105. All real numbers 


63. {x|x = 3}, or [2 ~) 
67. {x|x = —3t}, or [-31, ~) 


Exercise Set 1.5, p. 133 


RC1. True RC2. False RC3. True RC4. oe 

3. {b} 5. {9,10,11,13} 7. {a,b,c,d,f,g} a) 
ll. {3,5,7} 13. So (= aa 
15. aoe wes sere ee (1,6) 

01 6 


17. {x|—4 = x < 5}, or[—4,5); <+ +--+ 
—4 0 5 


19. {x|x = 2}, or[2, ~); 21. © 
<A 


0 2 
23. {x|—-8 < x < 6}, or (—8,6) 
25. {x|—6 < x = 2}, or(—6, 2] 


1. {9,11} 


A-4 


Answers 


27. {x|-1 < x < 6}, or(-1,6] 
29. {y|-1 <y = 5}, or(-1,5 
5 


31. {x 
33. {x 
35. {x| 
37. {x 


3 Ol 
43. {x|x < —5orx > 


|-2<x=<} ,or[— 
|-§ <x = }},or( 
10<x< 14},or(1 
|-B=x=o9}, or r[- 


=2. 01 
fae 


1}, or (—%, —5) U 


eS EI 


45. {x 


5 -10 
|x <3o0rx = 4}, or (-», 3] U [4, 2); 


5 
2 
<tt> 


0 4 


47. {x|x = —3}, or[—3, ~); 


=3 0 


49. {x 
51. All 


|x = —3orx > —3}, or (—~, —3] 
real numbers, or (—~, ©) 

Gx Roehl ) 
Ix< 4 for x > GJ, or ( ow, #) U (8,0) 
|x = -Porx = FP}, or(—~, -3] U [2 &) 

Oft = d= 198ft} 61. Between 23 beats and 27 beats 


63. {W|101.2lb < W < 136.2 lb} 


65. {d 
69. 4 
73. {x 


71. {x 


250mg <d< 500mg} 67. Nosolution 68. —3 
70.9 71. Allrealnumbers 72. 9 
-4<x<=1},or(-4,1] 75. {x|2 <x = $},or[3,3] 
—4 <x <j},or(-33) 79. {x|10 < x = 18}, or 


(10, 18 


81. True 83. False 985. Allreal numbers; @ 


Exercise Set 1.6, p. 145 


RC1. (f) RC2.(b) RC3. (e) RCA. (c) RCS. (a) 
2 
RC6. (d) 1. 9|x| 3. 2x? 5. 2x” 7. Bly] 9. ey 
x 
x? y? 
11. iv 13. 4|x| 15. = 17. 38 19.19 21. 63 
y 
23.5 25. {-3,3} 27.@ 29. {0} 31. {-9,15} 
33. {-3,3} 35. {-3 2} 37. {-11,11} 39. {—291, 291} 
41. {-8,8} 43. {- a7) 45. {-2,2} 47. a 7, 8} 
49. {-12,2} 51. {-3,3} 53.0 55. {-3,-G} 
57. {-4, 2 59. {3} 61. {5,-2} 63. All real numbers 
65. {-3} 67. {#0} 69. {32,8} 71. {x|-3 <x <3}, 
or(—3,3) 73. {x|x = —2orx = 2}, or (—%, —2] U [2, ~) 


75. {x|0 <x < 2},or(0,2) 77. {x|-6 <x < —2},or 
[-6,-2] 79. {x|-3 =x =$},or[-3,3| 

81. iyvyly< Zory > F}, or ( a, 3)u (Zo) 

83. 4x|xs torx = #}, or ( o, +] U [2% ~) 

85. {y|-9 <y < 15},or(-9,15) 87. {x|-3 = x=}},or 
[-%2] 89. {yly < —gory > 4}, or (—~, -$) U (4, #) 
91. 4x\xs torx = 2}, or( a, 2] U [ 8, ~) 

93. {x|-3<x<6},or(-3,6) 95. {x|x= —-Zorx= 3}, 
or (—~, -2] U[3,0) 97. {x|-5 < x < 19}, or (—5, 19) 
99. {x|xs % orx = 33}, or ( o, | U [3 ©) 

101. {m|-12 = m = 2}, or[-12,2] 103. {x|} =x <3}, 


or [53 


107. {x|x < 4}, or(—%, —4] 
109. {r|r > 16}, or (16, ~) 
111. All real numbers, or (— 
112, {x|} =x <4},or[},4) 
115. Allrealnumbers 117. {1,-3} 
123. |x| =6 


105. {x|—1 < x < 2}, or[-1,2] 

108. {yly < -3}, nee 
110. {x|—8 < x < 4}, or(-8, 4] 
0, 0) 
113. {d|53ft = d = 63 ft} 
119. @ 121. |x| <3 
125. |x + 3| >5 


Summary and Review: Chapter 1, p. 149 


Vocabulary Reinforcement 


1. Inequality 2. Set-builder 3. Interval 4. Intersection 
5. Conjunction 6. Emptyset 7. Disjointsets 8. Union 
9. Disjunction 10. Addition principle 11. Multiplication 
principle 12. Distance 


Concept Reinforcement 


1. True 2. False 3. False 4. False 5. True’ 6. False 
7. True 


Study Guide 


4F 
1l1No 28 3 h= e 4. —2isnotasolution; 5isa 


solution. 5. (a) (—%,—8); (b) [—7, 10); (c) [3, ~) 
6. {yly < —2}, or (—%, —2); <4 449) 4 4444 > 


—2 0 
7. {z|-2 < z< 1}, or[-2,1); <++4 are ++} 
8. {z|z < —lorz = 1}, or(—~,~-1) U[1,%); 


anid 1 9. 8y? 10.28 wi. {-%2} 
12. {3,-3} 13. (a) {x|-4 < x < 1}, or(-4,1); 
(b) {x|x = —Yorx = 2}, or (—~,—¥] U [2, &) 


Review Exercises 


18 23 32 4-4 5.-02 6.5 
A-2a 2a-A 
7,.¢d=4(C-3) 8 b= 3 oS 
9. 185and186 10.15m,12m_ 11. 160,000 12. 40sec 
13. [-8,9) 14. (-~,40] 15, <+++ ep tt +++ ++; 
(—0,-2]) 16. <3 (1, ©) 
17. {ala < —21},or(—~,—21] 18. {y|y = —7}, or[—7, ~) 
19. {y|y > —4}, or(—4,2%) 20. {y|y > —30}, or (—30, °) 


21. {x|x > —3},or(-3,0) 22. {yly = —8}, or(—~, -§] 


= 
23. {x|x < —3},or(—%,—-3) 24. {y|y > —10}, or (—10, ~) 
25. {x|x = —3},or(—~,-3] 26. {t/t > 4thr} 
27. $10,000 28. <4 Le ee te 25) 
29. <a me %,—-2]U (5,%) 


30. {1,5, 9} 
or(-7,2] 34. {x|-3 <x < 3}, or(- 
35. {x|x < —3o0rx > ph ee U 


( 
36. {x|x < —llorx = —6}, Ee 2, —11) U[-6, «) 
37. {x|x < —6orx = 8}, or(—%, —6] U [8, ~) 
3 2|x| 4 
38. a AD: 41.62 42. {—6,6} 
|x| y ly| 


43. {-5,9} 44. {-14,3} 45.9 
or(—¥,3) 47. {x|x = -3.50rx = ne or 

(—%, -3.5] U[3.5,0) 48. {x|x =< —Yorx = ¥}, or 
(-w,-2]uU[%,0) 490 50.B 51 A 


52. {x|-§ < x = -2}, or[-$-2] 


6. {x|-3 <x < $F}, 


Understanding Through Discussion and Writing 


. When the signs of the quantities on either side of the inequality 
symbol are changed, their relative positions on the number line 
are reversed. 2. The distance between x and —5 is |x — (—5)|, 
or |x + 5]. Then the solutions of the inequality |x + 5| = 2 can 
be interpreted as “all those numbers x whose distance from —5 is 
at most 2 units.” 3. When b = c, then the intervals overlap 


0 
31. {1,2,3,5,6,9} 320 33. {x|-7 <x <2}, 
5 
4 


and [a,b] U [c,d] = [a,d]. 4. The solutions of |x| = 6 are 
those numbers whose distance from 0 is greater than or equal 
to 6. In addition to the numbers in [6, 2), the distance of the 
numbers in (—%, —6] from 0 is also greater than or equal to 6. 
Thus, [6, ©) is only part of the solution of the inequality. 
5. (1) -9(x + 2) = —9x — 18, not —9x + 2. (2) This would be 
correct if (1) were correct except that the inequality symbol should 
not have been reversed. (3) If (2) were correct, the right-hand side 
would be —5, not 8. (4) The inequality symbol should be reversed. 
The correct solution is 

7 — 9x + 6x < —9(x + 2) + 10x 

7 — 9x + 6x < —9x — 18 + 10x 

C= 34 S'— 18 
=44°< =25 
x> 2 

6. By definition, the notation 3 < x < 5 indicates that3 < x and 
x < 5. A solution of the disjunction 3 < x orx < 5 must be in at 
least one of these sets but not necessarily in both, so the disjunction 
cannot be written as3 <x <5. 


Test: Chapter 1, p. 155 


1. [1.1b]-2 2 [llc]? 3. [1.1b]72 4. [1.1d]4 
At 
5. [l.ld]1.1 6. [l.ld]-2 7. [1.2a] B = = : 


m 
8. [1.2a] n = —— 
1 et 


10. [1.3a] 52,000 copies 11. [1.3a] 180,000 

12. [1.3a] 59°, 60°,61° 13. [1.3b]22hr;4hr 14. [1.4b] (—3, 2] 

15. [1.4b] (—4, ~) 16. [1.4c] aaa a 

(—%,6] 17, [L4c]++ EE EEE; (— 0, -2] 

18. [1.4c] {x|x = 10}, or[10,%) 19. [1.4c] {y|y > —50}, or 

(—50,%) 20. [1.4c] {ala = 3}, or(-~, 2] 

21. [1.4c] {yy > 1}, or(1,%) 22. [1.4] {x|x > 3}, or (3, &) 

23. [1.4c] {x|x =f},or(—~,7] 24. [14d] {h|h > 275 hr} 

25. [1.5c] {d|33 ft < d < 231 ft} 

26. [1.5a]; 1 ;[-3, 4] 
HH: (= 00, - 

27. [1.5b 3 0 4 i( 5 3) U (4, 20) 

28. [1.5a] {x|x = 4},or[4,%) 29. [1.5a] {x]-1 < x < 6}, or 

(-1,6) 30. [1.5a] {x|-2 < x = 2}, or (-2,3] 

31. [1.5b {ele —4orx > —3;,0r(—-%, 4) U( 3, 00) 

32. [1.5b] All real numbers, or (—~, ©) 

33. [1.5b] {x|x < 30rx > 6}, or(—~,3) U (6, ~) 


7 
34. [1.6a]}— 35. [1.6a]2|x| 36. [1.6b] 8.4 


|x| 
37. [1.5a] {3,5} 38. [1.5b] {1,3,5,7,9, 11, 13} 
39. [1.6c] {—9,9} 40. [1.6c] {-6,12} 41. [1.6d] {1} 


9. [1.3a] Length: 14? ft; width: 92 ft 


42, [1.6c]@ 43. [1.6e] {x|—0.875 < x < 1.375}, or 
(—0.875,1.375) 44. [1.6e] {x|x < —3o0rx > 3}, or 
(—%,-3) U(3,%) 45. [1.6e] {x|-99 = x <= 111}, 
|x = —Borx = £}, or 
48. [1.60] 2 


or[—99, 111] 46. [1.6e] {x 
(— w©,—B]U[Eo0) 47. [11d] C 
49. [1.5a] {x|k<x<§ +}, or (3,3) 


CHAPTER 2 


Calculator Corner, p. 162 


Chapters 1-2 A-5 


Calculator Corner, p. 165 


1. y=2x-1 2. y=-3x+2 
10 10 
to tke 
-10 -10 
3. y=5x-3 4. y= 4x45 
10 10 
tf tok 
—10 -10 
5 2 6 3 
y= 3x73 yo gers 
10 10 
- ; tes 
-10 -10 
7. y = 3.104x — 6.21 8. y = —2.98x — 1.75 


Exercise Set 2.1, p. 166 


RC1. False RC2. False RC3. True RC4. True 
RC5. True RC6. False RC7. (d) RC8. (b) 
RC9. (a) RC10. (c) 
1. Second 3. Second 
axis axis 
J eB Triangle 
Cc Area = 21} M 
H square 
CUR A@E units 


= axis axis 
: D 
5. Yes 7. Yes 9. No 
ll. y=4-x 
2 
5?4-(-1) 
4+ 1 
5 TRUE 
y=4-x 
pe 
1?4-3 
lq TRUE 
13. 3x+y=7 yy 
Fess Sa 
3°2+12?7 
6+ 1 
7 TRUE 
3x + y=7 
SS ae Ses 
3°4+(-5)?7 
12-5 ane 
7 TRUE 


A-6 Answers 


15. 6x — 3y = 3 y 
ae ae aid 
6°1-3°:1 2 3 (3, 5) 
6-3 
3 TRUE 


6x — 3y =3 (<1, 3) 


6(-1) - 3(-3) 23 
-6+9 
3 


TRUE 


17. y 


y=x-1 
21. 
y 
pao anecaen : . 
es 
y= 4" 
27 29. 31 
y y a. 
Vat 
=a 
x x x 
y=grtl xty=5 
33. 37 
y. x 
ules seaeas 5 
x x 
x+2y=8 8y+ 2x =4 
39. 43 
y* y 
SEtnn, {CREE x x x 
x x x 
By + 2x = —4 
45 47. 49 
y yy y 
1 
A aes 
> = 
x x x 
y=x'—3 y=|e—2| 
51. 53. {x|1 <x = #},or(1,3] 


54. {x|x > —3},or(-3,%) 55. {x|x = -forx = ¥}, or 
(-»,-3] U[4,%) 56. {x|-6 < x < 6}, or (-6,6) 
57. Kidney: 94,345 people; liver: 15,817 people 58. 25 ft 


59. 44mi 60. $330,000 
61. y=x3-3x+2 


65. y= -x+4 


Calculator Corner, p. 175 


1.17.3 2. 34 


63. y=I1/(x-2) 


67. y = |x|- 3 


Calculator Corner, p. 177 


1. yax-4 
10 
toe 
—10 
3. y=1-x? 
10 
toa} 
—10 
5 y=x3 


Exercise Set 2.2, p. 179 
RC1. f(2) =3 
RC4. f(3) = 0 


1. Yes 3. Yes 5. No 7. No 9. No 
13. (a)9; (b) 12; (c) 2; (d)5; (e) 7.4; (£) 55 
(b) 15; (c) 2; (d)0; (e) 18a; (f)3a + 3 


RC2. f(0) = 


6. y= |x+3] 


3. RC3. f(—2) = -5 


11. Yes 
15. (a) —21; 
17. (a) 7; 


(b) —17; (c)6; (d) 4; (e)3a — 2; (f)3a + 3h 4+ 4 
19. (a) 0; (b) 5; (c) 2; (d) 170; (e) 65; (f) 32a? — 12a 
21. (a) 1; (b)3; (c)3; (d) 11; (e)|a — 1] +1; 


(f)|a + hl +1 
(f) -27a° 
27. 14 atm; 1}f.atm; 44, atm 
31. 


33. 


23. (a) 0; (b)—1; (c) 8; (d)1000; (e) —125; 
25. 1980: about 60.5 years; 2013: about 62.0 years 
29. 1.792 cm; 2.8 cm; 11.2 cm 

y 


g(x) =3x -1 


35. yy 


g(x) =—-2x +3 


39. yy" 41. YH 


f(x) =2-|x| 


x x 


g(x) =|x-]| 


43. 45. yy 


NV 


g(x) =x? +2 
——— 
x x 
f(x) =x? - 2x -3 
47. y 49. 
f(x) = —-x? +1 
x x 
fw) =x3 +1 
51. Yes 53. No 55. No 57. Yes 59. About 1.8 million 
children 61. About 230,000 pharmacists 63.3? 64. Allreal 
numbers 65. {y|y <4} 66. {x|x > 23}, or (23, ~) 


67. Nosolution 68. 26 69. {w|w < 11.1}, or(—~,11.1] 
70. {x|x > 2},or(2,%) 71.2 72.8% 73. g(-2) = 39 
75. 26;99 77. g(x) =Yx-# 


Exercise Set 2.3, p. 189 
RC1. (a) RC2. (b) RC3. (a) 
RC6. (d) 

1. (a) 3; (b) {—4, -3, -2, -1, 0, 1,2}; (c) -2,0; (d) {1, 2, 3, 4} 

3. (a) 25; (b)[—3,5]; (©) 24 (d)[1,4] 5. (a)1; (b)all real 
numbers; (c) 3; (d)allrealnumbers 7. (a) 1; (b) all real 
numbers; (c)—2,2; (d)[0,%) 9. {x|xis areal number and 

x 3}, or (—%, —3) U(—3, ©) 11. All real numbers 

13. Allrealnumbers 15. { x|x is a real number andx # 21, or 
(—o, 4) U (% ) 17. Allrealnumbers 19. {x|xisa 

real number and x # th, or (—%, 4) U G x) 21. {x|xis areal 
number andx # 1},or(—%,1)U(1,%) 23. Allreal numbers 
25. Allrealnumbers 27. {x|xis areal number and x # 3}, 
or (0, 3) U GG 00) 29. Allrealnumbers 31. { x|xis areal 


RC4. (b) RCS. (a) 


number and x t , or ( oo, g iy 3, 0) 33. —8;0; —2 
35. {-8,8} 36. {},or@ 37. {-4,18} 38. {-8,5} 
39. {3,3} 40. {-1,3} 41. {},or@ a2. {8} 

43. (—%,0) U (0, ©);[2, ©);[—4, ©);[0,%) 45. Allreal 
numbers 


Chapter 2 A-7 


Mid-Chapter Review: Chapter 2, p. 191 
1. True 2. False 3. True 4. True 5. False 


6. x y 7. x f(x) 
0 1 —2 0 

2 =2 —2and3 0 

—2 4 0 —6 

4 =o 2 —4 

=i —4 


8. No 9. Yes 10. Yes 11. No 12. Domain: 

{x|—3 < x = 3}, or[—3, 3]; range: {y|-2=y=<1} 13. -3 
14.-7 15.8 16.9 17. 9000 18.0 19. Yes 

20. No 21. Yes 22. {x|xisareal number andx # 4}, 
or(—%,4) U(4,~%) 23. Allreal numbers 

24, {x|xisareal number andx # —2}, or (—%, —2) U (—2, ~) 
25. Allreal numbers 


26. y 27. yh 
g(x) = -2x -2 
[i 
28. 29. y 
—EEEEs 
x x 
1 
h(x) 2 g(x) = |x] - 3 
30. yA 31. yy 
pees pe Sess a eee 
x x 
f(x) =14+x? f(x) =-4e 


32. No; since each input has exactly one output, the number of 
outputs cannot exceed the number ofinputs. 33. When x < 0, 
then y < 0, and the graph contains points in quadrant III. When 

0 < x < 30, then y < 0, and the graph contains points in quadrant 
IV. When x > 30, then y > 0, and the graph contains points in 
quadrant I. Thus the graph passes through three quadrants. 

34. The output —3 corresponds to the input 2. The number —3 

in the range is paired with the number 2 in the domain. The point 
(2, —3) ison the graph ofthe function. 35. The domain ofa 


function is the set of all inputs, and the range is the set of all outputs. 


Calculator Corner, p. 194 


1. The graph of y, = x + 4is the graph of y, = x moved 4 units 
up. 2. The graphofy, = x — 3is the graph of y, = x moved 
3 units down. 


Calculator Corner, p. 197 


1. The graph of y = 10x will slant up from left to right. It will be 
steeper than the other graphs. 2. Thegraphofy = 0.005x will 
slant up from left to right. It will be less steep than the other graphs. 
3. The graph of y = —10x will slant down from left to right. It will be 
steeper than the other graphs. 4. The graphofy = —0.005x will 


slant down from left to right. It will be less steep than the other graphs. 


A-8 Answers 


Exercise Set 2.4, p. 201 

RC1. (f) RC2. (b) RC3. (d) RC4. (c) RCS. (e) 

RC6. (a) 1. m = 4;y-intercept: A 5) 3 m= —2; 
y-intercept:(0,-6) 5. m= = ay niet (0, 3) 

7. m = 0.5; intercept: ( (0,-9) %m= 

y-intercept: (0, -2) ll. m = 3;y- intercept (0, -2) 

13. m = —8;y- ae (0,12) 15. m = 0; y-intercept: 

(0%) 1%m=-} 1% m=} 21.m=2 

23.m=5 25.m=-—} 27. %,0r8% 29. 33, or about 31.7% 
31. The rate of change is about $2.74 billion per year. 33. The 
rate of change is —$900 per year. 35. The rate of change is 
about$116.14 peryear. 37. —1323 38. 45x + 54 

39. 350x — 60y + 120 40. 25 41. Square: 15 yd; triangle: 
20yd 42. {x|x = —#orx = 8}, or{—~ md U [8,) 

43. {x|-% <x<8},or(-%8) 44. {-%,8} 45. { },or@ 


Calculator Corner, p. a 


1. y = -3.2x — 16 y = 4.25x + 85 
5 
: AT wall 
—20 —5 
Xscl = 1, Yscl = Xscl = 5, Yscl = 5 
3. y = (—6x + 90)/5 4A. = (5x — 30)/6 
25 10 
10 10 
5 25 
~s —10 
Xscl = 5, Yscl = 5 
5. y = (-8x + 9)/3 6. y=0.4x -5 
6 10 
: _ | : ae ; 
-6 -10 
Xscl = 2, Yscl = 1 
ve y=1.2x-12 = (4x — 
5 
ae | . fa 
—20 
Xscl = 2, Yscl = 


Visualizing for Success, p. 211 


1D 21 3H 4C 5F 6A 7.G 8B 
9 E 10. J 


Exercise Set 2.5, p. 212 


RC1. True RC2. False RC3. False RC4. True 
RC5. True RC6. False 
1. 


WY 


2x + 3y =6 


y 
Sy = -15 + 3x 


(5, 0) 


11. y* 


‘ 
x 
lee 


( 
13. y 


17. 


21. 


25. y 


\ 


33. m= 0 


f(x) = -6 


2-f(x)+5=0 


2.8y — 3.5x = -9.8 


27. ya 


31. m=0 


5x +4-f(x)=4 


39. Not defined 


y 


7—3x =4+ 2x 


41. Yes 43. No 45. Yes 47. Yes 49. Yes 51. No 

58. No 55. Yes 57.5.3 X 10° 584.7 x 10° 59. 1.8 x 10? 

60. 9.9902 X 10’ 61. 0.0000213 62. 901,000,000 63. 20,000 

64. 0.085677 65. 3(3x — 5y) 66. 3a(4 + 7b) 

67. 7p(3—q+t+2) 68. 64(x — 2y + 4) 69. 2009 Ib 

70. y 71. a=2 73. y= ~ax+?2 
75. y = 0;yes 77. m= — 


Halo 


f(x) = —x? +3x-1 


Exercise Set 2.6, p. 223 

RCI. (a) 4; (b)-*t C2. (a) 0; (b) not defined 

RC3. (a) 2; (b)—3 C4. (a) —3; (b)§ 

RC5. (a) Not defined; (b)0 RC6. (a) —2; (b) 3 
lLy=-8x+4 3 y=23x-1 5. f(x) =—tx-5 

7. f(x) =§x+3 9% y=5x-17 IL. y = —3x + 33 
By=x-6 Wy=-2x+16 IWy=-7 IN y= 3x-8 
2 y=5ixt+h 23. y=x 25. y=ix+7 27. y = 3x 
29.y=ix 3ly=13x-% 33. y=-—tx+ 4% 

35. y=ex—- 37. y=4xt+4 39. y=3x+4 

41. y=4x-6 43. y=3x+9 

45. (a) C(x) = 5x + 10; (b) y ; (c) $30 


$50 + 


Total cost 
w 
s 
+ 


C(x) =5x +10 


Lj} $+} > 
012345 67% 
Number of additional bags 


47. (a) V(t) = 9400 — 85¢; 
(b) yy ; (c) $7870 
$10,000 + 


8,000 ee. 


V(t) = 9400 — 85t 
6,000 + 


Value 


4,000 + 


2,000 + 


| 
t + t—t 

0 2 4 6 8 10 12 14 16 18 20 ¥ 
Number of months since purchase 


49. (a) S(x) = 2x + 11; (b) $19 billion; $37 billion 

51. (a) D(x) = —309.41x + 22,800; (b) 21,253 dealerships; 

(c) about 24 years after 1995, or in 2019 

53. (a) E(t) = 0.346¢ + 46.56; (b) about 51.06 years 

55. {x|x > 24},or(24,%) 56. {—27,24} 

57. {x|x < 24},or(—~,24] 58. {x|x = 4},or[4,~) 

59. {x|-8 =x = 5},or[-8,5] 60. {-7,3} 61. { },orm 
62. {x|-F =x < 24},or[-3,24) 63. -7.75 


Summary and Review: Chapter 2, p. 227 


Vocabulary Reinforcement 


1. Vertical 2. Point-slope 3. Function, domain, range, 
domain, exactly one, range 4. Slope 5. Perpendicular 
6. Slope-intercept 7. Parallel 


Concept Reinforcement 
1. False 2. True 3. False 


Chapter 2 A-9 


Study Guide 
1. No 2. g(0) = —2;g(—-2) = —3;8(6) = 1 
3. yA 4. Yes 5. Domain: | —4, 5]; range: 
[-2,4] 6. {x|xis areal number and 
-2,-, * 3},or(—%, -3) U(-3,~) 7-2 
Oo" a 8. Slope: —3; y-intercept: (0, 2) 
13. Parallel 14. Perpendicular 15. y = —8x + 0.3 
16. y= —-4x-1 17. y= 3x + 1s. y=4x -2 
19. y= —ix = Z 
Review Exercises 
1. No 2 Yes 3. 9(0) = 5;g(-1) =7 
4. f(0) = 73f(-1) = 12 5. About $6810 
6. 7 7. 
8 y 9 
x 

Sx) = |x — 3] 
10. Yes 11. No 12. (a) f(2) = 3; (b) {x|-2 = x = 4}; 
(c)—-1; (d) fy|1 = y = 5} 13. {x|xis areal number and 
x # 4},or(—~%,4) U(4,%) 14. Allrealnumbers 15. Slope: 
—3;y-intercept: (0,2) 16. Slope: —3;y-intercept: (0,2) 17. 4 
18. 19 oy 20. y 

(0,2) (0,3) 

(2, 0) 
0S x % 
2y =6—3x 
2y+x=4 


x=-3 


A-10 Answers 


f(x) =4 


24. Perpendicular 25. Parallel 26. Parallel 

27. Perpendicular 28. f(x) = 4.7x — 23. 29. y= —3x+ 4 
30.y=-3x 31 y=-3x+9 32. y=4xt4 

33. (a) R(x) = —0.018x + 44.66; (b) about 44.16 sec; about 
43.98sec 34. C 35. A 36. f(x) = 3.09x + 3.75 


Understanding Through Discussion and Writing 


1. Aline’s x- and y-intercepts are the same only when the line 

passes through the origin. The equation for such a line is of the form 

y = mx. 2. Theconcept of slope is useful in describing how a line 
slants. A line with positive slope slants up from left to right. A line with 
negative slope slants down from left to right. The larger the absolute 
value of the slope, the steeper the slant. 3. Find the slope-intercept 
form of the equation: 


4x + 5y = 12 
Sy = —4x + 12 
y= het 8 


This form of the equation indicates that the line has a negative slope 
and thus should slant down from left to right. The student may have 
graphed y = $x + 2. 4, For R(t) = 50t + 35,m = 50 and 

= 35; 50 signifies that the cost per hour of a repair is $50; 
35 signifies that the minimum cost of a repair job is $35. 

change in y 

5. m = ———— 
change inx 
As we move from one point to another on a vertical line, the 
y-coordinate changes but the x-coordinate does not. Thus the change 
in y is anonzero number whereas the change in x is 0. Since division 
by 0 is not defined, the slope of a vertical line is not defined. As we 
move from one point to another on a horizontal line, the y-coordinate 
does not change but the x-coordinate does. Thus the change in y is 0 
whereas the change in x is a nonzero number, so the slope is 0. 
6. Using algebra, we find that the slope-intercept form of the 
equation is y = 3x — 3. This indicates that the y-intercept is (0, -3), 
soa mistake has been made. It appears that the student graphed 
Y = 9X + 3. 


Test: Chapter 2, p. 236 


1. [2.2a] Yes 2. [2.2a] No 3. [2.2b] -4;2 4. [2.2b] 7;8 
5. [2.2b] -6;-6 6. [2.2b] 3; 0 
7. [2.2c] 8. [2.2c] 9. [2.2c] 
y ya y 
h(x) = -2x -5 fe) = - 3s g(x) = 2— bel 
x % x 
10. [2.2c] 11. [2.5] 12. [2.5c] 
y y y 
x x x 
Ee ad 
f(x) =x? + 2x -3 y=f(x) =-3 
13. [2.2e] (a) About 9.4 years; (b) 1998 14. [2.2d] Yes 


15. [2.2d]No 16. [2.3a] { x|x is a real number and x cal —3}, or 
(-«, -3) U (3,0) 17. [2.3a] All real numbers 
18. [2.3a] (a) 1; (b) [—3, 4]; (c) —3; (d) [-1, 2] 


19. [2.4b] Slope: —3; y-intercept: (0,12) 20. [2.4b] Slope: —3; 
y-intercept: (0, 2) 
23. [2.4c] $ km/min 
24. [2.5a] 


21. [2.4b]2 22. [2.4b] 0 


26. [2.5d] Parallel 27. [2.5d] Perpendicular 

28. [2.6a] y = —3x + 4.8 29. [2.6a] f(x) = 5.2x — 3 

30. [2.6b] y = —4x +2 31. [2.6c] y = —3x 

32. [26d)y=35x—-3 33. [26d] y = 3x-1 

34. [2.6e] (a) A(x) = 0.125x + 23.2; (b) 27.95 years; 28.825 years 
35. [2.6b]B 36. [2.5d]%* 37. [2.2b] f(x) = 3; answers 

may vary 


Cumulative Review: Chapters 1-2, p. 239 

. [2.6e] (a) R(x) = —0.006x + 3.85; (b) 3.50 min; 3.49 min 
2. [2.3a] (a) 6; (b) [0, 30]; (c) 25; (d) [0,15] 3. [1.1b] —22 
4, [l.ld]# 5. [1.lc}20 6. [1.ld)—% 7. [1.1d] —5 
8 


—_ 


W — By 
. [1.1d] No solution 9. [1.2a] x = — i 
M 
= — _ 
10. [1.2a] A T+ ae 11. [1.4c] {y|y < 7}, or (—~, 7] 


12. [1.4c] {x|x < —3},or(—«,-3) 13. [1.4c] {x|x > -4}, 
or (7, 2) 14. [1.5b] All real numbers 
15. [1.5a] {x|—7 < x < 4}, or (—7, 4] 


16. [1.5a] {x|-2 =x = }},or[-2,3] 17. [1.6c] {—8, 8} 
18. [1.6e] {y|y < —4ory > 4}, or (—%, —4) U (4, &) 
19. [1.6e] {x|—-} = x = 2}, or[-3,2] 
20. [2.6d] y = —4x — 22 21. [26d] y= 4Fx—-5 
22, [2.1c] 23. [2.5a] 24, [2.5c] 
y yA A 
3x =2y +6 4x +16=0 
x. 
y=-2x+3 
25. [2.5c] 26. [2.2c] 27. [2.2c] 
y » y 
—2y=-6 
> > 
x x 
f(x) = oe +1 
28. [2.4b] Slope: 3; y-intercept: (0, —3) 29. [2.4b] m = 3 


30. [2.6b]y = —3x —5 31. [2.6c]ly = -px+# 
32. [1.3a] w = 17m,1 = 23m ___ 33. [1.3a] $22,500 
34. [2.5d] (1), (4) 35. [2.6e] $151,000 

36. [1.5a] {x|6 < x < 10}, or (6, 10] 


CHAPTER 3 


Calculator Corner, p. 247 
1. (2,3) 2. (-4,-1) 3. (-1,5) 4. (3,-1) 


Exercise Set 3.1, p. 247 


RC1. False RC2. True RC3. True RC4. True 

1. (3,1); consistent;independent 3. (1, —2); consistent; 
independent 5. (4, —2); consistent; independent 

7. (2,1); consistent;independent 9. (3, —2); consistent; 
independent 11. (3, —2); consistent; independent 

13. No solution; inconsistent; independent 15. Infinitely 
many solutions; consistent; dependent 17. (4, —5); consistent; 
independent 19. (2, —3); consistent; independent 

21. Consistent; independent;F 23. Consistent; dependent; B 
25. Inconsistent;independent;D 27. —3 28. —20 

29. 3 30. -38 31. (2.23,1.14) 33. (3,3), (—5,5) 


Exercise Set 3.2, p. 254 


RC1. True RC2. True RC3. False RC4. False 

1. (2,-3) 3. (2,2) 5, (2,-2) 7. (-2,-6) 9. (-2,1) 
11. Nosolution 13. aa) 15. Infinitely many solutions 

17. (3,3) 19. Length: 25m;width:5m 21. 48° and 132° 


7A 
23. Wins: 23;ties:14 25.1.3 26. -—15y— 39 27. p= — 
q 


28.{ 29. -23 30.33 31.m=-lb=3 33. Length: 
57.6 in.; width: 20.4 in. 


Exercise Set 3.3, p. 263 


RC1. Consistent RC2. Inconsistent RC3. Consistent 

RC4. Dependent RC5. Inconsistent RC6. Independent 

1. (1,2) 3. (-1,3) 5. (-1,-2) 7. (5,2) 9. Infinitely 
many solutions 11. (3 -}) 13. (4,6) 15. No solution 
17. (10,-8) 19. (12,15) 21. (10,8) 23. (—4,6) 

25. (10,-5) 27. (140,60) 29. 36and27 31. 18and—15 
33. 48° and 42° 35. Two-point shots: 21; three-point shots: 6 
37. 3-credit courses: 25; 4-credit courses:8 39.1 40.5 
41.15 42. 12a7-—2a+1 43. {x|xis areal number 

andx # —7} 44, Domain: all real numbers; 
range:{yly=5} 45. y=-3x-7 46 y=x+12 

47. (23.12,-12.04) 49. 4=2,B=4 51. p=2,q=-} 


Translating for Success, p. 274 


1G 2E 3D 4A 5.J 6B 7.C 8&I 
9.F 10.H 


Exercise Set 3.4, p. 275 


RC1. 10 RC2.15 RC3. 0.15y RC4. 2 ~ 1. Books: 45; 
games: 23 3. Foil balloons; 2; latex balloons: 7 
5. Olive oil: 223 0z; vinegar:730z 7. 5lb ofeach 
9. 25%-acid: 4L;50%-acid:6L 11. Sweet-pepper packets: 11; 
hot-pepper packets:5 13. $7500 at 6%; $4500 at 3% 
15. Whole milk: 169 ; Ib; cream: 307$1b 17. $1800 at 5.5%; 
$1400 at4% 19. $5bills:7;$1 bills: 15 21. 375 mi 
23. 14km/h = =25. Headwind: 30 mph; plane: 120 mph 
27. Ishr 29, About 1489mi 31. {6,8, 10} 
3 
32. {2,4,6,7,8,9,10} 33. 3)a| 34. 7x? 35. i 
4 


a 
36. ial 37. 43L 39. City: 261 mi; highway: 204 mi 
c 


Chapters 2-3 A-11 


Mid-Chapter Review: Chapter 3, p. 279 
1. False 2. False 3. True 4. True 
5. x + 2(x — 6) = 3 

x+2x-12=3 


3x -—-12=3 
3x = 15 
x=5 
y=5-6 
y=-l1 


The solution is (5, —1). 
6. 6x — 4y= 10 


2x + 4y = 14 
8x = 24 
x=3 
2°3+ 4y= 14 
6+ 4y = 14 
4y =8 
y=2 


The solution is (3, 2). 
7. (5,—1); consistent;independent 8. (0,3); consistent; 
independent 9. Infinitely many solutions; consistent; dependent 
10. No solution; inconsistent; independent 11. (8,6) 
12. (2,-3) 13. (-3,5) 14. (-1,-2) 15. (2,-2) 
16. (5,-4) 17. (—1,-2) 18. (3,1) 19. Nosolution 
20. Infinitely many solutions 21. (10,—12) 22. (—9,8) 
23. Length: 12 ft; width: 10 ft 24. $2100 at 2%; $2900 at 3% 
25. 20% acid: 56L;50% acid:28L 26. 26mph 
27. Graphically: 1.Graph y = ?x + 2and y = 2x — 5 and find the 
point of intersection. The first coordinate of this point is the solution 
of the original equation. 2. Rewrite the equation as 4x + 7 = 0. 
Then graph y = 35x + 7 and find the x-intercept. The first 
coordinate of this point is the solution of the original equation. 
Algebraically: 1. Use the addition and multiplication principles for 
equations. 2. Multiply by 20 to clear the fractions and then use the 
addition and multiplication principles for equations. 
28. (a) Answers may vary. 
xt+y=l1, 
Lye 
(b) Answers may vary. 
x + 2y=5, 
3x + 6y = 10 
(c) Answers may vary. 
x — 2y = 3, 
3x —- 6y =9 
29. Answers may vary. Form a linear expression in two variables 
and set it equal to two different constants. See Exercises 10 and 19 
in this review forexamples. 30. Answers may vary. Let any linear 
equation be one equation in the system. Multiply by a constant on 
both sides of that equation to get the second equation in the system. 
See Exercises 9 and 20 in this review for examples. 


Exercise Set 3.5, p. 285 
RC1. (b) RC2. (c) RC3. (a) RCA. (a) 


1. (1,2,-1) 3. (2,0,1) 5. (3,1,2) 7. (-3,-4,2) 
9. (2,4,1) 11. (-3,0,4) 13. (2,2,4) 15. (3,4,-6) 
17. (-2,3,-1) 19. (5,34) 21. (3,-5,8) 23. (15, 33,9) 
F Q- 4b 
25. (4,1,-2) 27. (17,9,79) 28 a= 2.a= ; 
3b 4 
tc — 2F 2F 2F + td 
eh 30. d= , Orc 31 = - 
2F c — Ax AX °C 2 
- +d 32y= . 33. y= 3 34. Slope: —3; 


y-intercept: (0, -$) 35. Slope: —4; y-intercept: (0, 5) 
36. Slope: 3; y-intercept: (0,—2) 37. Slope: 1.09375; 


y-intercept: (0,—-3.125) 39. (1, —2,4, —1) 


A-12 : Answers 


Exercise Set 3.6, p. 291 
RCl1. (c) RC2. (d) RC3. (a) RC4. (b) 

1. Reading: 496; math: 514; writing: 488 3. 32°, 96°, 52° 

5. —7,20,42 7. Sixteen: 10; Original: 16; Power: 8 

9. Egg: 274 mg; cupcake: 19 mg; pizza:9mg 11. Automatic 
transmission: $865; power door locks: $520; air conditioning: $375 
13. Dog: $200; cat: $81; bird: $9 15. Roast beef: 2; 

baked potato: 1; broccoli:2 17. First fund: $45,000; second 
fund: $10,000; third fund: $25,000 19. Par-3:6 holes; par-4: 

8 holes; par-5:4 holes 21. A: 1500 lenses; B: 1900 lenses; 

C: 2300 lenses 

23. , 24, 


g(x) =|x+1| 


25. y 


x 


h(x) =x?-2 


26. No 27. Yes 28. Yes 29. 180° 31. 464 
Visualizing for Success, p. 303 

1D 2B 3E 4C 51 6G 

7.F 8&H 9A 10.J 


Exercise Set 3.7, p. 304 


RCI. Graph  RC2. Inequality RC3. Half-plane 
RC4. Solution RC5. Equation RC6. Test 
1. Yes 3. Yes 


13. y 


3x + 4y S12 f. 


17. 


3x-—2=5x+y 


ee er 


21. 


25. F 27.B 29. C 


31. y 33. y 
Bs em 
% Zt 
a oe 
Peal 
11 (Goa) 
(1, 1) 212 “ 
x 7. ~ x 
7 Bed 
7 
aA n~ 
£ 
37. 
Al. 


2 46.7% 47, -12 
52. |2 — 2a|, or2|1 — al 


w< 15h, > 500 
o 
oO 
h = 3200, = 4000 4 
= 3 
h=0, S 30004 ‘-7 
w=0 3 — 
= 20004 a 
A 
oO 
2 
S 1000 4 
t t t t t t 
1000 2000 3000 4000 5000 h 


Height (in feet) 


Summary and Review: Chapter 3, p. 308 


Vocabulary Reinforcement 


1. Pair 2. Consistent 3. Algebraic 4. Triple 
5. Independent 6. Half-plane 


Concept Reinforcement 
1. False 2. True 3. True’ 4. False 


Study Guide 
1. (4,—1); consistent;independent 2. (—1,4) 
4. $8700 at 6%; $14,300 at5% 5. (3, —5,1) 


Review Exercises 
. (—2, 1); consistent; independent 

. Infinitely many solutions; consistent; dependent 

. No solution; inconsistent; independent 4. (1, —1) 

. Nosolution 6. (2,-4) 7. (6,-3) 8 (2,2) 

9. (5,-3) 10. Infinitely many solutions 

11. 32 brushes at $8.50; 13 brushes at $9.75 

12, 5Lofeach 13. 54hr 14. (10,4,-8) 15. (—1,3, -2) 
16. (2,0,4) 17. (2,3,-3) 18. 90°, 673°, 223° 19. Caramel 
nut crunch: $30; plain $5; mocha choco latte: $14 

20. y 21. 


aw bs = 


2x + By <12 


22. 


24. 


26.C 27. A 28. (0,2) and (1,3) 


Understanding Through Discussion and Writing 


1. Answers may vary. One day, a florist sold a total of 23 hanging 
baskets and flats of petunias. Hanging baskets cost $10.95 each and 
flats of petunias cost $12.95 each. The sales totaled $269.85. How 
many of each were sold? 2. We know that machines A, B, and C 
can polish 5700 lenses in one week when working together. We also 
know that A and B together can polish 3400 lenses in one week, so C 
can polish 5700 — 3400, or 2300, lenses in one week alone. We also 
know that B and C together can polish 4200 lenses in one week, so A 
can polish 5700 — 4200, or 1500, lenses in one week alone. Also, 
Bcan polish 4200 — 2300, or 1900, lenses in one week alone. 

3. Let x = the number of adults in the audience, 

y = the number of senior citizens, and z = the number of 
children. The total attendance is 100, so we have equation (1), 

x + y + z = 100. The amount taken in was $100, so equation (2) 

is 10x + 3y + 0.5z = 100. There is no other information that can 
be translated to an equation. Clearing decimals in equation (2) 

and then eliminating z gives us equation (3), 95x + 25y = 500. 
Dividing by 5 on both sides, we have equation (4), 19x + 5y = 100. 
Since we have only two equations, it is not possible to eliminate 

z from another pair of equations. However, in 19x + 5y = 100, 
note that 5 is a factor of both 5y and 100. Therefore, 5 must also be 

a factor of 19x, and hence of x, since 5 is not a factor of 19. Then 

for some positive integer n, x = 5n. (We require 7 to be positive, 
since the number of adults clearly cannot be negative and must also 
be nonzero since the exercise states that the audience consists of 
adults, senior citizens, and children.) We have 


19+ 5n + 5y = 100 
19n + y= 20.  Dividingby5 


Chapter 3 A-13 


Since n and y must both be positive, n = 1. (Ifm > 1, then 
19n + y > 20.) Thenx = 5: l,or5. 


19-5 +5y= 100 — Substituting in (4) 
y=1 

5+1+2z= 100 Substituting in (1) 
z= 94 


There were 5 adults, 1 senior citizen, and 94 children in the 
audience. 4. No; the symbol = does not always yield a graph in 
which the half-plane above the line is shaded. For the inequality 
—y = 3, for example, the half-plane below the line y = —3is 
shaded. 


Test: Chapter 3, p. 315 


1. [3.la] (—2, 1); consistent;independent 2. [3.1a] No solution; 
inconsistent;independent 3. [3.1a] Infinitely many solutions; 
consistent; dependent 4. [3.2a](2,—3) 5. [3.2a] Infinitely 
many solutions 6. [3.2a](—4,5) 7. [3.3a] (—1, 1) 

8. [3.3a](—3,-3) 9. [33a] Nosolution 10. [3.2b] Length: 93 ft; 


width:51 ft 11. [3.4b]120km/h 12. [3.3b], [3.4a] Buckets: 17; 
dinners:11 13. [3.4a] 20% solution: 12 L; 45% solution: 8 L 
14, [3.5a] (2,-3,-1) 15. [3.6a] 3.5 hr 
16. [3.7b] 17. [3.7b] 
19. [3.7c] 


20. [3.6a] B 


21. [3.3a] m = 7;b = 10 


Cumulative Review: Chapters 1-3, p. 317 


1. [ld]? 2 [11dj6 3. [1.2a]h = x 
4, [1.2a] p = a k, or cea 
m m 

(-1,0) 6. [15a] {x} <x = #},0 
7. [1.5b] {x|x < 30rx = 7}, or (—~%, 
8. [1.6c] {-5,3} 9. [1.6e] {yly = 
(-»,-3]U[3) 10. [1.6d] {-5, 1} 
12. [2.5c] y 13. [2.2c] 


5. [1.4c] {x|x > —1}, or 


14. [2.5b] 15. [2.5a] 


3x+-5y=15 


A-14 Answers 


17. [3.7b] y 


18. [3.la] (3, —1); consistent; independent 19. [3.2a] (3 -}) 
20. [3.3a] (1,-1) 21. [3.3a](-1,3) 22. [3.5al (2,0, -1) 
23. [3.7b] 24. [3.7c] 


25. [2.3a] (a) {—5, —3, -1, 1,3}; (b) {-3, -2, 1, 4, 5}; (©) -2; (@) 3 
26. [2.3a { x|x is areal number and x A 5}, or (—%,3) U (3, 2) 
27. [2.2b] -1;1;-17 28. [2.4b] Slope: 2; y-intercept: (0, 4) 

29. [2.6b] y= —3x +17 30. [2.6c] y = —4x —7 

31. [2.5d] Perpendicular 32. [2.6d] y = 4x + 4 

33. [1.3a]4m;6m 34. [1.4d] {S|S = 88} 

35. [3.3b] Scientific: 18; graphing: 27 36. [3.4a] 15%: 21L; 
25%:9L 37. [3.4b]720km 38. [3.6a] $120 

39. [2.6e] $151,000 40. [3.3a] m = —2;b = —% 


CHAPTER 4 

Exercise Set 4.1, 326 

RCL. (c) RC2. (d) RC3. (a) RC4. (b) RCS. (h) 
RC6. (f) RC7Z. (g) RCSB. (e) 


1. —9x‘, —x3, 7x”, 6x, —8; 4, 3, 2, 1, 0; 4; -9x*; —9; -8 

3. t3,4t”, s°t*, —2; 3, 7, 6, 0; 7; 4t” ; 4; —2 

5. u’, 8u7v®, 3uv, 4u, —1; 7, 8, 2, 1, 0; 8; 8u7v® ; 8; —1 

7. —4y? — Gy? + 7y +23) 9, —xy? + x°y? + x8y 41 

11. —9b°y® — 8b’y? + 2by 13. 5 + 12x — 4x3 + 8x9 

15. 3xy? + x2y? — 9x3y + 2x4 

17. —7ab + 4ax — 7ax* + 4x® 19. 45; 21;5 

21. —168;—9;4;-7 23. About 288 watts 

25. (a) About 340 mg; (b) about 190 mg; (c) M(5) ~ 65; 

(d) M(3) ~ 300 27. (a) $10,750; (b) $18,287.50 

29. P(x) = —x* + 280x — 7000 31.17 33.8 35. 2x? 
37. 3x + 4y 39. 7a+ 14 41. —6a7b — 2b? 

43. 9x2 + 2xy + 15y* 45. —x°y + 4y + Oxy? 

47, 5x7 + 2y?+5 49.6a+b+c 51. —4a? — b? + 3c? 
53. —3x2 + 2x + xy—1 55. Sx?’y — 4xy? + Sxy 

57. 97° +9r—-9 59. —Kxy + toxy? + 1L.7x°y 

61. —(5x7 — 7x” + 3x — 6);—5x* + 7x? — 3x + 6 

63. —(—13y” + 6ay* — Sby”); 13y” — 6ay* + Sby? 

65. llx—7 67. —4x*-—3x+13 69. 2a + 3c — 4b 


71. —2x7 + 6x 73. —4a* + 8ab — 5b? 
75. 16ab + 8a*b + 3ab? 
77. 0.06y* + 0.032y? — 0.94y? + 0.93 
79. xt —x?-1 


82. 


84. y 
f(x) =1- x? 


ae 


87. Nosolution 88. {y|y = 2}, or[2, ~) 
90. y 


91. y 92. y 


a 


x 
Ferree 


93. 494.55cm> 95. f(0) = 5, but the graph shows that f(0) = — 


97. 47x“ + 40x°* + 30x77 + x%+ 4 


Calculator Corner, p. 336 


1. Correct 2. Incorrect 3. Correct 4. Incorrect 
5. Incorrect 6. Correct 7. Correct 8. Incorrect 
9. Correct 10. Incorrect 


Exercise Set 4.2, p. 338 


RC1. True RC2. False RC3. True RC4. True 
1. 24y? 3. —20x3y 5. —10x%y?— 7. 14z — 22x 
9. 6a’b + Gab* 11. 15c%d? — 25c7d* 13. 15x? + x — 2 
15. s?—9t? 17. x? — 2xy + y? 19. x® + 3x? — 40 
21. a’ — 5a°b? + 6b’ 23. x3 — 6425. x9 + yy? 
27. a’ + 5a° — 2a" - 9a +5 
29. 4a°b* + 4a°b — 10a7b* — 2a*b + 3ab* + 7ab* — 6b* 
BL.x?+4x+% 33. Gx? -3 35. 3.25x? — 0.9xy — 28y? 
37. a2 + 13a+40 39. y?+3y—-28 41. 9a7 + 3a t+} 
43. x? — 4xy + 4y? 45. b> — 2b +h 47. 2x? + 13x + 18 
49. 400a? — 6.4ab + 0.0256b? 51. 4x” — 4xy — 3y? 
53. x°+ 4x3 +4 55. 4x4 — 12x?y? + gy? 
57. aSb’ + 2a°b* + 1 59. 0.0la* — a*b + 25b? 
61. A=P+2Pi+ Pi? 63. d*>—64 65. 4c? -—9 
67. 36m? — 25n? = 69. x4 — y?z*_— 71. m* — m?n? 
73. 16p' — 9p*t? 75. gp? — gn* 77. xt -— 1 
79. a’ — 2a°b? + bt 81. a? + 2ab + bb? - 1 
83. 4x? + 12xy + 9y” — 16 
85. t? + 3t— 4,p? + 7p + 6,h? + 2ah + 5h, 
?+t-6+ca*+5a+5 87. 3t? — 13t+ 18, 
3p" — p + 4,3h? + 6ah — 7h, 3t? — 19t + 34+, 
3a” -—7a+13 89. -t? + 7t-—6,-—p? + 3p + 4, 
—h? — 2ah + 5h, -t? + 9t - 14+ ¢,-a% + 5a4+5 
91. —t? + 5t,-p* + p+ 6,—h’ — 2ah + 3h, 
4+ 7t-6+c¢,-a*+3a+9 
93. 5.5hr 94. 180mph_ 95. (3,—33) 96. (1,3) 
97. Infinitely many solutions 98. (33, ta) 
99. Leftto the student 101. 2°” 
103. r® — 2r4st + 38 105. gxl0 — Hy 4 Oe 
107. x**— y” 109. x®-1 


Exercise Set 4.3, p. 345 


RC1. Product RC2. Factors RC3. Factorization 

RC4. Prime RC5. Common  RC6. Binomial 

1. 3a(2a+1) 3. x7(x +9) 5. 4x?(2 — x?) 

7. Axy(x — 3y) 9. 3(y2-—y—3) 11. 2a(2b — 3c + 6d) 
13. 5(2a1 + 3a*-— 5a—6) 15. 3x*y*z3(5y — 4x2") 

17. 7a>b°c3(2ac* + 3b’c — Sab) 19. —5(x + 9) 

21. -6(a +14) 23. -2(x7-x+12) 25. —3y(y — 8) 
27. —(a‘ — 2a° + 13a? +1) 29. —3(y? — 4y? + 5y — 8) 
31. ar°(h + $1), ors ar*(3h + 4r) 

33. (a) h(t) = —8t(2t — 9); (b) h(2) = 80ineach 
35. R(x) = 0.4x(700 + x) 37. (b — 2)(a + c) 
39. (x — Dae +13) 41. (y — 7)(y? + 1) 

43. (c+ d)(a +b) 45. (b — 1)(b* + 2) 

47. (y + 8)(y" —5) 49. 12(x? + 3)(2x — 3) 

51. a(a®’— a*+a+t+1) 53. (y? + 3)(2y”? — 5) 

55. —7,13 56. —8,—2 

57. {x|—-10 < x < 14}, or[—10, 14] 

58. {yly < tory > #}, or(—~, 3) U(#~) 

59. {x|15 < x < 17}, or[15, 17] 

60. {x|} <x < 1},or(3,1) 

61. {x|x <} or x > $}, or(—~,4) U (2, ~) 

62. All real numbers, ort oo ie 

63. x°y4 + x4y® = x3y(x?y3 + xy5) 

65. (x2 -—x+5)(r+s) 67. (xt +x? 4+ 5)(at+a4+5) 
69. x/38(1 — 7x) ZL. x ¥8(1 — 5x/8 + 3x5/1) 

73. 3a"(a + 2— 5a?) 75. y**(7y* — 5 + 3y?) 


Exercise Set 4.4, p. 351 


RC1. (c) RC2. (d) C3. (a) RCA. (b) 
L(x +4)(x+9) 3. (t—5)(t-3) 5 (x—11)(x +3) 


7. 2(y — 4)(y — 4) (p + 9)(p — 6) 
IL. (x + 3)(x+9) 13. (y — 3)(y - 4) 
15. (t-— 3)(t- 1) 17. (x + 7)(x — 2) 
19. (x + 2)(x+3) 21. —1(x — 8)(x + 7), or 


(—x + 8)(x + 7), or (x — 8)(—x — 7) 

23. —y(y — 8)(y + 4), or y(—y + 8)(y + 4), or 
yy — 8)(-y— 4) 25. (x* + 16)(x” — 5) 
27. Notfactorable 29. (x + 9y)(x + 3y) 

Bl. 2(x —9)(x +5) 33. -1(z + 12) 
(-2 — .12)(2— 3),,0r (2 + 12)(—z2 +3) 
35. (x? + 49)\(x2 +1) 37. (x2 + 9)(x9 + 2) 

39. (x1 — 3)(x'-— 8) 41. (y — 0.4)(y — 0.4) 

43. (4 + b')(3 — b!°), or —1(b'° + 4)(b!° — 3) 

45. Countryside: 921b; Mystic: 1521b 46. 8 weekdays 
47. Yes 48. No 49. No 50. Yes 

51. Allrealnumbers 52. All real numbers 

53. {x|xis areal number andx # i}, or (—%, 4) U (i, 00) 
54. Allrealnumbers 55. 76, —76, 28, —28, 20, —20 

57. x — 365 


Mid-Chapter Review: Chapter 4, p. 354 


1. True 2. False 3. True 4. False 5. True 
6. F O I L 
(8w — 3)(w — 5) = (8w)(w) + (8w)(—5) + (-3)(w) + (-3)(-5) 
= 8w*? — 40w — 3w + 15 
= 8w? — 43w + 15 
7. c — 8c? — 48c = c+ c? — c+ 8c — c+ 48 
= c(c? — 8c — 48) = c(c + 4)(c — 12) 
8. x7 + 8x19 — 9 = (x})? + ce -—9 


9. sy + any? — y— 4 = yy + 8) = 1G + 4) 


Chapters 3-4 A-15 


10. Terms: —a’, a’, —a, 8; degree of each term: 7, 4, 1, 0; degree of 
polynomial: 7; leading term: —a’; leading coefficient: —1; constant 
term:8 11. Terms: 3x‘, 2x3w°, —12x?w, 4x”, —1; degree of each 
term: 4, 8, 3, 2, 0; degree of polynomial: 8; leading term: 2x°w* 
leading coefficient: 2; constant term: —1 

12.5 — 2y—y%— 2y4 + y? 13. 2x° — 4gx* + 2qx — 9qr 
14. h(0) = 5;h(—2) = 21;h($) = 2, or # 

15. f(-1) = 1,or 3 f(1) = —4f(0) = 0 

16. f(a — 2) = a’ — 2a — 9; f(a + h) — f(a) = 2ah + 
W+2h 17. -2a7-3b-4ab-1 18. 11x? + 7x — 8 
19. b?—11b-—12 20. 3c'—c® 21. y® — 3y4 — 18 

22. 4y> + Gy? — 2y 23. 9x -— 12 24. 16x? — 40x + 25 

25. 4x7 + 20x + 25 26. O.llx— 3y 27. —130x°y 

28. x° — x°y + xy? + 3y% 29. 10x? + 31x — 63 

30. 81x27 -— 16 31. A(5h+ 7) 32. (x + 10)(x — 2) 

33. —(b + 7)(b — 3),or(7 + b)(3— b) 34. (m+ 7)? 

35. (2—x)(xy+ 5) 36. 3(w-—1)* 37. (t+ 3)(t? + 1) 
38. 8xy%z(3y%z? — 2x3) 39. Not factorable 

40. One explanation is as follows. The expression —(a — b) is 
the opposite of a — b. Since (a — b) + (b — a) = 0, then 
-—(a-—b)=b-—a._ 41. No; ifthe coefficients of at least one 
pair of like terms are opposites, then the sum is a monomial. For 
example, (2x + 3) + (—2x + 1) = 4,amonomial. 42. No; 
consider the polynomial 3x1! + 5x’. All the coefficients and 
exponents are prime numbers, yet the polynomial can be factored 
soitisnot prime. 43. When coefficients and/or exponents are 
large, a polynomial is more easily evaluated after it has been 
factored. 


44, (a) The middle term, 2 - a - 3, is missing from the right-hand side. 


a+3)=a@+6a+9 

(b) The middle term, —2ab, is missing from the right-hand side 
and the sign preceding b’ is incorrect. 

a — b)(a — b) = a® — 2ab + b? 

(c) The product of the outside terms and the product of the inside 
terms are missing from the right-hand side. 

x+3)\(x-4) =x? -x-12 

(d) There should be a minus sign between the terms of the product. 
pt+7)(p-7) =p - 49 

(e) The middle term, —2 - ¢ - 3, is missing from the right-hand side 
and the sign preceding 9 is incorrect. 

t-3/=-6t+9 

45. Answers may vary. For the polynomial 4a® — 12a, an incorrect 
factorization is 4a(a — 3). Evaluating both the polynomial and the 


factorization for a = 0, we get 0 in each case. Thus the evaluation 
does not catch the mistake. 


Exercise Set 4.5, p. 361 


RC1. 2x”, RC2.1 RC3. —3x RC4. Negative 
RC5. Leading; constant RC6. Product; sum 
RC7. 21x RC8. Factor 


1. (3x + 1)(x-—5) 3. y(5y — 7)(2y + 3) 

5. (3c — 8)(c — 4) 7. (5y + 2)(7y + 4) 

9. 2(5t— 3)(f+ 1) 11. 4(2x + 1)(x — 4) 

13. 3(3a — 1)(2a—5) 15. 5(3¢ + 1)(2t + 5) 
17. x(3x — 4)(4x — 5) 19. x°(7x + 1)(2x — 3) 
21. (3a — 4)(a +1) 23. (3x + 1)(3x + 4) 


25. —1(z — 3)(12z + 1), or (—z + 3)(12z + 1), or 
(2—3)(-122- 1) 27. -1(2#—3)(2t +5), of 
(—2t + 3)(2t + 5), or (2t — 3)(—2t — 5) 

29. x(3x + 1)(x— 2) 31. (24x + 1)(x — 2) 

33. —2t(2t + 5)(2t— 3) 35. —x(24x + 1)(x — 2) 
37. (7x + 3)(3x + 4) 39. 4(10x4 + 4x? — 3) 

4l. (4a — 3b)(3a — 2b) 43. (2x — 3y)(x + 2y) 
45. 2(3x — 4y)(2x — 7y) 47. (3x — 5y)(3x — 5y) 


A-16 Answers 


49. (3x° — 2)(x3 + 2) 51. (a) 224 ft; 288 ft; 320 ft; 288 ft; 128 ft; 
(b) h(t) = -16(t-— 7)(t + 2) 53. (2,-1,0) 

54. (3,-4,3) 55. (1,-1,2) 56. (2,4,1) 57. Parallel 

58. Parallel 59. Neither 60. Perpendicular 

61. Peaks 62. y= —3x-4 63. y=-tpx-# 
64. y= —3x—% 65. Left to the student 

67. (7a + 6)(ab +1) 69. (9xy — 4)(xy + 1) 

71. (x* + 8)(x* — 3) 


Visualizing for Success, p. 370 


LAE 25EJ 3GK 4LS 5.P7Q 6 C1 
7DdH 8&M,O 9N,T~ 10. B,R 


Exercise Set 4.6, p. 371 


RCI. Difference ofsquares RC2. Trinomial square 

RC3. Difference ofcubes RC4. None of these 

RC5. Trinomial square RC6. None of these 

RC7. Sumofcubes RC8. Difference of squares 

lL (x-2)) 3 (y+9)? 5. (x+1)? 7 (3y + 2)? 

9. y(y—9)? 11. 3(2a+3)% 13. 2(x — 10)? 

15. (1 — 4d)’, or (4d —1)* 17. 3a(a — 1)? 

19. (0.5x + 0.3)? 21. (p—q)* 23. (a + 2b)? 

25. (5a — 3b)? 27. (y? +13)? 29. (4x° — 1)? 

31. (x° + yy’)? 33. (p+ 7)(p—7) 35. (y + 2)*(y — 2)? 
37. (pq + 5)(pq— 5) 39. 6(x + y)(x — y) 

Al. 4x(y? + 2?\(y + z)\(y—z) 43. a(2a + 7)(2a — 7) 

45. 3(x* + y*)(x? + y’)(x + y)(x — y) 

47. a°(3a + 5b”)(3a — 5b”) 49. (§ + z)(% - z) 

51. (0.2x + 0.3y)(0. 2x — 0.3y) 53. (m — 7)(m + 2)(m — 2) 
55. (a—- 2)(a+ b)(a—b) 57. (a+ b+ 10)(a+b— 10) 
59. (12 — p + 8)(12 + p — 8), or (20 — p)(4 + p) 

6l. (a+b+3)\(a+b-—3) 63. (r—1+4 2s)(r — 1 — 2s) 
65. 2(m + n + 5b)(m + n — 5b) 
67. [3 + (a + b)][3 — (a + b)], or(3 + a + b)(3 — a — b) 
69. (z+ 3)(22-—324+9) TL. (x—1)(x?+x+4+1) 

73. (2 — 3b)(4+ 6b+ 9b?) 75. (2a + 1)(4a” — 2a + 1) 
77. (2x + 3)(4x* — 6x +9) 79. (a — b)(a? + ab + b’) 

81. (a+ 3)(a?—a+4) 83. (x + 0.1)(x? — O.1x + 0.01) 
85. a= 4)(y? + 4y +16) 87. 3(2a + 1)(4a? — 2a + 1) 
89. 7(s + 4)(s? — 4s +16) 91. 5x?(x — 2z)(x? + 2xz + 427) 
93. 8(2x” — t?)(4x4 + 2x2? + t*) 


95. (z-1 (2 +24 (z+ (2-241) 
97. (t? t 4y”)(t* — 4t?y? + 16y*) 

99. (2w* — z*)(4w® + 2w%z? + z°) 

101. (de + d)(4c? —ted+ d’) 


103. (0.1x — 0.2y)(0.01x” + 0.02xy + 0.04y”) 105. (—45, 3°) 


106. (—7, —54) 107. (1,13) 108. No solution 
109. y 110. 
x 
(4,-1) 
Lit, 112. 


113. y= x-2;y = -x-6 114. y = 3 ay = 3x 0 
115. y= —-3x+7y=2x-3 W6y=Fx—-—dy = —4x + 24 
117. h(3a* + 3ah +h?) 119. (a) wh(R + r)(R—- 1); 

(b) 3,014,400 cm? —-121. 5(c*’ + 4d*°)(c + 2d*°)(c?? — 2d?) 


123. (x24 + y”) x44 = x2ayb 4 y?) 


125. 3(x@ + 2y”)(x24 — 2x4y? + ay?) 
127. 4(xy + z)(4x2y? —}xyz + 2?) 129. y(3x? + 3xy + y?) 
131. 4(3a? + 4) 


Exercise Set 4.7, p. 377 


RCI. Common’ RC2. Difference RC3. Square 

RC4. Grouping RC5. Completely RC6. Check 

1. (y+ 15)\(y— 15) 3. (2x + 3)(x + 4) 

5. 5(x? + 2)(x?- 2) 7. (pt+6)? 9 2(x — 11)(x + 6) 
11. (3x + 5y)(3x — 5y) 13. 4(m? + 5)(m? — 5) 

15. 6(w—1)(w+3) 17. 2x(y + 5)(y — 5) 

19. (18 — a)(12 + a) 

21. (m+ 1)(m? — m+ 1)(m— 1)(m? + m+ 1) 

23. (x+3+y)(x+3-y) 

25. 2(5x — 4y)(25x” + 20xy + 16y”) 

27. (m? + 10)(m>— 2) 29. (a + d)(c — b) 

31. (5b —a)(10b +a) 33. (2x — 7)(x? + 2) 

35. 2(x + 3)(x + 2)(x — 2) 

37. 2(2x + 3y)(4x? — 6xy + 9y”) 39. —3y(5x + 2)(4x — 1), or 
3y(—5x — 2)(4x — 1), or 3y(5x + 2)(—4x + 1) 

41. (a’ + b*)(a? + b?)(a + b)(a — b) 

43. ab(a + 4b)(a— 4b) 45. (jx — 4’)? 

47. 5(x — y)*(x + y) 49. (9ab + 2)(3ab + 4) 

51. y(2y — 5)(4y2 + l0y + 25) 53. (a-— b-—3)(a+b+ 3) 
55. (q-5+1r)(q-5-—r) 57. Correct answers: 55; incorrect 
answers:20 58. 59, (6y” — 5x)(5y” — 12x) 


61. 5(x — 3)(x? tix+ 5) 63. x(x — 2p) 

65. yy — 1)°(y— 2) 67. (2n+y—rt 3s)(2x +y +r — 3s) 
69. cc’ +1)? 71. 3x(x +5) 73. (x — 1)8(x? + 1)(x + 1) 
75. y(y" + I)(y + 1) + YY - 1) 


Calculator Corner, p. 384 
1. Left to the student 


Translating for Success, p. 387 


1.Q 2F 3B 4A 5P 6D 7.0 8H 
91 10.N 


Exercise Set 4.8, p. 388 


RCI. False RC2. False RC3. False RC4. False 

1-7,4 3.3 5-10 7. —-5,-4 9.0,-8 11. —-5,5 
13. -12,12 15.7,-9 17. -4,8 19. -2,-% 21.43 
23.0,6 25. %,-2 27. -1,1 29.%-2 31. 0,4 
33..7;,—-2 35. 0,-2,3 37..0,-8,8 39. 5,—5,1,—1 
41.-6,6 43. -1,4 45. -8,-4 47. -4,3 49. —9,-3 
51. {x|xisareal number andx # —landx # 5} 

53. {x|xisareal number andx # —3andx # 3} 

55. {x|xisareal number andx # 4} 

57. {x|xisareal number andx # Oandx # 2andx # 5} 

59. x-intercepts: (—5, 0) and (9, 0); solutions: —5, 9 

61. x-intercepts: (—4, 0) and (8, 0); solutions: —4, 8 

63. Length: 12cm; width:7cm 65. Height: 6 ft; base: 4 ft 

67. 6cm_ 69. 16,18,20 71. 3cm_ 73. Length: 12 ft; width: 8 ft 
75. d= 12fth=16ft 77. 41ft 79. 6,8,10 81. 1llsec 
83.1 84.13 85.12 86.1023 87. y=+#x+¥% 

88. y= -yxt+# 89. y=-fxt+¥ 90. y= #xt+ @ 
91. {—3, 1}; {x|-4 < x < 2}, or[—4,2] 93. (a) 1.2522305, 
3.1578935; (b) —0.3027756, 0, 3.3027756; (c) 2.1387475, 2.7238657; 
(d) —0.7462555, 3.3276509 


Summary and Review: Chapter 4, p. 393 


Vocabulary Reinforcement 


1. Ascending 2. Factor 3. Factor 4. Factorization 
5. Grouping 6. Binomial 7. Zero 8. Difference 


Concept Reinforcement 
1. False 2. True’ 3. False 


Study Guide 


1. Terms: —6x*, 5x, —x?, 10x, —1; degree of each term: 4, 3, 2, 1, 0; 
degree of polynomial: 4; leading term: —6x*; leading coefficient: —6; 
constant term:—1 2. 2y? + 2y?+ 17y — 8 

3. 3x7 + xy — ly? 4, 4y? + 28y + 49-5. 25d? — 100 

6. f(x +1) = 3x? + 5x + 4;f(a + h) — f(a) = 3h? + Gah—h 
7. (y+ 3)(y?— 8) 8. (3x — 8)(x +9) 9. (2x — 7)(5x + 1) 


10. (9x — 4)? 11. (10¢ + 1)(10t — 1) 
12. (6x + 1)(36x7— 6x +1) 13. (10y — 3)(100y” + 30y + 9) 
14, —2,2 


Review Exercises 


1. (a) 7, 11, 3, 2; 11; (b) —7x®y?; —7; 

(c) —3y? + 2x3 + 3x*%y — 7x%y3; 

(d) —7x*y? — 3y? + 3x%y + 2x3 2.0;-6 3. 4;-31 

4. —7x + 23y 5. ab + 12ab? +4 6. (a) About 4.9 million 
children 7. —x? + 2x? + 5x+2 8 x9 4+ 6x2 -x-4 

9. 13x°y — 8xy2 + 4xy 10. 9x -— 7 11. -2a + 6b + 7c 

12. 16p? — 8p 13. 4x? — 7xy + 3y? 14. —18x3y4 

15. x8 — x® + 5x? -— 3 16, 8a7b? + 2abe — 3c* 17. 4x? — 25y? 
18. 4x? — 20xy + 25y” 19. 20x* — 18x° — 47x? + 69x — 27 
20. x4 + 8x7yP + 16y 21. x9 - 125 22. x7 -$x +H 

23. a® — 4a — 4;2ah +h? — 2h 24, 3y?(3y? — 1) 

25. 3x(5x? — 6x? + 7x -— 3) 26. (a — 9)(a — 3) 

27. (3m + 2)(m+ 4) 28. (5x +2)? 29. 4(y + 2)(y — 2) 
30. (a + 2b)(x—y) 31. 4(x* + x + 5) 
32. (3x — 2)(9x? + 6x + 4) 
33. (0.4b — 0.5c)(0.16b? + 0.2be + 0.25c7) 

34. y(y? + 1)(y + 1)(y—1) 35. 229(z? — 8) 

36. 2y(3x” — 1)(9x* + 3x7 +1) 37. (1+ a)(1-a+ a?) 

38. 4(3x — 5)* 39. (3t + p)(2t + 5p) 

40. (x + 2)(x + 3)(x—-3) 41. (a — b+ 2t)(a — b — 2t) 
42.10 43.%,3 44.05 45. -4,4 46. -4,11 

47. {x|xis areal number andx # }andx # —7} 48. Length: 
8in.; width:5in. 49. —7,—5,—3;3,5,7 50.7 51. A 

52.C 53. 2(2x + y)(4x? — 2xy + y?)(2x — y)(4x? + 2xy + y?) 
54. 2(3x7 +1) 55. a°-—(b-—1)° 56. 0,5, 4% 


Understanding Through Discussion and Writing 


1. Asum of two squares can be factored when there is a common 
factor that is a perfect square. For example, consider 4 + 4x”: 

4 + 4x? = 4(1 + x’). 
2. See the procedure on 359 ofthe text. 3. Add the opposite 
of the polynomial being subtracted. 4. To solve P(x) = 0, 
find the first coordinate(s) of the x-intercept(s) of y = P(x). 
To solve P(x) = 4, find the first coordinate(s) of the points 
of intersection of the graphs of y, = P(x) and y2 = 4. 
5. To use factoring, write x — 8 = (x — 2)(x? + 2x + 4) 
and (x — 2)? = (x — 2)(x — 2)(x — 2). Since 
(x — 2)(x® + 2x + 4) ¥ (x — 2)(x — 2)(x — 2), then 
x? — 8 ¥ (x — 2). To use graphing, enter y, = x? — 8 and 
y = (x — 2)3, and show that the graphs are different. 
6. Both are correct. The factorizations are equivalent: 


(a — b)(x — y) = —1(b — a)(-1)(y ~ x) 
= (-1)(-1)(b - a)ly — x) 


Chapter 4 A-17 


7. x=5 or 
x-5=0 or x+3=0 
(x — 5)(x + 3) =0 
x? — 2x — 15 = 0; 

No; there cannot be more than two solutions of a quadratic 
equation. This is because a quadratic equation is factorable into 
at most two different linear factors. Each of these has one solution 
when set equal to zero as required by the principle of zero products. 
8. The discussion could include the following points: 
(a) We can now solve certain polynomial equations. (b) Whereas 
most linear equations have exactly one solution, nonlinear 
polynomial equations can have more than one solution. (c) We used 
factoring and the principle of zero products to solve polynomial 
equations. 


Test: Chapter 4, p. 399 


1. [4.1a] (a) 4, 3, 9, 5; 9; (b) 5x°y*; 5; 

(c) 3xy? — 4x*y — 2x4y + 5x5y*, 

(d) 5x°y4 + 3xy? — 4x2y — 2x‘4y, or 5x®°y* + 3xy? — 2x4y — 4x*y 
2. [4.1b]4;2 3. [4.1b] About 250 million tons 

4. [4.1c] 3xy + 3xy? 5. [4.1c] —3x3 + 3x? — 6y — 7y? 

6. [4.1c] 7a° — 6a? + 3a — 3 

7. [4.1c] 7m? + 2m?n + 3mn? — 7n? 
9. [4.1d] 7x? — 7x + 13 
11. [4.2a] 64x%y? 12. [4.2a] 12a — 4ab — 5b? 

13. [4.2a] x2 — 2x?y + y? 14, [4.2a] —3m* — 13m? + 

5m? + 26m—10 15. [4.2c] 1l6y? — 72y + 81 

16. [4.2d] x? — 4y? 17. [4.2e] a? + 15a + 50; 2ah + h? — 5h 
18. [4.3a] x(9x +7) 19. [4.3a] see + 2) 


8. [4.1d] 6a — 8b 
10. [4.1d] 2y? + 5y + y? 


20. [4.6c] (y + 5)(y + 2)(y — 2) . [44a] (p — 14)(p + 2) 
22. [4.5a, b] (6m + 1)(2m + 3) = ‘la. 6b] (3y + 5)(3y — 5) 
24. [4.6d]3(r —1)(r? +r+1) 25. [4.6a] (3x — 5)? 


26. [4.6b] (z + 1+ b)(z+1-—b) 

27. [4.6b] (x* + y*)(x? + y?)(x + y)(x — y) 
28. [4.6c] (y + 4 + 10f)(y + 4 — 10) 

29. [4.6b] 5(2a + b)(2a — b) 30. [4.5a, b] 2(4x — 1)(3x — 5) 
31. [4.6d] 2ab(2a” + 3b?)(4a‘* — 6a?b* + 9b*) 

32. [4.8a] -3,6 33. [4.8a]—-5,5 34. [4.8a] —3, -7 

35. [4.8a]0,5 36. [4.8a] {x|xis areal number andx # —1}, 
or(—%,—-1) U(-1,%) 37. [4.8b] Length: 8 cm; width: 5 cm 
38. [4.8b] 24 ft 39. [4.3a] f(n) = $n(n — 1) 
40. [4.6d]C 41. [4.7a] (3x + 4)(2x” — 5) 


42, [4.2c] 19 


Cumulative Review: Chapters 1-4, p. 401 

1. [4.1c] —2x? +x —-—xy-—1 2, [4.1d] —2x? + 6x 

3. [4.2a] a* + a? — 8a? — 3a +9 4. [4.2b] x? + 13x + 36 

2A—ha 2A 

hh 

8. [1.4c] {x|x = —3},or[-3©) 9. [1.5b] {x]x < Sorx > 4}, 

or(—~,3)U(4,%) 10. [1.6e] {x|-2 < x < 5}, or (—2,5) 

11. [35a] (1,3,-9) 12. [3.3a](4,-2) 13. [3.3a] (3,8) 

14, [3.5a](—1,0,-1) 15. [4.8a] -3,-8 16. [4.8a] 5, 

17. [4.8a]§,-2 18. [4.8a] {x|xis areal number and 

x # 5andx # —3} 19. [4.3a] 3x°(x — 4) 

20. [4.3b], [4.6d] (2x + 1)(x + 1)(x? — x + 1) 

21. [4.4a] (x — 2)(x +7) 22. [4.5a, b] (4a — 3)(5a — 2) 

23. [4.6b] (2x + 5)(2x — 5) 24. [4.6a] 2(x — 7)? 

25. [4.6d] (a + 10)(a? — 10a + 100) 

26. [4.6d] (4x — 1)(16x? + 4x + 1) 
( 
8 


5. [l.ld]2 6. [l.ld]13 7. [1.2a] b = 


1 
8B 
7 


)( 
27. [4.4a] (a? + 6)(a>— 2) 28. [4.6b] x*y?(2x + y)(2x — y) 
29. [3.6a] 8 X 10:$9.20;11 X 14: $23; 24 X 36: $69 
30. [1.5b 
se 


A-18 Answers 


33. [3.7b] 
y y 
saul 
: 7 
y= 72x 7 


34. [2.2c] 35. [2.2c] 
yA 


31. [2.1c] 
y 


nV 
& 
+ 
wv 
> 
I 
° 
# 
as 


> > 
% x 


f(x) =x? -3 g(x) =4-|x| 


37. [26d)y = —3x ++ 38. [26d] y =4x—-—6 

39. [2.6c] y = 4x + 8 Pr [2.6b] y = —3x + 7 

Al. [2.4c] About $9.54 peryear 42. (a) [4.1b] 30 games; 
(b) [4.8b] 9teams 43. [4.8b] 11 cmby 10cm 

44. [1.6e] {x|x < 1}, or (—~, 1] 


CHAPTER 5 
Calculator Corner, p. 408 


1. Correct 2. Correct 3. Incorrect 
4. Incorrect 5. Correct 


Exercise Set 5.1, p. 411 


RCl. (c) RC2. (g) RC3. (e) RC4. (a) 
RC5. (b) RC6. (h) RC7. (f) RCS. (d) 
1 -Y 3. -7,-5 5. {x|xisarealnumber andx # —7}, 
or(—%,—-7) U(—7,%) 7% {x|xis areal number and 

x # Oandx # 3}, or(—~,0) U (0,3) U (3, %) 

9. {x|xis areal number and x 7}, or (—”, -¥) U (-%, ~) 
11. {x|xis areal number andx # —7andx # —5}, 

or (—%, —7) U (—7, -5) U (—5, @) 


TxX(x + 2 = 5 +5 2 
13. ee) 15. ne) 17. 3y 19. — 
7x(x + 8) (q + 3)(q + 5) 3 
4x — 5 y—3 t+4 
21. a—-3 23. 25. 27 
7 y+3 t—4 
x-8 w? + wz + 2? 
29. 31. 33. 
x+A4 wt+z 3x3 
x-—4)(x+4 +4 2% 3) (xeb-5 
g5, HET) gy gee kere! 
x(x + 3) 2 7x 
1 3x° 


41.c—2 43. 


45. 
x+y 2y3 


= 3 +2 : KX+Allix +2 
jo, SSE gy PAF ig, PO) 
y at+2 3(x — 5) 
243 24 Ax + 
55. vy aie “ 
(y +3) y— 2) (x + 4)(x + 4) : 
4y* —6y+ 9 
59. fs ae aa 61. a 3. = 
(4y — 1)(2y — 3) r+ as (y + 2)%(y + 4) 


65. Domain = {—4, —2,0, 2,4,6};range = {—3, —2,0, 1,3, 4} 
66. Domain = [—4,5]; range = [—3, 2] 

67. Domain = [—5,5]; range = [—4, 4] 

68. Domain = [—4,5]; range = [0, 2] 

69. (3a — 5b)(2a + 5b) 70. (3a — 5b)? 

71. 10(x — 7)(x-—1) 72. (5x — 4)(2x — 1) 

73. (7p + 5)(3p — 2) = 74. 2(3m + 1)(2m — 5) 

75. 2x(x — 11)(x +3) 76. 10(y + 13)(y — 5) 
77.y=-3x-5 72% y=-—3x+4 


73, ——3 mat 
“eb A) Ge 3) “m+tt+1 
2a+2h+3 

83. 13; —3; not defined; ———__— 
4a + 4h —1 


Calculator Corner, p. 422 
Left to the student 


Exercise Set 5.2, p. 422 
RC1. (a) 3x + 5; (b) 10x — 3x — 5;(c) 7x — 5 
RC2. (a) 4 — 9a; (b) 7 — 4 + 9a; (c)3 + 9a 
RC3. (a) y + 1;(b) 9y —-2-—y—1;(c) 8y —- 3 
1.120 3.144 5.210 7.45 9% UF 
15. 21x’y 17. 10(y—10)(y+10) 19. 30a°b? 
21. 5(y— 3)? 23. (y + 5)(y — 5), or(y + 5)(5 — y) 
) 
2 


251 
13. 539 


25. (2r + 3)(r — 4)(3r — 1)(r + 4) 
27. x3(x — 2)?(x? + 4) 29. 10x3(x — 1)?(x + 1)(x? + 1) 
2x + Ty as 3y +5 13 1 


31. 35.a+b 37.— 39. 
x+y yor 2 y atT 


2(y? + 11) 
(y + 4)(y — 5) 


Po 4g 8x + 1 
* (x — 2)(x - 1) “(x + 1)(x - 1) 
—a* + Tab — b? Z y 
(a + b)(a — b) " (y — 2)(y - 3) 
3y — 10 ra 3y? — 3y — 29 
(y — 5)(y + 4) " (y + 8)(y — 3)(y — 4) 
oT 2x2 — 13x + 7 aot — 4y-u 
* (x + 3)(x — 1)(x — 3) : “(t+ 4)(y- 4) 
-2y-3 —3x? — 3x —4 —2 


x+y 

ees 
2(x — 7) 
” 15(x + 5) 


4l.a?+ab+b? 43. 


3x — 4 


53. 


57. 


8 Otay a 71. 


(x + 1)(x — 1) 


76. 


77. — 78. 


5x + 3y S15 


79. (t — 2)(t? + 2t + 4) 
81. 23x(x + 1)(x* — x + 1) 
82. (4a — 3b)(16a” + 12ab + 9b?) 83. y= —8x + 
84. y=3x + 85. Domain = (—%, 2) U (2, &); 
range = (—%,0) U (0, %) 
87. x4(x + 1)(x — 1)(x? + 1)(x? +x 4+ 1)(0? —x +1) 
—xi t+ x*y + x%-axy +ayt+ y3 
(x + y)(x + y)(x — y)(x? + y’) 


80. (q + 5)(q* — 5q + 25) 


89. -1 91. 


Exercise Set 5.3, p. 432 


RCl. 4 RC2.—-6 RC3. 7 
RC6. —-7 1. 4x4 + 3x° - 6 
5. 16a*b? + 7ab — 11 


RC4. 6 RC5. —4 
3. 9y° — 4y? +3 
7 x+7 9 a— 12,R32; or 


a- 12+ ll. x + 2,R4orx +2 + 
at+A4 xe S 
13. 2y? —y + 2,R6;or2y?7 -~y+2+ 
yoy yoy dy +4 
15. 2y? + 2y — 1,R8;or2y* + 2y-—1+ 
y y y 'y By — 2 
be . 3x + 12 
17. 2x° — x — 9,R(3x + 12); or 2x° — x —9 + —| 
xe #2 
19. 2x9 + 5x? + 17x + 51,R152x; or 2x° + 5x? + 17x + 
152x P 2 —4 
ol tH 21.47 — xr LRG ors = x 1 + ——— 
x" = Bx xo 1 
—A7 
23. a+ 7,R—47;ora + 7+ 
at+A 
Ps th oa —43 
25. x 5x — 23,R —43; or x 5x ot Kg 
27. 3x2 — 2x + 2,R—3; or 3x2 — 2x + 2 + — 
x+3 
29, y? + 2y + 1,R12;0ry* + 2y + 1 + —— 
B31. 3x° + 9x7 +2x+6 33. x7 +2x +4 
35. y> + 2y? + 4y + 8 
a7. yy’ —yS +y>—yt +y-y?+y-1 
39. y 40. y 
2x — 3y <6 5x +3y S15 
PA 
4 
oo” 
at 
4l. y 42. y 
py ee xs —2 
x 
43. yh 44, yA 
f(x) =x? 


45. 


47 
51 


g(x) =x"-3 
y 46. yy 
f(x) =3-x? 
If) =x? + 6x +6 

[pete ae ee 
x x 

8 8 I 1 2 

-0,5 48-55 49. —73 50. —3—3 


5-3 3 
- 0;-3,-3,3 53. —3 


Exercise Set 5.4, p. 439 


RC1. Complex 


RC2. Numerator RC3. Least common 


denominator RC4. Reciprocal 
7 3x + 12 mil 
x a x 
a a 6 aS @ i 
x l-a pac nt 
3y + 4x a*(b — 3) 1 -] 
13. 15. 17. 19. 
4y — 3x b*(a — 1) a-—b x(x + h) 
(x — 4)(x — 7) x+1 5x — 16 
21. 23. 
(x — 5)(x + 6) 5-x 4x +1 


Chapters 4-5 A-19 


zw(wW — Z) 2x? — 1lx — 27 sum of monomials. Example 1 in Section 5.3 in the text illustrates 


27. we — wet 22 29. ox + 21x + 13 31. 73,608 pages this. 34. No; when we simplify a rational expression by removing 
32. 69% 33. 2x(2x? + 10x +3) 34 (y + 2)(y? — 2y + 4) a factor of 1, we are actually reversing the multiplication process. 
35. (y — 2)(y? + 2y +4) 36. 2x(x — 9)(x — 7) 35. Janine’s answer was correct. It is equivalent to the answer at the 
87. (10x + 1)(100x"—10x+1) 38. (1~10a)(1+ 10a + 1002") back of the book: 

39. (y — 4x)(y? + 4xy + 16x?) 40. (da — 7)(1a? + 3a + 49) a= ees “Use e) _ ged. ge 
4l.s=3T-—r 42. y x-5 x-5 1(x — 5) X¥+5 5-x 


6) 36. Nancy’s misconception is that x is a factor of the numerator. 
f(x) = -3x +2 


KD 
( = 3onlyforx = 1.) 37. Most would agree that it is 
x 


easier to find the LCM of all the denominators, bd, and then to 
multiply by bd/(bd) than it is to add in the numerator, subtract 
in the denominator, and then divide the numerator by the 


—3(2a + h) 1 : 
43,22 44. -1,6 45. —, > (CAT. denominator. 
a*(a +h) (1-a-h)(1- a) 
x 1 
49.2 51. 53. Calculator Corner, p. 447 
° x-1 a—ab+b? »P 


1. Lefttothe student 2. Left to the student 


Mid-Chapter Review: Chapter 5, p. 442 ; 
P P #P Exercise Set 5.5, p. 449 
1. True 2. False 3. False : ; : 
™—-2 xt+1 ™m-2 x+3 x+1x-4 RC1. Rational expression RC2. Solutions 
4. = : : ‘ . : : 
Paar yas folk plea: --es. yee RC3. Rational expression RC4. Rational expression 
2 2 RC5. Solutions RC6. Solutions 
Tx" + 19%: =—'6 xo Be — 4 ‘ : 
= RC7. Rational expression RC8. Solutions 
(x— 4)(x +3) (% + 3)(x— 4) 1.3063, -2 5.144 7-1-8 92 IU 


_ 7 + 19x -6— 2x + axt4 13. 11 15. Nosolution 17.2 19.5 21. —145 
(x — 4)(x + 3) 23. 95.-3 27.2 29% 31. -6,5 
= 6x? + 22x — 2 33. Nosolution 35. 2 37. Nosolution 39. —1,0 
(x — 4)(x + 3) 41.-3,2 43.2 45.3 46. 4(t + 5)(t? — 5t + 25) 
Bist Bo ery a7, (1-81 +e+ P14 na—e+e) 
= _m ,m_ 1+ 3m 48. (a + 2b)(a* — 2ab + 4b?) 
Soe Lae @ Foe 49. (a — 2b)(a* + 2ab + 4b”) 50.3 51. —4,3 
m m 52. -7,7 53. 4,3 54. About $4306 per year 
6. {x|xisareal number andx # —10andx # 10}, or 55. A decrease of about 996 permits per year 
(—%,-10) U(-10,10) U(10,%) 7. {x|xis areal number 57. (a) (—3.5, 1.3); (b), (c) left to the student 
andx # 7},or(—~,7) U(7,%) 8 {x|xisareal number and 
x # —9andx # 1}, or (—%, —9) U (—9, 1) U (1, @) Translating for Success, p. 460 
eo ie ae ao LN 2B RA 46 SE 6G 21 @&K 
3p" ll x —xy ty? x+2 9.M 10.0 
a= 2 =1 8 
13. 14. —— 15. 70x4y 
ian eee 45 Exercise Set 5.6, p. 461 
1 ES Ser ees) A. (x + 1)? RC1. Corresponding, same, proportional 
if 4x7 —x+2 ia —3q -2 RC2. Quotient RC3. Proportion 
. . RC4. Rate RC5. Distance 
a 8) 2) qa + 2) RC6. Distance RC7. Proportional 
20. a a h=3 21. b oo, YW % 1.153hr 3. 13¢hr 5. Machine A: 2 hr; machine B: 6 hr 
y—1)(y + 3)(y + 2) 1+b 5 7. 4.375 hy,or4zhr 9. Cole: 8 min; Jim: 24 min 
93, (t—1)(t2+2t+4) 24 25c* + 6a oe x+2 11. About 49 three-point field goals 13. 7.5in. 15. 28.81b 
: 15c “xy-A4 17. 1160trees 19. About14.5tonsofgrapes 21. 287 trout 
26. 3x + 2,R17-or3x +2 + 17 be ag i 23. 105ft;175ft 25. About20,658kg 27. 35 mph 
2x — 3 29. 7mph 31. Bus:60 mph; trolley:45mph 33. 5.2 ft/sec 
28. 2x? — 5x + 15,R—34 or 2x” — 5x + 15 + ~ == 35. Domain: | —5, 5]; de [—4,3] 
+2 36. Domain: {—4, —2, 0, 1, 2, 4}; range: {—2, 0, 2, 4,5} 
29.x+2 30. x° — 3x? + 6x — 18, R56;orx? — 3x? 37. Domain: [—5, 5]; range: [—5, 3] 
7 38. Domain: [ —5, 5]; range: [—5, 0] 


31, 34%: — 1, R77; 0r3x — 1 + 


56 
6x — 18 + 
i x+ 5x +1 39. y 40. 


32. For a, aremainder of 0 indicates that x — ais a factor. The 
quotient is a polynomial of one less degree and can be factored 
further, if possible, using synthetic division again or another 
factoring method. 33. Addition, subtraction, and multiplication 
of polynomials always result in a polynomial, because each is 
defined in terms of addition, subtraction, or multiplication of 
monomials, and the sum, difference, and product of monomials 

is amonomial. Division of polynomials does not always result in 

a polynomial, because the quotient is not always a monomial or a 


A-20 Answers 


41. 7 42, r 


F(x) = |x + 3] 


x 


f(x) =5—|s| 


43. t= hr 45. City: 261 mi; highway: 204 mi 


Exercise Set 5.7, p. 468 
RC1. (c) RC2. (a) RC3. (e) RCA4. (d) 


d,W, Rr, 2s 
1. Wy = 3. = 5. t= 
d, n—R V, + Ve 
R bt 
vA = 9% p= v ll. a= 
g—R q-f b-t 
Inr » _ 704.5W eR 
13. E=——_ 15. H* = T= 
n—-TI I Ee 
3V + ah? S — 2ar? d, — d, + tw 
19. R = ———— ee . ff = 
3ah? 2ar v 


25. Dimes: 2 rolls; nickels: 5 rolls; quarters: 5 rolls 
26. —6 27. 6 28.0 29. 8a°-—2a 30. — 
3l.y=—-ix+# 


ae 


Exercise Set 5.8, p. 477 
RC1. (f) RC2. (d) RC3. (h) RC4. (i) 
RC5. (c) RC6. (a) RC7. (g) RC8. (b) 
1 5y=5x 3. y= Bx 5. y= $x 
7. 175semitrucks 9. 90g 11. 40kg 
98 36 
13. 76,361,280 cans 15. 98;y = = 17. 36;y = oe 


0.05 
19. 0.05; y = — 21. 3.5hr 23. Zampere 25. 9601b 
0.0015 
ye 


3 92 _ 
35. y = joxz 37. y=—— 39.2.5m_ 41. 199.4lb 
Swp 


27. 52hr 29. y=15x? 3lL y= 


33. y = xz 


43. 98earnedruns 45. 729gal 47. [—-8,%) 48. (—%,) 
49. [-5,15) 50. (—~,-4)U[0,%) 51. (—~, -3) 

52. (—~,-8] U (2,0) 53. (2,-1) 54. (4,6) 

55. (a) Inversely; (b) neither; (c) directly; (d) directly 


Summary and Review: Chapter 5, p. 481 


Vocabulary Reinforcement 


1. Proportion 2. Rational 3. Rational 
4. Positive, inverse 5. Complex 6. Positive, direct, constant 


Concept Reinforcement 
1. True 2. True 


Study Guide 

1. {x|xisareal number andx # —9andx # 6}, or 
b= 3 

(—%*, -9) U (—9, 6) U (6, ©) 2. b—8 


(w — 5)(w? + 5w + 25) 
# w+3 
r? — 3rs — 9s? 
(r + 2s)(r — s)(r + s) 


4. x'(x — 3)(x + 3)(2x +5) 5. 


6. y— 4,R5;ory—4+ 
y y ea 


7. x? — 8x + 24,R—73; orx? — 8x + 244+ 


x+3 
b+ 4a 
8.75 9. -3 10. k = 93;y = 93x 
—a 
9 
Wk =}y=— 
ay Ox 


Review Exercises 


1. —3,3 2. {x|xisareal number andx # —3andx ¥ 3}, or 
=2 1 
. 4. 
3%. 2 a—2 
5. 48x36. (x — 7) (x +7) (3x + 1) 


(-—*, -3) U(-3,3)U(3,%) 3 


y-8 (x — 2) (x + 5) 
7. (x + 5) (x -— 4) (x -—2 8. 9. 
(x +5) (x 4) (x- 2) ; —s 
inp et ; (x? + 4x + 16) (x — 6) 
“a-3 : (x + 4) (x + 2) 
x-3 2x3 + 2x°y + Axy? — 2y3 
12. 
(x + 1) (x + 3) (x —y) (x+y) 
i— ss. i ae —3bc? + 3abe 16. y — 14, 
(y+ 4)(y—1) 
—20 : 
R-20;ory — 14+ 17. 6x" — 9,R(5x + 22); or 
y= 
2 5x + 22 7 
6x a i er ere 18. x° + 9x + 40, R 153; or 
bai ie 


x? + 9x + 40 + 


19. 3x° — 8x? + 8x — 6,R—ljor 


s A =1 3 a’b” 
3x3 — 8x2 + 8x — 6 + 05 2. ————\_— 
x+1 2(a" — ab + b”) 
os (x — 9) (x — 6) 2(2x? — 7x + 1) 
* (x — 3) (x + 6) 3x? + 7x — 11 


24, 25.6 26. Nosolution 27.3 28 —4} 
29.2 30. 54hr 


31. 
Distance | Speed Time 
Downstream 50 mi EG t 
Upstream 30 mi x= 6 t 
24 mph 
P ; We Wd 
32. 4000mi 33. d= sc= 
c- WwW d—-W 
ta Sab — pb 2500 
34. b= ;t= 35. y= 4x 36. y = —— 
Sa —p a 


37. 20min 38. About77.7 39. 500 watts 40. B 
41.C 42. a?+ab+b? 43. Allreal numbers except 0 and 13 


Understanding Through Discussion and Writing 


1. When adding or subtracting rational expressions, we use the 
LCM of the denominators (the LCD). When solving a rational 
equation or when solving a formula for a given letter, we multiply 
by the LCM of all the denominators to clear fractions. When 
simplifying a complex rational expression, we can use the LCM in 
either of two ways. We can multiply by a/a, where a is the LCM of 
all the denominators occurring in the expression. Or we can use the 
LCM to add or subtract as necessary in the numerator and in the 
denominator. 2. Rational equations differ from those previously 
studied because they contain variables in denominators. Because of 
this, possible solutions must be checked in the original equation to 
avoid division by0. 3. Assuming all algebraic procedures have 
been performed correctly, a possible solution of a rational equation 
would fail to be an actual solution only if it were not in the domain 
of one of the rational expressions in the equation. This occurs when 
the number in question makes a denominator 0. 


Chapter 5 A-21 


ky ky ky ky 
4. Lety = kjxandx = Sey Pe ; , SOY 


varies inversely as z. 5. Answers may vary. From Example 4 of 
Section 5.5, we see that one form of such an equation is 
2 2 
x a 


= . 6. Answers may vary. Many would probabl 
Pan. Sa wi ly vary. ly W p y 


1 121 
argue that it is easier to solve — + i = — since it is easier to 
a x 


multiply a and b than 38 and 47. Others might argue that it is easier 


1 1 1 
to solve aria a = —since it is easier to work with constants than 
with variables. 
Test: Chapter 5, p. 487 
1. [5.la]1,2 2. [5.la] {x|xis areal number andx # 1 and 
Sxak 2 
x  2},or(—%, 1) U(1,2) U(2,%) 3. [5.1c]— 
= 
p-pti 
4. [5.1c] — ee 5. [5.2a] (x + 3) (x — 2) (x + 5) 
p- 
2(x + 5) x—6 


6. [5.1d] re 7. [5.2b] (@ +4) (x+6) 
yta4 3x 


8. [5.1e] Saibaba to eels ye iy 


11. [5.2c] a? + a*b + ab* + ab — b? — 2 

(a — b)(a? + ab + b?) 
12. [5.3a] 4s? + 3s — 27s? 13. [5.3b] y? — 5y + 25 
14. [5.3b] 4x + 3x — 4,R(—8x + 2); or 
=8x- 4:2 
e+ 


4x? + 3x —44+ 15. [5.3c] x? + 6x + 20, R54; or 


2 54 2 
x 6% + 207 16. [5.3c] 3x° + 10x — 40 


x+1 4g page 2s 
. [5.4a] ————— 
a*b* 


20. [5.5a]9 21. [5.5a]Nosolution 22. [5.5a] —4,5 


23. [5.5a]*2 24. [5.6a]2hr 25. [5.6c] 3; mph 


17. [5.4a 


19. [5.5a] —1,4 


Tb Ta 
26. [5.6b] 144 gal 27. [5.7a]a = b= 
L | 14 77 $a. [5.7a] a T-b att 
2b 7 
28. [5.7a] a = Ob +t 29. [5.8e] Q = 5xy 


250 
30. [5.8c] y= ~~ 31. [5.8b] $990 32. [5.8d] 73 hr 


33. [5.8f]615.44cm? 34. [5.2a]D 35. [5.5a] All real 
numbers exceptOand15 36. [5.4a], [5.5a] x-intercept: 
(11, 0); y-intercept: (0, — #8) 


Cumulative Review: Chapters 1-5, p. 489 
1. [2.1c] 2. [2.5c] 
y 


A-22 Answers 


5. [2.2b]11 6. [5.1a] {x|xisarealnumber andx # —5 and 
x # 5}, or(—%, —-5) U(—5,5) U(5,%) = 7. [2.3a] Domain: 
[-5,5];range:[—2,4] 8. [4.2c] 36m? — 12mn + n? 


-2 
9. [4.2b] 15a? — 14ab — 8b? 10. [5.1d] 7 


3x — 5 6x + 13 —2 
11. (5.1e]~~—— 12, [5.2b] -~ is: 4a ——— 
x+4 20(x — 3) yy 
4x + 1 
14. [4.1d] 16p? — 8p 15. [5.2c] ———_——— 
[4.1d] 16p" — 8p [ lee r= 2) 
9 
16. [5.3b] 2x? — 1lx + 23 + 17. [l.1d] # 
2 
18. [1.5a] {x|-3 < x < -}}, or(-3, -3 
. bP 
19. [5.5a] Nosolution 20. [5.7a]a = aaa 


21. [1.2a] C = 3(F — 32) 22. [1.6e] {x|x = —2.lorx = 2.1}, or 
(—%,-2.1]U[2.1,%) 28. [5.5a]—-1 24. [4.8a] } 


25. [4.8a] —2,5 26. [3.2a], [3.3a] Infinite number of solutions 
27. [3.2a], [3.3a](—2,1) 28. [3.5a] (3, 2, -1) 
29. [3.5a] (3, % —3) 30. [4.3a] 2x?(2x + 9) 
31. [4.3b] (2a — 1)(4a2— 3) 32. [4.4a] (x — 6)(x + 14) 
33. [4.5a, b] (2x + 5)(3x - = 2) 34, [4.6b] (4y + 9)(4y — 9) 
35. [4.6a](t — 8)” 36. [4.6d] 8(2x + 1)(4x” — 2x + 1) 
37. [4.6b] (0.3b — 0.2c aw 09b? + 0.06bc + 0.04c”) 

2 


0. 
38. [4.7a] x°(x? + 1)(x + 1)(x — 1) 
39. [4.5a, b] (4x Eee. +3) 40. [26b]) y = —-3x-1 
41. [2.6d 42. [3.6a] Win: 38 games; lose: 30 games; 
tie: 13 games 43. [5.8b] About 202.3lb 44. [5.5a]A 
45. [4.8a]C 46. [5.6a]B 47. [3.6a]a = 1,b = —5,c=6 
48. [4.8a] 0,4,—-; 49. [5.5a] All real numbers except 9 and —5 


=< 
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CHAPTER 6 


Exercise Set 6.1, p. 498 

RCI. (j) RC2.(b) RC3. (h) RC4. (i) RCS. (i) 

RG6. (g) 

1,4,—4 #3 12,-12 5. 20, —20 re 4 9. 14 11. 0.06 
13. Does not existasarealnumber 15. 18.628 17. 1.962 

5 
=] 
as areal number; does not exist as a real number 

25. V11 ~ 3.317; does not exist as areal number; V11 ~ 3.317; 12 
27. Domain = {x|x = 2} = [2,~%) 29. 21 spaces; 25 spaces 


31. 33. 35. 
y yy yy 


23. V20 = 4.472; 0; does not exist 


19. y?7+16 21. 
y 


FQ)=+3\e et 
x x x 
f (x)= QV. f@) = Ve 
37. 39. 41. 
y yA yr 


f(x) = s12 = 3x 
Fay=a=2 
pee ig (x)= 43x + 9 
a = 


x 


av 


43. 4|x| 2 12\c| 47. 49. |x—2| 51.3 
53. —4x _ 6 _87. 0.7(x +1) 59. 2;3;-2;-4 

61. -1; V- ai or 20 ~ 2.714;-4;-10 63. —-5 65. —1 
67. -} 69. |x| 71. 5|a| 73.6 75. |a+bl 77. y 
79.x-2 81. —-2,1 82. -1,0 83. -3,% 84. 4,9 
85. —2,2 86.3 87. 0,3 88. 0,1 89. a®b%c! 


90. 10a'°b® = 91. Domain = {x|—3 = x < 2} = [-3,2) 

93. 1.7;2.2;3.2 95. (a) Domain: (—~, ©); range: (—~, %); 

(b) domain: (—~, ©); range: (—%, ©); 

(c) domain: [—3, ©); range: (—, 2]; (d) domain: [0, ~); 
range: [0, ©); (e) domain: [3, ©); range: [0, ©) 


Calculator Corner, p. 505 


1. 3.344 2. 3.281 3. 0.283 4. 11.053 5. 5.527 x 10° 
6. 2 


Exercise Set 6.2, p. 507 

RC1. (h) RC2. (b) RC3. (c)_ RC4. (g) RCS. (e) 
RC6. (d) C7. (f) RCSB. (a) 

Wy 3.2 5. Wap? 7.8 9.343 11 17)? 
15. (xy?z)"> 17. (3mn)9/?_— 19. (8x?y)5/7 


a1.) 23,2, 25. 27 : dic 
23 * 1000 "ya 7 (2rs)3/4 “pia 
8yz\3/5 sis x4 7x 5acl? 
31. | — 33. x 35. — 37. —~ ~~ S39. 
7x 2'/3y2/7 Zils 3 


41.578 43.774 45, 4.9/2 47, 6/8 ag, 8/2 


i 
51. a®/3p5/2 53. 55. — 57. mn? 59. Wa 


2/7 /2 
67. V2 69. W/2x 71. xy 
73. 2d? 75. \/74+ 5377. X/5°- 74 79, 
81. ach 83. N¥m_— 85. N/ty3z?_ 87. xa o 


89. {-4,2} 90. {-40,40} 91. {-3,3} 92. {-22 
93. Left to the student 


1 
61. x° 63. —, 65. a°b® 
x 


Exercise Set 6.3, p. 515 


RC1. True RC2. False RC3. True RC4. True 

1.2V6 3.3V10 5.5W/2 7. 6x°V5— 9, 3x2W/2x? 

11. 20?Wi0r 13, 205 15. 4aV2b-— 17. 3x?y?W/3y? 

19. 2xy?W/3x2 21. 5V2 23. 3V10 «25. 2-27. 30V3 
29. 3x4V2 31. 5be?V2b 33. aW10 35. 2y2W/2 

37. 4W/4 39. 4a°bV6ab 41. ¥/200 43. W245. aWa 
47. bNYD? 49. xyW/xy>_— 51. 2abW/2a3 53. 3-V2 

55. V5. 57.3 59. yV7y 61. 2W/a2b 63. 4V xy 


1 
65. 2x*y2 67. wy Yas 71. N/e*yS 73, 8 
a 
7 syVy ayW3y" 3aW/a 
75.5 77.2 79. 81. ae a es, 
y x 4 2b 
3x 2a3 2x W/x3 ww Wx 
87. 89. — 91. 93. —; 95. —, 
2 bc y Z yz 


97. —10,9 98. Height:4in.;base:6in. 99. 8 
100. Nosolution 101. (a) 1.62 sec; (b) 1.99 sec; (c) 2.20 sec 
103. 2yzV 2z 


Exercise Set 6.4, p. 521 

RCl. Yes RC2. No RC3. No RC4. Yes’ RCS. Yes 
RC6. No RC7. No’ RC8. Yes 7 
Luvs 3.77 5. 13Wy 7. -8V6 9. 6v/3 

ll. 21V3 13. 38V5_— 15. ve 17. 9¥/2 19. 292 


21. (1 + 6a)V5a mine 2— x) ve + 1)V3x 
27, 2+ sv 29. 15V 1)W6x 33. 3Va—1 
35. (x + 3)Vx—1 37. ae = i 39. V6 — V21 


4l. -12+6V3 43. 2V15—-6V3 45. -6 


47. 6y— 12W/y? 49. 3a\/2,ss5S2 153. 125 44 
57.1 59.3 G61.-19 63.a—b 65.1+ V5 


67.7+3V3 69. -6 71. a+ V3a+ V2a+ V6 
73. 20/9 — 3W6 —2W/4 75.7 + 4V3 


2 
X(x° + 4 
7. Va+3-WVu-Wa 7, 29 
(x + 4)(x + 3) 
at+2)\(a+4 sa 3 
je ae: a 
a yt+3 
4(3x —1 22 
go 4. ad 85. ll 6. 
3(4x + 1) x+1 q+p b? —ab+ a 
87. -%,5 88. {x| —2 oe se or a 3 
89. {x|x = SF pecan), or (—%, —? 90. —12, —2 


91. Domain = (—~,*”) 93. 6 
95. 14 + 2V15 — 6V2 — 2V30 97. 31/3 + 2/9 - 8 


Mid-Chapter Review: Chapter 6, p. 525 

1. False 2. True 3. False 4. True 

5. V6V10 = V6- 10 = V2-3-2-5 = 2V15 

6. 5V32 — 3V18 = 5V16-2—-3V9°2=5-4V2— 
3 

1 


-3V2 = 20V2-9V2=11V2 7.9 8-12 9.3 

0. Does not existasarealnumber 11. 3; does not exist as a real 
number 12. Domain = {x|x < 4} = (—&,4] 

14, y 


g(x) = FT 


13. 


15. 17. -4 18. -3a 19.2 20. |y| 
1 
21. . 165 24, (6m?n)¥3 25, A 
3/2 1 4 
26. 7/5 27, 28. 29. W430. Vab 
4/3 nel4 


31. Wy 32. \¥ab® 38. 5V3 34. 2xyW/3y? 35. 21/5 

7a°Va 

b* 
40.3-—4Vx+x 4l.m—n 42. 11+4V7 
43. —42 + V15 44. Yes; since x” is nonnegative for any value 
of x, the nth root of x? exists regardless of whether n is even or odd. 
Thus the nth root of x” always exists. 45. Formulate an expression 
containing a radical term with an even index and a radicand R 
such that the solution of the inequality R = 0 is {x|x < 5}. One 
expression is V5 — x. Other expressions could be formulated as 
k ‘ : 

aV b(5 — x) + c,wherea # 0,b > 0, andkis an even meee 
46. Since * = Oandx? = 0 for any value of ‘4 then Wx® = x’, 
=0 ace a = 0,s0 Vx8 = x3 only when x = 0. 


36. 


37. 11V7 38. (9x — 24)V2x 39. 2V3 — 15 


However, x 


47. No; for exam te, ¥8 = ne =V4=2 
P a 2 


Exercise Set 6.5, p. 530 


RCl1. (g) RC2. (c) RC3. (e) RC4. (h)_ RCS. (c) 
RC6. (d) 


i. VI15 " V22 - 2V15 ” 26 \/75ac? 
3 2 35 3 5c 
ia yW 9yx* es Ws jp VEE Ge W00xy 
3x? st 10 5x°y 
4 
19. ve 21," “evn 23. —2V35 + 2V21 
Bee 18V6 + 6V15 3V2—-3V5+ V10 —5 


13 : 3 


Chapters 5-6 A-23 


3+ V21 - V6 - V14 ai V15 + 20 — 6V2 — 8V30 81.-i 83.-2-% o05.$-# 87. 2+ 


29, 
=4 77 89. —3i 91. -3-} 93.24+4 
6-5Vata 6 + 5Vx — 6x 3V6 +4 95. x?-2x+5=0 
33. ——_———_ 35. 37. F 
9-a 9 — 4x 2 (1 — 2i)° — 211 — 21) + 5 2 0 
x—2Vay +y ens 1- 41+ 4? -2+4i+5 
39. ———~-_ 41.30 42,-% 43.1 44. 1—-4)-4-24+ 4745 
Ped xD 0 
TRUE 
3V a? - 3 Yes 
45. Lefttothestudent 47. ek ae a 97. Poo RSG 
(2+ i?-4(2+i-5 20 
Calculator Corner, p. 534 4+ 4i+i—8-4i-5 
4+ 41-1-8-4i-5 
1. Lefttothe student 2. Left to the student ' ‘ 
—10 FALSE 
. No 
Exercise Set 6.6, p. 538 99. x-intercept: (—15, 0), y-intercept: (0, 30) 
RC1. Radical RC2. Powers  RC3. Isolate RC4. Radicands 100. x-intercept: (—24, 0), y-intercept: (0, 18) 
RCS. Even 101. x-intercept: (2, 0), y-intercept: (0, 5) 
12% 3% 5.57 7% 9-1 1. Nosolution 102. —§ 103.4 104. Notdefined 105. 3.0 X 10° 
13.3 15.19 17. —-6 19. a 21.9 23. 15 106. 2.665 X 10° 107. —4 — 8i;—2 + 4i;8 — 6i 
25.2,5 27.6 29.5 31.9 33.7 35% 937. 2,6 109. -3—4i 111. —88i 113.8 115.3+5i 71 
39. —1 41. Nosolution 43.3 45. About 44.1 mi 
47. About 680ft 49. About642ft 51. 151.25 ft; 281.25 ft Summary and Review: Chapter 6, p. 561 
53. About 85°F 55. About0.81ft 57. About 3.9 ft 
59. 45hr 60. Jeff: 1;hr;Grace:4hr 61. 2808 mi Vocabulary Reinforcement 
5 7 
62. 84hr i 0, —2.8 bens 0,3 65. —8,8 Ke 3,3 1. Cube 2. Complex 3. Principal 4. Rationalizing 
67. 2ah +h” 68. 2ah + h° —h_ 69. 4ah + 2h’ — 3h 5. Radical 6. Imaginary 7. Square 8. Radicand 
70. 4ah + 2h? + 3h 71. Lefttothestudent 73. 0 9. Conjugate 10. Index 


75. -6,-3 77.2 79.0,72 81.2 83.3 


Concept Reinforcement 


Translating for Success, Pp. 545 1. True 2. False 3. False 4. False 5. True’ 6. True 


1.J 2B 30 4M 5K 61 7G 8&E 
9.F 10.A 


Study Guide 

: . i 4 
Exercise Set 6.7, p. 546 1. 6ly| 2 lat+2| 3. Wz 4, (6ab)9? 5, eae 
RC1. (e) RC2. (c) RC3. (g) RCA. (d) Vas : 
1. V3455.831 3. V/450;21.213 5.5 7. V43;6.557 6 Va'b 7. 5yV6 8 2Va 9 ay2 Pa INAS 
9. V12;3.464 IL. Vn—1 13. 7.1ft se i Me 
15. VI16 ft; 10.770ft 17. \/4959 ft; about 70.4 ft ; 
19. 10,561 ft; 102.767 ft 21. (3,0), (—3, 0) Review Exercises 
23. (340 + 8) ft 26.439 ft 25. 420.125 in.; 20.497 in. 1. 27.893 2. 6.378 3. f(0),f(—1), and (1) do not exist as 
27. Vi8lcm;13.454cm 29. s + sV2 realnumbers;f(4) =5 4. Domain = {x|x = }},or[%,~) 
31. Flash: 673 mph; Crawler:533mph 32. 3%mph 33. —7,3 5. al 6. 7\z| 7. |6-b| 8 |x+3| 9-10 10, —3 


34.3,8 35.1 36. —-2,2 37.13 38.7 39. 26packets 
si 11. 2;-2;3 12. |x| 13.3 14. Wa 15.512 16, 31? 


1 5b? 3a 


253) 1/5 1 
Calculator Corner, p. 555 17. (a2b*) 1s.) 19. 2B 20. aia 21. aA 
1. -2-SF 2.20417 3.-47 - 16 9 4,.-25 + Bl 1 ite ; ‘ eas 2/F 
5. —20 6. —28.373 7. -%-Ai 8.81 9. 117+ 118i 22. pe 23. 7 24. x° 25, 3x" 26. N/x"y" 27. N/x 
4x? 

a8 243/45 42 2 = 

Exercise Set 6.8, p. 556 28.7V5 29. -3W/4 30. 5b?W/2a2 31.2 32, - 
2x? : 
RC1. True RC2. True’ RC3. False RC4. False 33. 34, Vibxy 35. 3a\/ab. 36. N5/G5p9 
RC5. True RC6. False _ 3y 
1. iV35,0r V35i. 3. 43S 5. — 213, or —2- V3 37. ywe 38. 2Vx 39. WAS 40, 71x AL. 33 
7. iV3,or V3i_ 9. 91. 772, or 7V2i moe 
13. —7i 15. 4 — 2V15i,or4 — 2iV/15 42.15V2 43. (2x + y*)Wx 44, —43 — 2V10 
17. (2+2V3)i 1912-4) 21.9-5i 23.74 4i _ _ 4g 2V6 2Va — 2Vb 
25.-4—4i 27.-1+i 29% 11+6i 31. —18 45.8-2V7 46.9- V4 47. 3 8. 
33. —V14 35. 21.37. -6 + 241 «39. 1 + Si 49.4 50.13 51.1 52. About4l66rpm 53. 4480 rpm 
41.18 +14 43. 38+ 9) 45.2-46) 47. 5 — 12i 54.9cm 55. V24ft;4.899ft 56.25 57. V46;6.782 
49. -24+10i 51.-5—12i 53.-i 55.1 57. -1 58. (5+ 2V2)i 59.-2-9i 60.1+i 61. 29 
59.i 61.-1 63. —125i 65.8 67.1-—23i 69.0 62.1 63.9-10: 64.242 o5.4- ii 
V6 

71.0 73,1 75.5 —8i 77. 2— Fi 79. 4+ Bi 


A-24 Answers 


66. y 67. D 68-1 69.3 


S@)= ie 


Understanding Through Discussion and Writing 

1. f(x) = (x + 5)¥*(x + 7) -¥?, Consider (x + 5)¥?, 

Since the exponent is 5, x + 5 must be nonnegative. Then 

x + 5 = 0,orx = —5. Consider (x + 7)~'/?. Since the exponent is 
—3,x + 7 must be positive. Then x + 7 > 0,orx > —7. Then the 
domain of f = {x|x = —5andx > —7}, or {x|x = —5}. 

2. Since Vx exists only for {x|x = 0}, this is the domain of 

y = Vx+ Vx. 3. The distributive law is used to collect radical 
expressions with the same indices and radicands just as it is used to 
collect monomials with the same variables and exponents. 


4. No; when nis odd, it is true that ifa” = b”, thena = b. 
5+ V2 ; 
5. Use a calculator to show that ——— # 2. Explain that we 
V 18 


multiply by 1 to rationalize a denominator. In this case, we 

would write 1 as V2/\V2. 6. When two radical expressions 

are conjugates, their product contains no radicals. Similarly, the 
product of a complex number and its conjugate does not contain i. 


Test: Chapter 6, p. 567 


1. [6.la] 12.166 2. [6.1a] 2; does not exist as a real number 
3. [6.la] Domain = {x|x = 2},or(—~,2] 4. [6.1b] 3/q| 


[ 
5. [6.1b] |x + 5| 6. [6.1c] 75 7. [6.1d] x 
[ 


8. [6.1d]4 9. [62a] Wa? 10. [6.2a] 8 

11. [6.2a] 37/2 12. [6.2a] (Sxy”)°/? 13. [6.2b] yo 
3/4 8/5 1 

14. [6.2b] (2,215 15. [6.2c] “5 16. [6.2¢] aia 


17. [6.2d] Wx 18. [6.2d]2xVx 19. [6.2d] N¥%a°D> 
20. [6.2d] N¥y’ 21. [6.3a] 237-22. [6.3a] 21/5 


2. wae 5 
23. [6.3a] 2a°b*W/3a2b 24. [6.3b] ——— ee oy [6.3b] 
y 


26. [6.3a] W10xy? 27. [6.3a] wi 28. [6.3b] V/x2y? 
29. [6.3b]2Va 30. [6.4a]38V2 31. [6.4b] —2 


13 + 8V2 
—41 
34, [6.6a]35 35. [6.6b]7 36. [6.6a]5 37. [6.7a] 7ft 
38. [6.6c] 3600ft 39. [6.7a] V98;9.899 40. [6.7a] 2 
Al. [6.8a]11i 42. [6.8b]7+5i 43. [6.8c] 37 + 9i 
44, [6.8d]—-i 45. [6.8e] -%+ fi 46. [6.8f] No 
47. [6.6a]A 48. [6.8c,e] i 49. [6.6b] 3 


32. [6.4b]9+ 6Vx+x 33. [6.5b] ————— 


Cumulative Review: Chapters 1-6, p. 569 
1. [4.1c] —3x3 + 9x2 + 3x-—3 2, [4.2c] 4x4 — 4x?y + y? 


x+4)(x-7 
3. [4.2a] 15x* — x? — 9x? +5x-2 4. cag 2 


x+7 
g=6 2x + 4 72(x — 2) 
ar lp aal y-9 Ber (x + 2)(x — 3) (+ 2)(x- 3) 


=1 
. (5. 2+ y-2+ . [6.1¢] — 
7. [5.3b,c] y° + y — 2 wee 8. [6.1c] 


9. [6.1b], [6.3a]4(x — 1) 10. [6.4a]57V3 11. [6.3a] 4xy?Vy 
12. [6.5b] V30 + Vi5 13. [6.1d], [6.3b] ~ 
14. [6.2c] 6°/9 15. [6.8b]3 + 5i 16. [6.8e] 4 — wi 


17. [1.ld]2 18. [1.2a]jc =8M+3 19. [1.4c] {ala > —7}, 
or(—7,%) 20. [1.5a] {x]—10 < x < 13}, or (—10, 13) 
4 


21. [1.6c]4,2 22. [48a] 2,-2 23. [3.3a] (5,3) 
24, [3.5a](-1,0,4) 25. [5.5a]—5 26. [5.5a] 3 
nE — nrI 
27. [1.2al], [5.7a] R = — 8 [6.6a] 6 
29. [6.6b] —} 30. [6.6a] 5 
31. [2.2c] 32. [2.5a] {a7 
x 
[2.2c] 


Be |x + 4] 


x 


g(x) =x" —-x-2 


37. [2.2c] 38. [2.2c], [6.1a] 
y y 
piggies. Rees id ee x 
(On e3 fle) =2- Ve 


39. [4.3a] 6xy?(2x — 5y) 40. [4.5a, b], (3x + 4)(x — 7) 

Al. [4.4a] (y + 11)(y— 12) 42. [4.6d] (3y + 2)(9y* — 6y + 4) 
43. [4.6b] (2x + 25)(2x — 25) 44. [2.3a] Domain: [—5, 5]; 
range:[—3,4] 45. [2.3a] Domain: (—, »); range: [—5, ©) 

46. [2.4b] Slope: 3; y-intercept: (0,-4) 47. [2.6d] y = -3x + # 
48. [5.8d] 125 ft; 1000 ft? 49. [5.6a]1hr 50. [5.8f] 64L 

51. [6.2a]D 52. [5.6aJA 53. [5.3b,c]A 54. [6.6a] B 

55. [6.6b] —8 


CHAPTER 7 
Calculator Corner, p. 576 


The calculator returns an ERROR message because the graph of 
y = 4x? + 9has no x-intercepts. This indicates that the equation 
4x? + 9 = Ohas no real-number solutions. 


Exercise Set 7.1, p. 581 

RC1. True RC2. True RC3. True RC4. True 

RC5. False RC6. False 1. (a) V5, -—V5, or £ V5; 

(b) (—V5,0),(V5,0) 3. (a) 3i, —3i, or 3%; (b) no x-intercepts 
6 

5. V6, + 1.225 4s 5,—9 9. 8,0 ll. 11 V7; 13.646, 


3 Vi14 
8.354 13.74 2i 15.180 17.-+ are 3.301, 0.371 


19.5,-11 21.9,5 23. -2+ V6 25. 11 + 2V33 
1 V5 5 V53 3 V57 
2 


27. + 29, — + 31. + 
2 2 2 4 4 
9 , V105 
33. at 747 35. 2,-8 37. -l1 + V19 
7. V57 7 V57 
39.5 + V29 41. (a) + ; (b) ( 10), 
2 2 2 2 
7  V57 5. V39 
(-Z + ; 0) 43. (a) a + _ i; (b) no x-intercepts 


Chapters 6-7 A-25 


3. VI7 3. V145 2,.V7 
45. an 47. a 49. ok 

4 4 4 4 3 3 

1, V7 
51. a as oa 53. 2 + 3i 55. About 0.890 sec 
57. About5.3sec 59. About5.9sec 61. About 11.4 sec 
63. (a) R(t) = —t + 128, where fis the number of years 
since 1981; (b) about 122.8 min; (c) 2026 
64. B 65. y 
f() =5 — 2x? 


66. y 67. y 
2x — 5y = 10 
> 
x x 
f(x) = |5 — 2x| 
t+ 2t+4 2(2x — 5 
68. 2V/22 69. 2x 70. ( ) 
t-3 3(x — 1) 
2 
72.6 73. 75. Left to the student 


(¢ + 1)?(¢ - 1) 


77. 16,-16 79. 0,4,—8, —2 


Calculator Corner, p. 587 
1. -3,08 2.-15,5 33,8 4. 2,4 


Calculator Corner, p. 588 
1.-3. Left to the student 


Exercise Set 7.2, p. 590 


RCl. 3 RC2.-1 RC3. 5x7 +x-9 RC4.0 
4+ V13 
1 -4+ Vi4_ 3. —— 
1 V3 -3 + V41 
5 —+—i 7.2431 9 ll. -1 + 2i 
2 2 2 
3 + 229 
13. (a) 0,—1;(b) (0,0),(-1,0) 15. (a) a 


(b) € + wis 0) € - wes 0) iz 


. (a) 3 (b) (3,0) 


22 22 
17 + V249 
19. —1,-2 21. 5,10 28. ——]——_ 25. 2 Fi 
27.3,3 29.2+ VIO 31.3,-2 33.4 4 33 
1, V3 
35. 1, — 5 + 5 i 87. -3 + V5; —0.764, —5.236 
34 V65 
39. 3 + V5;5.236,0.764 41. {i 2.766, — 1.266 
4+ V31 ; 
43. ae 1.914,-0.314 45.2 46.8 47. Nosolution 
48.2 49. -1,3 50. 51. -2 
52. —i2 53. Left to the student; —0.797, 0.570 
1+ V14+8v5 -it ivl + 4i —1 + 3V5 
55. 57. 59. 
4 2 6 
61.3 + VIB 


Answers 


A-26 | 


Translating for Success, p. 599 


1B 2G 3F 4L 5N 6C 72.) & E 
9K 410A 


Exercise Set 7.3, p. 600 

RC1. (f) RC2. (e) RC3. (b) RC4. (a) RCS. (d) 
RC6. (c) 1. Length:9 ft; width:2ft 3. Length: 18 yd; 
width:9yd 5. Base: 15 mi;height:8mi 7. Length: 


51 + V 122,399 idth V 122,399 — 51 


ft; wid 11. 6 ft, 
2 2 


8ft 13. 23and24 15. Length: (2 + V14) ft ~ 5.742 ft; 
17 — V109 

width: (V14 — 2) ft ~ 1,742ft 17, ——>—— 

19. (7 + 239) ft ~ 22.460 ft; (/239 — 7) ft ~ 8.460 ft 

21. First part: 60 mph; second part:50 mph 23. 6km/h 

25. Cessna: 150 mph; Beechcraft: 200 mph; or Cessna: 200 mph; 

Beechcraft: 250 mph 27. To Hillsboro: 10 mph; return trip: 4 mph 


A Gm\mMs 
29. Aboutllmph 31. s = a 33. r= 7 


ft 9. 2in. 


in. ~ 3.280in. 


(E 3+ V9 + 8N 
ss.c= [= 37. b= Ve - a 39. k = 
—ath+ Val? + 207A 4a?L 703W 
41.7 = 8 =" a 45. H = ,/—_— 
27 T I 
cV m? — (my)? x+1)(x? +2 
47. v= oe ay 49. : . ( M ) 
m x-2 (x — 1)(x?+x+1) 
Bl. ———~__ 52, 3x2Vx 53, 2V5i 55. £2 
(x + 3)(x — 1) Ue 
S + 5 
57. A(S)==- 59, 1=~— 
6 2 
Exercise Set 7.4, p. 610 
RC1. (b) RC2. (a) RC3. (c) RC4. (b) RCS. (b) 
RC6. (c) 1. Onereal 3. Twononreal 5. Tworeal 
7. Onereal 9. Twononreal 11. Tworeal 13. Tworeal 
15. Onereal 17. x7-16=0 19. x7 +16=0 


23. 25x? — 20x — 12 = 0 
27. x° — V3x -6=0 


21. x? — 16x + 64=0 
25. 12x” — (4k + 3m)x + km = 0 


29.x°+36=0 31. V3 33.1,81 35. -1,1,5,7 
37, 1) 39.1 41. -1,1,4,6 43. 42,45 45. -1,2 
V15 , V6 
47, + ,+ 49. -1,125 51. —-4%,-% 53. -3 
3 2 
9 + V89 
55 5p te V3 57. (#0) 59. (4,0), (—1,0), 
3+ V33 3 — V33 
( ; .0),( 5 .0) 61. (—8, 0), (1,0) 
63. Kenyan: 30 lb; Peruvian: 20lb 64. Solution A: 4 L; solution B: 
8L 65. 4x 66. 3x” 67. 3aV2a 68. 4 
69. y 70. 
cee 
f(x) = -Sx +4 
71. y 72. 
ya4 
—_—_—_—_—¥—¥S—_—_ 
[> 
x 


73. Lefttothestudent 75. (a) -2, (b) —4 


77.x°- V3x+8=0 7.a=1,b=2,c=-3 
81. 42 83. 25985. 1,3 


Mid-Chapter Review: Chapter 7, p. 614 


1. False 2. True 3. True 4. False 
5. 5x? + 3x = 4 


1 1 
(5x? + 3x) ==-4 
5 5 
>, 3.4 
KO XS 
5 5 
. 9 4, 9 
balan ae fo Soe 
5 100 5 100 
( ai 89 
x+—}) =— 
10 100 
3 /= 3 89 
Be an OF XS Ha) 
10 100 10 100 
3 V89 3 V89 
x+— = — or x+—= -— 
10 10 10 10 
3 V89 V89 
x= —-— + — or x= -— - 
10 10 10 10 
3 V89 
The solutions are —-—- + ——. 
10 10 
6. 5x? + 3x = 4 
5x2 + 3x -4=0 
a=5, b=3, c=-—4 
—b + Vb*-4ac 
x= 
2a 
-3 + V3? —4+5+(-4) 
x= 
2°5 
ya D3 t V9 F 80 
10 
—3 + V89 
x= 
10 
ea 3 4 V8 
10 10 


1, Vai 
7 -2+ V3 8& -3,5 9. -5 + V31 52-5 


11. One real solution; one x-intercept 12. Two real solutions; 
two x-intercepts 13. Two nonreal solutions; no x-intercepts 
14. Two nonreal solutions; no x-intercepts 15. Two real 
solutions; two x-intercepts 16. Two real solutions; two 
x-intercepts 17. x7-9x-10=0 18. x? - 169=0 

19. x7 -2V5x-15=0 20. x7+16=0 

21. x? + 12x+36=0 22, 21x? + 22x-8=0 


R 
23. GOmph 24, s = aE 25. -4,1 26. +V3,+V5 
a 


15 + V145 
27. ; 28. -1,-% 29. -1,0 30. -11,5 
—-5 + V7 
31. +4i 32. +V6,+2i 33. . 34. -6 +i 
5 , Vil 7+ VI3 1+ V2 
8. 52-5 36. 37. ™ 38. -1 + 4i 


6 
39.8 + V3 40.3 + V10i 41.4 + V26 42.9 
43. Given the solutions of a quadratic equation, it is possible to find 
an equation equivalent to the original equation but not necessarily 
expressed in the same form as the original equation. For example, 
we can find a quadratic equation with solutions —2 and 4: 
[x — (~2)](x — 4) = 0 
(x + 2)(x — 4) =0 
x°— 2x-8=0. 
Now x? — 2x — 8 = Ohas solutions —2 and 4. However, the 
original equation might have been in another form, such 
as 2x(x — 3) — x(x — 4) = 8. 44. Given the quadratic 


: 5 ; —b + Vb? — 4ac 
equation ax” + bx + c = 0, we find x = aa or 
—-b- Vb? —4ac_ . 
x= = using the quadratic formula. 


Then we have ax” + bx +c = 
( —b+ ven fae) —b- ven Aa 
x x ; 
2a 2a 


Consider 5x? + 8x — 3. First, we use the quadratic formula to solve 
5x? + 8x — 3 = 0: 


—8 +t V8? — 4:5: (-3) 
a 
2°5 
—-8 124 —8 + 2V31 
i — 
10 10 
—-42 V31 
x= : 
5 
—-4— V31 =4+ V3l 
Then 5x? + 8x —3 = (« = \(: 7 ) 


45. Set the product 

(x — 1)(x — 2)(x — 3)(x — 4)(x — 5)(x — 6)(x — 7) 
equalto0. 46. Write an equation of the form 

a(3x? + 1)? + b(3x2 + 1) + c = 0,wherea # 0. To ensure that 
this equation has real-number solutions, select a, b, and c so that 
b? — 4ac = Oand3x*+1=0. 


Exercise Set 7.5, p. 621 


RC1. False RC2. True RC3. True RC4. False 
1. 


x f(x) 
0 
al 
2 16 
-l 4 
=2 16 
3. 
x f(x) 
0 0 
i. 5 Vertex: 
0,0 
2 4 OT FG) = ay 
- 1 
3 
=9 
ee re, 
5. 
x f(x) 
- 5 f(x) = (x +3)? 
—2 1 Vertex: | 
(~3,0)| 
=I 4 
—4 1 
=—5 4 
ee 


Chapter 7 A-27 


7 9. Tl 
: y 
x=0 
Vertex: f(x) = 2(x - 4) 
(0,0) 
x 
f(x) = -4x" 
13. : 
il f(x) 
x= —2 
— 0 Vonee | 
=3 =2 (<2, 0)! 
x 
- = (x) = -2(@ +2)? 
0 —8 
15. y 17. y 
oe 
I 
1/02) = 80x = 1 aa 
—— 


I 

| 

| 

| 

i x 
| fe) = ~ 3 +2) 
| 


19. y 21. y 
| x 7 -4 
Minimum: 1 |Vertex: 
(-4.0) Maximum: 1 
————es 
Vertex: | x | % 
3,1 ‘ , 
O) sf) =e —3Y +1 [f@) =—3(x +4)? +1 
Ix=3 
23. , 25. y 
| a 
Vertex: 
| 


Maximum: —2 


Vertex: 
(-1, —2) 
fe) =-@+1)-2 


x 
27. —2 28. 0 


Visualizing for Success, p. 630 


1F 2H 3A 41 5C 6J 7.G 8B 
9. E 10. D 


Exercise Set 7.6, p. 631 

RC1. Upward RC2. Minimum — RC3. Vertex 
RC4. y-intercept 

1. (a) (1, -4); (b) x = 1; (c) minimum: —4; 

(d) 


| Minimum: —4 


3. (a) (—2, 2); (b) x = —2; (c) maximum: 2; 


A-28 Answers 


5. (a) (4, 2); (b) x = 4; (c) minimum: 2; 
(d) y 


Minimum: 2 


f(x) = 3x? — 24x + 50 
7. (a) (-3, 5); (b) x = —5; (c) maximum: $; 
(d) y 


(d) 


f(x) = 2x" + 5x -2 


41 
Minimum: 3 


13. y-intercept: (0, 1); x-intercepts: (3 + 2/2, 0), (3 = 2V2,0) 
15. y-intercept: (0, 20); x-intercepts: (5, 0), (—4, 0) 
17. y-intercept: (0, 9); x-intercept: (-3, 0) 


19. y-intercept: (0,8); x-intercepts: none 21. D = 15w 

6a 250 250 ia 
22. C= st 23. 250; y = e 24. 250; y = a 25. 33 
y= "Bx 26. oy = Gx 27. (a) Minimum: —6.954; 
(b) maximum: 7.014 
29. y 31. 


x 


FG) =|x*-1| 


5 15 35 5 
33. f(x) = isX” gx — 7g OF f(x) = i6(x ig 5 


Calculator Corner, p. 636 


2. Minimum: 4.875 
4. Maximum: 0.5625 


1. Minimum: 1 
3. Maximum: 6 


Exercise Set 7.7, p. 640 


RCI. True RC2. False RC3. True RC4. False 

1. 180 ftby180ft 3. 3.5in. 5. 3.5 hundred, or 350 bicycles 
7. 200 ft?; 10 ftby20ft 9. 11 days after the concert was 
announced; about 62 tickets 11. P(x) = —x* + 980x — 3000; 
$237,100 atx = 490 13. 121;lland11l 15. —4;2and—2 
17. 36;-6and—-6 19. f(x) =mx+b 

21. f(x) = ax? +bx+c,a>0 23. Polynomial, neither 
quadraticnorlinear 25. f(x) = ax” + bx +ca<0 

27. f(x) = 2x7 +3x—1 29. f(x) = —jx? + 3x -—5 

31. (a) A(s) = jis” — 48s + 1750; (b) about 531 per 200,000,000 
kilometers driven 33. D(x) = —0.008x + 0.8x; 15 ft 

35. (a) M(d) = $d? + $d — 8; (b) 31 servings 

37. —2x7 + 2x-—9 38. —4m?n 39. c'd? — 4y? 

40. (10t+ 9)(10t- 9) 41. 3x(2x— 5)? 42, (3y — 4)(2y + 3) 


Exercise Set 7.8, p. 650 


RC1. Negative RC2. Positive RC3. Positive 

RC4. Negative 

1. {x|x < —2orx > 6}, or (—~, —2) U (6,%) 

3. {x|-2 <x < 2},or[-2,2] 5. {x|-1 <x < 4}, or[-1,4] 
7. {x|-1 <x < 2},or(-1,2) 9. Allreal numbers, or (—~, ~) 
ll. {x|2 <x < 4},or(2,4) 13. {x|x < —20r0 <x < 2}, 
or(—%,—-2) U (0,2) 15. {x|-9 <x < —lorx > 4}, or 
(-9,-1)U(4,%) 17. {x|x < -30r-—2 <x < l},or 
(—2%,-3) U(-2,1) 19. {x|x < 6}, or (—~,6) 

21. {x|x < —lorx > 3}, or(—~, -1) U (3, %) 

23. {x|-3 =< x < 3},or|-3,3) 25. {x|2 <x < $}, or (2,3) 
27. {x|x < —lor2 < x < 5}, or(—~, -1) U (2,5) 

29. {x|-3 <x < O},or[-3,0) 31. {x|1 <x < 2}, or(1,2) 
33. {x|x < —4orl < x < 3}, or(—~, —4) U (1,3) 

35. {x|0<x<t},or(0,4) 37. {x|x < -30r-2 <x < lor 


P 5 
39.3 40. — 


x > 4}, or (—%, —3) U (2,1) U(4,%) 5 
a 
3c 


4 
Al. va 42, mae 43. V2 44. 17V5 


45. (10a + 7)W2a 46.3V10—4\V5 47. Left to the student 
49. {x|1 — V3 =x <1+ V3}, or[1 — V3,1 + V3] 

51. Allreal numbers except 0, or (—~, 0) U (0, ©) 

53. {x|x < jorx > 3}, or(—~,}) U (3, &) 

55. (a) {t|0 < t < 2}, or (0,2); (b) {t/t > 10}, or (10, ~) 


Summary and Review: Chapter 7, p. 653 


Vocabulary Reinforcement 


1. Quadratic 2. Rational 3. Complete 
4. Discriminant 5. Quadratic 6. Parabola 
7. Symmetry 8. Vertex 


Concept Reinforcement 
1. False 2. True’ 3. False 


Study Guide 

12+3i 26+V5 3.5 + V2,0r6.414and 3.586 
4. (a) Two real solutions; (b) two nonreal solutions 

5. 5x? - 13x -6=0 6. +V2,43 

7. Vertex: (—1, —2); line of symmetry: x = —1; 

maximum: —2; y 


8. y-intercept: (0, 4); x-intercepts: (3 — V5,0), (3 + V5, 0) 
9. {x|x < 4orx > 10}, or (—%~,4) U (10, ~) 
10. {x|5 < x < 11}, or (5, 11] 


Review Exercises 
V14 ( VE 0), (40) 66,58 


1 (a) +406) (-S 


7 ; 13 
3.39 4—-t—a & 6. 3,5 
2 2 4 


7. —2 + V3; —-0.268,-3.732 8 4,-2 94+ 4V2 
1+ V481 

= ll. -3 + V7 12. 0.901 sec 
13. Length: 14cm; width:9cm 14. lin. 15. First part: 50 mph; 
second part:40mph 16. Tworeal 17. Two nonreal 
18. 25x° + 10x -3=0 19. x°+8x+16=0 
20 _ 90° 21 i, 22. 2,-2,3,-3 23. 3,—-5 

s Pp N . 2A eo ay yy 2 9 


24. +V7,+V2 25. 81,16 26. (a) (1,3); (b)x = 1; 
(c) maximum: 3; 
(d) y 


Maximum: 3 }";(1, 3) 


fe) =-F(e-1) +3 


27. (a) (5, 2). (b) x = 5; (c) minimum: 3; 


(d) 
f(x) = x —-xt6 
Minimum: 3 
> 
28. (a) (—2, 4); (b) x = —2; (c) maximum: 4; 
(d) 
(-2,4)a Maximum: 4 


f(x) = -3x” - 12x -8 


29. y-intercept: (0, 14); x-intercepts: (2, 0), (7, 0) 

30. y-intercept: (0, —3); x-intercepts: (2 — V7,0) and (2 + V7,0) 
31. —121;lland-11 32. f(x) = —x? + 6x — 2 

33. {x|—2 < x < lorx > 2}, or (—2,1) U (2, &) 

34. {x|x < —4or—2 < x < 1}, or(—%~, —4) U (—2,1) 

35. (a) N(x) = —0.720x? + 38.211x — 393.127; 

(b) about 105 live births 36. B 37. D 

38. b = 19cm,h = 19cm;A = 180.5cm’ 39. 18 and 324 


Understanding Through Discussion and Writing 


1. Yes; for any quadratic function f(x) = ax? + bx + ¢, f(0) =« 
so the graph of every quadratic function has a y-intercept, (0, c). 

2. If the leading coefficient is positive, the graph of the function 
opens up and hence has a minimum value. If the leading coefficient 
is negative, the graph of the function opens down and hence has 
amaximum value. 3. Whenan input of y = (x + 3)*is3 less 
than (or 3 units to the left of) an input of y = x?, the outputs are the 
same. In addition, for any input, the output of f(x) = (x + 3)? — 4 
is 4 less than (or 4 units down from) the output of f(x) = (x + 3)’. 
Thus the graph of f(x) = (x + 3)” — 4 looks like the graph of 

f(x) = x? translated 3 units to the left and 4 units down. 


Chapter 7 A-29 


4. Find a quadratic function f(x) whose graph lies entirely above the 


x-axis or a quadratic function g(x) whose graph lies entirely b 


elow 


the x-axis. Then write f(x) < 0, f(x) = 0, g(x) > 0,org(x) = 0. 


For example, the quadratic inequalities x? + 1 < Oand—x? —-5=0 


have no solution. 5. No; ifthe vertex is off the x-axis, then 
due to symmetry, the graph has either no x-intercept or two 
x-intercepts. 6. The x-coordinate of the vertex lies halfway 


between the x-coordinates of the x-intercepts. The function must be 


evaluated for this value of x in order to determine the y-coordinate 


of the vertex. 


Test: Chapter 7, p. 659 
1. [7.1a] (a) + NS, (b) (Re 0), ( 


1, V3 
2. [7.2a] -— + —i 
2 2 


i] 
se £V3 
7. [7.2a]0,2 8. [7.1b]2+V3 9. [7.1c] About 6.7 sec 
10. [7.3a] About 2.89 mph 11. [7.7a] 7cmby7cm 
12. [7.1c] About 0.946 sec 13. [7.4a] Two nonreal 


14, [7.4b] x? — 4V3x+9=0 15. [7.3b] T= 


ava 0) 
3 


3. [7.4c] 49,1 4. [7.2a] 9,2 


5. [7.4c] + 6. [7.2a] —2+ V6; 0.449, —4.449 


a or 
48’ 


16. [7.6a] (a) (—1, 1); (b) x = —1; (c) maximum: 1; 


F(x) = 4x" — 24x + 41 


18. [7.6b] y-intercept: (0, —1); 

x-intercepts: (2 — V3, 0), (2 + V3,0) 

19. [7.7a] -16;4and—4 20. [7.7b] f(x) = $x? — 2x 
21. [7.7b] (a) A(x) = —ix? + hx + 18.5; 

(b) about 11.7 thousand adoptions 

22. [7.8a] {x|—1 < x < 7}, or(-1,7) 

23. [7.8b] {x|—3 < x < 5}, or (—3,5) 

24. [7.8b] {x|—3 < x < lorx = 2}, or (—3, 1) U [2, %) 
25. [7.4b]C 26. [7.6a, b] f(x) = —4x? + Bx + 8; 
maximum: = 27. [7.2a] $ 


Cumulative Review: Chapters 1-7, p. 661 
1. [6.7a] About 422 yd 2. [4.1d] 10x? — 8x + 6 


4, ipaq“ 
—(m — 3)(m — 2) 
(m + 1)(m — 5) 


3. [4.2a] 2x3 — 9x? + 7x — 12 


5. [5.1e] 6. [5.2c] 


yy + 6) 
fe ea 
xy(x + y) 
11. [6.4a] 12V5 


50 
7. [5.3b, c] 9x? — 13x + 26 + 
Xo 


8. [5.4a] 


9. [6.1b]0.6 10. [6.1b] 3(x — 2) 


Answers 


A-30 3 


V3V 
12 


V6 + 9V2 —- 12V3 —-4 
—26 

14. [6.8c]17+7i 15. [6.8e] —3 — 2i 

16. [4.5a, b] (2t+ 5)(t—6) 17. [4.4a](a + 9)(a — 6) 
18. [4.3a] -3a°(a — 4) 19. [4.6d] (8a + 3b)(8a — 3b) 
20. [4.6a]3(a — 6)? 21. [4.6d] (4a — 1) (4a? + 4a + 1) 
22. [4.3b] (4a + 3)(6a2— 5) 23. [4.3a] (x + 1)(2x + 1) 

2, 


12. [6.5b] 13. [6.2d] 256 


24, [1.1d] 
[ te) 27. [1.5b] {x|x < —torx > 6}, or (—%,—$) U (6, ©) 


28. [1.62] {x|-? = x = 8}, or[-89] 


25. [1.2a] r = ea 26. [1.4c] {x|x = Ty}, or 


29. [3.3a](—4,1) 30. [3.5a] (5,3,-5) 31. [4.8a] 5, -3 
5 aA 
32. [5.5a] 73 33. [5.5a] 3 34. [5.7a] m= heA 
35. [6.6a] 32 36. [6.6b] 11 37. [4.8a] 4 
3, V55 17 + V145 
38. [7.2a] 5 + “5 i 88 [7.2a] 


40. [7.3b]a = VP2 + B? 

41. [7.8b]{x|-—3 <x < -20r-1 <x < l},or 
(-3,-2) U(-1,1) 42. [7.8a]{x|x < —3orx > 3}, or 
(—», -3) U (3) 


43. [2.5a] y 44, [3.7b] 


xty=2 


45. [3.7b] 46. [3.7c] 


47. [7.6a] 48. [7.6al y 


f(x) = -2x7 +3 


x 


fs) =x?-1 


49, [2.6b] y = 5x + 4 
51. [7.3a] 16 km/h 
53. [3.2b], [3.3b] 36 


50. [2.6d] y = —3x + 1 
52. [7.7a] 14 ft by 14 ft; 196 ft? 
54. [5.6a]2hr 55. [7.1b] A 
—51 + 7V6l 
, OF 
51+ 7V6l 194 


a 2b\(a* ab 4b? 
88. [46d] (5+ (2 - Sts 


56. [7.4c]B 57. [7.4c] 


CHAPTER 8 


Calculator Corner, p. 668 
1. Lefttothe student 2. Left to the student 


Exercise Set 8.1, p. 672 


RC1. True RC2. False RC3. False RC4. True 


yA 


Ol BI NIE CO WB DO 


f(x) = o* +1 


e 


CO P DOF BR DIE 


3. 7 33. (a) 569 outlets; 3358 outlets; 8159 outlets; 
(b) g,2 Ate) : 
Be £2,000 | A(t) = 234(2.43) 
SEB 15,0004 
ppv 
E 3 5 10,000 ++ 
f(x) = 2" f(x) =5* 5 “2 5,000 + 
x x 1 2 3 4 5 t 
Number of years since 2008 
35. (a) $1317; $470.22; $280.97; 
P(t) 
(b) $1400 + 
Ss 12004 
ae 1000 + 
7. y 28 P(t) = 1317(0.773)! 
SS 8004 
Eee 600 + 
23 aot 
= 200 -+ 


if (x) = 3" ~? 
d 37. 


11. y (b) 


+3 


fa) =5 


; 1. 


27. (a) A(t) = $50,000(1.02)'; (b) $50,000; $51,000; $52,020; 


$54,121.61; $58,582.97; $60,949.72; $74,297.37; 3. 
(c) A(t) 29. $2161.16 31. $5287.54 
$300,000 —- 
250,000 + 
200,000 -- 
150,000 +- 
100,000 +- 
50,000 ‘A(t) = $50,000(1.02)‘ 


20 40 60 80 100 120 ¢ 


+> 
12 3 4 5 6 7 8 ¢t 
Number of years since 2005 


(a) 257,500 cans; 68,295 cans; 4804 cans; 


N(t) 
500,000 


400,000 4 


300,000 4 


200,000 - \ N(t) = 500,000(0.515)' 


Number of 
cans still in use 


100,000 + 


49. 5‘, or 625 
53. 


Calculator Corner, p. 685 


2. 


Chapters 7-8 


57. Left to the student 


' A-31 


Exercise Set 8.2, p. 689 (fof )(x) = fF" (x)) = f(2x — 7) 
pe aaa lee a 2x 


RC1. Relation RC2. Inverse RC3. Horizontal = x 
RC4. One-to-one RC5. Inverse RC6. Composition 2 2 
1. —8x + 9;-8x +18 3, 12x? — 12x + 5;6x7 + 3 > ¥ _fl-x 
16 2 — anne 55. (fo f)(x) = f"(fa)) =F ( ) 
Oe NG We Xk — 10x + 30;x + 10x" + 20 x 
x c= 
9. f(x) = x*,g(x) =5-—3x IL f(x) = Vx, g(x) = 5x +2 = — = 7 =x; 
1 1 =* 
pads = _ = = +1 ass 
13. f(x) = - g(x) =x-1 15. f(x) = x 8) = 7x + 2 Fe - 
17. f(x) = x4,e(x) = Vx4+5 7 : 1 
19. Inverse: {(2, 1), (—3, 6), (—5, —3)} et) =i en =F Sg 
1 x 
1 _ 


x+1 x +1 
57. f (x) =4$x 59. f (x)= -x 61. f(x) = x9 +5 
63. (a) 40, 42, 46, 50; (b) f(x) = x — 32; (c) 8, 10, 14, 18 
65. Wa 66. V3. «67. V2xy_—s«68. 32h? 69. — 


yt 
0:45 1s 20V6 TS a 7 
x y 25 X°Z 
; 73. 4y? — 20y + 25 74. 49a'-— c* 75. No 77. Yes 
79. (1) C; (2) A; (3) B; (4) D 
e " 81. 83. f(x) = 4x + 3; 
8 1 g(x) = 2x — 6;yes 
10 2 
12 3 
—=> x 
a 2 
23. Yes 25. No 27. No 29. Yes 31. f(x) = ; 
—1 ~2 —1 3 1 2 
33. f co kare 35. f (x) = 7(x — 7) 37. f (x)= 775 : 
_ Exercise Set 8.3, p. 702 
x 
39. Notone-to-one 41. f \(x) = eo RCI. 2. RC2.2 RC3.3  RC4. 10 
; 1. x = 2 
43. f(x) = Wxt1 45. f(x) = x8 
3 z= x, or 2” y 
47. f °(x) = 2x +6 y 
1 0 = 
x f(x) x f(x) P ; f(x) = log, x 
4 2 
8 3 
1 -1 
1 —2 
1 -3 
a 
3. y 5 
f(x) = log, x 


1/3 


1 
7. 3 =l1og,,1000 9. —3 = log;—- 11. + = log,g2 
-3 | -27 ~27 “3 Bio 85195 3 108s 

13. 0.3010 = logjy2 15. 2 = log,t 17. t = loggx 


— _ wi 
Bl. (fF °f)(x) = SUK) = F($x) = (dx) = x: ee ee ee 
(fof )(x) = ff (x) = F(3x) = $(Gx) =x 31. e652 — 199 33. r°=Q 35.9 37.4 39.4 
x+7 41.3 43.25 45.1 47.4 49.2 51.2 53. -1 
53. (ft f)(x) =f *(f(x)) =f 5 ) 55.0 57.4 59.2 61.3 63.-2 65.0 67.1 
.% 71. 4.8970 73. —0.1739 75. Does not exist as a 


KPT 69 
7 o( ) Bm ET oe ey realnumber 77. 0.9464 79. 6 = 10°78; 84 = 101948, 
987,606 = 10°95; 0.00987606 = 107°. 98,760.6 = 104999; 
70,000,000 = 10°*!; 7000 = 10°84! 


A-32 Answers 


s1.6- > gactp 83 2 
“t-2 —s * (x — 2)(2x + 1) 

84. (10x + 3)(10x— 3) 85. 3x(x — 4)? 

86. (4a — y)(16a” + 4ay + y?) 87. (2x — 3)(x* + 1) 

88. (5¢° — 3)(207 +5) 89. 


f= log,|x + 1| 


91.25 93.32 95. -< 97.3 99. 0 


Calculator Corner, p. 707 


1. Notcorrect 2. Correct 3. Notcorrect 4. Correct 
5. Notcorrect 6. Correct 7. Notcorrect 8. Not correct 


Exercise Set 8.4, p. 710 

RC1. (b) RC2. (c) RC3. (d) RC4. (a) RCS. (e) 

RG6. (f) 

1. logs 32 + logs8 3. log,64 + 1og,16 5. log,Q+ log,x 

7. log,252 9. log.Ky 11. 4log.y 13. 6log,t 

15. —3log,C 17. log,67 —log,5 19. log,2 — log,5 

21. log 23. 2log,x + 3log,y + log,z 

25. log,x + 2log,y — 3log,z 27. ¢log.x — log.y — $log,z 

a 32/3 32 

29. 2log,m + 3log,n—7-—jZlog,b 31. loga— ya a ae 
2x4 Va ad F 

33. logue 35. log, 37. 2.708 39. 0.51 


41. —1.609 43.3% 45. 2.609 47. Cannot be found using the 
properties oflogarithms 49. f¢ 51.5 53.7 55. —7 
57.i 58-1 59.5 60.2+4i 61. 23 — 18i 

62. 10i 63. —34-3li 64.3-4i 65. Left to the student 
67. log, (x° — x4y? + x’y4 — y®) 

69. 5 log,(1 — s) + slog, (1 + s) 

71. False 73. True 75. False 


Mid-Chapter Review: Chapter 8, p. 712 
1. False 2. True 3. False 4. True 


5. log;x = 3 
B=x 
125 =x 
6. log, 18 = log, (2 + 9) = log, 2 + log, 9 = 0.648 + 2.046 = 2.694 
7. 4 8. ae 
reo = (3) 
f(x) =3"" “S 
Mir bs ppp 
x x 
9. y 10. y 


f(x) = log,.x 


fe) = log, x 


11. (a) A(t) = $500(1.04)'; (b) $500; $584.93; $740.12 


a Pat mp2 


12. $1580.49 3 


15. 1 — 2x;8— 2x 16. 9x? — 6x + 2;3x7 +2 


17. f(x) = sal) =x+4 18. f(x) = Vx;g(x) = 6x -—7 


19. ply = 71) = (2) = 92) = = 


3 3 
(FoF (2) = fU@)) = flax) = F = x 
)=f(Wx+ 4) 


20. (ftef)(x) =f (Fe) 
( 


1 
21. 3 = log,343. 22. -4 = logs 5 23. 6 = 12 


24, n" = 25.3 26.2 27.2 28.5 
29. 2.3869 30. —0.6383 
31. log, 2 + log,x + 2log,y — 3log,z 


32. $log,x + 2log,y — flog,z 
33. ee 34, log,(b-— 4) 35.0 36.1 37. -3 
y. 


38.5 39. V '(t) could be used to predict when the value of the 
stamp will be t, where V_1(t) is the number of years after 1999. 
40. log, b is the number to which a is raised to get c. 


x 
Since log, b = c,thena® = b. 41. Express Phatal -5 1 and then 


use the product rule and the power rule to get 


log, (2) = log, (x-5') = log,x + log,5 | = 


log, x + (—1) log,5 = log, x — log, 5. 

42. The student didn’t subtract the logarithm of the entire 
denominator after using the quotient rule. The correct procedure is 
as follows: 


log,~ = log, 
og,— = log,— 
8b 8b 
= log, x — log, xx 
= log, x — (log, x + log, x) 
= log, x — log, x — log, x 
= —log, x. 
(Note that —log, x is equivalent to log, 1 — log, x.) 


Calculator Corner, p. 718 


1. y = log, x 2. y = logs x 


6 4 


y = logy /3x 
10 


—10 


Visualizing for Success, p. 719 


1.J 2B 30 4G 5N 6F 7A 8H 
9I 10.K 


Exercise Set 8.5, p. 720 


RCL. (b) RC2. (a) RC3. (b) RCA. (a) 
1. 0.6931 3. 4.1271 5. 8.3814 


Chapter 8 A-33 


7. —5.0832 9. —1.60 


11. Does notexist 13. —1.7455 


17. 15.0293 19. 0.03! 


23.5 25. 2.5702 27. 6.6439 
31. —2.3219 33. —2.3219 35. 4.6284 


94 
15. 1 
05 21. 109.9472 
29. 2.1452 


37. 
x | f(x) 
0 1 
1 237 
2 7A 
3 20.1 
=i 0.4 
—2 0.1 
=3 0.05 
39. 
43. 
47. 2 f(x) 4 
0 0.7 f(x) = In (x + 2) 
1 11 
2 1.4 
3 1.6 
—0.5 0.4 
= 0 
=1:5 —0.7 
49. y 51. y4 
f(x) = In (x - 3) 
f(x) = 2Inx 
am * 
53. 55. yA 


f(x) = ginx +1 


57. 16,256 58. 4,9 
61. Domain: ( 


:(-—0, oo); 
63. Domain: (—~, ©); 


& 


f(x) = |Inx 


x 


59. 49,121 60. +3,+4 


range: [0, ©) 
range: (—~, 100) 


Exercise Set 8.6, p. 727 


RC1. False RC2. True RC3. False 
RC5. True RC6. True 
1.3 34 5.3 72 9. 3.4594 


A-34 Answers 


RC4, True 


11. 5.4263 


15. —3,-1 17.3 19. 4.6052 21. 2.3026 23. 140.6705 
25. 2.7095 27. 3.2220 29.256 31.% 33.10 35.7 


wir So 


1 
37. e? ~ 7.3891 39. = = 0.3679 41. 121 43. 10 45. 
47.3 49.2 51.5 53. Nosolution 


55. {x|9 = x < 16}, or[9, 16) 
56. {x|x < lorx > 4},or(—~,1)U(4,~) 57. -3,4 
58. {x|-3 <x <4},or[-3,4] 59.65 60.7 61.1 
63. (a) 0.3770; (b) —1.9617; (c) 0.9036; (d) —1.5318 
65. 3,4 67.-4 69.2 71. +V34 73. 101000 
log5 
75. 1,100 77. 3,-7 79. 1,—— ~ 1.465 
log 3 


Translating for Success, p. 738 


1D 2M 31 4A 5 E 6H 7.C 8&G 
9.N 10. B 


Exercise Set 8.7, p. 739 

RCI. (b) RC2. (d) RC3. (c)_ RCA. (a) 

1. 188 dB 

3. 10 7° W/m?, or about 3.2 X 10 ° W/m’; 10 ° W/m? 

5. About6.8 7. 1.58 X 10 “moles per liter 

9. 2.43 ft/sec 11. 2.97 ft/sec 

13. (a) About 1752 riverbanks; (b) 2002; (c) 9.7 years 

15. (a) About 26,350 veterans; (b) 2011; (c) 1.4 years 

17. (a) P(t) = Poe” (b) $5152.27; $5309.18; $6749.29; 
(c)in23.lyears 19. (a) P(t) = 7.1e°°!"' (b) 7.3 billion; 
(c) 2081; (d) 63.0 years 21. (a) C(t) = 2e°% 

(b) about 216 pages; (c) 2015 23. About 2103 years 

25. About 7.2 days 27. 69.3% per year 

29. (a) k ~ 0.165; A(t) = 451e °°" (b) about 142.1 million 
albums; (c) 2009 31. (a) k ~ 0.003; P(t) = 2.431e 
(b) 2.289 million; (c) 2033 33. (a) k ~ 0.063; V(t) = 15.1e 
(b) $72.9 million; (c) 11.0 years; (d) 1998 35. (—1,3) 

36. (2,-1,1) 37.-1+ V2i 38. -$4 39.3 

40. + V3i 41. —0.937, 1.078, 58.770 43. —0.767, 2,4 
45. About 80,922 years 


Summary and Review: Chapter 8, p. 744 


Vocabulary Reinforcement 


1. Exponential 2. Inverse 3. Compound 4. Common 
5. Exponent 6. Half-life 


Concept Reinforcement 
1. True 2. False 3. True 4. True’ 5. False’ 6. True 


Study Guide 
1. y 2. 8x + 2;8x + 1 
f(s) = 2" 
x 


1 
3. f(x) = = g(x) = 3x + 2; answers may vary 


4. Yes 5. g(x) =4-x 


y = log.x 


8. 2log,x —?log,y 9 ie or log, 
y v 


10. lly 


f(x) =In(x + 3) 


Review Exercises 
1. {(2, -4), (—7,5),(—2,—-1),(11,10)} 2. Not one-to-one 


7x +3 3x — 4 
3. g(x) = 4. f(x) =3Wx 5 fx) = 
2 2% 
6. y 
a 
4 
vy =e 


z 
Tox | f@) ‘ 
o[ 3 
1 1 
: : f@=3* 
3 9 > 
8. 3” 
x, or 3” y 4 
1 0 y = log,x 
3 1 
9 2 ss 
27 3 
q -1 
I —2 
a —3 
J 
a) es | : 
0 2.7 
1 7A 
2 | 20.1 sce 
3 54.6 
—l 1 
—2 0.4 
=3: 0.1 
ee eee 


10. y 


f(x) =In (x — 1) 


11. ( x) = 9x? — 30x + 25;(gef)(x) = 3x7 -—5 

12. f(x) = Vx, g(x) = 4 — 7x; answers may vary 

13. 4=10g10,000 14.3 =log,,5 15. 4° = 16 

16. (4) 3 = 17.2 18-1 19.1 20.0 

21. —2.7425 22. Does not exist as a real number 

23. 4log,x + 2log,y + 3log,z 24. slogz — #logx — flogy 
qi 

25. log,120 26. logy? or logs 

28. —7 29. 8.7601 30. 3.2698 31. 2.54995 32. —3.6602 

33. —2.6921 34. 0.3753 35. 18.3568 36. 0 

37. Does notexist 38.1 39. 0.4307 40. 1.7097 41. é 


a 
° 
cor 


27. 17 


1 
42.2 43, 44,e° ~ 01353 45.4 46. 1,-5 
10,000 
log 8.3 In 0.03 
47. ~ 1.5266 48. ~ 35.0656 49.2 50.8 
log 4 


51.4% 52. V43 53. 137dB 
54. (a) $159 billion; $330 billion; $684 billion; (b) 2017; 


(c) about 1.9 years; (d) s(t) 
g1oo0 + S(t) = 159(1.44)' 


750 -- 


(in billions) 


500 +- 


Amount of 
sales influenced 
by mobile devices 


250 4 


t 
1 2 3 4 56 
Number of years since 2012 


55. (a) k ~ 0.094; V(t) = 40,000e°°; (b) $102,399; (c) 2019 
56. k ~ 0.231 57. About 20.4years 58. About 3463 years 
59.C 60.D 61.e° 62. (§, —3) 


Understanding Through Discussion and Writing 


1. Reflect the graph of f(x) = e* across the line y = x and then 
translate itup one unit. 2. Christina mistakenly thinks that, 
because negative numbers do not have logarithms, negative 
numbers cannot be solutions of logarithmic equations. 


100 + 5x 
3. C(x) = aa ar 
100 + 5. 
y= ee Replace C(x) with y. 
100 + 5y 
x = —— Interchange variables. 
y 
100 Solve f 
= ; olve for y. 
Mi y 
100 
C(x) = - Replace y with C!(x) 
= 


C’1(x) gives the number of people in the group, where x is the cost 
per person, in dollars. 

4. To solve In x = 3, graph f(x) = Inxand g(x) = 3 onthe 

same set of axes. The solution is the first coordinate of the point of 
intersection of the two graphs. 5. You cannot take the logarithm 
of a negative number because logarithm bases are positive and 
there is no real-number power to which a positive number can be 
raised to yield a negative number. 6. Answers will vary. 


Chapter 8 A-35 


Test: Chapter 8, p. 752 
1. [8.1a 2. [8.3a] 
yA yh 
y= log,x 
teal x 
f(x)=2"*! 
x 
3. [8.5c 4. [8.5c] 
yn ys 
fe) = In (x — 4) 
=a x 
fa) =e"? 
x 
5. [8.2a] (fo g)(x) = 25x” — 15x + 2,(gef)(x) = 5x2 + 5x - 2 
6. [8.2b] {(3, —4), (—8, 5), (—3, -1), (12, 10)} 
3 
7. [8.2c, d] f(x) =~ (8.26, d] fx) = We-1 
9. [8.2c] Not one-to-one 10. [8.3b] logosg 16 = 4 


11. [8.3b]7" = 49 12. [8.3c]3 13. [8.4e] 23 
14. [8.3c]0 15. [8.3d] —1.9101 

16. [8.3d] Does not exist as a real number 

17. [8.4d] 3loga + Slogb — 2loge 

1/32 


18. [8.4d] log,~ 19. [8.4d] 0.544 20. [8.4d] 1.079 


3 


21. [8.5a] 6.6938 22. [8.5a] 107.7701 23. [8.5a] 0 
24, [8.5b] 1.1881 25. [8.6b]5 26. [8.6b] 2 

27. [8.6b] 10,000 28. [8.6b] e!/4 ~ 1.2840 

log 1.2 

log7 

32. [8.7a] 4.2 33. [8.7b] (a) $3.18 trillion; (b) 2018; (c) about 
9.5 years 34. [8.7b] (a) k ~ 0.028, or 2.8%; P(t) = 1000e°°*; 
(b) $1251.07; (c) after 13 years; (d) about 24.8 years 

35. [8.7b] About 3% 36. [8.7b] About 4684 years 

37. [8.6b]B 38. [8.6b] 44,-37 39. [8.4d] 2 


29. [8.6a ~ 0.0937 30. [8.6b]9 31. [8.6b] 1 


Cumulative Review: Chapters 1-8, p. 755 
1. [lid] 2. [4.8a]-2,5 3. [3.3a] (3, -1) 
4, [3.5a] (1,—2,0) 5. [5.5a]3 6. [6.6b]5 7. [7.4] 9, 25 
log7 
5log3 
11. [8.6b]% 12. [7.8a] {x|x < —5 orx > 1}, or 
(—%,-5)U(1,%) 18. [1.6e] {x|x < —3 orx = 6}, or 
(—2%,-3]U[6,%) 14. [7.2a] -3 + 2V5 
15. [5.7a] a = ue 16. [5.7a] gq = Pf 

p-f 
17. [5.1a] (—%, —4) U (-3,2) U(2,%) 18. [5.6a] ? min, 
or5z;min 19. [8.7a] (a) 78; (b) 67.5 
20. [3.4a] Swim Clean: 60L; Pure Swim: 40L 21. [5.6c] 2ikm/h 
22. [8.7b] (a) P(t) = 201e°°*, where P(t) is in millions and t is 
the number of years after 2013; (b) about 204.5 million, about 
213.5 million; (c) about 80.6 years 23. [4.8b]10ft 24. [5.8e] 18 
25. [2.5a 26. [3.7b] 27. [7.6a] 


8. [7.4c] +2, +3 9 [8.6b]8 10. [8.6a] ~ 0.3542 


5x = 15+ 3y 


A-36 Answers 


28. [8.1a] 29. [8.3a] 


y =log,x 


/f (x) = 3° 


x 


30. [4.1d] 8x2 — llx—1 31. [4.2c] 9x* — 12x7y + 4y? 


32, [4.2b] 10a? — Sab — 9b? 33, [5.1e) © 9) 
2(x — 1) 
34. [54a] —— 35. [5.2c] ~~~ — 
- (54a) 85. 2 


36. [4.6d] (1 — 5x)(1 + 5x + 25x?) 

37. [4.3a], [4.5a, b] 2(3x — 2y)(x + 2y) 

38. [4.3b] (x? + 7)(x-— 4) 39. [4.3a], [4.6a] 2(m + 3n)? 
40. [4.6b] (x — 2y)(x + 2y)(x? + 4y?) 


, —42 
Al. [2.2b] -12 42. [5.3b, c] x? — 2x2 — 4x — 12 + 5 
z= 
43. [6.3a] l4xy?Vx 44. [6.3b] 2y?Wy 
6+ Vy - 
45. [6.56] —* 46. [6.8c] 12 + 4V3i 
—y 


47. [8.2c] f \(x) = Ss or—— 48. [2.6d)y =4x+ 3 


x3 
49. [8.4d] log (isa 
52. [8.3d] 776.2471 53. [8.5a] 2.5479 54. [8.5a] 0.2466 
55. [7.6a]D 56. [7.3b]D 57. [5.5a] All real numbers 


1 10,000 
exceptland—2 58. [8.6b] 3 


) 50. [8.3b]a*=5 51. [8.3d] —1.2545 


59. [5.6c] 35 mph 


CHAPTER 9 
Calculator Corner, p. 761 


Le yay? +ay+7 2.0 x= —2y° + lOy—7 
6 6 
3 15 -9 9 
6 -6 
3. 


x= 4y?— 12y+5 
6 


Calculator Corner, p. 766 


I. (-1P +(y+2)'=4 2. (x +2) + (y—2)? = 25 
2 7 
6 6 
10 8 
= =e 


3. x +y?-16=0 4. ax? + ay? = 100 Calculator Corner, p. 774 


4 6 
1. _ | 36—4x? 2. _ [144 — 16x? 
Pant | ame lie | ea aa 
__ [36 —4x2 ___ [144 = 16x? 
“2 : 3 7 in rr a an 
4 4 
—4 6 
5. x? +y?—10x-11=0 -6 6 -6 6 
6 
—4 —4 
= t 3 36 — 9(x — 1) 4 144 — 9 +22 
—— _— Tis = = = i 
[36— ox - 12 [qa Ox Fae 
-6 Y= —2— 4 28> as 1) n=3-y 144 ote +2} 
2 7 
Exercise Set 9.1, p. 767 x j 
RC1. True RC2. False RC3. True RC4. True 
RC5. True RC6. False 
1. y 3. y =9) 3 
-6 -1 
yax xay'*+4yt1 
Exercise Set 9.2, p. 776 
x x 
RC1. A RC2.C RC3.B  RC4. D 
1. y 3. y 
5. yA 7. y 


9.5 ll. V29 ~ 5.385 13. V648 ~ 25.456 
Val 

15.7.1 17, —~ ~ 0.915 19. V6970 ~ 83.487 

21. Va? +b? 23, V17 + 2V14 + 2V15 ~ 5.677 

25. 9,672,400 ~ 3110.048 27. (3,5) 29. (0,47) 


31. (-1,-4) 33. (-0.25,-0.3) 35. (-75, 24) 9. y ll. . 
V2+ V3 3 
37. es 39. y 2x? + By? =6 


Center: (—1, —3) 
Radius: 2 x 


ro 


12x” + 5y? — 120=0 


(x+1)2+ (y+3)?=4 13; a 15. y 

41. y 43. 

Center: (3, 0) x+y" =25 A 

Radius: 2. 

x 
(x— 3)’ +y?=2 Center: (0, 0) (x-2)? (y-1)? (x+1)? (vy +2)? 
Radius: 5 “9° oR “16 2 I 
45.x°+y?=49 47. (x +5)? + (y-3)? =7 
y i ae ae 17. y 19. y 


49. (—4,3),r=2V10 51. (4,-1),r=2 53. (2,0),r=2 
55. (9,2) 56. (-8,16) 57. (-%,-2) 58. (1,2) 
59. Nosolution 60. (2a +b)(2a—b) 61. (x — 4)(x + 4) 
62. (a — 3b)(a + 3b) 63. (8p — 9q)(8p + 9q) % x 
64. 25(4cd — 3)(4cd + 3) 65. (x + 3)? + (y + 2)? =9 
67. 8Vm? +n? 69. Yes 71. (a) (0, —8467.8); (b) 8487.3 mm 

12(x — 1)? + 3(y + 2)? = 48 (x + 3)°+ 4(y + 1)?- 10=6 


Chapters 8-9 A-37 


1+ 2iV5 6+ V15 -1+iv7 
21. ue 22. 23. ad 
3 3 2 
24. -1+ V1l 25. -1 + 3V2;3.2,-5.2 
17 + V337 
26.1 + V11;43,-2.3 27. 3 44, —0.2 
—-3 + VW4l 
28. ge 0.9,-2.4 29. log,b = -t 
30. log,1I7=a 31. &®!=24 32. eC? =W 
2 2 2 2 
x x. 
ay pte gp Sa ag 
49 25 9 25 


Mid-Chapter Review: Chapter 9, p. 779 
1. True 2. True 3. True 4. False 

5. (a) d= V (x — x4)? + (—nyP= 

V(4 — (-6))? + (-1 — 2)? = V(10)? + (-3)? = 


xX, + x + 
/100 + 9 = V/109 ~ 10.440; (b) ( — 5 cee *) = 


(SA) = Sa) = (9) 


6. x? — 20x + y* + 4y = —79 
x? — 20x + 100 + y? + 4y+4=-79+ 100+ 4 
(x — 10)? + (y + 2)? = 25 
(x — 10)? + (y — (-2))? = 8? 
Center: (10, —2); radius: 5 
7. 3V2 ~ 4.243 8. V120.53 ~ 10.979 9 VI11 ~ 3.317 


to. (—2,8) 11. (-§3) 12. (-1.5,-3.9) 13. Center: (0, 0); 


radius:11 14. Center: (13, —9); radius: V109 15. Center: 
(0,5); radius: V14_ 16. Center: (—3, 7); radius: 4 
172.x7°+y?=1 18 (x +3) + (y-3? =# 

19. (x + 8)? + (y-—6)?=17 20. (x — 3)? + (y + 5)? = 20 
21. 22. 23. 


eV 


(x - 1)? +(y +2)?=9 


24, 25. 26. 
y y 


y y y 
a VJ > > 
= y2 
y=x°+2x-1 


2 2 
@-» js yts 24 


27. 28. 


xy 

atte 

29. One method is to graph y = ax” + bx + cand then use the 
DrawInv feature to graph the inverse relation, x = ay? + by + c. 


Another method is to use the quadratic formula to solve 


A-38 Answers 


x = ay? + by + c, oray” + bx + c — x = 0. The solutions are 


—b + Vb? — 4a(c — x) 


aa . Then graph 
ee eer eee 
yo a and 
b b? — 4a(c — x) 
va as on the same screen. 


30. No; a circle is defined to be the set of points in a plane that are a 
fixed distance from the center. Thus, unless r = 0 and the “circle” is 
one point, the center is not part of the circle. 

31. Bank shots originating at one focus (the tiny dot) are deflected 
to the other focus (the hole). 

32. (a) 10 


(b) Some other factors are the wind speed, the amount of rainfall in 
the preceding months, and the composition of the forest. 


Calculator Corner, p. 784 


1. [5x2 — 240° 2. _ _ [16x? = 320 
a eae eee ae eee ae 
(15x? = 240 _ _ [| 16x? = 320 
a ar ad a a 
6 6 
-9 | \ 9 -9 } | 9 
~6 6 
3. [ 16x2 — 48 4. _ | 45x? = 405 
NV 3. u-y gg  ” 
/_16x? — 48 _ _ | 45x? — 405 
a ie aa w=-V sg 
6 6 
~9 \ [ 9 -9 9 


i cr 


Visualizing for Success, p. 785 


1.C§ 2E 3G 4J 5B 6F 723A 8H 
9.I 10. D 


Exercise Set 9.3, p. 786 
RC1.B  RC2.E RC3.A RC4.D RCS. F  RC6.C 


Summary and Review: Chapter 9, p. 799 


Vocabulary Reinforcement 


1. Circle 
5. Center 


2. Hyperbola 3. Horizontal 4. Vertex 


6. Center 


Concept Reinforcement 


1. False 2. True 3. False 4. True 


25x" — 16y” = 400 


Is: Study Guide 


2. V10 ~ 3.162 3. (4,—8) 


(~2, 3) 


17. 


y=—x?- 4-1 


4. Center: (2, —1); radius: 4; y 


21. {x|x = O}, or[0, ~) 
or (3,9) 
25. -3,5 26.2 27.4 
31. Circle 33. Parabola 

39. Hyperbola 41. Circle 


22. 6.75 
24. {x|x < —7orx > 7}, or(—~, —7) U (7, %) 


23. {y|3 <y < 9}, 


28. 3 29. Left to the student 


2 2 
35. Ellipse 37. Circle a en ah 


5. x2 + (y — 3)? = 36 


Calculator Corner, p. 789 
1. Lefttothe student 2. Left to the student 


Exercise Set 9.4, p. 795 


RC1. True RC2. False RC3. False RC4. True rs Me 
1. (-8,—-6),(6,8) 3. (2,0),(0,3) 5. (—2,1) pa er en 2 ¥_ 
7, (24 VI -1 + VI) (5 - V7 -1 - V7 ~ = 
: 3! 3 ’ 30 3 8. (—6,0) and (0, 2) 
9. (3,3),(1,-1) 11. (-7,1),(1,-7) 13. (3, -5), (-1,3) 
8 + 3iV6 -8 + 3iV6\ (8 — 3iV6 —-8 — 31VE Review Exercises 
15. 5 2 2 , 3 2 2 1.4 25 3. V901 ~ 9.492 4. V9+4a? 5. (4,6) 
17. (—5,0), (4,3), (4,-3) 19. (3,0), (—3, 0) é 3 V3 - V2 ‘i 
21. (2, 4), (-2, —4), (4, 2), (—4, —2) 6. (-3, 3) Cs 7 oo 8. (5, 2a) 9. (-2, 3), V2 
23. (2,3), (—2, —3), (3,2),(—3,—-2) 25. (2,1), (—2, -1) 10. (5,0),7 11. (3,1),3 12. (—4,3), V35 
27. (5,2), (—5, 2), (2-5), (—2, -5) 13. (x + 4)? + (y— 3)? =48 14. (x — 7)? + (y + 2)? = 20 
29. (V2, -V2),(—Vv2, v2) 15. 16. 17. 
a Ge svi) 8iV5 see yp yy yp 
* 5 , 5 , 5 , 5 , EZ 
8iV5 3/105 8iV5 3/105 iam #1 
5’ 5 / 5’ 5 > > > 
33. Length: 8cm;width:6cm 35. Length: 7 in.; width: 2 in. eee 
37. Length: 12 ft; width:5ft 39. Length: V2m; width: 1m Vai A Fics 
4l. 24ft;16ft 43. Length: 24.8 cm; height: 18.6 cm 
45. f (x) =logx 46. f (x) =x3—2 47. Doesnotexist 18 19 20. 
= 7x + 3 2 BX. +2 2 y y y 
48. f \(x) = 49. f \(x) = = 50. f \(x) = e* FECRH ots 
51. (3, 5), (4, a) 53. One piece: 38 52 cm; other piece: 6132 cm : 
55. 30 units ~ 
x x 
xsy'+2y —2 


Chapter 9 


x? +y" + 2x —4y —4=0 


7 A-39 


21. 22. 


Gey gra ay 


23. 24, 
y x 
xty?=2y+1 ‘ 4 

25. (7,4) 26. (2,2),(3,—-¥) 27. (0, -3), (2,1) 

28. (4,3), (4, -3), (—4,3), (—4, -3) 

29. (2,1), (3,0), (—2, 1), (—V3, 0) 

30. (3,-3),(-2,3) 31. (6,8), (6, —8), (—6, 8), (—6, —8) 


32. (2,2), (—2, -2), (2V2, V2), (-2V2, -V2) 

33. Length: 4in.; width:3in. 34. 11ft,3ft 35. 4and8 

36. Length:12m;width:7m 37. B 38. D 

39. (—5, -4V2), (-5,4V2), (3, ~2v2), (3, 2/2) 

40. (x — 2)? + (y+1)2?=25 41. ga 1 42. (7,0) 
43. Parabola 44. Hyperbola 5. Circle 46. Ellipse 

47. Circle 48. Hyperbola 


Understanding Through Discussion and Writing 


1. In Chapter 3, we studied systems of linear equations. In this 
chapter, we studied systems of two equations in which at least 
one equation is of second degree. 2. Parabolas of the form 

y = ax® + bx + cand hyperbolas of the form xy = c pass the 
vertical-line test, so they are functions. Circles, ellipses, parabolas 
- the form x= ay* + oy, + c, and hyperbolas of the form 

am - lor y is 1 fail the vertical-line test, and hence 
an Bb a 

are notfunctions. 3. The graph ofa parabola has one branch 
whereas the graph of a hyperbola has two branches. A hyperbola 
has asymptotes, but a parabola doesnot. 4. The asymptotes are 


y = xandy = —x, because fora = b, +— = +1. 
a 


Test: Chapter 9, p. 805 
1. [9.1b] V180 ~ 13.416 2. [9.1b] V36 + 4a’, or2V9 + a? 


3. [9.1c] (0, °) 4. [9.1c] (0,0) 5. [9.1d] Center: (—2, 3); 


radius: 8 ae rai Center: (—2, 3); radius: 3 
7. [9.1d] (x + 2)? + (y + 5)? = 18 
8. [9.1a] 9. [9.1d] 


A-40 Answers 


10. [9.3a] 11. [9.2a 12. [9.1d] 
ng y 
x x 
(x + 2)? (y-3)'_, x? +y?— 4x + Gy +4=0 
16 9 
14. [9.3b] 15. [9.1la] 
y 
xy =4 
x 
9x” +y? = 36 aw FE 
16. [9.4a] (0,3), (4, 17. [9.4a] (4, 0), (—4, 0) 


18. [9.4b] 16 ae 19. [9.4b] $1200, 6% 
20. [9.4b] llydby2yd 21. [9.4b] V5m,V3m_— 22. [9.4a] B 
x — 6)? — 3) 
23. (9.20) $ + oe 1 
25 9 
24. [9.1d] {(x, y)|(x — 8)? + y* = 100} 
25. [9.4b]9 26. [9.1b] (0, —%) 


Cumulative Review: Chapters 1-9, p. 807 

1. [1.4c] {x|x = —1}, or[-1, ~) 

2. [1.6e] {x|x < —6.40rx > 6.4}, or (—~, —6.4) U (6.4, ~) 

3. [1.5a] {x|-1 = x < 6},or[-1,6) 4. [3.2al, [3.3a] (—3,5) 

5. [7.4c] -3, -2,2,3 6. [4.8a]—-1,2 7. [5.5a]-3,3 8. [6.6a] 4 


va 


9. [48a] —7,—3 10, [7.2a]-7 4 i — AL. [8.6a] 1.748 


1 
4 
12. [7.8b] {x|x < —lorx > 2},or(—~,—-1) U (2, %) 

13. [8.6b]9 14. [7.8a] {x|x < —lorx = 1},or(—~”, —-1] U[]1, ~) 


15. [8.6b]1 16. [5.7a] p = a 17. [3.5a] (—1, 2,3) 
q- 
18. [9.4a] (1,2), (—1,2), (1, -2,),(-1,-2) 19. [5.5a] -16 
4P — 3M 
20. [1.2a] N = -— 21. [8.1c], [8.7b] (a) About 104 million 
barrels per day; about 123 million barrels per day; (b) about 37 years; 
(©) mu 


Barrels of oil 
(in millions per da 
= 
a oa or a ao 


M(t) = 77(1.019)* 


er a ea 
tt al 

5 10 15 20 25 30 & 
Number of years since 2000 


22. [8.7b] (a) A(t) = $50,000(1.04)'; (b) $50,000; $58,492.93; 
$68,428.45; $74,012.21; 

(c) AW 

$80,000 +- 

70,000 + 

60,000 + 

50,000 +“ A(t) = $50,000(1.04)* 

40,000 

30,000 

20,000 

10,000 


23. [4.2a] 2x2 — x? — 8x —3 24. [4.1d] -x? + 3x7 -x-6 
2m—1 x+2 1 
25. [5.1d] ——_ 26. [5.2c] 27. [5.4al 
m dae oa x1 
3 
28. [5.3b, c] x2 + 2x? — 2x +14 
oll 
29. [6.3b] 5x°Vy 30. [6.4a]11V2 31. [6.2d]8 
32. [6.8c]16+iV2 33. [6.8e]74 + Hi 
34. [2.4c], [2.6e] (a) 48,800 ft?; 46,000 ft”; 44,600 ft? 
(b) os 55,000" + g(t) = —700t + 53,000 
Bo 50,000 + 
Be 5, 45,000 + 
S a 40,000 + 
— 35,000 + 


35. [2.6c] y = 2x + 2 


0 4 


8 


12 «16 Ff 


Number of years since 2000 


(c) (0, 53,000); (d) —700; (e) a decrease of 700 ft” per year 


36. [2.6d] y = —3x + 3 


37. [2.5a] 38. [3.7b] 39. [9.2a] 
y y y 
4y —3x =12 
x? y? 
a tose! 
40. [9.1d] 41. [3.7c] 42. [9.3a] 
y y y 
x+y? = 2,25 
x 
x? y? 
25 16 ~/ 
43. [9.1d] 4A, [7.6a] 45. [2.5c] 
y y y 


(x 
46. [9.1la] 
y 


-1)?+(y+1)?=9 


xay'+1 


x 


f(x) = 2x” — 8x +9 


47. [8.5c] 
y y 


. [8.3a] 


f@)=e* 


Fe) = log, x 


49. [4.3b] (x — 6) (2x3 + 1) 
51. [4.4a] (x — 8) (x — 9) 


50. [4.4a] 3(a — 9b)(a + 5b) 


52. [4.6b] (9m? + n?) (3m + n) (3m — n) 
53. [4.6a] 4(2x — 1)? 54. [4.6d] 3(3a — 2) (9a + 6a + 4) 
55. [4.5a, b] 2(5x — 2)(x + 7) 56. [4.5a, b] 3x(2x — 1)(x + 5) 
57. [9.1d] Center: (8, —3); radius: V5 
58. [8.2d] f (x) =3(x+3) 59. [5.8e]2 60. [2.2b] —10 
61. [9.1b]10 62. [9.1c] (1,—3) 63. [6.5b] aes 
64. [5.1a] (—x, -}) U(-4,0) U(0,~) 65. [4.8a] -1,} 
66. [1.4d] Morethan4 67. [3.4b]612mi _ 68. [1.3a] 113 
69. [3.4a] 24LofA;56LofB 70. [5.6c] 350 mph 
71. [5.6a] 82min 72. [5.8f]20 73. [9.4b] 5 ft by 12 ft 
74, [9.4b] Length: 20 ft; width: 15 ft 75. [7.7a] 1250 ft? 
76. [8.7b] 2397 years 77. [5.8d] 3360 kg 
78. [2.6c] f(x) = —3x —% 79. [7.7b] f(x) = —thx? - Bx + Zl 
80. [8.3b] logr = 6 81. [8.3b] 3° = Q 

x7 \1/5 7/5 
82. [8.4d] toes (*5) 7 OT 108 5288 
83. [8.4d] —6log,x — 30log,y + 6log,z 84. [7.7a] 169 
85. [8.2c] No 86. [2.3a] (a) —5; (b) (—~, ©); (c) —2, -1, 1,2; 
(d)[—7,~) 87. (a) [8.7b] P(t) = 1,998,257e°°; (b) [8.7b] 


3,133,891; (c) [8.7b] about 2019 
exceptOand—12 89. [8.6b] 81 
the origin with radius |a| 


88. [5.5a] All real numbers 
90. [9.1d] Circle centered at 
91. [1.3a] 84 years 


APPENDIXES 
Exercise Set A, p. 822 
1.130 39 5.8 73 9 4 124+ 13.8 15. 4 
175 19% 21.3 23.4 25.45 27.8 29.7 
31.2 33.4 35.3 37.2% 39.4% 41.2 43. 500 
45.3, 47. 38 
Exercise Set B, p. 827 
110 3.0 5-48 7.0 9-10 W1.-3 13.5 
15.0 17. (2,0) 19. (-3,-) 21. (3,3) 23. (—4,3) 
25. (2,-1,4) 27. (1,2,3) 29. ($-4,3) 31. (2,—2,1) 
Exercise Set C, p. 831 
1. (3,3) 3. (-4,3) 5. (3,3) = 7. (10,-10) 9. (3, -4, 3) 
11. (2,—2,1) 13. (0,2,1) 15. (4,3, —3) 
Exercise Set D, p. 834 
1 3-41 5.12 7273 95 2 IB x?-x+1 
15.21 17.5 19. -x°+4x2+3x—-12 21.42 23, -3 
2 
25.4 27. x? + 3x — 45x? — 3x + 4;3x3 — 4x; 
3x —4 
1 3 1 3 4x° 1 
29. + 4x°; Ax”; ; 
Peet x= 2 x — 2’ 4x3(x — 2) 
3 5 3 5 15 3(4 — x) 
31. + ; ; ; 
x-2 4-xx-2 4-x (x-2)(4-—-x) 5(x- 2) 
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Guided Solutions 


CHAPTER R 


Section R.1 
6. 4.6 


3)14.0 
12 
20 
18 
2 <——The remainder repeats. 


14 a 
Thus, a 4.6. The decimal notation is repeating. 


27. The distance of 2 from 0 is 2, so |2| is 2. 


Section R.2 


22.8 —(-9)=8 + 9=17 
53. <= ( ) 4 ( 7a 
“5 10 5 1 
40 
= —-— = -8 
5 


Section R.3 

29. 5 + {6 — [2 + (5 — 2)}} 
=5+{6-—([2+3]} 
=5+ {6 — [5]} 
=5+ {1} 

6 


Section R.4 


6. Let x represent the number. Then “eight times some number” 
translates to 8x. Then “six more than eight times some number’ 
translates to 8x + 6. 


10. 4x + 5y = 4(—2) + 5(10) 
—8 + 50 
= 42 


” 


Section R.5 
4x 
4. 44x = 11> 4x, so we use ee as aname for 1. 


2 2 2 
= “l= 
ll oll 


4x 8x 
ll 4x 44x 


18. 10 - (4x) — 10(6y) + 1o( $2) 


= 40x — 60y + 5z 


Section R.6 


1l. —(—24t) = —1(—24t) 
= [-1(—24)]t 
= 24t 
28. [3 — 2(x + 9)] — 4(3% — x) 
=[3 — 2x — 18] — 4(9 — x) 
= [-2x — 15] — 36 + 4x 
=2x- 51 
Section R.7 
33a°b ® = 33 ; a ; ae 
“ 92q2b 4 22g? 4 
— 3. 45-2. ,-6-(-4) 
2 
3 
= —.q@°>.p? 
2 
3 @ 1 
“2 1 pe 
_ 30° 
2b? 
x73-(-3) x2 
21 aa 
yt) y 12 
= xy 
CHAPTER 1 
Section 1.1 
1 
10. Eb SS a) 
4 5 
a geese) 
x+—+ + 
4 4 5 4 
1 1 3 1 
eS SSS SSS 
4 4 5 4 
34 15 
x+0= u . 
5 4 45 
12.05 
= ae ren 
20 20 
17 
= SS 
20 
15. —4x = -= 
6 
4 — rs 
(-4x) = -1.(-8) 
6 
= SS 
28 
3 
y= 
14 
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: 3. 6 


wile 


LCD = 6 
Oe 1 Ve eel 
(3 - Ev) = 0-5 
2 5 
ee ee 
4-5y=2 
-4+4-5y=-44+2 
—5y = -2 
1 1 
Sa.) 
_ 2 
oe aaa 
_ 2 
axe 
Section 1.2 
4. P = =(c +10) 


3 
5+P=5+—(c + 10) 
5P = 3(c + 10) 


5P = 3c + 30 
5P — 30 = 3c 
5P — 30 
——— =6or 

3 
5 
c=-—P-—- 10 
3 


Section 1.4 


11. 2x = 3. = 3x = 1 
2X = "3' — 2K 3x — 1 2x 
=4 2% — 1 
—-3+12=x-14+1 
=—2. = %0r 
CS. =2 


The solution set is {x|x < —2}, or(—~, —2]. 


15. 6-5y=7 
6-5y-62=7-6 

=o = 1 
rg 

m5 =35 


1 1 
The solution set is {oly < -1} or (-=, +. 


Section 1.5 


7. -4=8-2x54 
4—-8=8-2x-8=4-8 
—-12 = -2x = -—4 
=12 —2x —4 
—— = — = — 

—2 —2 —2 
62x 2 2,0r 
22%= 6 


The solution set is {x|2 < x < 6}, or [2,6]. 


IS. —3x —- 7 <= -—1 or x+4< =—1 
=—37 <6 or = =5 
—3x 6 
—} > — or x= =5 
=3 =3 
£> =-2 or <= =5 
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The solution set is {x|x < —5 or x > —2}, or 
(—%, -5) U(-2, 2), 


Section 1.6 


6. |—6 — (—35)| = |-6 + 35| 
= |29| = 29 
16. |3x — 4| = 17 
3x -4=-17 or 3x-4=17 
3x = -13 or 3x = 21 
13 
g= =. or x=7 
a 


i 
The solution set is { ae 7}. 


24. |7 — 3x| <4 


—4=7-3x=4 
=—11 = 3x. = =3 
-l11 —3x S. 
—3 —3 =3) 
11 
—2x21 
3 
‘ i: 11 11 
The solution set is x|1 <x < 2. , or Le : 
25. |3x+ 2) =5 
3x25 =) or 3x2 25 
3x =.=7 oor 3x3 
7 
x= == oF 21 
I 
The solution set is {lx =-rorx= i}, or 
vA 
—o, ——| U[1,0). 
(-=-s]un=) 
CHAPTER 2 
Section 2.1 
17 : 
~yH=rx 
y~ 9 
x y (x,y) 
4 2 | (4,2) 
2 1 | (2,1) 
0 0 | (0,0) 
2 1 | (-2,-1) 
4 2 | (-4,-2) = 


20. Graph: 4y — 3x = —8. 


We first solve for y: 
4y — 3x = -8 
4y = 3x — 8 
ss 2 
=-x- 
- 4 
x y (%y) 
0 | -2 | (0,-2) 
4 1 (4, 1) 
4 5 (—4, -5) 


Section 2.2 
8. a) f(x) = 2x2 + 3x -4 


f(8) =2-8?+3-8-4 
=2-64+ 24-4 
= 128+ 24-4 
= 152-4 
= 148 


Section 2.3 


4 
6. Find the domain of f(x) = ae. 
x 


Set the denominator equal to 0 and solve for x: 


Thus, — is not in the domain of f(x); all other real numbers are. 


Domain = { x|xis areal number andx # —5},or 
(—, -3) U(-3 ») 


Section 2.4 
6. Graph the line through (—1, —1) and (2, —4) and find its slope. 


10. Find the slope and the y-intercept of 5x — 10y = 25. 


First solve for y: 


5x — 10y = 25 
=10y = =5x¢ + 25 
_ —5x + 25 
~  =10 
oe 5 
a ae 


Slope is 5; y-intercept is (0, = 3). 


Section 2.5 
1. Find the x-intercepts of 4y — 12 = —6x and then graph the line. 


To find the y-intercept, set x = 0 and solve for y: 
4y — 12 = -6-0 


4y-—12=0 
4y = 12 
y=3. 


The y-intercept is (0, 3). 
To find the x-intercept, set y = 0 and solve for x: 
4-0-12=-6x 
=12,—= 6x 

2>%x. 


y-intercept 
(0,3) 


The x-intercept is (2, 0). 


11. Determine whether the graphs of the lines x + 4 = yand 
y — x = —3 are parallel. 


Write each equation in the form y = mx + b: 


x+t+4=y >y=x+4 
y-x=-3>y=x-3. 


The slope of each line is 1, and the y-intercepts, (0, 4) and 
(0, —3), are different. Thus the lines are parallel. 


14. Determine whether the graphs of the lines 2y — x = 2 and 
y + 2x = 4are perpendicular. 


Write each equation in the form y = mx + b: 
2y-x=2>y=3x4]; 
ytax=4->y = -2x + 4, 


The slopes of these lines are and —2. The product of the slopes 
is} + (—2) = —1. Thus the lines are perpendicular. 


Section 2.6 


6. Find an equation of the line containing the points (4, —3) 
and (1,2). 


First, find the slope: 
2 — (-3) 5 5 
1-4 -3 3 


m= 


Using the point-slope equation, 
Y~M=Mx— xX), 


substitute 4 for x,, —3 for y,, and —3 for m: 


p> (3) =40-4) 


y+3=-3x+? 
y= ay + 2 3 
y=-he+2-§ 
= 5 ra 
Y= 5x yp: 


8. Find an equation of the line containing the point (2, -1) and 
parallel to the line 9x — 3y = 5. 


Find the slope of the given line: 


9x —- 3y=5 
—3y = -9x + 5 
y = 3x - 3. 
The slope is 3. 


The line parallel to 9x — 3y = 5 must have slope 3. 
Using the slope-intercept equation, 
y=mx+t+b, 
substitute 3 for m, 2 for x, and —1 for y, and solve for b: 
-1=3-2+b 
-1=6+b 
-7=b. 
Substitute 3 for mand —7 for bin y = mx + b: 
y = 3x + (-7) 
y = 3x — 7. 
9. Find an equation of the line containing the point (5, 4) and 
perpendicular to the line 2x — 4y = 9. 


Find the slope of the given line: 


2x —-4y=9 
—4y = -2x +9 
1 9 
Y= 2X ~ 7 
The slope is 5. 


The slope of a line perpendicular to 2x — 4y = 9 is the 
opposite of the reciprocal of $, or —2. 
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Using the point-slope equation, 
Y~-N=Mx— x), 
substitute —2 for m, 5 for x,, and 4 for y;: 
y—4= —2(x — 5) 
y-4=-2x + 10 
y= —-2x 4+ 14. 


CHAPTER 3 
Section 3.1 


4. Classify each of the systems in Margin Exercises 1-3 as consistent 


or inconsistent. 
The system in Margin Exercise 1 has a solution, so it is consistent. 
The system in Margin Exercise 2 has a solution, so it is consistent. 


The system in Margin Exercise 3 does not have a solution, so it is 
inconsistent. 


6. Classify the equations in Margin Exercises 1, 2, 3, and 5 as 
dependent or independent. 


In Margin Exercise 1, the graphs are different, so the equations are 
independent. 


In Margin Exercise 2, the graphs are different, so the equations are 
independent. 


In Margin Exercise 3, the graphs are different, so the equations are 
independent. 


In Margin Exercise 5, the graphs are the same, so the equations are 
dependent. 


Section 3.2 
4, 8x — 5y = 12, (1) 

x-y=3 (2) 
Solve for x in equation (2): 

x-y=3 
x=yt3. (3) 

Substitute y + 3 for x in equation (1) and solve for y: 
8x — 5y = 12 
8(y + 3) — Sy = 12 
8y + 24 — 5y = 12 


3y + 24 = 12 
3y = -12 
y= Se, 
Substitute —4 for y in equation (3) and solve for x: 
x=yt3 
=-4+3 
=-1. 


The ordered pair checks in both equations. 
The solution is (—1, —4). 


Section 3.3 


3. Solve by the elimination method: 


2y + 3x = 12, (1) 
—4y + 5x=-2. (2) 


Multiply by 2 on both sides of equation (1) and add: 


4y + 6x = 24 
—4y + 5x = -2 
0+ 1llx = 22 
llx = 22 
x= 2: 
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Substitute 2 for x in equation (1) and solve for y: 


2y + 3x = 12 
2y + 3(2) = 12 
2y+6= 12 
2y=6 

y = 3. 


The ordered pair checks in both equations, so the solution is (2, 3). 
8. Solve by the elimination method: 

y + 2x = 3, 

yt 2x= -1. 


Multiply the second equation by —1 and add: 
yt 2x=3 
-—y-2x=1 
0=4. 
The equationis _ false _ so the system has no solution. 
true/false 


Section 3.4 


1. White Red Total 
Ww r 30 > wt+r= 30 
$18.95 $19.50 
18.95w 19.50r 572.90 |—> 18.95w + 19.50r 
= 572.90 
3. : 
First Second 
Investment Investment Total 
x y $3700 | > x + y = 3700 
7% 9% 
1 year l year 
0.07x 0.09y $297 |—> 0.07x + 0.09y 
= 297 
A. i 
Attack Blast Mixture 
a b 60 a+ b= 60 
2% 6% 5% 
0.02a 0.06b 0.05 X 60, or3 > 0.02a + 0.06b = 3 
By - i 
Distance Rate Time 
d 35 km/h t | d=35t 
d 40km/h | t-1 > d= 40(t — 1) 
6. Distance Rate Time 
d r+ 20 4hr |-> d = 4(r + 20) 
d r— 20 5hr | > d= 5(r — 20) 


Section 3.5 
3. Solve. Don’t forget to check. 


xt+y+z= 100, (1) 
x-y =-10, (2) 
x  —z=-30 (3) 


Add equations (1) and (3): 
xt+y+z= 100 (1) 
x —-z=-30 (3) 
2x+y = 70. (4) 


Add equations (2) and (4) and solve for x: 


x-y=-10 (2) 
2xt+y= 70 (4) 
3x = 60 

x = 20. 


Substitute 20 for x in equation (4) and solve for y: 


2(20) + y = 70 
y = 30. 


Substitute 20 for x and 30 for y in equation (1) and solve for z: 


20 + 30 + z = 100 
z= 50. 


The numbers check. The solution is (20, 30, 50). 


Section 3.6 


2. 
First Second Third 
Investment | Investment | Investment | Total 
Principal, P x y Zz $25,000 
isis 3% 4% 5% 
interest, r 
Time, t l year lyear l year 
Interest, I 0.03x 0.04y 0.05z $1120 
Section 3.7 
4, 4x + 3y = 12 
1. Graph the related equation 4x + 3y = 12. 
2. Since the inequality symbol is =, drawa solid line. 
dashed/solid 
3. Try the test point (0, 0). 
4x + 3y = 12 
ee Se Seat 
4(0) + 3(0) ? 12 
0 | 12 FALSE 


(0, 0) is not a solution, so we shade the opposite half-plane. 


4x + 3y2=12 


CHAPTER 4 


Section 4.1 


10. Collect like terms: 
3xy? + 2x%y + S5xy? — 8x + 15 — 3x7y — 6x?y + 11x — 
3xy? and 5xy® are like terms. 
—3x’y and —6x"y are like terms. 
—8x and 11x are like terms. 
15 and —8 are like terms. 
Rearranging: 


8. 


2x3y + 3xy? + 5xy? — 3x2y — 6x2y — Bx + 1lx + 15 — 8. 


Collecting like terms: 
ax%y + Bxy? — 9x*y + 3x + 7. 


14. Write two equivalent expressions for the opposite of 
4x3 — 5x? + ix — 10. 
One expression uses an inverse sign in front: 
—(4x3 — 5x? + 4x — 10). 
For a second expression, write the opposite of each term: 
—4x3 + 5x? — ix + 10. 


Section 4.2 


Section 4.3 
10. Factor: (y + 3)(y — 21) + (y + 3)(y + 10). 
The common binomial factor is y + 3. 
(y + 3)(y — 21) + (y + 3)(y + 10) 
= (y + 3)\(y — 21+ y+ 10) 
= (y + 3)(2y — 11) 
11. 5y? + 2y* — loy — 4 
= y*(5y + 2) — 2(5y + 2) 
= (5y + 2)(y? — 2) 


Section 4.4 


2. Factor: y? + fy + 10: 
Because both 7 and 10 are positive, we need consider only 
positive factors of 10. 


Sums of Factors 


1,10 11 
2, 5 te 


Pairs of Factors 


The numbers we need are 2 and 5. 
Thus, y? + 7y + 10 = (y + 2)(y + 5). 


15. Factor: y® + ys =65 
We look for numbers p and q such that 


y® + y?—6 = (y* + p)(y* + 9). 
The product of p and q is —6. 
The sum of p and qis 1. 


The factors we want are —2 and 3. 
The factorization is (y? — 2)(y* + 3). 


Section 4.5 


4. Factor: 20x° — 46x* + 24x°. 
First, factor out the largest common factor: 
2x3(10x? — 23x + 12). 
10x? can be factored as 2x * 5x or as 10x - x. 
Since —23 is negative, the factors of 12 must be negative: 
12. can be factored as (—1)(—12), (—2) (—6), or (—3)(—4). 


Chapters 2-4 


Next, list all possibilities with 2x and 5x as the first terms. If none 
of these is correct, we will check 10x and x. 

2x — 1)(5x — 12), 

2x — 12)(5x — 1), 

2x — 2)(5x — 6), 

2x — 6)(5x — 2), 

2x — 3)(5x — 4), 

2x — 4)(5x — 3) 

Only two possibilities have no common factor: 

2x — 1)(5x — 12) = 10x” — 29x + 24, 
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(2x — 3)(5x — 4) = 10x? — 23x + 12, 2. Translate. 


The factorization of 20x° — 46x* + 24x is 2x3(2x — 3)(5x — 4). a+b? =? 
10. Factor: 4x” + 37x + 9 x? + 10? = (x + 2)? 
1. There is no common factor. 3. Solve. 
2. Multiply the leading coefficient and the constant: 4(9) = 36. 24+ 100= x27 + 4x 4+4 
3. Look for a pair of factors of 36 whose sum is 37. Both factors 100 = 4x + 4 
will be positive. 96 = 4x 
‘i 24=>x 
Pairs of Factors Sums of Factors 
4. Check. Ifx = 24, thenx + 2 = 26.Then 
iad = 10? + 24? = 100 + 576 = 676 = 26% 
2,18 20 5. State. The lengths are 24 cm and 26 cm. 
3,12 15 
4,9 13 
6, 6 12 
J CHAPTER 5 
4. Split the middle term, 37x: 37x = x + 36x. Section 5.1 
5. Factor by grouping: y-3 y-3 
4x2 + x + 36x + 9 sy fy 8) 
ie 3-y (y — 3) 
= x(4x + 1) + 9(4x + 1) 
= (4x + 1)(x + 9). _ ly = 3) 
6. Check: (4x + 1)(x + 9) = 4x? + 37x + 9. —l(y — 3) 
‘ ak ee 
Section 4.6 = p=3 
5. Factor as a trinomial square: =e 
4 2,3 6 1-1 
16x" — 40x“y° + 25y 
= (4x)? — 2+ 4x? - 5y3 + (5y3)? = 
= (a = Sy") 55 x?+7x+10  x?-3x-10 
10. Factor as a difference of squares: : 2x — 4 j x-2 
Pe ee _ x + 7x +10 £2 
2x — 4 x? — 3x — 10 
2 
= me - (2) (x + 5)(x + 2)(x — 2) 
3 = 
2(x — 2)(x — 5)(x + 2) 
1 1 
= (m + )(m 2). (x + 5)(x4+2)(x—2) 
2(x--2)(x — 5)(x +2) 
Section 4.7 = #5. 
. 3y3 — 19x2 2(x — 5) 
1. Factor completely: 3y 12x*y. 
a) Factor out the largest common factor: . 
3y3 — 12x2y = 3y(y? — 4x7). Section 5.2 
b) There are two terms inside the parentheses. The expression is 4 
a difference of squares. Factor the difference of squares: 13. 3x + *y 
3y(y? — 4x”) = 3y(y + 2x)(y — 2x). i 
c) We have factored completely. 3x 3x 4y 7 
d) Check 3yvy os 2x)(y — 2x) 3x 3x 7 
— ayy = ie! ) at 
= By” — 12x"y. a ee 
21x 21x 
Section 4.8 9x? + 28y 
1. x? + 8 = 6x Bie 
2 = 
x" —-6x+8=0 2 2 
4x 7X 
(x — 2)(x — 4) =0 20. = 
x-2=0 or x-4=0 ax—y yr 2x 
x=2 or K=4 4x? 1, i! | 
Both numbers check. The solutions are 2 and 4. ~ ox-y y—2x oy 
10. 1. Familiarize. Let x and x + 2 represent the lengths of the Ax? —~7x2 
sides of the triangle. = 
24—y 2h y¥ 
ee _ 4x? — (-7x?) 
10 24—=y 
11x? 
n 2% >'y 
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Section 5.3 


XxX +5 


4. x + 2)x? + 7x +9 


x? + 2x 
Bx-e 9 
5x + 10 


a! | 


The answer isx + 5,R—-ljorx +5 + ; 
Rusk? 


11. (2x3 — 4x? + 8x — 8) + (x — 3) 
3)2 -4 8 -8 
6 6 42 
2 2 14134 


3 
The answer is 2x? + 2x + 14,R34;or2x? + 2x + 14+ 
x 


Section 5.4 


Qe 
+ 


Qa |e 


Qa |e 
+ 


Q{/R/aAle 


SF gle(Sle -~N\|- Ole 


+ 
a 


Section 5.5 


2 5 1 
1. Solve: — + -~=— 
3 6 x 


LCM = 6x,or2+3°-x 
2 5 1 
2° 32S oP Sy = 2S ee 
3 6 x 
5 1 
23: 32 4S 28 3a aS 2 2 Ke 
6 x 
2*x°-24+x+:5=2°3 
4x + 5x =6 
9x = 6 
6 
eS 
9 
x 
a 
3 


2 
The number a checks and is the solution. 


3 


x+2 
LCM = (x — 1)(x + 2) 


2 
5. Solve: = 
x= 1 


(x= I(x +2) = = Ne $2)" SS 


2(x + 2) = 3(x — 1) 
2x + 4 = 3x — 3 
7=x 


The number 7 checks and is the solution. 


Section 5.6 


3. Let c = the number of calories burned in 35 min. 


2 _ 35 

110 Cc 

20c = 110° 35 

20c = 3850 
c= 192.5 


In 35 min, Mia will burn 192.5 calories. 


Section 5.7 
T 
I= rae 
I(M + pn) = pT 
IM + Ipn = pT 
Ipn = pT — IM 
pT — IM 
= a 


2. 


n 
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Section 5.8 all*p?/8 = qi2-1/4. p3/8-1/8 


1. = kx * Gi/4pi/s 
= 72/4-1/4 , 42/8 
= k-20 - a ; ee ; 
Oe = Wab 
0 
- = K Section 6.3 
13. V 12ab%c? 
The variation constant is = The equation of variation is y = : x. = V4°3-a-b+b-e 
= V4- Vb? + Vc? + V3ab 
5 y= k =2+b+cV3ab 
: 17. W/3x2y W/36x 
0.012 = - = W3xy + 36x 
= W3-xex-y+2+2°3°3°x 
0.012: 50 =k 25.39 
0.6=k 


Section 6.4 
5. V25x — 25 — V9x — 9 


0.6 
The variation constant is 0.6. The equation of variation is y = —. 
x 


= 2 
ta = V25(x — 1) — V9(x— 1) 
= 2 
175=k-5 =5Vx—-1-3Vx-1 
175 = k+ 25 =a 
7=k lo. (V2 + V5)(V2 — V5) 
The equation of variation is y = 7x”. = (v2)? = (v5)? 
9. y= kxz as -3 
65 = k- 10-13 
65 = k- 130 Section 6.5 
65 3 4a _ V 4a . V3b 
a "\V3b 3b V3b 
De sp V12ab 
z Se re 
The equation of variation is y = 4 xyz a +e 
? _ mene _ 2v3ab 
"3b 
CHAPTER 6 
14 
1 11. 
Section 6.1 ery: 
20. g(x) = V6x + 4; g(0), g(3), and g(—5) — 4 3-Vv2 
g(0) = V6-0+4 3+ V2 3- V2 
=VO+4 14(3 — V2) 
=V4=2 a po 
a(3) = V6-3+4 _ 14(3 — v2) 
=VvV18+4 7 
= 22 = 2(3 = V2) 
=6-2Vv2 
g(—5) = V6(—5) + 4 
= Vaae t4 Section 6.6 
calle ia 3. x+2=Vax+7 
—26 is a negative radicand. No real-number (x +2) = (V2x + a 
function value exists. x? + 4xt+4=2x +7 
x?+2x-3=0 
2: = = 2 
33. Vx 6x + 9 = V(x 3) (x + 3)(e - 1) =0 
= |x-3| x+3=0 or x-1=0 
x= -3 or x=1 
Section 6.2 The number —3 does not check, but the number 1 does check. The 
solution is 1. 
a a 
srt (We1)? 6. Wx-1-2=0 
oe Wx-1=2 
eT (Wx -—1)4 = 2! 
x-1=16 
x=17 
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Section 6.8 
5. V—-54 = V-1- 54 
= V-1- V54 =iV9-6 
= i+ 3V6,0r3-iV6 
15. (1 + 3i)(1 + 5i) 
=1+ 51+ 3i+ 157 
= 1+ 81+ 15(-1) 
=1+8i-15 
= -14 + 8i 
25. 6i!! + 7i 


=6-(°-i+7:i 

= 6(7)°- i+ 7(#)’ 

= 6(-1)° + i+ 7(-1)’ 

= 6(-1)i+ 7(-1) 

= -6i-7 

= -7 - Gi 
CHAPTER 7 
Section 7.1 
5. 5x? = 15 


x = 3 


x= V3 or x=-V3 


The solutions can also be written +V/3. If we round to three 
decimal places, the solutions are + 1.732. 


9. x? + 16x + 64 = 11 
(x+8)=11 
x+8=vVI11 or x+8=-VI11 
x= -8+V11 or x -8 - Vil 


The solutions can also be written —8 + V11. 
ll. x? — 8x-20=0 


x? — 8x = 20 
x? — 8x + 16 = 20+ 16 
(x — 4)? = 36 
x-4=6 or x-4=-6 
x= 10 or x= -2 


Section 7.2 

2. Write the equation in standard form. 
3x? + 2x -7=0 

a=3, b=2, c=-7 


—2 + V2? -4-3-+(-7) 
xX. => 
203) 
—2 + V88 
i= 
6 
=2 & 2V22 
x. SS SS 
6 
2(-1 + V22) 
x = 
223 
-1 + V22 
x = —— 
3 
Approximate the solutions and round to three decimal places. 
—1 + V22 
SS, = 1.2380 
3 
=1 — V22 
a Ta = —1.897 


Section 7.3 


= Distance Speed Time 
Faster Ship 3000 r+ 10 t= 90 
Slower Ship 3000 r t 


Section 7.4 


3. Determine the nature of the solutions of 3x” — 2x + 1 = 0. 


a=3, b 2, c=1 
b? — 4ac = (-2)? -4+°3-1=-8 


Since the discriminant is negative, there are 2 nonreal solutions. 


9. Solve: x* — 10x? + 9 = 0. 


Let u = x°. Then u? = x’. 


x*— 10x? +9=0 
ue—10u+9=0 
(u—1)(u-—9) =0 


u-1=0 or u-9=0 
u=1 or u=9 
gS 1 or x =9 
x= +1 or x= +3 


All four numbers check. The solutions are —1, 1, —3, and 3. 


Section 7.5 


4. Compute g(x) for each value of x shown. 


x | g(x) = (x + 2)? 


( 
0 
1 
0 4 
9 
1 
4 
9 


Plot the points and draw the curve. 
yA 

& 2 

f s@=@ +2) 


—8 4 48 
x 
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7. Compute g(x) for each value of x shown. 


x g(x) = (x - 1)? -3 
il =3 

2 =e 

3 1 

4 6 

0 =2 
=] 1 
=2 6 


The vertex is (1, —3). 


The line of symmetry is x = 1, and the minimum function value 


is —3. 
Plot the points and draw the curve. 


Section 7.6 


6. Find the vertex of the parabola given by f(x) = —4x* + 12x — 5. 


b 12 3 
The x-coordinate of the vertex is a =-, 


3 
The second coordinate of the vertex is f (5). 

3 3)\? 3 
A) = (2) + 2ls) -8 
2 2 es 

() 
=4[ =} + 18 — 5 
4 


3 
The vertex is (= 1). 
7. Find the intercepts of f(x) = x* + 2x — 3. 


The y-intercept is (0, f(0)). 
f(0) =0?+2-0-3=-3 
The y-intercept is (0, —3). To find the x-intercepts, we solve 
0 =x? + 2x — 3: 

0O= x? + 2x-3 

0 = (x — 1)(x + 3) 
x-1=0 or x+3=0 

=1 or X= S39. 

The x-intercepts are (1,0) and (—3, 0). 


Section 7.8 
6. Solve: 6x(x + 1)(x — 1) <0. 


The solutions of 6x(x + 1)(x — 1) = Oare0, —1,and1. 
Divide the number line into four intervals and test values of 
f(x) = 6x(x + 1)(x — 1). 


ye 
| 
1 
0 


Hts 


A: Test —2. 


f(—2) = 6(—2)(—2 + 1)(—2 — 1) 
= -36 
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B: Test —-. 
A-a)= aa) a Y-2-3) 
-! 
C: Test -. 
(3) = Gla *)G-4) 
D: Test 2. 
S(2) = 6(2)(2 + 1)(2 — 1) 


= 36 


The expression is negative for values of x in intervals A and C. 


The solution set is {x]x < —lor0 <x < l1},or 
(—%, -1) U (0,1). 


CHAPTER 8 
Section 8.1 


8. Amount after 1 year: 
$40,000 + $40,000 x 0.02 
= $40,000(1.02) 
= $40,800 
Amount after 2 years: 
$40,800 + $40,800 x 0.02 
= $40,800(1.02) 


= $41,616 
r net 
10. a= P-(1 +2) 
n 1l 
3.4% \P2 
= 7000: (1+ 
4 
0.034 \? 
= 7000- {1+ —— 


= 7000(1.0085)** 
$8432.72 


u 


Section 8.2 


2. (f° g)(x) = f(a(x)) 
= f(Vx) 
= 4(Wx) +5 
(gof)(x) = g(f(x)) 
= g(4x + 5) 
= W4x +5 
Section 8.3 
11. logiyx = 4 
10' = x 
10,000 = x 
14. Let log), 10,000 = x. 
10* = 10,000 
10* = 104 
x=4 


Section 8.4 


3,4 
11. log, 5 = log,x*y* — log,z°w® 
Zw 


= (log, x? + log, y*) — (log,z° + log, w®) 
log, x? + log, y* — log,z° — log,w® 
= 3log,x + 4log,y — 5log,z — 9log,w 


22. log, 16 = log, 2° 
= 4log,2 
= 4(0.301) 


1.204 


Section 8.5 


é ignaee log7 
- (a) logs7 = log6’ 

= 1.0860 
In7 


In6 
1.0860 


(b) log,7 


u 


Section 8.6 
3. 7* = 20 
log 7* = log 20 
x+log7 = log 20 


log 20 
~ log7 
x = 1.5395 
8. log; (2x — 1) — logs (x — 4) = 2 
lo 246-1 _ 
83 _ 4 
pel ge 
x-A4 
CS eee ee 
x—-A4 
2x — 1 = 9(x — 4) 
2x — 1 = 9x — 36 
35 = 7x 
5=x 
Section 8.7 
LoL 10-1 : 
_L= - loo— 
aA 
$2 < 19° 
= 10°: log io 


= 10° log(3.2 X 10°) 
= 10- (log3.2 + log 10°) 
~ 10- (0.5051 + 6) 
= 65 
The sound level is about 65 decibels. 
4. pH = —log[H*] 


7 = —log[H"] 
—7 = log[H*] 
10’ = [H'] 
CHAPTER 9 


Section 9.1 
5. d= V (xp _ x)? + (Yo — yi)? 
= V(4— (-2) + (2-1)? 
=VerE 

= V37 

= 6.083 
10. (x-—h)?+(y-k 
= EI + o=1 
tay eg 1 


Ve wreoew 
to 
ll 

Ww OD 
we 


Section 9.2 


2 2 2 2, 
x 
Se 
9 A BF 9? 
a=3,b=2 


The x-intercepts are (—3, 0) and (3, 0). 
The y-intercepts are (0, —2) and (0, 2). 
We plot the intercepts and draw the ellipse. 


3. 16x? + 9y? = 144 
1 1 
— (16x? + 9y?) = —(144 
144 | y) a4 | ) 
2 2 
x 
cee ae 
9 16 
x2 oy? 
Pe! 
a=3,b=4 


The x-intercepts are (—3, 0) and (3, 0). 
The y-intercepts are (0, —4) and (0, 4). 


We draw the ellipse. 


16x? + 9y? = 144 


Section 9.3 


2 2 
er oy er oy 


16 25 4 52 
a=4b=5 


1. 


5 5 
The asymptotes are y = 4° andy = —4e 


The hyperbola is horizontal. 
The x-intercepts are (—4, 0) and (4, 0). 


We sketch the asymptotes, plot the intercepts, and draw the 


hyperbola. 


Section 9.4 


4. 9x” — 4y? = 36, 
5x + 2y=0 


Solve 5x + 2y = 0 for x: 


2 
x=-xy. 
5) 
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2 2-92) 
Substitute ——y for x in the first equation and solve for y: Be ey 3 ane 
5 5y* + 2x° = 53 
9 \2 To eliminate the x-terms, multiply the first equation by 2 and 
9| —~y] — 4y? = 36 the second equation by 3: 
2 
4y? — 6x2 = 12 
4 15y” + 6x” = 159 
(Ay) ee i 
25 19y = 471 
2 
36, 100 5 y=9 
—y? — —_y? = 36 = 
25° 25% y= +3. 
64, Substitute 3 for yin 5y? + 2x? = 53: 
-—y’ = 36 5(3)? + 2x? = 53 
25 9 
: 295 45 + s = 53 
y= —T6 2x" = 8 
—s x= 4 
y= 44 225 15,  ERE 
16 a We get the same result when y = —3. The solutions are 
15 2 2 15 (23.3) (2; =3).( =2; 3), and (—2,=8). 
Ify = —i, thenx = y= ‘i= i. 
4 5 5 4 


15 2 
Ify = ——i, thenx = = 
iy ri 5) 


2 
5 
3.15 3 5 
The solutions are ( i, ' and ( i, i 
2 4 2 
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Glossary 


A 

Abscissa The first coordinate in an ordered pair 

Absolute value The distance that a number is from 0 on 
the number line 

ac-method A method for factoring trinomials of the type 
ax? + bx + c,a ¥ 1, involving the product, ac, of the 
leading coefficient a and the last term c 

Additive identity The number 0 

Additive inverse A number's opposite; two numbers are 
additive inverses of each other if their sum is 0 

Algebraic expression An expression consisting of 
variables, constants, numerals, operation signs, and/or 
grouping symbols 

Ascending order When a polynomial in one variable 
is arranged so that the exponents increase from left to 
right, it is said to be in ascending order. 

Associative law of addition The statement that when 
three numbers are added, regrouping the addends gives 
the same sum 

Associative law of multiplication The statement that 
when three numbers are multiplied, regrouping the 
factors gives the same product 

Asymptote A line that a graph approaches more and 
more closely as x increases or as x decreases 

Axes Two perpendicular number lines used to locate 
points in a plane 

Axis of symmetry A line that can be drawn through a 
graph such that the part of the graph on one side of the 
line is an exact reflection of the part on the opposite 
side; also called line of symmetry 


B 

Base In exponential notation, the number being raised 
to a power 

Binomial A polynomial composed of two terms 

Break-even point In business, the point of intersection 
of the revenue function and the cost function 


C 

Circle The set of all points in a plane that are a fixed 
distance r, called the radius, from a fixed point (h, k), 
called the center 

Circumference The distance around a circle 

Coefficient The numerical multiplier of a variable 

Common logarithm A logarithm with base 10 

Commutative law of addition The statement that when 
two numbers are added, changing the order in which the 
numbers are added does not affect the sum 

Commutative law of multiplication The statement that 
when two numbers are multiplied, changing the order 


in which the numbers are multiplied does not affect the 
product 

Complementary angles Angles whose sum is 90° 

Completing the square Adding a particular constant 
to an expression so that the resulting sum is a perfect 
square 

Complex number Any number that can be named 
a + bi, where a and bare any real numbers 

Complex numberi The square root of —1; that is, 
i= V-land?? = -1 

Complex rational expression A rational expression 
that contains rational expressions within its numerator 
and/or denominator 

Complex-number system <A number system that 
contains the real-number system and is designed so 
that negative numbers have defined square roots 

Composite function A function in which a quantity 
depends on a variable that, in turn, depends on another 
variable 

Compound inequality A statement in which two or 
more inequalities are joined by the word and or the 
word or 

Compound interest Interest computed on the sum of an 
original principal and the interest previously accrued by 
that principal 

Conic section A curve formed by the intersection of a 
plane and a cone 

Conjugate of acomplex number The conjugate of a 
complex number a + biis a — biand the conjugate of 
a— biisa + bi. 

Conjugate of a radical expression Pairs of radical terms, 
like Va + Vband Va — Vborce + Vdandc — Vd, 
are called conjugates. 

Conjunction A statement in which two or more 
sentences are joined by the word and 

Consecutive even integers Even integers that are two 
units apart 

Consecutive integers Integers that are one unit apart 

Consecutive odd integers Odd integers that are two 
units apart 

Consistent system of equations A system of equations 
that has at least one solution 

Constant A known number 

Constant function A function given by an equation of 
the form y = b, or f(x) = b, where bis a real number 

Constant of proportionality The constant in an 
equation of direct variation or inverse variation 

Coordinates The numbers in an ordered pair 

Cube root The number cis the cube root of a, written 
Wa, if the third power of cis a 
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D 

Degree of a polynomial The degree of the term of 
highest degree in a polynomial 

Degree ofaterm The sum ofthe exponents of the 
variables 

Dependent equations The equations in a system are 
dependent if one equation can be removed without 
changing the solution set. 

Dependent variable The variable that represents the 
output of a function 

Descending order When a polynomial is arranged so 
that the exponents decrease from left to right, it is said to 
be in descending order. 

Diameter A segment that passes through the center of a 
circle and has its endpoints on the circle 

Difference of cubes Any expression that can be written 
in the form A® — B? 

Difference of squares Any expression that can be 
written in the form A* — B? 

Direct variation A situation that gives rise to a linear 
function f(x) = kx, or y = kx, where kis a positive 
constant 

Discriminant The expression b* — 4ac from the 
quadratic formula 

Disjoint sets Two sets with an empty intersection 

Disjunction A statement in which two or more sentences 
are joined by the word or 

Distributive law of multiplication over addition The 
statement that multiplying a factor by the sum of two 
numbers gives the same result as multiplying the factor 
by each of the two numbers and then adding 

Distributive law of multiplication over subtraction 
The statement that multiplying a factor by the 
difference of two numbers gives the same result as 
multiplying the factor by each of the two numbers and 
then subtracting 

Domain The set of all first coordinates of the ordered 
pairs in a function 

Doubling time The time necessary for a population to 
double in size 


E 

Elimination method An algebraic method that uses the 
addition principle to solve a system of equations 

Ellipse The set of all points in a plane for which the 
sum of the distances from two fixed points F, and F, 
is constant 

Empty set The set without members 

Equation A number sentence that says that the 
expressions on either side of the equals sign, =, 
represent the same number 

Equation of direct variation An equation described by 
y = kx, with ka positive constant, used to represent 
direct variation 

Equation of inverse variation An equation described 
by y = k/x, with ka positive constant, used to represent 
inverse variation 

Equivalent equations Equations with the same solutions 

Equivalent expressions Expressions that have the same 
value for all allowable replacements 

Equivalent inequalities Inequalities that have the same 
solution set 
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Evaluate To substitute a value for each occurrence of a 
variable in an expression and carry out the operations 

Even root When the number kin Wis an even 
number, we say that we are taking an even root 

Exponent In expressions of the form a”, the number n 
is an exponent. 

Exponential decay model A decrease in quantity over 
time that can be modeled by an exponential function of 
the form P(t) = Pe, k > 0 

Exponential decayrate The variable k in the exponential 
decay model P(t) = Pye ™ 

Exponential equation An equation in which a variable 
appears as an exponent 

Exponential function The function f(x) = a‘, where a 
is a positive constant different from 1 

Exponential growth model An increase in quantity over 
time that can be modeled by an exponential function of 
the form P(t) = Pye“, k > 0 

Exponential growth rate The variable k in the 
exponential growth model P(t) = Pye“ 

Exponential notation A representation of a number 
using a base raised to a power 


F 

Factor Verb: To write an equivalent expression that is a 
product. Noun: A multiplier 

Factorization of a polynomial An expression that names 
the polynomial as a product of factors 

Focus One of two fixed points that determine the points 
of an ellipse 

FOIL To multiply two binomials by multiplying the First 
terms, the Outside terms, the Inside terms, and then the 
Last terms 

Formula An equation that uses numbers or letters to 
represent a relationship between two or more quantities 

Fraction equation An equation containing one or more 
rational expressions; also called a rational equation 

Function A correspondence that assigns to each 
member of a set called the domain exactly one member 
of a set called the range 


G 

Grade _ The measure of a road's steepness 

Graph _ A picture or a diagram of the data in a table; a 
line, a curve, or a collection of points that represents all 
the solutions of an equation or an inequality 

Greatest common factor (GCF) The common factor of a 
polynomial with the largest possible coefficient and the 
largest possible exponent(s) 


H 

Half-life The amount of time necessary for half of a 
quantity to decay 

Hyperbola The set of all points in a plane for which the 
difference of the distances from two fixed points F, and 
F, is constant 

Hypotenuse In aright triangle, the side opposite the 
right angle 


I 
Identity property of 1 The statement that the product of 
a number and 1 is always the original number 


Identity property of 0 The statement that the sum ofa 
number and 0 is always the original number 

Imaginary number A number that can be named bi, 
where b is some real number and b ¥ 0 

Inconsistent system of equations A system of equations 
for which there is no solution 

Independent equations Equations that are not 
dependent 

Independent variable The variable that represents the 
input of a function 

Index In the expression Wa, the number k is called the 
index. 

Inequality A mathematical sentence using <, >, <, =, 
or # 

Input A member of the domain ofa function 

Integers The whole numbers and their opposites 

Intercept The point at which a graph intersects the 
x-axis or the y-axis 

Intersection of sets Aand B_ The set of all members that 
are common to A and B 

Interval notation The use ofa pair of numbers inside 
parentheses and brackets to represent the set of all 
numbers between those two numbers 

Inverse relation The relation formed by interchanging 
the coordinates of the ordered pairs in a relation 

Inverse variation A situation that gives rise to a 
function f(x) = k/x, or y = k/x, where kis a positive 
constant 

Irrational number A real number whose decimal 
notation neither terminates nor has a repeating block of 
digits. An irrational number cannot be represented as a 
quotient of two integers. 


J 
Joint variation A situation that gives rise to an equation 
of the form y = kxz, where k is a positive constant 


L 

Leading coefficient The coefficient of the term of highest 
degree in a polynomial 

Leading term The term of highest degree in a 
polynomial 

Least common denominator (LCD) The least common 
multiple of the denominators 

Least common multiple (LCM) The smallest number 
that is a multiple of two or more numbers 

Legs In aright triangle, the two sides that form the right 
angle 

Like radicals Radicals having the same index and 
radicand 

Like terms Terms that have exactly the same variable 
factors; also called similar terms 

Line of symmetry A line that can be drawn through a 
graph such that the part of the graph on one side of 
the line is an exact reflection of the part on the 
opposite side; also called axis of symmetry 

Linear equation in two variables Any equation that can 
be written in the form y = mx + bor Ax + By = C, 
where x and y are variables 

Linear equation in three variables An equation equiva- 
lent to one of the type Ax + By + Cz = D, where x and 
y are variables 


Linear function A function that can be described by an 
equation of the form y = mx + b, where x and y are 
variables 

Linear inequality An inequality whose related equation 
is a linear equation 

Logarithmic equation An equation containing a 
logarithmic expression 

Logarithmic function, base a_ The inverse of an 
exponential function f(x) = a* 


M 

Mathematical model A model in which the essential parts 
of a problem are described in mathematical language 

Matrix A rectangular array of numbers 

Maximum The largest function value (output) achieved 
by a function 

Minimum The smallest function value (output) achieved 
by a function 

Monomial A constant, or a constant times a variable or 
variables raised to powers that are nonnegative integers 

Motion formula The formula 
Distance = Rate (or Speed) - Time 

Multiplication property of 0 The statement that the 
product of 0 and any real number is 0 

Multiplicative identity The number 1 

Multiplicative inverses Reciprocals; two numbers whose 
product is 1 


N 

Natural logarithm A logarithm with base e 

Natural numbers The counting numbers: 1, 2, 3, 4, 5,... 

Negative integers The integers to the left of zero on the 
number line 

Nonlinear equation An equation whose graph is not a 
straight line 

Nonlinear function A function whose graph is not a 
straight line 


0 

Odd root When the number kin WV is an odd number, 
we say that we are taking an odd root. 

One-to-one function A function for which different 
inputs have different outputs 

Opposite The opposite, or additive inverse, of a number 
ais denoted —a. Opposites are the same distance from 0 
on the number line but on different sides of 0. 

Opposite of a polynomial To find the opposite of a 
polynomial, replace each term with its opposite—that is, 
change the sign of every term. 

Ordered pair A pair of numbers of the form (h, k) for 
which the order in which the numbers are listed is 
important 

Ordinate The second coordinate in an ordered pair 

Origin The point on a graph where the two axes 
intersect 

Output A member of the range of a function 


P 

Parabola_ A graph of a quadratic function 

Parallel lines Lines in the same plane that never 
intersect. Two nonvertical lines are parallel if they have 
the same slope and different y-intercepts. 
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Perfect square A rational number p for which there 
exists a number a for which a? = p 

Perfect-square trinomial A trinomial that is the square 
of a binomial 

Perimeter The sum ofthe lengths of the sides of a polygon 

Perpendicular lines Lines that form a right angle. Two 
lines are perpendicular if the product of their slopes is 
—1 orif one line is vertical and the other is horizontal. 

Pi(z) The number that results when the circumference 
of a circle is divided by its diameter; 7 ~ 3.14, or 22/7 

Point-slope equation An equation of the form 
y — yy = m(x — x,), where m is the slope and (x), y;) is 
a point on the line 

Polynomial A monomial or a combination of sums and/or 
differences of monomials 

Polynomial equation An equation in which two 
polynomials are set equal to each other 

Positive integers The natural numbers or the integers to 
the right of zero on the number line 

Prime polynomial A polynomial that cannot be factored 
using only integer coefficients 

Principal square root The nonnegative square root ofa 
number 

Principle of zero products The statement that an 
equation ab = 0 is true if and only if a = 0 is true or 
b = Ois true, or both are true 

Proportion An equation stating that two ratios are equal 

Proportional numbers Two pairs of numbers having the 
same ratio 

Pythagorean theorem In any right triangle, if a and 
bare the lengths of the legs and c is the length of the 
hypotenuse, then a* + b? = c?* 


Q 
Quadrants The four regions into which the axes divide a 
plane 
Quadratic equation An equation of the type 
ax” + bx + c = 0, where a, b, and c are real-number 
constants and a > 0 
Quadratic formula The solutions of ax” + bx + c = 0 
—b + Vb? — 4ac 
2a : 
Quadratic inequality A second-degree polynomial 
inequality in one variable 


are given by the equation x = 


R 

Radical The symbol V — 

Radical equation An equation in which a variable 
appears in one or more radicands 

Radical expression An algebraic expression written with 
a radical 

Radicand The expression written under the radical 

Radius A segment with one endpoint on the center of a 
circle and the other endpoint on the circle 

Range The set of all second coordinates of the ordered 
pairs in a function 

Rate The ratio of two different kinds of measure 

Ratio Any rational expression a/b 

Rational equation An equation containing one or more 
rational expressions; also called a fraction equation 

Rational expression A quotient of two polynomials 
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Rational inequality An inequality containing a rational 
expression 

Rational number A number that can be written in the 
form p/q, where p and q are integers and gq ¥ 0 

Rationalizing the denominator A procedure for finding 
an equivalent expression without a radical in the 
denominator 

Real numbers All rational and irrational numbers; 
the set of all numbers corresponding to points on the 
number line 

Reciprocal A multiplicative inverse; two numbers are 
reciprocals if their product is 1. 

Rectangle A four-sided polygon with four right angles 

Relation A correspondence between a first set, called 
the domain, and a second set, called the range, such that 
each member of the domain corresponds to at least one 
member of the range 

Repeating decimal A decimal in which a block of digits 
repeats indefinitely 

Right triangle A triangle that includes a 90° angle 

Rise The change in the second coordinate between two 
points on a line 

Roster method A way of naming sets by listing all the 
elements in the set 

Run _ The change in the first coordinate between two 
points on a line 


S 

Scientific notation A representation of a number of the 
form M X 10”, where nis an integer, 1 = M < 10, and 
Mis expressed in decimal notation 

Set Acollection of objects 

Set-builder notation The naming ofa set by describing 
basic characteristics of the elements in the set 

Similar terms Terms that have exactly the same variable 
factors; also called like terms 

Simplify To rewrite an expression in an equivalent, 
abbreviated, form 

Slope ‘The ratio of the rise to the run for any two points 
on a line 

Slope-intercept equation An equation of the form 
y = mx + b, where x and yare variables, the slope is m, 
and the y-intercept is (0, b) 

Solution A replacement for the variable that makes an 
equation or an inequality true 

Solution of a system of linear inequalities An ordered 
pair (x, y) that is a solution of all inequalities 

Solution of a system of three equations An ordered 
triple (x, y, z) that makes all three equations true 

Solution of a system of two equations An ordered pair 
(x, y) that makes both equations true 

Solution set The set of all solutions of an equation, an 
inequality, or a system of equations or inequalities 

Solve To find all solutions of an equation, an inequality, 
or a system of equations or inequalities; to find the 
solution(s) of a problem 

Square A four-sided polygon with four right angles and 
all sides of equal length 

Square ofanumber A number multiplied by itself 

Square root The number cis a square root of aif c? = a. 

Standard form of a quadratic equation A quadratic 
equation in the form ax” + bx + c = 0, wherea ¥ 0 


Subsets Sets that are contained within other sets 

Substitute To replace a variable with a number or an 
equivalent expression 

Substitution method A nongraphical method for solving 
systems of equations 

Sum ofcubes An expression that can be written in the 
form A? + B 

Sum of squares An expression that can be written in the 
form A? + B? 

Supplementary angles Angles whose sum is 180° 

Synthetic division A simplified process for dividing a 
polynomial by a binomial of the type x — a 

System of equations A set of two or more equations that 
are to be solved simultaneously 

System of linear inequalities A set of two or more 
inequalities that are to be solved simultaneously 


T 

Term A number, a variable, or a product or a quotient of 
numbers and/or variables 

Terminating decimal A decimal that can be written 
using a finite number of decimal places 

Trinomial A polynomial that is composed of three 
terms 

Trinomial square The square of a binomial expressed as 
a polynomial with three terms 


U 
Union of sets Aand B_ The set of all elements belonging 
to A and/or B 


Vv 

Value The numerical result after a number has been 
substituted into an expression and the operations have 
been carried out 

Variable A letter that represents an unknown number 

Variation constant The constant in an equation of direct 
variation or inverse variation 

Vertex The point at which the graph of a quadratic 
equation crosses its axis of symmetry 

Vertical-line test If it is possible for a vertical line to 
cross a graph more than once, then the graph is not the 
graph of a function. 


W 
Whole numbers The natural numbers and 0: 
0,1, 2).3) se 


xX 
x-intercept The point at which a graph crosses the x-axis 


Y 
y-intercept The point at which a graph crosses the y-axis 
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A 
Abscissa, 158 
Absolute value, 7, 13, 138 
and distance, 7, 139 
equations with, 139-141, 143 
inequalities with, 142, 143 
properties of, 138 
and radical expressions, 495, 498 
Absolute-value function, 637 
Absolute-value principle, 140 
Absolute-value signs as 
grouping symbols, 26 
ac-method (grouping method), 359 
Addition 
associative law of, 40 
commutative law of, 39 
of complex numbers, 551 
of exponents, 53, 505 
of fractions, 818 
of functions, 832 
of logarithms, 706 
on the number line, 11 
of polynomials, 324 
of radical expressions, 519 
of rational expressions, 418, 419, 421 
of real numbers, 11, 12 
Addition method for systems of 
equations, 257, 792 
Addition principle 
for equations, 73 
for inequalities, 113 
Additive identity, 74, 814 
Additive inverse, 12, 13. 
See also Opposite(s). 
of polynomials, 324 
Advance of a pipe, 548 
Algebra of functions, 832 
Algebraic expression(s), 31 
equivalent, 37 
evaluating, 33 
least common multiple, 417 
polynomial, 320 
simplifying, 45 
terms of, 41 
translating to, 32 
value of, 33 
Algebraic-graphical connection, 
246, 337, 383, 405, 448, 534, 
572, 587, 724 
Allowable replacements, 37 


“and,” 128 
Angles 
complementary, 256, 264 
supplementary, 256, 264 
Annually compounded interest, 670, 744 
Aperture, 466 
Approximately equal to (*), 4 
Approximating roots, 493 
Approximating solutions of 
quadratic equations, 588, 589 
Area 
of a circle, 36 
of a parallelogram, 86 
of a rectangle, 66 
of a square, 86 
of a trapezoid, 88 
ofa triangle, 34 
Arithmetic numbers, 814 
Ascending order, 322 
Ask mode, 81 
Associative laws, 40 
Asymptote of an exponential function, 
666 
Asymptotes of a hyperbola, 781 
At least, 117 
At most, 117 
Auto mode on graphing calculator, 
162, 336 
Average of two numbers, 91 
Average speed, 469 
Axes, 158 
Axis of a hyperbola, 781 
Axis of symmetry, 617, 625, 628, 
653, 759 


B 
Back-substitution, 829 
Bar graph, 158 
Basal metabolic rate, 92 
Base 
of an exponential function, 665 
in exponential notation, 22 
of a logarithmic function, 696, 715 
changing, 715 
Base-10 logarithms, 700 
Binomials, 322 
product of, 331 
FOIL method, 333 
sum and difference of terms, 325 
squares of, 334 


Birth weight, predicting, 93 
Body mass index, 86 
Braces, 25 

Brackets, 25 


C 
Calculator, see Graphing calculator 
Calculator Corner, 25, 60, 81, 162, 
165, 175, 177, 194, 197, 205, 247, 
336, 384, 408, 422, 447, 505, 534, 
555, 576, 587, 588, 636, 668, 685, 
707, 716, 718, 761, 766, 774, 784, 
789 
Caloric requirement, 93 
Canceling, 408, 816 
Carbon dating, 737 
Cartesian coordinate system, 159 
Catenary, 758 
Center 
of a circle, 764 
of an ellipse, 774 
of a hyperbola, 781 
Change, rate of, 200. See also 
Slope. 
Change-of-base formula, 715 
Changing the sign, 13, 16, 47 
Checking 
division, 428 
factorizations, 43 
operations on polynomials, 
336, 342 
solutions 
of applied problems, 95 
in equation solving, 74, 81, 
381, 446, 447, 532, 608, 
726 
of inequalities, 13 
of radical equations, 532 
of rational equations, 446, 447 
Chess ratings, 89 
Circle, 764 
area of, 86 
center, 764 
circumference of, 86 
equations of, 764 
graphs of, 764, 766 
radius, 764 
Circumference, 86 
Clearing decimals, 77, 78 
Clearing fractions, 77 
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Coefficients(s), 75, 321 
leading, 321 
Collecting like (or similar) terms, 
45, 323 
in equation solving, 78 
Columns of a matrix, 828 
Combining like (or similar) terms, see 
Collecting like (or similar) terms 
Common denominator, 419. See also 
Least common denominator. 
Common factor, 42, 342 
Common logarithms, 700 
Common multiple, least, 77, 416 
Commutative laws, 39 
Complementary angles, 256, 264 
Complete factorization, 342 
Completing the square 
in the equation of a circle, 765 
and graphing quadratic 
functions, 625 
in solving quadratic equations, 
577-580 
Complex conjugate, 553 
Complex number(s), 550, 551 
addition, 551 
conjugates, 553 
division, 554 
graphing calculator and, 555 
multiplication, 550 
as solutions of equations, 555 
subtraction, 551 
Complex-number system, 551. See also 
Complex number(s). 
Complex rational expression, 435 
simplifying, 435, 447 
Composite function, 678, 679 
and inverses, 689 
Composition of functions, 678, 679 
Compound inequalities, 126 
Compound interest, 340, 670-672, 744 
Conductance, 21 
Conic sections, 758 
Conjugate 
of a complex number, 553 
of a radical expression, 529 
Conjunction of inequalities, 127 
Consecutive integers, 101 
Consistent system of equations, 244, 
261 
Constant, 31 
of proportionality, 470, 472 
Constant function, 208 
Constant term, 321 
Continuously compounded interest, 
733, 744 
Converting 
between decimal notation and 
scientific notation, 58 
between exponential equations and 
logarithmic equations, 697 
temperatures, 124 
Coordinates, 158 
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Correspondence, 172, 173 

Counting numbers, 2 

Cramer’s rule, 825, 826 

Cross products, 456 

Cube root, 496 

Cube-root function, 497 

Cubes, factoring sum and difference 
of, 367-369 

Cubic function, 637 


D 
Decay model, exponential, 736, 744 
Decay rate, 736 
Decimal notation 
converting to/from scientific 
notation, 58 
repeating, 3 
terminating, 3 
Decimals. See also Decimal notation. 
clearing, 77, 78 
Degree of term and polynomial, 321 
Demand, 125 
Denominator, 814 
least common, 419, 818 
rationalizing, 527-529 
Dependent equations, 245, 261, 826 
Dependent variable, 165 
Descartes, René, 159 
Descending order, 322 
Determinants, 823 
and solving systems of equations, 
824 
Dewpoint spread, 125 
Diagonals of a polygon, 325 
Difference, 14. See also Subtraction. 
of cubes, factoring, 367-369 
of functions, 832 
of logarithms, 706 
opposite of, 46 
of squares, 335, 365 
factoring, 366, 369 
Direct variation, 470 
Directly proportional, 470 
Discriminant, 605, 653 
Disjoint sets, 129 
Disjunction of inequalities, 130 
Distance 
and absolute value, 7, 139 
on the number line, 142 
between two points, 762 
Distance traveled, 91, 101, 271, 457 
Distributive laws, 41 
Dividend(s), 428 
Division 
of complex numbers, 554 
definition, 16 
dividend, 428 
with exponential notation, 54, 57, 505 
of fractions, 820 
of functions, 832 
by a monomial, 427 
of polynomials, 427, 430 


quotient, 428 
of radical expressions, 513 
of rational expressions, 410 
of real numbers, 15-17 
and reciprocals, 16, 820 
remainder, 428 
with scientific notation, 59 
synthetic, 430 
by zero, 16 

Divisor, 428 

Domain 
of a function, 172, 173, 186, 404, 688 
of a rational expression, 404 
of a relation, 174 

Doppler effect, 467 

Dosage of medicine, 93 

Doubling time, 732, 733 

Draw feature on graphing calculator, 

685 
Drawinv feature on a graphing 
calculator, 761 


E 
e, 714 
Earned run average, 469 
Elements of a matrix, 828 
Elimination method, 257, 281, 792 
using matrices, 828-830 
Ellipse, 771 
center, 774 
equations, 771, 774 
foci, 771 
graph of, 772-774 
vertices, 772 
x-intercept, 772 
y-intercept, 772 
Empty set, 129 
Endpoints of an interval, 111 
Entries of a matrix, 828 
Equals sign (=), 31 
Equation(s), 31, 72. See also 
Formula(s); Systems of 
equations. 
with absolute value, 139-141, 143 
addition principle, 73 
any real number a solution, 79 
of asymptotes of a hyperbola, 781 
checking solutions, 74, 81, 381, 446, 
532, 608, 726 
of a circle, 764 
dependent, 245 
of direct variation, 470 
of an ellipse, 771, 774 
equivalent, 73 
exponential, 697, 723 
false, 72 
fraction, 444 
graph of, 161. See also Graph(s). 
of a hyperbola, 781, 783, 784 
independent, 245 
with infinitely many solutions, 79 
of inverse variation, 472 


linear, 161 
logarithmic, 697, 725 
multiplication principle, 75 
with no solution, 79 
nonlinear, 164 
of a parabola, 759 
parentheses in, 79 
point-slope, 216, 217 
polynomial, 380 
quadratic, 380 
quadratic in form, 607 
radical, 532 
rational, 444 
reducible to quadratic, 607 
related, 297 
reversing, 76 
slope-intercept, 199, 216 
solution set, 72 
solutions, 72, 160, 162 
solving, see Solving equations 
translating to, 95 
true, 72 
Equivalent equations, 73 
Equivalent expressions, 37, 406, 814 
for one, 406, 815 
Equivalent inequalities, 113 
Escape velocity, 469 
Evaluating 
algebraic expressions, 33 
determinants, 823-824 
polynomial functions, 322 
Even integers, consecutive, 101 
Even root, 498 
Exponent(s), 22 
adding, 53, 505 
dividing using, 54, 505 
irrational, 664 
laws of, 53-56, 505 
and logarithms, 696 
multiplying, 55, 505 
negative, 23 
one as, 23 
power rule, 55, 505 
product rule, 53, 505 
quotient rule, 54, 505 
rational, 503-505 
rules for, 53-56, 505 
subtracting, 54 
zero as, 23 
Exponential decay model, 736, 744 
Exponential decay rate, 736, 744 
Exponential equality, principle of, 723 
Exponential equations, 697, 723. See 
also Exponential functions. 
converting to logarithmic equations, 
697 
solving, 723 
Exponential functions, 664, 665 
graphs, 665-669, 717, 718 
asymptotes, 666 
y-intercept, 667 
inverse, 696 


Exponential growth model, 733, 744 

Exponential growth rate, 733 

Exponential notation, 22. See also 
Exponent(s). 

Expressions. See also Radical 
expressions; Rational 
expressions. 

algebraic, 31 
equivalent, 37, 814, 815 
evaluating, 33 
factoring, 41 
polynomial, 320 
radical, 493 
rational, 404 
terms of, 41 
value, 33 

Extraneous solution, 533 


F 
f-stop, 466 
Factor(s), 41, 342. See also Factoring; 
Factorization. 
common, 42, 342 
Factoring, 41 
ac-method, 359 
common factor, 42, 342 
completely, 342 
difference of cubes, 367-369 
difference of squares, 366, 369 
FOIL method, 356 
general strategy, 375 
by grouping, 344, 367 
grouping method, 359 
polynomials, 342-344, 348-351, 
356-361, 365-369 
radical expressions, 511 
and solving equations, 380 
sum of cubes, 367-369 
sum of squares, 369 
by trial-and-error, 348-351 
trinomial squares, 364 
trinomials, 348-351, 356-361, 365 
Factorization, 342. See also Factoring. 
False equation, 72 
False inequality, 110 
Familiarization in problem solving, 95 
First coordinate, 158 
Fitting functions to data, 637 
Five-step problem-solving process, 95 
Focal length, 466 
Foci of an ellipse, 771 
FOIL method 
and factoring, 356 
and multiplying, 333 
Force, 91 
Formula(s), 86 
basal metabolic rate, 92 
birth weight, predicting, 93 
body mass index, 86 
caloric requirement, 93 
change-of-base, 715 
chess ratings, 89 


compound interest, 672, 744 
distance between points, 762 
distance traveled, 91, 101, 271, 457 
Doppler effect, 467 

dosage of medicine, 93 
earned run average, 469 
f-stop, 466 

force, 91 

games in a league, 402 

hang time, 580 
Harris-Benedict, 92 
horsepower, 94 

for inverse of a function, 684 
loudness of sound, 730 
midpoint, 763 

motion, 91, 101, 271, 457 
period of a pendulum, 518, 596 
pH, 731 

pressure at sea depth, 136 
quadratic, 586, 653 

rational, 466 

relativity, 91 

simple interest, 36, 89 
solving, 87-90, 466, 596, 598 
temperature conversion, 124 
Thurnau’s model, 93 
Weiner’s model, 93 

wind chill temperature, 549 
Young’s rule, 93 


Fraction(s). See also Fraction notation. 


adding, 818 
clearing, 77 
dividing, 820 
improper, 77 
multiplying, 817 
and sign change, 17 
simplifying, 38, 815 
subtracting, 819 


Fraction bar as grouping symbol, 26 
Fraction equations, 444 
Fraction exponents, see Rational 
exponents 
Fraction expressions, 38. See also 
Rational expressions. 
Fraction notation, 814 
sign changes in, 17 
simplest, 815 
Function(s), 172, 173 
absolute-value, 637 


addition of, 832 
algebra of, 832 
composite, 678, 679 
constant, 208 
cube-root, 497 

cubic, 637 

difference of, 832 
domain, 172, 173, 186 
evaluating, 322 
exponential, 664, 665 
fitting to data, 637 
graphs, 176, 177 
horizontal-line test, 683 
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Function(s) (continued) 
inputs, 174 
inverse of, 682 
library of, 637 
linear, 193, 637 
logarithmic, 696 
multiplication of, 832 
notation, 174 
one-to-one, 683 
outputs, 174 
polynomial, 322 
product of, 832 
quadratic, 616, 637 
quartic, 637 
quotient of, 832 
range, 172, 173, 186 
rational, 404 
square-root, 494 
subtraction of, 832 
sum of, 832 
value, 175 
vertical-line test, 177 


G 
Games in a league, 402 
Golden rectangle, 604 
Grade, 199 
Graph(s), 158 
of absolute-value function, 637 
bar, 158 
of a circle, 764, 766 
of cube-root function, 497 
of cubic function, 637 
of direct-variation equations, 471 
of an ellipse, 772-774 
of equations, 161, 163, 165, 209 
of exponential functions, 665-669, 
717 
of functions, 176 
and their inverses, 685, 687 
vertical-line test, 177 
on a graphing calculator, 177 
of horizontal lines, 207 
of a hyperbola, 781-784 
of inequalities, 7, 111, 295, 467 
using intercepts, 204 
of inverse-variation equations, 473 
of inverses of functions, 685, 687 
line, 158 
of linear equations, 161, 204, 206, 209 
of linear functions, 637 
of logarithmic functions, 696, 717 
of nonlinear equations, 164 
of parabolas, 616-621, 625-629, 637, 
759-761 
of points on a plane, 159 
of quadratic functions, 616-621, 
625-629, 637 
of quartic functions, 637 
of radical functions, 494 
slope, 196, 198 
using slope and y-intercept, 206 
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and solving equations, 246 
of square-root functions, 494 
of systems of equations, 245 
translations of, 194, 618, 667 
of vertical lines, 208 
x-intercept, 204, 383, 629, 772 
y-intercept, 195, 204, 629, 667, 772 
Graphing calculator 
and approximating solutions of 
quadratic equations, 588 
ask mode, 81 
auto mode, 336 
and change-of-base formula, 716 
checking operations on rational 
expressions, 408, 422 
checking operations on 
polynomials, 336 
checking solutions of equations, 81, 
447 
and complex numbers, 555 
draw feature, 685 
drawinv feature, 761 
and exponential functions, 668 
and function values, 175 
graphing circles, 766 
graphing ellipses, 774 
graphing equations, 165 
graphing functions, 177 
graphing hyperbolas, 784 
graphing parabolas, 761 
and grouping symbols, 25 
and imaginary solutions of 
quadratic equations, 576 
and intercepts, 205 
intersect feature, 247 
and inverses of functions, 685, 761 
and logarithmic functions, 718 
and maximum and minimum 
values, 636 
and order of operations, 25 
and properties of logarithms, 707 
and quadratic equations, 384, 587, 
588 
and radical equations, 534 
and rational exponents, 505 
and scientific notation, 60 
sequential mode, 336 
and solutions of equations, 162 
solving equations, 384, 534, 576, 587 
solving systems of equations, 247, 
789 
and square roots, 493 
table feature, 81 
value feature, 175 
zero feature, 384, 576 
Greater than (>), 5 
Greater than or equal to (=), 6 
Grouping 
in addition, 40 
factoring by, 344, 367 
in multiplication, 40 
symbols, 25, 26 


Grouping method for factoring 
(ac-method), 359 

Growth model, exponential, 733, 744 

Growth rate, exponential, 733 


H 
Half-life, 736 
Half-plane, 296 
Hang time, 580 
Harris-Benedict formula, 92 
Height of a projectile, 343, 346, 363, 
384, 392, 652 
Hooke’s law, 478 
Horizon, sighting to, 540 
Horizontal line, 207, 208 
slope, 208 
Horizontal-line test, 683 
Horsepower, 94 
Hyperbola, 781 
asymptotes, 781 
axis, 781 
center, 781 
equation, 781, 783, 784 
graphs of, 781-784 
vertices, 781 
Hypotenuse, 385 


I 
i, 550 
powers of, 553 
Identity 
additive, 74, 814 
multiplicative, 38, 814 
Identity property of one, 38, 814 
Identity property of zero, 12, 814 
Imaginary numbers, 550 
Improper fractions, 77 
Inconsistent system of 
equations, 244, 261, 826 
Independent equations, 245, 261 
Independent variable, 165 
Index of a radical expression, 497 
Inequalities, 5, 6, 110, 426. See also 
Solving inequalities. 
with absolute value, 142, 143 
addition principle for, 113 
with “and,” 128 
checking solutions, 113 
compound, 126 
conjunction of, 127 
disjunction of, 130 
equivalent, 113 
false, 110 
graphs of, 7, 111, 112, 295 
linear, 295 
multiplication principle for, 114 
with “or,” 131 
polynomial, 645 
quadratic, 645 
rational, 648 
solution set, 7, 110, 296 
solving, see Solving inequalities 


systems of, 299 
true, 110 
Infinity (%), 112 
Inputs, 174 
Integers, 2,3 
consecutive, 101 
as exponents, 22, 23 
negative, 3 
positive, 3 
Intercepts 
of ellipses, 772 
of exponential functions, 667 
graphing with, 204 
of parabolas, 629 
x-, 204, 383, 629 
y-, 195, 204, 629, 667 
Interest 
compound, 340, 670-672, 733, 744 
simple, 36, 89 
Intersect feature, graphing 
calculator, 247 
Intersection of sets, 126, 128 
Interval notation, 111, 112 
Inverse(s) 
additive, 12, 13, 324. See also 
Opposites. 
of functions, 682 
and composition, 689 
exponential, 696 
logarithmic, 701, 715 
multiplicative, 16. See also 
Reciprocals. 
of relations, 680, 681 
Inverse relation, 680, 681. See also 
Inverse(s) of functions. 
Inverse variation, 472 
Inversely proportional, 472 
Irrational numbers, 4 
as exponents, 664 


J 


Joint variation, 475 


K 

kth roots, 497, 498 
of quotients, 514 
simplifying, 497, 498, 511 


L 
Law(s) 

associative, 40 

commutative, 39 

distributive, 41 

of exponents, 53-56, 505 
LCD, see Least common 

denominator 

LCM, see Least common multiple 
Leading coefficient, 321 
Leading term, 321 
Least common denominator, 419, 818 
Least common multiple, 416 
Legs of a right triangle, 385 


Less than (<),5 
Less than or equal to (=), 6 
Library of functions, 637 
Like radicals, 519 
Like terms, 45, 323 
Line(s) 
equation of, see Linear equations 
horizontal, 207, 208 
parallel, 209 
perpendicular, 210 
slope, 196, 208, 209, 210 
vertical, 208 
Line of symmetry, 617, 625, 628, 
653, 759 
Linear equations, 161 
graphing, 161, 204, 206, 209 
point-slope form, 216, 217 
slope-intercept form, 199, 216 
in two variables, 161. See also 
Linear functions. 
in three variables, 281 
Linear functions, 193, 637. See also 
Linear equations. 
Linear inequality, 295. See also 
Inequalities. 
Linear programming, 301 
Lithotripter, 775 
In, 714 
log, 700 
Logarithm(s), 695. See also 
Logarithmic functions. 
base a, 696 
of a, base a, 700 
base a, of 1, 699 
base e, 714 
base 10, 700 
of the base to a power, 709 
on a calculator, 700, 715 
change-of-base formula, 715 
common, 700 
difference of, 707 
and exponents, 696 
Napierian, 714 
natural, 714 
of one, base a, 699 
of powers, 706 
of products, 706 
properties of, 706, 707, 709 
of quotients, 707 
sum of, 706 
Logarithm functions, see Logarithmic 
functions 
Logarithmic equality, principle 
of, 724 
Logarithmic equations, 697, 725 
converting to exponential 
equations, 697 
solving, 698, 725 
Logarithmic functions, 696 
graphs of, 696, 717 
inverses of, 701, 715 
Loudness of sound, 730 


M 
Magic number, 328 
Mathematical model, 221, 634 
Matrix (matrices), 828 
row-equivalent, 831 
Maximum value, quadratic function, 
627 
Medicine dosage, 93 
Midpoint formula, 763 
Mil, 68 
Minimum value, quadratic function, 
625 
Missing terms, 332, 429 
Mixture problems, 267 
Model 
exponential growth and decay, 
733, 736, 744 
mathematical, 221, 634 
Monomials, 320 
as divisors, 427 
multiplying, 331 
Motion formula, 91, 101, 
271, 457 
Motion problems, 101, 271, 457 
Multiples, least common, 416 
Multiplication 
associative law, 40 
of binomials, 331, 333, 335 
commutative law, 39 
of complex numbers, 552 
distributive laws, 41 
with exponential notation, 
53, 55, 505 
of exponents, 55, 505 
of expressions, 41 
of fractions, 817 
of functions, 832 
of monomials, 331 
by negative one, 45 
by one, 38, 406 
of polynomials, 331-336 
of radical expressions, 510, 520 
of rational expressions, 406, 409 
of real numbers, 14, 15 
using scientific notation, 58 
Multiplication principle 
for equations, 75 
for inequalities, 114 
Multiplicative identity, 38, 814 
Multiplicative inverses, 16. See also 
Reciprocals. 
Multiplying by negative one, 45 
Multiplying by one, 38, 406 


N 
Napierian logarithms, 714 
Natural logarithms, 714 
Natural numbers, 2, 762 
Nature of solutions, quadratic 
equation, 605 

Negative exponents, 23 
Negative integers, 3 
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Negative numbers, 6 
square roots of, 492 
Negative one 
multiplying by, 45 
property of, 46 
Negative rational exponents, 504 
Negative square root, 493 
Nonlinear equations, 164 
systems of, 789 
Nonnegative rational numbers, 814 
Notation 
composite function, 678 
decimal, 3 
exponential, 22 
fraction, 814 
function, 174 
composite, 678 
inverse, 684 
interval, 111, 112 
inverse function, 684 
radical, 493 
roster, 2 
scientific, 58 
set, 2, 3, 111, 112 
set-builder, 3, 111 
Number line, 2 
addition on, 11 
distance on, 142 
graphing inequalities on, 7 
order on, 5, 6 
Numbers 
arithmetic, 814 
complex, 550, 551 
counting, 2 
imaginary, 550 
integers, 2,3 
irrational, 4 
magic, 328 
natural, 2 
negative, 3 
opposites, 2 
order of, 5, 6 
positive, 3 
rational, 3 
nonnegative, 814 
real, 2, 4,5 
signs of, 13 
whole, 2, 814 
Numerator, 814 


0 

Odd integers, consecutive, 101 

Odd root, 497, 498 

Offset of a pipe, 548 

Ohmm’s law, 471 

One 
equivalent expressions for, 406, 815 
as exponent, 23 
identity property of, 38, 814 
logarithm of, base a, 699 
multiplying by, 38, 406 
removing a factor of, 407 
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One-to-one function, 683 
Operations 
order of, 24 
row-equivalent, 831 
Opposite(s), 2, 12, 13, 324 
and absolute value, 7, 13 
and changing the sign, 13, 16, 47 
of a difference, 46 
of a polynomial, 324 
in rational expressions, 409, 421 
of real numbers, 12, 13 
and subtraction, 14 
sum of, 12, 13 
“or,” 131 
Order 
ascending, 322 
descending, 322 
on the number line, 5, 6 
Order of operations, 24 
Ordered pair, 158 
Ordered triple, 281 
Ordinate, 158 
Origin, 158 
Outputs, 174 


P 
Pair, ordered, 158 
Parabola, 617, 758 
axis of symmetry, 617, 625, 
628, 759 
equations, 759 
graph of, 616-621, 625-629, 759-761 
intercepts, 629 
line of symmetry, 617, 625, 628, 759 
vertex, 617, 625, 628, 653 
Parallel lines, 209 
Parallelogram, area of, 86 
Parentheses 
in equations, 79 
within parentheses, 25 
removing, 47 
Pendulum, period of, 518, 596 
Perfect square, 495 
Perfect-square trinomial, 364 
factoring, 365 
Perimeter 
of a rectangle, 49 
of a square, 86 
Period of a pendulum, 518, 596 
Perpendicular lines, 210 
pH, 731 
Plane, 158 
Plotting points, 159 
Point-slope equation, 216, 217 
Points, coordinates, 158 
Polygon, number of diagonals, 346 
Polynomial(s), 320. See also Binomials; 
Monomials; Polynomial 
function(s); Trinomials. 
addition of, 324 
additive inverses of, 324 
ascending order, 322 


binomial, 322 
coefficients, 321 
collecting like terms (or combining 
similar terms), 323 
constant term, 321 
degree, 321 
degree of a term, 321 
descending order, 322 
division of, 427, 430 
factoring, 342-344, 348-351, 
356-361, 365-369 
inequalities, 645 
leading coefficient, 321 
leading term, 321 
like terms, 323 
missing terms, 332, 429 
monomial, 320 
multiplication of, 331-336 
in one variable, 320 
opposite of, 324 
prime, 342 
in several variables, 320 
subtraction of, 325 
terms, 321 
trinomial, 322 
Polynomial equation, 380 
Polynomial function(s), 322 
Polynomial inequality, 645 
Population decay, 736, 744 
Population growth, 733, 744 
Positive integers, 3 
Positive numbers, 3, 6 
Power(s) 
of i, 553 
logarithm of, 706 
principle of, 532 
raising to, 55, 505 
Power rule 
for exponents, 55, 505 
for logarithms, 706 
Pressure at sea depth, 136 
Prime polynomial, 342 
Principal square root, 493, 495 
Principle 
absolute-value, 140 
addition 
for equations, 73 
for inequalities, 113 
of exponential equality, 723 
of logarithmic equality, 724 
multiplication 
for equations, 75 
for inequalities, 114 
of powers, 532 
of square roots, 574, 653 
work, 453 
of zero products, 380 
Problem solving, five-step process, 95 
Procedure for solving equations, 80 
Product(s). See also Multiplication. 
cross, 456 
of functions, 832 


logarithm of, 706 

of polynomials, 331-336 

raising to a power, 55, 505 

of rational expressions, 406, 409 
Product rule 

for exponents, 53, 505 

for logarithms, 706 

for radicals, 510 
Properties 

of absolute value, 138 

of exponents, 53-56, 505 

identity 

of one, 38 
of zero, 12 

of logarithms, 706, 707, 709 

of reciprocals, 16 

of square roots, 492 
Property of negative one, 46 
Proportion, 455 
Proportional, 455 

directly, 470 

inversely, 472 
Proportionality, constant of, 470, 472 
Pythagorean theorem, 385, 386, 543 


Q 
Quadrants, 159 
Quadratic equations, 380. See also 
Quadratic functions. 
approximating solutions, 588, 589 
discriminant, 605, 653 
graphs of, 759-761. See also 
Quadratic functions, graphs of. 
reducible to quadratic, 607 
solutions, nature of, 605 
solving, 588 
by completing the square, 577-580 
by factoring, 380 
graphically, 384 
using principle of square roots, 
574 
using principle of zero products, 
380 
using quadratic formula, 586 
standard form, 380 
writing from solutions, 606 
Quadratic in form, equations, 607 
Quadratic formula, 586, 653 
Quadratic functions 
fitting to data, 637 
graphs of, 616-621, 625-629, 637. 
See also Quadratic equations, 
graphs of. 
intercepts, 629 
maximum value, 627 
minimum value, 625 
Quadratic inequalities, 645 
Quartic function, 637 
Quotient 
of functions, 832 
kth roots of, 514 
logarithm of, 707 


of polynomials, 427, 430 
of radical expressions, 513 
of rational expressions, 410 
raising to a power, 56, 505 
roots of, 514 

Quotient rule 
for exponents, 54, 505 
for logarithms, 707 
for radicals, 513 


R 
Radical, 493 
Radical equations, 532 
Radical expressions, 493 
and absolute value, 495, 498 
addition of, 519 
conjugates, 529 
dividing, 513 
factoring, 511 
index, 497 
like, 519 
multiplying, 510, 520 
product rule, 510 
quotient rule, 513 
radicand, 493 
rationalizing the denominator, 
527-529 
simplifying, 506 
subtraction of, 519 
Radicand, 493 
Radius, 764 
Raising to a power, 55, 56, 505 
Range 
of a function, 172, 173, 186, 688 
of a relation, 174 
Rate, 454 
of change, 200 
of exponential decay, 736 
of exponential growth, 733 
Ratio, 454 
Rational equations, 444 
Rational exponents, 503-505 
Rational expressions, 404 
addition of, 418, 419, 421 
complex, 435 
division of, 410 
domain, 404 
equivalent, 406 
multiplying, 406, 409 
by one, 406 
opposites in, 409, 421 
reciprocals of, 410 
simplifying, 407 
subtraction of, 418, 419, 421 
undefined, 404 
Rational formulas, 466 
Rational function, 404 
Rational inequalities, 648 
Rational numbers, 3 
decimal notation for, 3 
as exponents, 503-505 
nonnegative, 814 


Rationalizing the denominator, 
527-529 
Real number(s), 2, 4, 5 
addition of, 11, 12 
division of, 15-17 
multiplication of, 14, 15 
opposites of, 12, 13 
order, 5, 6 
subsets, 2, 5, 551 
subtraction of, 14 
Reciprocals, 16 
and division, 17, 820 
and exponential notation, 504 
properties, 16 
of rational expressions, 410 
sign of, 16 
Rectangle 
area, 66 
golden, 604 
perimeter, 49 
Reducible to quadratic 
equations, 607 
Reflection, 687 
Related equation, 297 
Relation, 174, 186, 680 
inverse, 680, 681 
Relativity, 91 
Remainder, 427, 430 
Removing a factor of one, 407 
Removing parentheses, 47 
Repeating decimal, 3 
Replacements, allowable, 37 
Resistance, 467 
Reversing equations, 76 
Right triangle, 385 
Rise, 196, 197 
Road pavement messages, 544 
Roots 
approximating, 493 
cube, 496 
even, 498 
kth, 497, 498, 511, 514 
odd, 497, 498 
square, 492 
Roster notation, 2 
Row-equivalent matrices, 831 
Row-equivalent operations, 831 
Rows of a matrix, 828 
Rules for exponents, 53-56, 505 
Run, 196, 197 


S 
Scientific notation, 57 
on a calculator, 60 
converting from/to decimal 
notation, 58 
dividing with, 59 
multiplying with, 58 
Second coordinate, 158 
Second-order determinant, 823 
Semiannually compounded 
interest, 671 
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Set(s), 2 
disjoint, 129 
empty, 130 


intersection, 126, 128 
notation, 2, 3, 111, 112 
of numbers, 2, 5, 551 
solution, 7, 72, 110, 296 
subset, 2 
union, 130, 131 
Set-builder notation, 3, 111 
Sighting to the horizon, 540 
Sign(s) 
change of, 13, 16, 47 
in fraction notation, 17 
of numbers, 13 
of a reciprocal, 16 
Similar terms, collecting 
(or combining), 45, 323 
Simple interest, 36, 89 
Simplest fraction notation, 815 
Simplifying 
algebraic expressions, 45 
complex rational expressions, 435, 
437 
fraction expressions, 38, 815 
kth roots, 497, 498 
radical expressions, 506 
rational expressions, 407, 435, 437 
Skidding car, speed, 541 
Slope, 196, 198 
from an equation, 198 
graphing using, 206 
of a horizontal line, 208 
not defined, 208 
of parallel lines, 209 
of perpendicular lines, 210 
as rate of change, 200 
of a vertical line, 208 
zero, 206 
Slope-intercept equation, 199, 216 
Solution(s) 
complex numbers as, 555 
of equations, 72, 160, 162 
extraneous, 533 
of inequalities, 7, 110, 295, 457 
of quadratic equations, nature of, 
605 
of systems of equations, 243, 281 
of systems of inequalities, 299 
writing equations from, 606 
Solution sets 
of equations, 72 
of inequalities, 7, 110, 296 
Solving in problem-solving process, 95 
Solving equations, 72. See also Solving 
formulas; Solving systems of 
equations. 
with absolute value, 139-141, 143 
using the addition principle, 73 
checking the solution, 74, 81, 381, 
446, 447, 532, 608, 726 
clearing decimals, 77, 78 
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clearing fractions, 77 
exponential, 723 
by factoring, 380 
graphically, 246, 384 
logarithmic, 698, 725 
using the multiplication principle, 
15 
containing parentheses, 79 
procedure, 80 
quadratic, 588 
by completing the square, 577-580 
by factoring, 380 
graphically, 384 
using the principle of square roots, 
574 
using the principle of zero 
products, 380 
using the quadratic formula, 586 
quadratic in form, 607 
radical, 532, 536 
rational, 444 
reducible to quadratic, 607 
Solving formulas, 87-90, 466, 596, 598 
Solving inequalities, 113 
with absolute value, 142, 143 
addition principle for, 113 
multiplication principle for, 114 
polynomial, 645 
quadratic, 645 
rational, 648 
systems of, 299 
Solving proportions, 456, 457 
Solving systems of equations, see 
Systems of equations 
Sound 
loudness, 730 
speed, 538 
Speed 
average, 469 
of a skidding car, 541 
of sound, 538 
walking, 739 
Sphere, volume of, 91 
Square 
area of, 86 
perimeter of, 86 
Square(s) 
of binomials, 334 
completing, 577-580, 625 
difference of, 335, 365 
factoring, 366, 369 
perfect, 495 
sum of, 369 
trinomial, 364 
Square root(s), 492 
approximating, 493 
negative, 493 
of negative numbers, 492 
principal, 493, 495 
principle of, 574, 653 
properties of, 492 
Square-root function, 494 


Squaring a number, 493 
Standard form 
equation ofa circle, 764 
equation of an ellipse, 774 
equation of a hyperbola, 781, 783 
quadratic equation, 573 
State the answer in problem-solving 
process, 95 
Studying for Success, 2, 72, 110, 
158, 193, 242, 281, 320, 356, 
404, 444, 492, 527,572, 616, 
664, 714, 758, 781 
Subscripts, 467 
Subset, 2 
Substituting, 33 
Substitution method, 251, 789 
Subtraction 
by adding the opposite, 14 
of complex numbers, 551 
definition, 14 
difference, 14 
of exponents, 54, 505 
of fractions, 819 
of functions, 832 
of logarithms, 707 
of polynomials, 325 
of radical expressions, 519 
of rational expressions, 418, 419, 421 
of real numbers, 14 
Sum(s) 
of cubes, factoring, 367-369 
of functions, 832 
of logarithms, 706 
of opposites, 12, 13 
of polynomials, 324 
of squares, 369 
Sum and difference of two terms, 
product of, 335 
Supplementary angles, 256, 264 
Supply and demand, 125 
Symmetry, axis of, 617, 625, 628 
Symmetry, line of, 617, 625, 628 
Synthetic division, 430 
Systems of equations in three 
variables, 281 
Systems of equations in two variables, 
243 
consistent, 244, 261 
with dependent equations, 245, 261, 
826 
graphs of, 243, 247 
inconsistent, 244, 261, 826 
with independent equations, 245, 
261 
with infinitely many solutions, 244, 
253, 260, 261 
with no solution, 244, 253, 260, 261 
nonlinear, 789 
solution of, 243 
solving 
addition method, 257, 792 
comparing methods, 261 


Cramer’s rule, 824-826 

elimination method, 257, 792 

graphically, 243, 247 

using matrices, 828 

substitution method, 251, 789 
Systems of inequalities, 299 


T 
Table feature on a graphing calculator, 
81 
Temperature, wind chill, 549 
Temperature conversion, 124 
Terminating decimal, 3 
Terms 
of algebraic expressions, 41 
coefficients of, 75, 321 
collecting (or combining) like 
(or similar), 45, 323 
constant, 342 
degree of, 321 
leading, 321 
like, 45, 323 
missing, 332, 429 
of a polynomial, 321 
similar, 45, 323 
Theorem, Pythagorean, 385, 386, 543 
Third-order determinant, 823 
Thurnau’s model, 93 
Total-value problems, 266 
Translating 
to algebraic expressions, 32 
to equations, 95 
to inequalities, 116, 117 
in problem solving, 95 
Translating for Success, 119, 274, 387, 
460, 545, 599, 738 
Translations of graphs, 194, 618, 667 
Trapezoid, area of, 88 


Travel of a pipe, 548 
Trial-and-error factoring, 348-351 
Triangle(s) 

area, 34 

right, 385 
Trinomial(s), 322 

factoring, 348-351, 356-361, 365 
Trinomial square, 364 
Triple, ordered, 281 
True equation, 72 
True inequality, 110 


U 

Undefined rational expression, 404 
Undefined slope, 208 

Union of sets, 130, 131 


V 
Value 
absolute, 7, 13, 138 
of an expression, 33 
of a function, 175 
Value feature on a graphing calculator, 
175 
Variable, 31 
dependent, 165 
independent, 165 
substituting for, 33 
Variation 
direct, 470 
inverse, 470 
joint, 475 
other kinds, 475 
Variation constant, 470, 472 
Velocity, escape, 469 


Vertex of a parabola, 617, 625, 628, 653, 


759. See also Vertices. 
Vertical line, 208 


Vertical-line test, 177 
Vertices. See also Vertex of a parabola. 
of an ellipse, 772 
of a hyperbola, 781 
of a system of inequalities, 301 
Visualizing for Success, 211, 303, 370, 
719, 785 
Volume ofa sphere, 91 


WwW 

Walking speed, 739 

Weiner’s model, 93 

Whispering gallery, 775 

Whole numbers, 2, 814 

Wildlife population, estimating, 463 
Wind chill temperature, 549 

Work principle, 453 

Work problems, 452 


xX 
x-axis, 159 
x-intercept, 204, 383, 629, 772 


Y 

y-axis, 159 

y-intercept, 195, 204, 629, 667, 772 
Young’s rule, 93 


Z 
Zero 
division by, 16 
as an exponent, 23 
identity property of, 12, 814 
slope, 208 
Zero feature on a graphing calculator, 
576 
Zero products, principle of, 380 
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Geometric Formulas 


PLANE GEOMETRY SOLID GEOMETRY 


Rectangle 
Area:A = 1+w 
Perimeter: P = 2:1+2-w 


Rectangular Solid 
Volume: V=1-w:h 


L 


Square 
Area: A = s? 
Perimeter: P = 4° 5s Cube 


Volume: V = s° 


-_ 


Triangle 
Area:A =5-+b-h 


Sum of Angle Measures 
A+ B+ C= 180° Right Circular Cylinder 
Volume: V = 7+ 1r?+h 
Right Triangle Surface Area: h 
Pythagorean Theorem: GE Te sae re 


orpyac 


S=qm°rt+ar-rs 


Parallelogram Right Circular Cone | 

= | 

Area:A=b-:h Volume: V=$-a7-1r?-h 
Surface Area: 1 \s 

| 

| 


Trapezoid 
Area: A = 3h (a+ b) 


Sphere 
Circle Volume: V = $+ 7° 9r° 
ne Surface Area: S = 4+ 7+ r 
Circumference: 


OBEY YL 


C=a-d=2-+a-r(#and3.14 
are different approximations for 77) 


